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Abstract

In the present work we explore the dynamics of single kinks, kink-anti-kink pairs and bound
states in the prototypical fractional Klein-Gordon example of the sine-Gordon equation. In
particular, we modify the order 3 of the temporal derivative to that of a Caputo fractional type
and find that, for 1 < # < 2, this imposes a dissipative dynamical behavior on the coherent
structures. We also examine the variation of a fractional Riesz order v on the spatial derivative.
Here, depending on whether this order is below or above the harmonic value o« = 2, we find,
respectively, monotonically attracting kinks, or non-monotonic and potentially attracting or
repelling kinks, with a saddle equilibrium separating the two. Finally, we also explore the
interplay of the two derivatives, when both Caputo temporal and Riesz spatial derivatives are
involved.

1. Introduction

The study of physical, chemical and biological applications of fractional calculus has been
a theme of growing interest over the past few years. Relevant applications extend from optical
media [I, 2] to epidemiological models [3], and from biological systems [4] to economics [5]. By
now, a diverse and broad range of corresponding models has been summarized in books and
associated reviews. Some of them are more topical, as, e.g., [6], focusing on fractional models
of dispersive waves, while others are of more general interest, see e.g., [7, §].

The field of wave dynamics has been a fertile platform for the investigation of such ideas,
as has been demonstrated by the introduction of the fractional Schrodinger equation in optics,
through the work of [2]. Experimental realizations of related ideas, in the linear regime, have
also appeared in the literature, see e.g. [I]. A wide palette of analytical and numerical results,
linear as well as nonlinear, continuum and also (long-range) discrete were recently reported
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in [6]. Indeed, such wave phenomena hold considerable promise for further experimental real-
izations, including the nonlinear regime, given the extensive efforts of many scientists to engineer
and control dispersion, spearheaded in recent years by the works of [9, [10]; see also [I1},12]. Very
recently, the first nonlinear waves experiment —to the best of our knowledge— in a spatially
fractional dispersive setting was reported in the work of [13].

In the present work, we build on recent studies of spatially fractional models of the ¢* type
in [I4] by examining the famous sine-Gordon equation [15] with fractional derivatives in both
space and time. While the relevant integer derivative models first appeared in the context of
constant negative curvature surfaces [16], the sine-Gordon equation has also often emerged in
numerous other subfields of solid state physics, biophysics and beyond. For instance, in its
discrete form it is a widespread model of the dynamics of crystal dislocations [17], while it
has also been thoroughly examined in the context of Josephson junction arrays [18] and the
dynamics of DNA models, among other areas [19].

More precisely, we consider herein the modification of the prototypical sine-Gordon model
under the effect of spatial Riesz derivatives, motivated in part by the possibility to engineer dis-
persion [9, 10, [13], as well as the introduction of temporal Caputo derivatives. The latter is also
motivated by the earlier work of two of the present authors [20], where suitable discretizations
for such models were first introduced.

After setting up the general framework of our model in section 2, we proceed to examine
three distinct scenarios: In section 3, we vary the order of the temporal (Caputo) derivative,
while preserving the sine-Gordon (sG) right hand side. In section 4, we return to the temporal
second derivative and allow the spatial derivative order to change in the evaluation of the Riesz
derivative. Then, in section 5, we combine these variations. In each case, we consider first the
dynamics of the single kink (the prototypical coherent structure), before exploring multi-kink
or bound states thereof in the form of kink-anti-kink or breather initial conditions. Finally, in
section 6 we summarize our findings and discuss some directions for possible future studies.

2. Model Setup

The general problem we study here concerns different types of solutions of the fractional
sine-Gordon equation

oPu B 0%u

5 = g sin(u). (1)

For the integrable case a = = 2, the solutions of Eq. are well-known [I5]. To appreciate
the effect of fractional derivatives, we consider the following cases of interest:

1. Caputo derivative of order 5 # 2 in time, but second derivative in space.

2. Riesz derivative of order av # 2 in space, but second derivative in time.

3. The general case, where a Caputo derivative of order § # 2 in time is combined with a
Riesz derivative of order o # 2 in space.

Our aim in all cases is to explore the dynamics of the single kink, as well as the kink-anti-kink
pair (and related structures of particular relevance to the sine-Gordon continuum model [21])
in the presence of fractional derivatives.

We consider Caputo derivatives, instead of, e.g., those of Riemann-Liouville type, as in the
former case the initial conditions are immediately retrieved from the integer derivative case,
see e.g. [7, [§] for relevant details. The algorithm used for numerical integration is fde pil2_pc,
which can be found in [22].



3. Caputo Derivative in Time, Laplacian in Space

We start with case 1 above: preserving the spatial Laplacian and only modifying the time
derivative in the form of a variable Caputo exponent.

3.1. Kink dynamics

First, we examine the most prototypical waveform solution of the model, namely the single
kink. We consider as our Riesz exponent o = 2 and values of the Caputo exponent 5 < 2. We
also comment on the case with 8 > 2 later on. As initial condition for Eq. , we consider

((u(x,0),0(x,0)) = (ug, ) = (4arctan €°% —2yyvg sech(yox)), (2)
where the overdot stands for the partial derivative in time and

1
Y = \/1—_71)3 (3)

represents the Lorentz contraction factor [15].

For f = 2, the kink propagates at a constant speed v = vy, which we fix to 0.2, as expected
from the corresponding exact solution. However, when fractionality is introduced in the equa-
tion, and we consider derivative orders 3 < 2, the kink velocity decays in time. This is shown
on the left panel of Fig. [I], which depicts the kink velocity evolution as a function of time. Here,
we can clearly observe the dissipative effect of the Caputo derivative. The kink naturally slows
down and the velocity eventually tends to zero. Indeed, similar features were first reported
for breathers in the time-fractional sine-Gordon equation [20, 23], where the oscillations were
first shown to be damped for values of 8 < 2. It is this parameter setting that we also explore
herein.

Remarkably, the velocity of the kink decays exponentially over time after an initial short
(transient) interval. This is clearly seen in the left panel of Fig. , where the exponential fit is
depicted as a black dashed line for § = 1.5 in excellent agreement with the PDE results. We
define by 7 the characteristic time at which the velocity halves, and mark it in the figure with
an horizontal gray dashed line. In the right panel of Fig.[I} we plot the variation of the inverse
of characteristic time with respect to the order of the Caputo derivative. As g approaches the
value 2, 7 tends to infinity and the inverse tends to zero, as one would expect, based on the
absence of dissipation in that limit. In the same panel, we included a logarithmic fit of the
form: 1/7 =a-log(b- |8 —2| + 1), with a = 0.0581, b = 2.6410 and r = 0.9998.

It is interesting to complement the above results with the case of a kink that is stationary, in
part because this is the ultimate fate of the structure in the model bearing a Caputo derivative,
but also to compare/contrast the relevant phenomenology with that of the standard (conser-
vative) sine-Gordon case. Thus, when initializing Eq. for vanishing velocity vy = 0, one
observes the left panel of Fig. [2 for § = 2, and the right panel for 5 = 1.9. In the left panel, we
show in logarithmic scale the pulse-like derivative of the kink and we observe that the approxi-
mation induced numerically by the local truncation error leads to the propagation of radiation
wakes that move towards the boundary and eventually get reflected from it, returning to the
kink and impinging upon it. The orange dominant color in these radiation waves reflects this
discretization-induced error, for our spatial discretization of spacing of O(107!). Importantly,
the radiation never gets “washed away” given the Hamiltonian nature of the model.

On the contrary, the right panel of the figure shows quite a different picture for the case of
a Caputo derivative with § = 1.9. What we see is that the color associated with the radiation
wakes drastically changes from orange to yellow and gradually to green and blue, reflecting
the dissipative nature of the corresponding derivative and essentially the “annihilation” of the
relevant wakes, or, otherwise stated, the “distilling” of the kink into the appropriate stationary
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Figure 1: Left panel: Kink velocity decay with the order of the Caputo derivative. For g = 2, the kink
propagates at a constant velocity. The fractionality acts as form of damping, exponentially decreasing the
velocity. For g = 1.5, the exponential fit is represented by a dashed black line. We define 7 as the time for
which the velocity halves (v = 0.1, also marked here in gray) for each § value. Right panel: Inverse of the
characteristic time with respect to the order of the Caputo derivative. As 3 approaches 2, the characteristic
time tends to infinity (i.e., 1/7 tends to zero), since the kink motion is undamped in that limit. The dotted
black line depicts the numerical results and the red solid line is a logarithmic fit.

state of the model. That is to say, these computations, both at the dynamical level of the slowing
down moving kink, but also at the stationary level of the static kink reflect the dissipative nature
of the effect of the Caputo temporal derivative.
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Figure 2: Time evolution of the pulse-like derivative of a stationary kink with weak (numerical scheme induced)
radiation on top of an exact stationary kink solution, when fixed ends boundary conditions and ordinary
Laplacian (o = 2) are considered. Panels show log |0, u(z,t)| and distinguish between the radiation-reflecting
case of B = 2 (left) and the “radiation-removing” case of 8 = 1.9 (right). Thus, radiation is “distilled”
(eliminated) in the Caputo-fractional case of 8 = 1.9, while it hits the boundary and returns in the Hamiltonian
(8 =2) case.

3.2. Kink-anti-kink dynamics

Let us now consider the dynamics of head-on collisions of kink-anti-kink pairs in the Caputo
time derivative case with § < 2. To this end, we assume an initial condition of the form

(uo, 1) = (4[arctan €@+ — arctan e°@=9] —2yqvg[sech(yo(z + 8)) + sech(yo(z — 6))], (4)



If 3 is slightly smaller than 2, we observe that, if vy is above a certain threshold, the dynamics
is similar to the § = 2 case, namely the collision is quasi-elastic, followed by an inversion of
the kink-anti-kink roles, and a subsequent deceleration of the kink/anti-kink similar to that
observed previously for the individual kink. Below this threshold velocity vg, the kink-anti-
kink pair collapses to a breather-like structure that decays in time in a form similar to what
was observed in [23]. For a value of § = 1.95 the threshold v, is approximately 0.590.

Figure |3 shows, for § = 1.95, representative examples of these behaviors. More specifically,
these simulations suggest that the damped kink-anti-kink interaction dynamics is still subject
(as in the standard sG model) to an attractive interaction potential well with finite depth [24].

Contrary to the standard integrable sG case, however, where the dynamics inside this well
is conservative, here the dynamics is dissipative, as shown clearly on the left panel of Fig. [3
Thus, in order to escape, the kinks need to overcome both each other’s attraction and the
reduction of their speed due to dissipation. Understanding the energetics and precise dynamics
of the corresponding waveforms as a function of (8 is certainly an intriguing question that needs
further exploration.

When [ decreases, the critical vy increases and, if 3 is far enough from 2, this critical value
is very close to 1 and, at the same time the kinks, progressively widen before they interact. It
is worth mentioning that the critical vg also depends on the initial separation 20, so that vg
increases when ¢ increases. This is clearly due to the individual dissipative effect of the Caputo
derivative on each kink prior to their interaction.
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Figure 3: The evolution of a kink-anti-kink pair initially separated by a distance 26 = 20, launched with an
initial velocity vg, for § = 1.95 and o = 2. The left panel shows the generation of a subsequently vanishing
breather when vy = 0.55 whereas the right panel corresponds to a quasi-elastic collision occurring when vy = 0.6.
The critical value separating the two regimes is vy ~ 0.590.

4. Riesz Derivative in space, conservative (3 = 2) dynamics in time

Having explored the case of varying the order of the time derivative, we now turn to the
examination of what happens when the order of the space derivative is varied. In particular,
we examine the spatial Riesz derivative order v and the impact of its variation, while we keep
the temporal derivative at 5 = 2.

4.1. Kink dynamics

Once again, our first consideration involves the single kink dynamics. Here, we perform a
study reminiscent of the recent ¢* model exploration carried out in [I4]. In particular, we
point out that a single kink has a monotonic spatial profile for @ < 2, as shown on the left
panel of Fig. 4 while this changes to a non-monotonic state involving a single crossing of the



uniform steady states (of u = 0 and u = 27) on each side when « > 2. This non-monotonicity
will be seen below to be connected to the existence of a potential kink-anti-kink (or K-AK)
equilibrium in this model. The inset of the figure more clearly highlights the relevant spatial
behavior.

On the other hand, in this setting we not only explored the existence problem, identifying the
relevant stationary kink; we also examined the corresponding linearization problem associated
with spectral stability. The relevant eigenvalue problem is based on the ansatz u(x,t) = ug(x)+
eeMw(z), where ug(z) is the spatially stationary configuration (in the context of this subsection

the single kink) and leads to the form:

0w

N =
v oz

— cos(up)w. (5)

The results of the spectral analysis are shown on the right panel of Fig. [l Here, we see that the
mode (in red) sitting at the band edge in the form of a resonance for the standard integrable
sine-Gordon case bifurcates from there for o > 2 and, indeed, becomes an internal breathing
mode of the kink coherent structure. Such internal modes have been of considerable interest in
the context of models such as the perturbed sG equation [25]. On the other hand, for the case
of @ < 2, the kink follows an opposite trajectory moving inside of the continuous spectrum.
In either case here, this does not affect the spectral stability of the kink, but may affect the
outcome of kink collisional interactions, as is well known to occur in the presence of relevant
internal modes [20, 27]. Such a topic is outside the scope of the present work and may be of
interest in a future study.
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Figure 4: Single kink, Riesz Derivative of fractional order « in space, with 5 = 2 in time. The left panel shows
the stationary kink for 4 different values of the spatial derivative order «, namely o = 2.5, @ = 2.25 o = 2 and
a = 1.75. Observe the non-monotonic nature of the kink for o > 2, while the structure becomes monotonic
for o < 2. The right panel shows the (squares of the) lowest non-zero eigenvalues of the kink spectrum as a
function of a. The eigenvalue positioned at the band edge A = =+ in the integrable case of o = 2, shown here
in red, moves inside the continuous spectrum for o« < 2, while it becomes an “internal mode” of the kink for
« > 2. The kink is spectrally stable for all considered values of a.

4.2. Kink-anti-kink and breather dynamics

The examination of K-AK pairs in the setting of the Riesz spatial derivative is quite in-
teresting in its own right, as manifested in Fig. 5l Here, we can see that for all values of
a > 2, a K-AK bound state pair exists. Indeed, this pair bifurcates from oo, as the separation
between K and AK diverges for « — 2%. Such an equilibrium is closely intertwined with the
non-monotonic nature of the tail and the existence of the zero crossing within such a tail. It
is well-known for some time [28] that the nature of the solitary wave tail is responsible for the



force between the solitary waves, as the latter is mediated through the tails. Accordingly, our
observation in the previous subsection about the existence of a zero crossing of the kink tail
leads to the emergence of a zero-crossing of the force between a kink and an anti-kink. This, in
turn, is responsible for the emergence of a K-AK bound state, as illustrated for different values
of the Riesz exponent « in Fig. 5

When analyzing the stability of this configuration, as shown in the right panel of Fig. [§| we
find that the relevant state is generically unstable. The corresponding unstable eigenmode has
an eigenvalue which tends to 0, as the K-AK separation tends to oo, restoring the stability of
isolated kinks in the limit of @ — 2%. At the same time, exploring the eigenvector associated
with the instability we see that it is related to the K-AK out-of-phase motion. At the same
time, the very fact that this is an unstable fixed point of the PDE strongly suggests that this
K-AK stationary configuration represents an energetic maximum (i.e., a saddle point) in this
Hamiltonian system.

In turn, this has implications for the dynamics shown in Fig. [ Here, kinks with separa-
tion lower than a critical value are expected to collapse into each other due to their pairwise
attraction. On the other hand, kinks with separations larger than this value are expected to
separate indefinitely due to their repulsion (with the force changing from attractive to repul-
sive at this critical point). We select two configurations (for a fixed amplitude coincident with
the amplitude of the equilibrium K-AK state), which are parametrized by the inverse width
of the configuration. The red dashed line represents a configuration where K and AK have a
separation larger that the (equilibrium) critical one, while the black dash-dotted line pertains
to a smaller separation. Indeed, the latter are shown at the bottom of the left panel to be
indefinitely bound to each other, while the former configuration with the structures being past
the energy landscape’s saddle point, can be seen to lead to indefinite separation of the kinks,
in line with our theoretical expectation.
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Figure 5: Left panel: Kink-anti-kink stationary configuration for a Riesz Derivative of fractional order « in
space. The kinks are pinned symmetrically about x = 0 and separated by a distance that depends on a.
Indeed, a bound state exists Va > 2. Three different values of « are considered, namely o = 2.5, o = 2.25 and
a = 2.01. It can be seen that the distance between the kink and the anti-kink of the bound state diverges as the
fractional order o approaches the limit o — 2. Right panel: The eigenvalue pertaining to this kink-anti-kink
bound state. We can see that this state is spectrally unstable Voo > 2, with the relevant eigenvalue becoming
larger, the larger the deviation of « is from its threshold at o = 2.

Lastly, in the context of the Riesz derivative variation, we explore the dynamics of breather
configurations (as a variant of the K-AK structure). One of the consequences that can be
derived from the bottom left panel of Fig. [ is, indeed, that breathers exist for the model
with § = 2 and a # 2. Although some numerical experiments were performed in [29], they
were not directly computed as periodic orbits. Here, we perform such a computation by using
Fourier-space techniques similar to those developed in [30].

7
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Figure 6: Dynamics of the kink-anti-kink bound state for fractional order av = 2.5 (typical of & > 2). In the top
panel the blue solid curve represents the equilibrium configuration for e = 2.5. The red dashed line corresponds
to the initial condition u(x,0) = Asech(0.4z) (with A = 5.3719 being the maximum amplitude of the K-AK
bound state), reflecting a “wider” configuration, while the black dash-dotted line corresponds to the initial
condition u(z,0) = Asech(0.8z), pertaining to a “narrower” initial condition. The latter can be seen in the
bottom left panel to lead the kink and the anti-kink attracting each other and colliding indefinitely forming a
breathing state (while emitting radiation). The widening K-AK initial state, on the other hand, lying “outside”
of the energy maximum, yields a space-time evolution associated with an indefinite separation of the kink and
the anti-kink (see bottom right panel).

In particular, we show in Fig. [7| the profile of breathers in two cases, one with v < 2 and
another with a > 2, for the frequency w = 0.8. In this setting, the second and subsequent
harmonics of the frequency lie within the continuous spectrum. As can be deduced from
the figure (and the insets, featuring the breather tails, as well as their stability), there are no
qualitative differences between the two cases. In addition, they feature small wings, as expected
because of the breaking of the integrability of the sine-Gordon equation and the resonance of
the breather’s n-th harmonic frequency with the continuous spectrum, when the Laplacian is
fractional.

As a consequence, the breather is actually a so-called nanopteron, as typically occurs in
continuous models with finite domains [15]. Because of the resonances with the linear modes,
such models are connected with complex bifurcation diagrams; see [31] for a relevant example.
As a consequence, in the examples shown in Fig. 7] we have selected a couple of cases where the
breather appears to be stable in the finite domain computation provided herein. It is relevant
to mention that, in order to assess the spectral stability of the breather, standard Floquet
multiplier methods have been employed, based on the eigenvalues of the monodromy matrix,
as discussed, e.g., in [32].
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Figure 7: Breathers with 5 =2 and o = 1.85 (left) and 8 = 2.15 (right). Their frequency is w = 0.8 and their
domain is [—50, 50]. Insets show a zoom on the breather wings (right) and the Floquet multipliers spectrum
(left).

5. Caputo derivative of order B8 # 2 and Riesz derivative of order o # 2

Before discussing our results regarding the dynamics of kinks in this case, it is relevant to
remark that, as demonstrated in the Appendix, the stability spectrum of stationary kinks for
any value of [ is exactly the same as for § = 2. The relevant findings indeed apply to the
results of Section [3 yet we mention this feature here, as it is true for all values of « as well.
This suggests the intriguing feature that for § < 2, while the kink has a spectrum lying on the
imaginary axis (i.e., with A\* < 0), the corresponding temporal eigenfunction is responsible for
its decay.

5.1. Kink dynamics

Similarly to the case of @« = 2, we consider here the dynamics of kinks with an initial
velocity vg when § < 2 is varied. To this aim, we take as initial condition a perturbed static
kink wyink () of the form:

(0, to) = (Ukink (), V0OzUkink (7)), (6)

This choice of initial conditions is motivated by the difficulty of applying a Lorentz boost to
the numerical function w,(z) (for values of 5 # 2).

As can be seen in Fig. [§ the dynamics of the kink is almost independent of the value of «
and is predominantly dictated by the decay imposed by the presence of the Caputo derivative.
Notice, for example, the decay for g = 1.7, for which we present here for the cases of a = 1.7
(solid green line) and o« = 2.5 (dotted green line). The curves are nearly identical. Consequently,
the dynamics for a # 2 is quite similar as a« = 2. The only remarkable difference is the existence
of oscillations in the velocity for 8 = 2 which is somewhat artificial and is caused by the fact
that Eq. @ is not consonant with the Lorentz boost which can be applied (cf. Egs. —) in
the latter case, giving rise to a traveling solution.

5.2. Kink-anti-kink dynamics

In this section, we consider the Riesz derivative and Caputo derivative combined to further
study the K-AK pair. First of all, we have performed a study similar to the case with a = 2,
monitoring the dynamics of collisions between kinks and anti-kinks separated a distance 26. To
this end, we take an initial condition of the form

(1o, o) = (Ukink(z + 0) + (27 — Uik (T — 9)), Vo[Optikink (T + 9)) + Optink(z — 0))]),  (7)
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Figure 8: Kink velocity decay with time for different values of the order of the Caputo derivative for a = 1.7.
We have also included a dotted line for the case § = 1.7 with a different value of a, here o = 2.5, for comparison.
It can be seen that the value of a barely affects the velocity decay. The initial velocity in all cases is vg = 2.

with wgnk () being the stationary kink solution for such a value of a. The observed evolution is
qualitatively similar to that of Fig. [3} for that reason, no additional figures have been included.
It must be noticed that, as expected, the critical initial velocity depends on both a and 3 so
that, for fixed [, the critical vy increases when « decreases.

An additional dynamical scenario that we considered involves the evolution of the K-AK
pairs in a similar fashion to what was done in Fig. [6] Le., two localized configurations were
considered, one narrower and another one wider than the stationary (and unstable) K-AK pair,
initializing the system with a symmetric, stationary such pair. As can be seen in Fig. [9] where
the same initial condition was taken, for § < 2, the dynamics is similar to the § = 2 case,
including a dissipative evolution due to the role of the Caputo time-derivative. That is, the
generated breather for narrow initial conditions has a vanishing amplitude whereas the wide
initial condition leads to an increasing separation (but decelerated in time) for the K-AK pair.
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Figure 9: Dynamics of the kink-anti-kink bound state for fractional order « = 2.5 and 5 < 2 in a similar
fashion to Fig.[6] The left panel shows the outcome for 8 = 1.99 and an initial condition u(z,0) = Asech(0.8x)
(with A =~ 5.3719), resulting in a breather whose oscillation decays over time. The right panel corresponds to
B =19 and a “wider” initial condition u(x,0) = Asech(0.4x), leading to a kink and anti-kink whose separation
increases in time but in a decelerated fashion.

Finally, we include in this section the dynamics of breathers. This aspect involves revisiting
for longer time evolutions the results of [20] in order to determine the asymptotic fate of
such configurations. To that purpose, we consider initial conditions even in time, namely

10



u(z,0) = Ppe(x,0):

VI—w? ) )
wcosh(v1 —w?z) /)’
and u(z,0) = 0. For values of 5 < 2, the oscillations of the breather decay with time. For
u(0,t), we fit the maxima and minima to an exponential of the type ae~" and we consider the
characteristic decay time denoted by 7 = 1/b.

In Fig. we plot 7 for different values of the Riesz derivative order, fixing the Caputo
derivative order to § = 1.99 and § = 1.9. The Caputo derivative causes the breather oscillations
to decay, as we have previously commented. In this scenario, the Riesz derivative modifies the
duration of the transient oscillations, with the oscillations decaying more slowly for higher
values of « (for a given /). Notice the difference in the scale of the vertical axis caused by the
difference in the values of the Caputo derivative order. The effect of the Riesz derivative is
more dramatic for values of 3 closer to 2. Also, as is transparent already from earlier sections,
for a given «, the decay time is higher the closer (8 is to 2. For values of § much smaller than
the ones considered here, oscillations are more rapidly damped and 7 is less straightforward to
estimate.

¢(z,0) = 4arctan (
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Figure 10: Characteristic decay time 7 for 8 = 1.99 (left panel) and 5 = 1.9 (right panel) and different values
of the Riesz derivative order . Here, we consider w = 0.5.

Finally, it is interesting to consider here a connection with the earlier work of [20], where a
different realization of the breather solution was brought to bear. In particular, in that case,
an odd in time initial condition u(z,0) = 0 and

U(z,0) = 4v1 — w? - sech (z4/1 — w?) (9)

was considered. Remarkably, what was found there was that the system settles in a new
transient state, i.e., the end result of the simulation was fundamentally different than the
previous decaying state and led to the formation of a K-AK pair. Indeed, in some cases, the
latter state appeared in the simulations of [20] as permanent, however this was the case due to
the time horizon of the simulations considered. In Fig. to better understand this transient
state, we show wu(z,t) when the initial condition u(x,0) = 0 is considered. Notice that this
transient occurs for a small enough value of the breather frequency w.

Let us study now in more detail this transient bound state. To this end, we consider
variations of # and study its time duration, which we name T, to avoid confusion with 7
considered previously for the damping of the kink velocity. For values of 5 very close to 2, the
behavior of the system is very similar to the non-fractional case. However, for smaller values
of B, like B = 1.4, this transient state is observed for a wide range of values of a. In Fig. [12| we
show how the duration of the transient bound state depends on the value of the Riesz derivative
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Figure 11: Evolution of u(z,t) for § = 1.4, « = 1.8 and up = 0.

for f = 1.4. We observe that as a approaches 2, T" increases exponentially. Hence, the relevant
state may, depending on the combination of & and 3, become extremely long-lived, yet it always
has a finite lifetime.
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Figure 12: Left panel: Duration of the transient bound state dependence on the value of the Riesz derivative
for 5 = 1.4 (red line) and § = 1.6 (blue line). Right panel: Bound state for 5 = 1.7 and a = 2.01. As a > 2,
this state is no longer transient.

For values of a > 2 and 1 < 8 < 2 this bound state is no longer transient, meaning that
the system remains in this state. In the right panel of Fig[l2] a simulation with a large final
time (t; = 20 - 10%) is shown for a = 2.01. In fact, the kink and anti-kink emerging from the
breather separate to sufficiently large distances (larger than the equilibrium separation for this
a), repelling each other. Because of the periodic boundary conditions that naturally stem from
the Riesz derivative and the long-range (power-law) nature of the spatial fractional derivative,
each member of the pair experiences two repulsive forces, one from its front and another one
from its back, so that they equilibrate at x = +L/4, L = 100 being the domain length in our
case, and consequently the kink/anti-kink eventually stop at that point. We have checked this
fact varying many parameters, such as the initial frequency of the breather, values of o > 2 or
f < 2 or domain lengths, resulting in the same outcome. This settling of the kinks at © = +1L/4
was also observed in the above mentioned case of kink-anti-kink interactions and the dynamics
of unstable K-AK bound states.
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6. Conclusions & Future Challenges

In the present work, we have explored the fractional dispersive dynamics of the sine-Gordon
equation. We have done so by considering three independent scenarios. In the first one, we
imposed a Caputo temporal derivative, while preserving the spatial part of the model. In the
second one, we fixed the temporal second derivative, and explored the role of variation of the
spatial Riesz derivative away from the Laplacian limit. Finally, having understood the role of
the previous two variations, we combine them in the final part of our study. In each one of
these cases, we have explored both the dynamics of a single coherent structure and those of a
pair (or a bound state) of such coherent structures.

Our findings clearly showcase some common conclusion paths. The role of the Caputo
derivative is to induce dissipative effects in the case where 8 < 2. This leads to the slowdown and
eventual stopping of a kink, and may be responsible for the trapping and eventual elimination
of a kink-anti-kink pair if the latter does not have sufficient kinetic energy. The presence of a
Riesz derivative seems to maintain an attractive kink-anti-kink interaction (through the power-
law tails of the still monotonic structures) for & < 2. On the other hand, it creates the potential
for long-range repulsion through the inter-atomic force for @ > 2. In the latter case, a saddle
equilibrium emerges and the kink acquires non-monotonic tails. The kink-anti-kink interaction
then evolves in this more complex effective energy landscape featuring attraction at short and
repulsion at long distances. Finally, the phenomenology of both the Caputo temporal and the
Riesz spatial derivative together showcase both effects, leading again to decay to stationarity,
albeit faster for smaller 5 and larger «.

Naturally, there exist numerous further directions for future study. On the one hand,
while models of the Klein-Gordon type are extremely useful for building intuition (lacking the
complexity of phase degrees of freedom), it would be especially instructive to extend considera-
tions to, arguably, the most widespread dispersive nonlinear PDE model, namely the nonlinear
Schrodinger equation; see, e.g., [33, B4]. In that case, we expect some notable differences, such
as the fact that dark soliton bound state pairs may actually feature stable waveforms rather
than unstable ones (as here) in the presence of Riesz spatial derivatives. On the other hand,
there have been numerous intriguing proposals for manipulating dispersion in nonlinear op-
tics [9, [11]. Potentially, adapting such proposals to the settings considered herein would be
especially meaningful. The very recent experiment of [13], albeit in the bright soliton setting,
may pave the wave for a significant surge of activity in this direction. On a related vein, seeking
a deeper understanding of the temporally differentiated scenario and its dissipation, through
a variational or similar description, would also be of particular interest. These are among the
many novel directions (including also higher dimensional settings and the interplay therein)
meriting further investigation.
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Appendix: Stability of static kinks

We consider the case when the Caputo derivative in time is combined with the Riesz deriva-
tive in space. We will show that the stability of static kinks is independent of the order of the
Caputo derivative.

To this aim, let us introduce a perturbation w(x,t) to the static kink given by wug(z). That
is, u(x,t) = ug + ew(x,t) is introduced in the fractional sine-Gordon equation. Consequently,
the perturbation w(z,t) fulfills:

OPw 0“
5 = | cos(ug(x))| w (1)

This equation can be solved by separation of variables

w(zr,t) = Eg(\°t)v() (.2)
with Eg(z) being the Mittag-Leffler function defined as

Es(z) =Y m, eC (.3)

k=0

This function has the property that [35]

aBEﬁ(AQt) 2 2
s = N B\ (4)
Thus, the equation for v(z) reads as
Ny = " _ cos(up(z))| v (.5)
| 0z° 0 '

which is the same equation that one must solve for the stability analysis of the static kink in
the case of 2nd derivative in time, except for the time dependence of w(z,t), which is different.
However, Fj3(A?t) has a monotonically decreasing dependence (if 0 < 8 < 1) or a damped
oscillatory dependence (if 1 < 8 < 2) when A\? < 0, and a monotonically (exponential) increase
when A? > 0; the latter property is easily determined by inspecting the definition of the Mittag-
Leffler function. Thus, the spectral picture is analogous to the case of § = 2, with the latter
bearing a time dependence exp(At). In fact, F1(z) = exp(z) and Fs(z) = cosh(z).
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