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The pro�le of a neutron star probes a very large range of densities, from the density of iron up to

several times the density of saturated nuclear matter, and thus no theory of hadrons can be

considered reliable if extended to those regions. We emphasize the importance of taking

contemporary ab initio theories of nuclear and neutron matter as the baseline for any extension

method, which will unavoidably involve some degree of phenomenology. We discuss how

microscopic theory, on the one end, with causality and maximum-mass constraints, on the other,

set strong boundaries to the high-density equation of state. We present our latest neutron star

predictions where we combine polytropic extensions and parametrizations guided by speed of sound

considerations. The predictions we show include our baseline neutron star cooling curves.
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I. Introduction

A fully microscopic equation of state (EoS) up to central densities of the most massive stars –

potentially involving phase transitions and non-nucleonic degrees of freedom – is not within reach.

Nevertheless, neutron stars are powerful natural laboratories for constraining theories of the EoS[1][2]

[3][4][5][6]. One must be mindful of the theory’s limitations and the best ways to extract and interpret

information from observational constraints. Recently, detection of gravitational waves from merging

of binary neutron star systems provided constraints on both their radius and tidal deformability.
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Large Bayesian interference analyses have become popular as a tool to constrain the properties of

neutron-rich matter. An example is Ref.[7], where the authors sample 15,000 EoSs, together with

observational constraints and heavy ion collision (HIC) data. These analyses are very important, but

one must be careful about interpretation – relating HIC observables to parametrizations of the EoS is

not a model-independent process. It is therefore not surprising that the authors of Ref.[7] �nd that the

HIC constraints tend to prefer sti�er EOSs than those favored by astrophysical observations, and, we

add, sti�er than those generated by ab initio theory. The reasons can be found in the

phenomenological QHD-inspired density functionals often used to relate HIC observables to the EoS

parameters. This point will be discussed in sect. III.

When using sophisticated statistical techniques, it’s important not to lose sight of basic physics

arguments, such as the importance of a realistic description of few-body data. An extensive discussion

on this point can be found in Ref.[8].

In this paper, keeping a �rm foot in the microscopic theory – that is, with no adjustments of nuclear

forces in the medium – we wish to illustrate general features of the EoS in di�erent density regions,

based only on theory (for normal to moderately-above-normal densities), and a few robust

constraints, such as causality and the most recent maximum-mass constraints[9]  (for high and

superhigh densities).

The cooling properties of neutron stars, observationally accessible in terms of temperature (or

luminosity) vs. age relations, are also an important tool to obtain a glimpse on the internal structure

and composition of these exotic systems. Ages and thermal luminosities of neutron stars, inferred

from observations, can be interpreted with the aid of the neutron star cooling theory to gain

information on the properties of superdense matter in the interior of the star. We present our �rst

results of cooling simulations, and compare with available observational estimates of thermally

emitting isolated neutron stars (INS)[10]. We recall that rapid cooling signals large proton fractions,

which render the direct Urca (DU) process possible at lower densities as compared with softer models.

Thus, rapid cooling signals a steep symmetry energy.

This paper is organized as follows. In sect. II, we review our theoretical ingredients, omitting details

that have been published elsewhere. In sect.  III, we discuss continuations of the EoS above the

microscopic predictions. In sect.  IV, we show preliminary predictions of cooling curves. A robust

analysis of neutron star cooling, including super�uid gaps and more, will appear in a later work.
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II. The equation of state at normal to moderately high density

A. Theoretical framework

The theoretical framework we use to obtain the ab initio part of the equation of state has been

published in detail elsewhere[11][12][13], and thus we will not repeat a lengthy presentation here. We

will, however, brie�y recall the spirit of chiral e�ective �eld theory (EFT), on which our nuclear forces

are based.

Given an energy scale, and degrees of freedom appropriate at that scale, an EFT comprises all

interactions consistent with the symmetries that govern those degrees of freedom. For the nuclear

problem, relevant degrees of freedom are pions (Goldstone bosons), nucleons, and    isobars.

We use the delta-less chiral EFT. To begin with, one writes the most general Lagrangians describing

all interactions between pions, nucleons, and pions with nucleons. Because pion interactions must

vanish at zero momentum transfer and in the chiral limit,  , the corresponding Lagrangian is

expanded in powers of derivatives or pion masses. From these Lagrangians, an in�nite number of

Feynman diagrams can be generated, which seems to make the theory unmanageable. The strategy is

then to design a scheme for ordering the diagrams according to their importance – the essence of

Chiral Perturbation Theory (ChPT). Nuclear potentials are de�ned by the irreducible types among

these graphs. (By de�nition, an irreducible graph is a diagram that cannot be separated into two by

cutting only nucleon lines.) These graphs are then analyzed in terms of powers of  , with  ,

where    is generic for a momentum, (nucleon three-momentum or pion four-momentum), or the

pion mass, and   0.7 GeV is the breakdown scale[14]. Determining the power   has become

known as power counting. For a recent review of nuclear forces based on chiral E�ective Field Theory

(EFT) and their applications in nuclear and neutron matter, the reader is referred to Ref.[15].

B. Chiral orders and three-nucleon forces: unresolved issues

While the predictions at N2LO are fully ab initio, a warning is in place for current N3LO calculations. As

pointed out in Ref.[16], there is a problem with the regularized 3NF at N3LO (and higher orders) in all

present nuclear structure calculations. The N3LO 3NFs currently in use are regularized by a

multiplicative regulator applied to the 3NF expressions derived from dimensional regularization. This

approach leads to violation of chiral symmetry at N3LO and destroys the consistency between two-

Δ(1232)

→ 0mπ

Q Q = p/Λb

p

∼ ∼Λb mρ ν
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and three-nucleon forces[16][17]. Consequently, none of the current calculations that include 3NFs at

N3LO (and beyond) can be considered truly ab initio. An appropriate symmetry-preserving

regulator[16]  should be applied to the 3NF at N3LO from Refs.[18][19]. At the present time, reliable

predictions exist only at N2LO, NLO, and LO. However, for the few fully ab initio calculations, the

precision at N2LO is unsatisfactory. A �rst step towards deriving consistently regularized nuclear

interactions in chiral EFT, has been proposed in Refs.[20][21]. It requires the cuto� to be introduced

already at the level of the e�ective Lagrangian. A path integral approach[20] can then be applied to the

regularized chiral Lagrangian to derive nuclear forces through the standard power counting of chiral

EFT.

Throughout the paper, we will show results at the (fully consistent) third order (N2LO), and at the

highest order which we have considered (fourth order, or N3LO). In Figure 1, we show the pressure as a

function of density in  -stable matter at N2LO (red) and at N3LO (blue), with the respective truncation

errors. In both cses, the predictions are based on the high-quality   potential of Ref.[22] and include

all 3NFs required at that order. For details on how our EoS are built, see, for instance, Refs.[11][23].

Figure 1. Pressure as a function of density in  -stable matter at N2LO (red)

and at N3LO (blue), with the respective truncation errors. In both cases, the

predictions are based on the high-quality   potential of Ref. [22] and

include all 3NFs required at the respective order.
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III. The equation of state at high density

It is important to emphasize that high-density EoS continuations are not meant to be a replacement

for microscopic theories which, at this time, are not feasible in those regimes. Nevertheless, causality

and maximum-mass constraints do pose considerable restrictions on the general features of the

high-density EoS.

Up to this point, we have used piecewise polytropes, which have the form:

where   and   are �tted to the boundary conditions, and   is the density of saturated nuclear matter.

We accepted polytropes which can support a maximum mass of at least 2.01  , to be consistent with

the lower limit of the (2.08    0.07)    observation reported in Ref.  [6]  for the J0740+6620 pulsar,

along with a radius estimate of (12.35   0.75) km. Figure 2 displays results of the procedure we used in

the recent past. The M(R) relations are obtained with piecewise combinations of two polytropes with

di�erent adiabatic index. Equations of state that cannot support a maximum mass of at least 2.01 

  (see above), are discarded, and solutions are cut at the central density where causality is

violated [23]. The initial range we considered for the adiabatic index,  , was approximately between 2.5

and 4.0, based on guidance from the literature, such as Ref. [24], where most of the EoS available from

theory or phenomenology were �tted with polytropes.

Currently, the maximum-mass constraint must account for the record-setting PSR J0952-0607, the

heaviest well-measured neutron star found to date, at 2.35   0.17   [9]. We then explored di�erent

piecewise parametrizations of the high-density EoS that preserve causality, while supporting masses

at least as high as 2.2  . We emphasize that ab initio predictions and most of the terrestrial

constraints point to a soft symmetry energy at normal density, while the maximum mass constraint

has moved to larger values. These considerations provide important guidance when building the

phenomenological part of the EoS.

While checking di�erent polytropic combinations, we made the observation that the “best”

combination (with regard to preserving causality while satisfying maximum-mass constraints)

consists of a relatively sti� polytrope attached to the microscopic piece of the EoS, followed by a

second, softer polytrope. Although polytropic extension is a very general and popular method,

alternative parametrizations of the high-density EoS o�er desirable features [25][26], such as those in

P (ρ) = α ,( )
ρ

ρ0

Γ

(1)

α Γ ρ0

M⊙

± M⊙

±

M⊙

Γ

± M⊙
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terms of the speed of sound. In Figure  3, the colorful curves are from selected EoS that generate

maximum masses of about 2.1 to 2.2 solar masses and are consistent with causality. Table 1 provides

more information about these cases. The black curve is obtained with a single parametrization in

terms of the speed of sound, constructed as in Refs. [25][26]. Assigning   to values at threshold (the

density at which the EoS parametrization has to be attached to the previous piece), we write

and

The speed of sound is parametrized as

where the constants   and   are determined from continuity of the speed of sound and its derivative

at the threshold density. Finally, the pressure above the threshold is

where we have used the basic relation between pressure and energy density. This EoS continuation is

manifestly causal at any density and reaches a maximum mass of 2.07 

i = 0

= + Δρ,ρi ρi−1 (2)

= + Δϵ,ϵi ϵi−1 (3)

Δϵ = Δρ .
+ϵi−1 Pi−1

ρi−1

(4)

= 1 − exp[− ],( )
vs

c

2

i
c1

( −ρi c2)2

w2
(5)

c1 c2

= Δϵ + ,Pi ( )
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c

2

i−1
Pi−1 (6)
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Figure 2. M(R) relations obtained with piecewise polytropes[23]. Equations of

state that cannot support a maximum mass of at least 2.01   (see text) are

discarded. Curves are cut at the central density where causality is violated. The

black horizontal line marks the mass of the canonical neutron star, for

reference. The green and pink shaded areas are constraints from J0740 +

6620[27] and J0952 - 0.607[9], respectively.

M⊙
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Figure 3. Several M(R) relations. The curves in color are obtained from a

sequence of two polytropes with adiabatic indices given in Table 1. The black

curve is obtained with a single parametrization in terms of the speed of sound,

as in Eq. (6).

curve color  (km)

magenta 3.1 2.7 2.10 12.00

cyan 3.1 2.8 2.12 12.00

brown 3.2 2.7 2.15 12.06

olive 3.2 2.8 2.17 12.06

green 3.3 2.7 2.19 12.11

Table 1. Description of the M(R) relations in Figure 3.

We �nd that a better solution is to combine a relativly steep (on the scale of Table 1) polytrope

followed by a parametrization obtained from Eqs. (5-6), which will maintain causality by

construction. The matching densities are    and  . The rationale for the

�rst matching density is as follows. The neutron Fermi momentum in neutron matter,  , at    is

Γ1 Γ2 /Mmax M⊙ R1.4

= 0.277ρ1 fm−3 = 0.563ρ2 fm−3

kn
F ρ1
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equal to 0.202  . Of course, this is larger than the momentum in beta-stable matter at the same

density due to the presence of a proton fraction,

where   and   are the Fermi momentum in symmetric nuclear matter and in beta-stable matter,

respectively. The average momentum of a neutron Fermi gas is given by:

which we take as the typical momentum of the system,  , in de�ning the chiral expansion parameter, 

, where   is the breakdown scale, approximately 600 MeV. We obtain  , which is well

below 1, and actually a pessimistic estimate, see Eq. (7). For these reasons, we are comfortable

applying the EFT up to this density. The density    is about two units of    from the �rst matching

point.

The resulting   curves are shown in Figure 4 for both N3LO (blue) and N2LO (red). For the dashed

curves, the �rst extension is done with a polytrope with   = 3.3, followed by pressure values given by

Eq. (6) with the speed of sound (SoS) as in Eq. (5). The solid curves (same color convention) have been

obtained with    = 3.8, a value beyond which the EoS begins to violate causality, see also Figure  5.

Table  2 displays the maximum mass, its radius, the central density, and the radius of the canonical

mass neutron star, for the curves in Figure 4. We recall that the radius of a 1.4   is sensitive to the

pressure at normal densities and thus it can pose constraints on microscopic theories of the EoS at

those densities where such theories are applicable

fm−1
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Figure 4. M(R) curves at fourth order (N3LO, blue) and at third order (N2LO,

red) of ChPT. Dashed curves: the �rst extension is done using a polytrope

with   = 3.3, followed by pressure values given by Eq. (6) together with Eq. (5);

Solid curves: obtained with   = 3.8, a value beyond which the EoS begins to

violate causality.

Figure 5. Speed of sound, in units of the speed of light, at N2LO (left) and at N3LO (right).

The speed of sound as a function of density is shown in Figure 5. In each case, a single polytrope with

the shown value of   is followed by the SoS-guided EoS. Thus, a polytrope that bridges the chiral EFT

predictions with a causality-maintaining parametrization, has a limited range of powers. We

underline that this scenario is inherently related to the softness of the chiral predictions. In other

Γ

Γ

Γ
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words, the nature of the predictions at normal density have a far-reaching impact, which extends to

densities up to a few times normal density.

chiral order (km)

3.3 N2LO 2.18 10.34 1.12 11.84

  N3LO 2.26 10.70 1.01 12.11

3.8 N2LO 2.42 10.99 0.94 12.09

  N3LO 2.49 11.31 0.88 12.30

Table 2. Some neutron star properties corresponding to the red and the blue M(R) relations shown in

Figure 4.

Of course, what we have presented is not the only option for building EoS that are consistent with

current astronomical obervations. We maintain, though, that an EoS must be “bounded from below”

by free-space few-nucleon data (which, in turn, have a strong impact on the symmetry energy and the

pressure in neutron-rich matter at normal densities), Typical examples of the other end of the

spectrum are phenomenological EoS, such as those from RMF models. With no constraints from

microscopic few-nucleon forces, new parametrizations can be constructed using di�erent nonlinear,

self- and inter-couplings among meson and nucleon Dirac �elds[28]. Isovector mesons carry isospin

dependence, with the main contribution to the symmetry energy coming from the pion[29]. In the

RMF (pionless) framework, the interplay between the isovector   and   is described as the equivalent,

in the isovector channel, of the    interplay in the isoscalar channel. This approach, and the

resulting couplings, have little to do with free-space NN interactions[29]. Not surprisingly,

parametrizations can be found to cover a huge range of EoS “sti�ness,” most recently incorporating

CREX and/or PREX-II constraints[28]. Findings from RMF models concerning, especially, isovector

quantities, such as the symmetry energy, must be interpreted with caution.

Γ /Mmax M⊙ (km)RMmax (f )ρc m−3 R1.4

ρ δ

σ − ω
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IV. Cooling of neutron stars

A. General considerations

To create context, we review here some basic facts about INS cooling.

Accurate modelling of neutron star cooling with account of all possible e�ects is a complex problem.

Cooling can be a�ected, for instance, by the presence of free hyperons or decon�ned quarks (see Ref.

[30] and references therein), and pion or kaon condensation (see Ref.[31] and references therein).

The internal structure of the neutron star can be taken, to a good approximation, to be spherically

symmetric, except for fast rotating INS or strong magnetic �elds. It is also reasonable to expect that

the temperature distribution is spherically symmetric at su�ciently high densities. Under these

assumptions, the mechanical structure and temperature distribution are determined by a set of

di�erential equations[32] which involve only one spatial coordinate, the radial coordinate  .

Neutron stars cool down mainly via neutrino emission from their cores and photon emission from

their atmospheres. They are relativistic objects, and thus one needs to be careful about the coordinate

system. The local temperature at some distant    from the center is related to the temperature,  ,

measured by a distant observer, via the gravitational redshift between the coordinate systems:

where   is the metric function.

The outermost layer of a neutron star is the atmosphere, consisting of gas elements which emit

thermal photons that can be observed on the earth. Surface luminosity and temperature can be

inferred by �tting this photon �ux, and is a major source of cooling for older neutron stars. Below the

atmosphere, there is a thin region called envelope, whose chemical composition is uncertain.

Although the distribution of the surface temperature over the surface can be non-uniform, it is

customary to approximate the surface photon emission as the blackbody radiation from the entire

surface. To that end, one introduces the overall surface e�ective temperature of the star,  , related

to the photon luminosity,  , by

where    is the Stefan-Boltzmann constant. The quantities in the above equation refer to a local

reference frame at the neutron-star surface. Those detected by a distant observer are redshifted,

r

r T ∞

= T (r),T ∞ eϕ(r) (9)

ϕ

Ts,eff

Lγ

= 4π ,Lγ σSBR2T 4
s,eff

(10)

σSB
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where   is the Schwarzschild radius,  .

Either surface temperatures or photon luminosities can be used to compare neutron-star observations

with the cooling theory. Both can be obtained with spectral analysis, but accurate determination is

usually a challenge. One of the problems with obtaining accurate data suitable for testing the theory of

cooling is that the vast majority of neutron stars, including INS, emit intense radiation of non-

thermal origin. Neutron star binary systems are usually surrounded by an accretion disk, whose

emission is orders of magnitude more powerful than the thermal emission from the neutron star

surface[33]. Non-thermal emission of INS can also be produced by other processes, and thus a careful

analysis is required to extract the thermal component of the observed spectrum. Another problem is

that obtaining the ages of neutron stars from observation is di�cult, and thus ages are only estimates.

Neutron stars that are estimated to be old have lost their initial heat, and therefore their thermal

luminosity is very low, and could have been produced by reheating[34][35].

In summary, the “standard” cooling theory, which neglects reheating, can only be tested against

observations of a small fraction of INS, using estimated ages.

B. Baseline results

In this section, we perform cooling simulations employing the two EoS used to generate the red and

blue   dashed curves in Figure 4. Our beta-stable EoS include protons, electrons, and muons.

From Figs.  6 and   7, one can see the mass dependence of the e�ective temperature and the closely

related luminosity, see Eq. (10). The more massive INS correspond to faster cooling, suggesting that

enhanced neutrino emission due to DU reactions operates in those stars, where the proton fraction in

the interior reaches values su�cient to enable the process. Pairing, not included here, could suppress

DU processes. The data are from Ref. [36].

The di�erence between Figure 6 and Figure 8 is the model for the envelope. In Figure 6, the envelope

contains light elements up to densities where they can still be present, and heavier elements,

including iron, at the higher densities[37]. In Figure  8, older iron models for the envelope[38]  are

employed. We see that the chemical composition of the envelope has a signi�cant impact on the

cooling curves, especially for low to medium mass neutron stars. The envelope acts as a thermal

= (1 − /R) = 4π ( ,L∞
γ Lγ rg σSBR2

∞ T ∞
s,eff

)4 (11)

= , = R/ ,T ∞
s,eff

Ts,eff 1 − /Rrg

− −−−−−−
√ R∞ 1 − /Rrg

− −−−−−−
√ (12)

rg =rg
2GM

c2

M(R)
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insulator between the surface and the hot interior, thus relating interior temperature to the star’s

e�ective surface temperature. There is a large temperature gradient between the top and bottom

layers of the envelope, determined by the amount of light elements such as Hydrogen or Helium.

Therefore, the composition of the envelope impacts the photon cooling of the envelope.

Some investigations[33] have concluded that an EoS allowing DU cooling for a wide enough mass range

of neutron stars, combined with some quenching by the proton    BCS gap, agrees best with the

cooling data, while the neutron pairing gap in the triplet  -wave seems to generate overly rapid

cooling. Others[39] �nd that pairing in the triplet  -states prevail in neutron matter, but essentially

disappear if the spin-orbit interaction is turned o�. Overall, the contribution from pairing is quite

sensitive to the characteristics of the model.

Figure 6. E�ective temperature as a function of time, for di�erent masses (colors). Left: N2LO; Right:

N3LO. The envelope from Ref. [37] is applied.

Figure 7. Photon luminosity as a function of time, for di�erent masses (colors). Left: N2LO; Right: N3LO.

All conditions as in Figure 6.

1S0

P

P
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Figure 8. As in Figure 6, but with envelope model from Ref. [38].

V. Conclusions and work in progress

The intrinsic and strong relation between the EoS and the maximum mass of a neutron star sequence

is a remarkable feature. In fact, knowledge of one is essential to access the other. In our observations,

the maximum-mass constraint moving to higher values, together with the causality requirement at

any central density, poses signi�cant restrictions on the high-density EoS. The softness of the

microscopic predictions at normal density brings up the need for a (�rst) steeper extension. A scenario

such as the one we have described, where the �rst part of a piecewise extension needs to become

sti�er in order to support current maximum mass constraints, while the next piece must soften to

maintain causality, would suggest that phase transitions and/or exotic species begin to appear only at

the highest densities, where the composition of a neutron star is very unlikely to become known in the

foreseeable future.

We reiterate that a microscopic theory of the nuclear many-body problem must start from

quantitative descriptions of few-nucleon interactions. Those constraints have implications at normal

density and well beyond it.

We also took the opportunity to display cooling curves as the foundation of a forthcoming

comprehensive analysis, including gaps and medium e�ects. The sensitivity of gaps to medium e�ects

on the input interaction can be dramatic, in both   and   states. Short-range correlations (SRC) are

the most model-dependent part of a potential, and may play a signi�cant role for the gap[40].

Typically, one would expect SRC to reduce the gap by introducing more high-momentum components

and thus removing strength around the Fermi level and depleting the gap[40]. As the   interaction

turns repulsive with increasing density, the gap disappears and one opens in the triplet channel, at a

S P

1S0
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Fermi momentum close to 1.0 fm-1. Attractive noncentral interactions are essential for 

 super�uidity. The scenario is more complex for the triplet coupled channel ( ) in part

because of the higher densities involved. Also, the   gap is more sensitive to the pairing interaction

than the S-wave gap, because it is small compared to the Fermi energy.

Considerable work has been done in recent years on neutron matter gaps, sometimes with

contraddictory results. In Ref.  [41], where the predictions are based on the Argonne V18 potential, a

huge enhancement of the gap results from the inclusion of a 3NF. At the higher orders of chiral EFT

and with semilocal chiral potentials with varying cuto�, a maximum gap of 0.4 MeV was predicted

around 1.7-1.9 fm-1  [42], and found to be very sensitive to the interaction, the chiral order, and the

cuto�. In Ref. [43], the gap equation for the triplet   channel in neutron matter was solved using the

AV18    potential and two alternative versions of the UIX 3NF. It seems that the two

parameterizations of the Urbana 3NF give con�icting answers to the question of whether there is a

�nite triplet   gap. A small fraction of the phenomenological repulsion of the original UIX interaction

is already su�cient to close the gap. It’s unclear whether the introduction of short-range correlations

can reverse this behavior  [43]. For a review of many-body methods employed to study super�uidity,

see Ref. [44].

Based on the available literature, one may conclude that the impact of including 3NFs or other

medium e�ects in calculations of the triplet pairing gap in neutron matter vary wildly, both

quantitatively and qualitatively, depending on the speci�cs of the input. Systematic studies with

robust 2NFs and 3NFs are called for. At the same time, availability of more and more accurate data

from INS is crucial to constrain all important aspects of the theoretical input.
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