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A universal Wong formula is proposed with refined model parameters for a systematic description of

the capture cross sections for heavy-ion fusion reactions from C+C to Ni+U, in which the barrier

parameters and the barrier distribution are determined by the entrance-channel nucleus-nucleus

potential based on the Skyrme energy density functional. With introducing a constraint to the width

of the barrier distribution and a pocket-depth dependent barrier radius, the capture excitation

functions for a number of fusion reactions involving different nuclear structure effects are remarkably

well reproduced, particularly for the reactions between light nuclei and those forming super-heavy

nuclei. The systematic decreasing behavior of the geometric radii with the depth of capture pocket due

to the influence of deep inelastic scattering is clearly observed in the TDHF calculations for super-

heavy systems. The predicted capture cross sections for 54Cr + 238U at above barrier energies are

evidently smaller than the corresponding results of more asymmetric projectile-target combination

50Ti + 242Pu due to the shallower capture pocket in Cr+U.
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I. Introduction

The accurate calculations of the capture cross sections for heavy-ion fusion reactions are quite important

not only for the synthesis of new super-heavy nuclei (SHN)[1][2][3][4][5][6][7][8][9][10][11][12] but also for the

exploration of nucleosynthesis in nuclear astrophysics[13][14]. It is a challenge to describe the fusion

excitation functions for all measured reactions by using a uniform method due to the uncertainty of

nuclear potentials, since both complicated nuclear structure effects of the reaction partners and the
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dynamical effects in the fusion processes play key roles to the potentials and fusion cross sections. In the

case of fusion reactions involving light and intermediate nuclei, approaches such as fusion coupled

channel calculations[15][16][17] or empirical barrier distribution methods[18][19][20][21][22][23] are adopted to

calculate capture (fusion) cross sections. These calculations are often based on static or dynamic nuclear

potentials[24][25][26][27][28][29][30]. For different reactions systems, such as C+C and Ni+U, the model

parameters need to be re-adjusted[25][26] due to the difference of the projectile-target structure and the

reaction channels involved, which results in some uncertainties in the predictions of the capture cross

sections for unmeasured systems.

In addition to the static nuclear potentials, some microscopic dynamics models, such as the time-

dependent Hartree-Fock (TDHF)[31][32][33][34]  theory and the improved quantum molecular dynamics

(ImQMD) model[35][36] have also been widely adopted in the study of heavy-ion fusion reactions. Based

on the Skyrme energy density functional[37]  for describing the nuclear potential, these microscopic

dynamics models can successfully reproduce the capture cross sections for a series of reactions at

energies above the Coulomb barriers. Considering that these microscopic dynamical calculations are

extremely time-consuming for massive systems, development of an analytical universal cross section

formula with high accuracy is still useful for the systematic study of the fusion reactions.

In this work, we attempt to propose a universal capture cross section formula based on Wong formula[24]

[38] together with the Skyrme energy density functional. The structure of this paper is as follows: In Sec.

II, the frameworks of the universal Wong formula will be introduced. In Sec. III, some model parameters

are refined in order to extend the formula for describing the capture cross sections from light to super-

heavy systems. Simultaneously, the results from the proposed formula for a series of reaction systems are

presented. Finally a summary is given in Sec. IV.

II. Universal Wong Formula

According to Wong formula[24], the fusion excitation function for penetrating a parabolic barrier can be

expressed as,

Where    denotes the center-of-mass incident energy.  ,    and    are the barrier height, radius and

curvature, respectively. As an one-dimensional barrier penetration model, the Wong formula is

(E,B) = ln(1 + exp[ (E − B)]).σWong ℏω

2E
R2

m
2π

ℏω
(1)

E B Rm ℏω
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successful in describing the fusion excitation functions for light systems. For fusion reactions with heavy

nuclei, it is known that the coupling of other degrees of freedom (such as deformation and vibration of

nuclei) to the distance between two nuclei is obvious. Considering the multi-dimensional character of the

realistic barriers due to the coupling to internal degrees of freedom of the binary system, the fixed barrier

height in the traditional Wong formula   could be replaced by a distribution of barrier heights  .

The universal Wong formula[20],

is therefore proposed for describing the capture cross sections from light to heavy systems.

In Ref.[20], the code FUSION-v1 is proposed based on the universal Wong formula for a systematic

describing the capture cross sections in heavy-ion fusion reactions, in which the barrier parameters  , 

  and the distribution function    are determined by the entrance-channel nucleus-nucleus

potential  [20][39] based on the Skyrme energy density functional under frozen approximation for

densities and the extended Thomas-Fermi (ETF2)[40]  approach for the kinetic energy density and the

spin-orbit density. The distribution function    is expressed as a superposition of two Gaussian

functions   and  ,

and

In the realistic calculations, the capture cross section is written as,

for a better description of the data.

The centriods of the Guassian functions are set as    and  , with 

.   is the frozen barrier height determined from the entrance channel nucleus-nucleus

potential    mentioned above and the coefficient    is taken based on the parameters set

SkM* [41]. From Eqs.(3) and (4), one notes that the peaks and the widths of   and   only depend

on    except the factor    in  . The quantity    in    is a factor which empirically takes into

σWong D(B)

(E) = D(B) (E,B)dB,σcap ∫
∞

0
σWong (2)

Rm

ℏω D(B)

V (R)

D(B)

(B)D1 (B)D2

(B) = exp[− ]D1
1

wgπ−−
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(B − B1)2
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(3)

(B) = exp[− ].D2
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(E) = min[∫ dB,∫ ( + )/2 dB]σcap D1σ
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account the structure effects of nuclei and has a value of  . The larger the value of   is, the larger

the capture cross section at sub-barrier energies is. For fusion reactions with non-spherical (neutron-

shell open) nuclei around the  -stability line, the structure factor is set as  . For the reactions with

neutron-shell closed nuclei or neutron-rich nuclei,

where   denotes the difference between the  -value of the system under consideration for

complete fusion and that of the reference system.   MeV-1  for   cases and   MeV-

1 for   cases.   for neutron shell closed projectile (target) nucleus and   for

non-closed cases (The shell-closure effects of 16O are neglected in the calculations). In addition, we

introduce a truncation for   value, i.e.  . The reference system is chosen to be the system with

reference nuclei along the  -stability line. More precisely, the mass numbers   of the reference nuclei

are determined by the relative atomic masses   of the corresponding elements in the periodic table, 

 (with a few exceptions which will be discussed later).

0 < g ≤ 2 g

β g = 1

g = [1 − ΔQ + ( + )/2 ,c0 δ
prog
n δ

targ
n ]−1 (6)

ΔQ = Q − Q0 Q

= 0.5c0 ΔQ < 0 = 0.1c0

ΔQ > 0 = 1δ
proj(targ)
n = 0δ

proj(targ)
n

g 0 < g ≤ 2

β A0

Ma.m.

− 1 < ≤A0 Ma.m. A0
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III. Extension of the Formula for Light and Super-heavy Systems

Figure 1. Fusion excitation functions for reactions 14N + 16O[42], 16O + 16O[43], 12C + 14C[44] and 12C + 20Ne[45]

[46]. Sub-figure: Entrance channel nucleus-nucleus potential for 16O + 16O. The red dashed line in the sub-

figure denotes the position of the barrier radius   and the blue line denotes the depth of the capture pocket 

.

From the barrier distribution functions given in Eqs.(3) and (4), one notes that the width coefficient 

  for all fusion reactions. In addition, we also note that the calculated fusion cross sections with

FUSION-v1 for light systems such as 16O + 16O are significantly smaller than the experimental data at

sub-barrier energies, although the average barrier height is close to the extracted value[47]. From a

systematic study of the barrier parameters for 443 fusion reactions, Chen et al. find that the extracted

coefficient of the distribution width  , in which   denotes the average barrier

height and   denotes the reduced de Broglie wavelength of the colliding nuclei at an incident energy of 

R0

Bcap

w ∝ B0

W ≈ (0.014 + 0.135 )λ̄B VB VB

λ̄B
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[47]. For fusion reactions between light nuclei, the extracted width coefficient is obviously larger

than the value of   in FUSION-v1. On the other hand, it is known that the barrier distribution is smeared

out with a finite width of   in the quantum mechanical treatment of a single parabolic

potential barrier[17], which is also obviously larger than the value of  . For a better description of the

fusion cross sections for reactions between light nuclei and considering the finite width of the

distribution, we add a constraint to the width coefficient   in FUSION-v2, i.e.,

For fusion reactions between light well-bound nuclei, if    MeV, we set 

,  , and write the fusion cross sections as  .

In Fig. 1, we show the predicted fusion cross sections for four fusion reactions 14N + 16O, 16O + 16O, 12C +

14C and 12C + 20Ne. The solid and the dashed curves denote the results with and without the constraint of

Eq.(7) being taken into account in the calculations, respectively. If neglecting the constraint for  , one

has a value of   MeV for 14N + 16O, which is significantly smaller than the corresponding finite

width of   MeV. With the constraint being considered for 14N + 16O, one sees that

the experimental data can be remarkably well reproduced. The better reproduction of the experimental

data for these light systems indicate the constraint to the value of   is necessary and reasonable.

For the fusion reactions leading to the synthesis of super-heavy nuclei, the depth of the capture pocket 

  in the entrance channel nucleus-nucleus potential    is much shallower than that of light

systems, and the quasi-fission (QF) becomes evident. In addition, for some super-heavy systems such as

64Ni+238U[48][49], the extracted capture cross sections from the measured mass-total kinetic energy

(TKE) distributions at energies above the Bass barrier  [25] are significantly smaller than the results

of FUSION-v1. To understand the physics behind, we systematically study the capture cross sections for

some fusion reactions with the time dependent Hartree-Fock (TDHF) calculations at energies above 

. It is thought that the contact time of the composite system is about 2 zs (   600 fm/c) for the

capture process[34]. If the composite system reseparates into two fragments within 2 zs after projectile-

target contact, we treat it as inelastic scattering rather than QF[50]. We calculate the contact times for the

reaction systems at   at a certain impact parameter. If the contact time is larger than 600

fm/c, the simulation is terminated to save CPU hours. The sub-figure in Fig. 2 shows the contact time as a

function of impact parameter for reactions 86Kr + 208Pb, 64Ni + 208Pb, 58Fe+ 208Pb and 40Ca + 96Zr. One

sees that for a certain reaction the contact time decreases from 600 fm/c at a critical impact parameter 

E = VB

w

FWHM ≈ 0.56ℏω

w

w

w ≥ FWHM (7)

w = (1 − f) < FWHM < 11
2

B0

w = FWHM =D1 D2 = ∫ dBσfus D2σ
Wong

w

w = 0.29

FWHM ≈ 0.56ℏω = 0.61

w

Bcap V (R)

EBass

EBass ∼

E = 1.05EBass
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 to zero at  . With the critical impact parameter  , the capture cross section   can be

obtained. Simultaneously, one can obtain the touching cross section    which approximately

represents the probability of the reaction partners overcoming the Coulomb barrier. In Fig. 2, we show

the calculated ratio   as a function of capture pocket depth  . The squares denote the results of

TDHF for these reactions. For 40Ca + 96Zr, the ratio is about one. For heavier systems, the ratio

significantly decreases with the decreasing of the pocket depth  . It implies that the influence of deep

inelastic scattering (DIS) on the capture process becomes stronger for heavier systems producing super-

heavy nuclei, which is also observed in Ref.[51] (in which the pocket depth is denoted by  ).

Figure 2. Ratio of capture cross section to touching cross section as a function of capture

pocket depth. The squares and the curve denote the results from the TDHF calculations and

those with Eq.(8), respectively. Sub-figure: Contact time of reaction system in the TDHF

calculations as a function of impact parameter.

bcap bT bcap = πσcap b2
cap

= πσT b2
T

/σcap σT Bcap

Bcap

Bqf
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Figure 3. (a) The same as Fig. 1, but for reactions 26Mg + 248Cm, 48Ca + 248Cm, 48Ti + 238U and

52Cr + 232Th. The measured capture cross sections are taken from[49]. Sub-figure: Entrance

channel nucleus-nucleus potential for 52Cr + 232Th.

In FUSION-v1, the influence of DIS on the capture cross sections is neglected, which probably results in

the over-prediction of the measured capture cross sections for super-heavy systems such as 64Ni + 238U.

For a better description of the capture cross sections for super-heavy systems, a factor   is introduced

in FUSION-v2,

with    MeV. The barrier radius    in the potential    (see the sub-figure in Fig. 1) and the

structure factor   are multiplied by   in the calculations to consider the influence of DIS. The average

barrier radius is therefore written as  . For light fusion systems   due to the deep

capture pocket. The ratio   according to the classic cross section formula. The solid

curve in Fig. 2 shows the calculated ratios    with Eq.(8). One can see that the values of 

  with Eq.(8) are in good agreement with the results from the TDHF calculations. For light

fusion system, the compound nucleus would be directly formed after the capture barrier being overcome

FDIS

= [1 + erf( − 1)] ,FDIS
1

2
/Bcap c1

− −−−−−
√ (8)

= 2.0c1 R0 V (R)

g FDIS

=Rm R0FDIS ≃ 1FDIS

/ = ( /σcap σT Rm R0)2

/σcap σT

( /Rm R0)2
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due to the deep capture pocket, and therefore  ,    hold. In Fig. 3, we compare the

predicted capture excitation functions with and without Eq.(8) being taken into account in the

calculations. With Eq.(8) for describing the average barrier radius, the experimental data are better

reproduced, especially for the systems with heavier projectile nuclei. The sub-figure shows the entrance

channel nucleus-nucleus potential    for 52Cr + 232Th. One can see that the depth of the capture

pocket is only about 4.2 MeV, which is much smaller than that of 16O + 16O in Fig. 1. The shallow capture

pocket leads to the reduction of the capture cross sections at energies above the barrier.

Figure 4. Capture excitation functions for fusion reactions with 12C, 16O, 32S, 48Ca and 64Ni bombarding

severally on 92Zr, 132Sn, 144Sm, 154Sm, 208Pb and 238U. The squares and circles denote the measured capture

cross sections and fusion-fission cross sections, respectively, which are taken from[52][53][54][55][56][57][58][59]

[60][61][62][63][64][65][66][67][49]. The dashed and the solid curves denote the results with v1 and v2, respectively.

Here, the incident energy is scaled by the Bass barrier  [25].

≃Rm R0 ≃σcap σT

V (R)

EBass
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Another modification in FUSION-v2 is that the reference systems for the reactions induced by

lanthanides are refined. In FUSION-v1, the reference system needs to be determined by measured cross

sections for the reactions induced by lanthanides due to the large deformations of nuclei, which results in

some uncertainties of the structure factor   in the calculations for unmeasured reactions. In FUSION-v2,

the mass numbers of the reference lanthanides are set as  .    denotes the mass number

determined by the relative atomic masses    (i.e.,  ) as mentioned previously. 

 denotes the mass number of the lightest stable isotope of the corresponding element.

To test the model accuracy of FUSION-v2, we systematically calculate the capture excitation functions for

30 fusion reactions with 12C, 16O, 32S, 48Ca and 64Ni bombarding severally on 92Zr, 132Sn, 144Sm, 154Sm,

208Pb and 238U. In these reactions, not only the shell effect, the deformation effect, but also the isospin

effect in extremely neutron-rich nuclei are involved. The predicted capture excitation functions for these

reactions are shown in Fig. 4. The squares and circles denote the measured capture cross sections and

fusion-fission cross sections, respectively. We would like to emphasize that for all reactions under

consideration the values of the model parameters are fixed and no additional adjustable parameter is

introduced in the calculations. For medium-mass fusion systems, such as the reactions induced by 12C

and 16O in Fig. 4, the results of v1 and those of v2 are very close to each other. For super-heavy systems,

such as 64Ni+238U, the results of v2 are evidently smaller than those of v1 at energies above the barrier.

From Fig. 4, one can see that almost all data are well reproduced with v2, which indicates the universal

Wong formula is reliable for a systematic description of the capture cross sections from light to super-

heavy systems. From a systematic comparison of the capture cross sections at energies above the Bass

barriers for 238U induced reactions, one could note that the capture cross sections decrease from more

than 1000 mb for 12C+238U to a few hundreds millibarn for 64Ni+238U, although the geometric radius is

much larger for the latter. This trend is also clearly observed by Kozulin et al. in experiments[68]. In

addition, the systematic decreasing behavior of the geometric radii with effective fissility parameter is

also observed from 443 datasets of measured cross sections[47]. It indicates that the influence of deep

inelastic scattering for super-heavy systems needs to be considered in the calculations.

g

( + )/2A0 A′
0 A0

Ma.m. − 1 < ≤A0 Ma.m. A0

A′
0
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Figure 5. Capture excitation functions for reactions 16O + 144,154Sm. The squares and circles

denote the measured fusion cross sections[57] for 16O + 144Sm and 16O + 154Sm, respectively.

The solid curves denote the predicted results with FUSION-v2. The short-dashed curves

denote the results neglecting the influence of structure effects and taking  .

To see the influence of nuclear structure effects on capture cross sections, we analyze the fusion

reactions 16O + 144Sm and 16O + 154Sm. 144Sm is nearly spherical in shapes due to the neutron shell

closure and 154Sm is well deformed. Fig. 5 shows the predicted capture excitation functions for 16O +

144,154Sm. The dashed curves denote the results neglecting the influence of structure effects and taking 

. One sees that if taking  , the measured data for 16O + 144Sm are over-predicted and the data

for 16O + 154Sm are under-predicted at sub-barrier energies. Considering the structure effects of target

nuclei, the obtained values of structure factor according to Eq.(6) are   and    for 16O + 144Sm

and 16O + 154Sm, respectively. Considering nuclear structure effects in the universal Wong formula, the

measured cross sections for these two reactions can be remarkably well reproduced. Here, we would like

to emphasize that the present version of the universal Wong formula is based on the parabolic barrier

g = 1

g = 1 g = 1

g = 0.29 2.00
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assumption, which could not be applicable for deep sub-barrier fusion since the quick increase of the

barrier width due to Coulomb interaction and the repulsive of nuclear force[69][70]  would play a role at

extreme sub-barrier energies.

Figure 6. Predicted capture excitation functions for fusion reactions 54Cr + 243Am, 54Cr + 238U and 50Ti +

242Pu. The short dashed and the dot-dashed curves in (a) denote the results of empirical coupled channel

(ECC) approach[22][71] and those with FUSION-v1, respectively.

In Fig. 6, we show the predicted capture cross sections for 54Cr + 243Am, 54Cr + 238U and 50Ti + 242Pu.

From Fig. 5(a), one can see that the predicted capture cross sections with FUSION-v2 are significantly

smaller than those with FUSION-v1 for 54Cr + 243Am due to the influence of deep inelastic scattering, and

the result from the empirical coupled channel (ECC) approach[22][71] is higher than that of v2 by about a

factor of 7 at an incident energy of   MeV. From Fig. 5(b), one notes that the predicted capture

cross sections for 54Cr + 238U at above barrier energies are evidently smaller than the corresponding

results of more asymmetric fusion system 50Ti + 242Pu, due to the shallower capture pocket in Cr+U (

  MeV for 54Cr + 238U and    MeV for 50Ti + 242Pu). The smaller capture cross

sections for 54Cr + 238U may result in smaller evaporation residual cross sections considering that the

same compound nucleus is formed in 54Cr + 238U and 50Ti + 242Pu. Very recently, the evaporation residue

cross sections for these two reactions have already been measured[72]. The observed cross section of 54Cr

+ 238U is much smaller than that of 50Ti + 242Pu as expected. We also compared the predicted capture

= 235Ec.m.

= 3.80Bcap = 4.58Bcap
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cross sections from KEWPIE2-EBD[73]  (which is based on an assumption that fusion barriers are

normally distributed around a mean value[19]) and those of the universal Wong formula (FUSION-v2) for

the fusion reactions 9Be + 238U[74], 30Si + 238U, 40Ca + 238U and 54Cr + 243Am. We note that the results of

EBD and FUSION-v2 are close to each other for 9Be + 238U and the experimental data can be reproduced

reasonably well. For 30Si + 238U and 40Ca + 238U, the data are better reproduced by FUSION-v2. For 54Cr +

243Am, the results of EBD are close to those of FUSION-v2 at sub-barrier energies. At energies above the

capture barrier by  10%, the results of EBD are higher than those of FUSION-v2 by a factor of two, since

the influence of deep inelastic scattering on capture is neglected in EBD calculations for superheavy

systems.

IV. Summary

Based on the frozen nucleus-nucleus potential from the Skyrme energy density functional together with

a barrier distribution composed of a combination of two Gaussian functions to account for the dynamic

effects in fusion processes, a universal Wong formula is proposed for a systematic description of the

capture cross sections from light to super-heavy systems. With introducing a constraint to the width of

the barrier distribution and a pocket-depth dependent barrier radius, the capture excitation functions for

a number of fusion reactions involving different nuclear structure effects are well reproduced,

particularly for the light systems such as 12C+14C, 16O+16O and the massive systems such as 52Cr + 232Th,

64Ni + 238U. For super-heavy systems, the systematic decreasing behavior of the geometric radii with the

depth of capture pocket can be clearly observed in the TDHF calculations, which indicates the influence

of deep inelastic scattering needs to be considered for a reliable description of the capture cross sections

in the synthesis of new super-heavy nuclei. With the proposed universal Wong formula for describing the

capture cross sections, the evaporation residual cross sections for fusion reactions leading to the

synthesis of super-heavy nuclei could be further investigated with less uncertainties. We note that the

predicted capture cross sections for 54Cr + 238U at above barrier energies are evidently smaller than the

corresponding results of more asymmetric projectile-target combination 50Ti + 242Pu due to the

shallower capture pocket in Cr+U, which is consistent with the trend of the measured evaporation residue

cross sections.
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