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Fixing the Measure: Symmetry, Projective

Volume and the Born Rule in

Deterministic Geometry
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1. Independent researcher

We give a finite-dimensional geometric account of the Born weights that separates three logically

distinct questions: selection of the projective measure, geometric realisation of the outcome weights,

and their interpretation as empirical frequencies.

Pure states are rays  . Unitary symmetry fixes a unique invariant Borel probability

measure on this homogeneous space, the Fubini–Study measure  . This uniqueness result is now

machine-checked in Lean 4 at general finite  .

The Born weights then follow by a separate geometric step. Under the toric moment map,

the normalised Fubini–Study measure induces the uniform Dirichlet  measure on the

probability simplex. For a preparation  , the state-dependent barycentric region associated

with outcome   has relative Fubini–Study volume

The formal result holds for all finite dimensions and includes vanishing Born weights.

Symmetry therefore fixes the measure, not the measurement regions themselves. The latter are

explicit geometric realisations whose physical implementation belongs to the measurement layer of

CSD. A second, independent route based on Gleason-type operational consistency is retained as

corroborating support rather than as the load-bearing derivation. Finally, the deterministic volume-

typicality result of Paper A connects these weights to repeated-trial frequencies under its stated

preparation assumptions.

The resulting account derives the finite-dimensional Born weights without postulating them as a

fundamental stochastic law.
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1. Introduction

This paper separates the Born-rule problem into three mathematical layers.

First, pure states form the projective space

on which the unitary group acts transitively. Requiring the projective probability measure to respect this

symmetry uniquely selects the Fubini–Study measure  .

Second, measure uniqueness alone does not determine which measurable regions represent the

outcomes of a given preparation and measurement. The direct geometric result proved here uses the toric

moment map and its induced simplex geometry. For a preparation  , an explicit state-dependent

barycentric subdivision has Fubini–Study region weights

The measure and the regions therefore play distinct roles.

Third, Paper  A supplies the deterministic repeated-preparation theorem by which appropriate ontic

measure weights appear as long-run frequencies. Paper  B supplies the finite-dimensional projective

weight layer that makes those frequencies take the Born form.

An independent operational route through Gleason-type consistency conditions is retained for

comparison. It reaches the same trace rule but is no longer load-bearing for the direct geometric result.

The paper is restricted to finite-dimensional quantum mechanics. Pure states are rays, not unit vectors;

vectors   are representatives used for calculation.

1.1. Framework Overview

We work with a finite-dimensional complex Hilbert space  . Pure states are rays  ,

while kets   are representatives used for calculation.

The Born-weight argument has three logically distinct components.

First, unitary symmetry fixes the projective reference measure. The unitary action on   is transitive,

and the unique invariant Borel probability measure is the Fubini–Study measure  .
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Second, measure uniqueness alone does not determine outcome regions. The direct geometric

construction of Section 3 uses the toric moment map and a state-dependent barycentric subdivision of

the probability simplex. The resulting projective regions satisfy

This is the load-bearing Born-weight result of the paper.

Third, Paper  A supplies the separate deterministic typicality theorem connecting appropriate volume

weights to repeated-trial frequencies under its stated preparation assumptions.

A Gleason-type operational route is retained as an independent characterisation of the same trace rule. It

is not a premise of the direct geometric derivation.

The division of labour is therefore

followed separately by

1.2. Postulates Addressed

This paper retains the finite-dimensional kinematic structure of quantum mechanics. Pure states are

represented by rays in a complex Hilbert space, and measurement contexts are represented by finite

spectral decompositions or their associated projectors.

The specific postulate addressed here is the Born probability rule. For a normalised pure-state

representative   and a rank-one outcome projector

standard quantum mechanics assigns

Paper B shows that these weights arise as Fubini–Study volumes of explicit state-dependent projective

regions once the invariant projective measure and moment-map geometry are fixed. The Born weights

are therefore not introduced as an independent stochastic law.

( (ψ)) = .μFS Ri |⟨ , ψ⟩|ei
2

unitary symmetry ⟶ ,μFS

+ moment geometry ⟶ Born weights,μFS

Born weights + Paper A typicality ⟶ repeated-trial frequencies.
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The map from these weights to repeated-trial frequencies is a separate result supplied by Paper  A.

Measurement dynamics, definite outcomes and post-measurement update belong to the measurement

papers and are not rederived here.

The scope is finite-dimensional. No claim about infinite-dimensional measure uniqueness, relativistic

quantum field theory or continuum limits is made in this paper.

2. Symmetry and the invariant measure

This section fixes the natural reference measure on the finite-dimensional projective pure-state space.

The key principle is basis-independence. The projective probability measure should not depend on a

choice of coordinates in  . This is expressed by invariance under the natural unitary action on 

.

The result of this section is measure selection only:

Nothing in the symmetry argument uniquely determines the regions associated with measurement

outcomes. Their explicit state-dependent geometric construction is supplied separately in Section 3.

2.1. Projective State Space and Measurement Contexts

Let   be a complex Hilbert space with inner product  . We restrict attention to pure states. A

nonzero vector   represents the same physical pure state as   for any  , so pure states

are identified with rays. The resulting operational pure-state space is complex projective space

Equivalently, one may work on the unit sphere    and quotient by global

phase  , yielding

We write   for the ray containing  , and denote by

the canonical projective quotient map.

H = Cn

CPn−1
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A measurement context is represented by an orthogonal resolution of the identity   on  , where 

  and  . When convenient, we also refer to a corresponding orthonormal basis of

outcome rays   in the nondegenerate case, with  .

Our central geometric object is a Borel probability measure   on  , used as the projective reference

measure. 1

For a measurable set  ,   denotes its weight. In the next subsection we impose symmetry

requirements that single out   uniquely as the Fubini–Study measure.

2.2. Unitary covariance and measure invariance

The unitary group   acts on   by  , preserving the inner product. This induces a well-

defined action on rays,

since   for every  .

We interpret this action as expressing basis-independence of the projective description: a unitary change

of coordinates should not change the measure assigned to a Borel set of rays.

A Borel probability measure   on   is unitarily invariant when

for every Borel set   and every  .

The same projective action may equivalently be formulated using  , since the additional   phase

acts trivially on rays.

Operational basis-independence is therefore implemented as unitary invariance of  . Since the unitary

action on   is transitive, the homogeneous-space invariant-measure theorem gives

for every unitarily invariant Borel probability measure   on  .

The result may equivalently be expressed through

or through the corresponding   homogeneous-space representation.
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This proof requires no power-law ansatz, radial integration, or prior Born probability rule. The general

finite-dimensional characterisation is machine-checked in Lean 4 as fubiniStudyMeasure_unique.

2.3. Coordinate cross-check: why the quadratic norm is distinguished

The invariant-measure theorem above is coordinate-free and does not require a power-law ansatz.

Nevertheless, Alsing pointed out two useful coordinate-level checks.

Consider

A unitary may map

If   is unitary invariant, then

and hence

Equivalently, the   norm of   is one, whereas the transformed vector has norm

Unitary invariance therefore requires  .

These arguments explain the distinguished quadratic exponent in amplitude coordinates. They are

supporting checks rather than the load-bearing proof, which is the invariant-measure uniqueness

theorem above.

2.4. Summary

Pure states are rays in  , and basis-independence is implemented through the unitary action on

projective space. The corresponding invariant Borel probability measure is uniquely the Fubini–Study

measure  .
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The coordinate checks of Section 2.3 independently illustrate why the quadratic norm is distinguished by

unitary symmetry, but they are not required for the invariant-measure theorem.

Crucially, measure uniqueness does not determine outcome regions. Section  3 therefore introduces the

additional moment-map geometry needed to construct explicit state-dependent regions with Born

volumes.

3. Projective Volume and the Born Rule

3.1. Moment coordinates

Fix an orthonormal measurement frame  . The toric moment map is

with

The expression is well defined on rays and does not depend on the chosen representative  .

3.2. Fubini–Study measure in moment space

Under the normalised Fubini–Study measure, the joint moment coordinates have the uniform Dirichlet

distribution

More precisely, on the free coordinates of the open probability simplex,

where   denotes Lebesgue measure. Since the simplex boundary has measure zero, this is equivalent to

the uniform Dirichlet  probability law on  .

This is the finite-dimensional projective instance of Duistermaat–Heckman moment-map geometry [1].

In the current Lean  4 corpus the statement is proved directly, rather than imported, as

fs_moment_joint_dirichlet_N in CsdLean4/LF4/MomentDirichletN.lean.

{ , … , }e1 en
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This theorem supplies the measure-theoretic input used by the direct Born-volume construction of the

following subsection.

3.3. Direct Born-volume theorem

Let the prepared ray be   and set

Subdivide the probability simplex barycentrically at  . Let    be the sub-simplex associated with

vertex  , and define its projective pullback

The relative simplex volume of   is the barycentric coordinate  . Consequently,

for a normalised representative  .

The current Lean  4 theorem fs_born_volume_ratio_N_uncond establishes this result for arbitrary

finite dimension, including vanishing Born weights.

The logical scope is important. The regions   are state-dependent. Unitary symmetry uniquely fixes 

 but does not uniquely fix these, or any other, physical measurement regions. The result proves that

this explicit geometric construction has the Born volumes. The physical implementation of

measurement contexts belongs to the separate measurement layer of CSD.

3.4. General observables

Let   be an arbitrary finite-dimensional observable. Choose an orthonormal eigenbasis and write

where repeated eigenvalues are allowed.

The direct Born-volume result gives the rank-one weights

and therefore

[ψ]
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If an eigenvalue   is degenerate, with spectral projector

then finite additivity gives

For mixed preparations the standard affine extension gives

and for a POVM   the corresponding operational extension is

The Lean  4 theorem hermitian_observable_correspondence in

CsdLean4/LF4/ObservableCorrespondenceN.lean machine-checks this finite-dimensional self-

adjoint observable correspondence by spectral unitary transport. Its genericity hypothesis requires the

prepared state to have nonzero overlap with every eigenvector of the observable. The underlying Born-

volume theorem fs_born_volume_ratio_N_uncond separately removes the nonvanishing-amplitude

restriction at the level of the Born-volume result itself.

3.5. Independent operational consistency route

A logically separate route reaches the same probability rule.

For  , Gleason’s representation theorem [2] shows that a bounded, normalised and finitely additive

assignment on projectors, noncontextual in the standard Gleason sense, has trace form

Dimension two requires an operational strengthening. This may be obtained by extending the domain to

effects and POVMs [3][4], or through suitable mixtures of projective measurements [5].

This route remains mathematically valuable as an independent operational characterisation of the Born

rule. It is not a premise of the direct Fubini–Study volume theorem above.

[A] = = ⟨ψ|A|ψ⟩.Eψ ∑
k

ak pk

λ

= | ⟩⟨ |,Pλ ∑
k: =λak

ek ek

p(λ) = = ⟨ψ| |ψ⟩.∑
k: =λak

pk Pλ

[A] = Tr(ρA),Eρ

{ }Ei

= Tr(ρ ).pi Ei

n ≥ 3

p(P |ρ) = Tr(ρP ).
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4. Discussion

The preceding sections separate the finite-dimensional Born-weight result into two geometric

statements. Unitary symmetry fixes the invariant projective measure, while the moment-map

construction supplies explicit state-dependent regions having the Born volumes.

The remaining interpretive step is the connection between these geometric weights and empirical

frequencies. That step is not another Born-rule derivation: it is supplied by the repeated-preparation

typicality result of Paper A.

This section therefore clarifies the frequency interpretation, compares the result with the standard

quantum postulates, and states the exact scope of the finite-dimensional construction. The independent

Gleason-type route of Section  3.5 remains supporting evidence rather than part of the load-bearing

chain.

4.1. Volume-Typicality and Frequencies

Section 3 establishes geometric Born weights:

This statement concerns projective volume. It does not by itself assert that one physical trajectory spends

a corresponding fraction of time in each region, nor does it assume ergodicity.

The connection to empirical repeated-trial frequencies is supplied by Paper  A. There, repeated

preparations are represented on the appropriate product preparation space, and under the stated

typicality and sampling assumptions the empirical frequency of outcome    converges to its measure-

theoretic weight.

This use of a distinguished measure to characterise typical statistical behaviour has precedents in

deterministic foundations, notably the quantum-equilibrium and typicality programme in Bohmian

mechanics  [6]. The assumptions are not identical. Paper  A explicitly models repeated trials by

independent preparation draws from the conditional preparation measure; it does not derive a universal

equilibrium distribution from the dynamics.

Paper  B therefore supplies the value of the finite-dimensional weight; Paper  A supplies the separate

deterministic frequency interpretation.

The distinction prevents two different claims from being conflated:

( (ψ)) = .μFS Ri |⟨ , ψ⟩|ei
2

i

qeios.com doi.org/10.32388/4EN2OA.3 10

https://www.qeios.com/
https://doi.org/10.32388/4EN2OA.3


is established here, whereas

is established in the companion typicality result.

4.2. Comparison with Quantum Postulates

Standard finite-dimensional quantum mechanics takes as part of its formal structure:

1. pure states represented by rays in a complex Hilbert space;

2. observables represented by self-adjoint operators;

3. unitary Schrödinger evolution for closed systems;

4. Born weights

5. a separate measurement-update rule.

Paper B addresses item 4.

The Hilbert-space and projective kinematics are retained. Unitary symmetry fixes the Fubini–Study

reference measure, and the moment-map barycentric construction then gives

for the corresponding rank-one outcomes, with the general finite-dimensional observable structure

obtained by spectral decomposition.

Thus the Born weights are no longer introduced as a primitive stochastic assignment. Their repeated-

trial interpretation is supplied separately by Paper A.

This paper does not attempt to rederive Schrödinger dynamics, measurement dynamics or post-

measurement conditioning. Those are separate components of the wider CSD programme.

4.3. Scope

The result is finite-dimensional.

Several distinctions delimit its claim.

Born as projective volume

volume weight as repeated-trial frequency

= ⟨ψ| |ψ⟩;pi Pi

( (ψ)) = ⟨ψ| |ψ⟩μFS Ri Pi
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First, unitary symmetry uniquely fixes the invariant projective probability measure  . It does not

uniquely determine the physical outcome regions.

Second, the direct Born-volume theorem uses explicit state-dependent barycentric regions in moment

space and their projective pullbacks. It proves that these regions have the Born volumes. It is not a

uniqueness theorem for all possible measurement partitions.

Third, the general CSD bridge from ontic Liouville measure to Fubini–Study measure requires an

invariant group action on   together with an equivariant projection

The concrete product

is a witness. Its Fubini–Study marginal is not itself a derivation because    is already present in the

product measure.

Fourth, arbitrary finite-dimensional self-adjoint observables are covered by spectral decomposition and

unitary transport. No infinite-dimensional invariant-measure or continuum theorem is claimed here.

These are scope boundaries of the finite-dimensional result rather than unresolved steps in the

derivation.

5. Empirical Status and Falsifiability

Paper B reproduces the standard finite-dimensional Born weights exactly. It therefore does not, by itself,

predict an experimental deviation from quantum mechanics.

Its empirical status is conditional. If the structural assumptions of the construction apply to a physical

sector, the observed repeated-trial frequencies must take the Born form. A reproducible violation of the

Born rule in such a sector would therefore falsify at least one premise of the account, for example the

relevant projective symmetry, the measure bridge, the geometric Born-volume construction, or the

repeated-preparation assumptions used to connect weights to frequencies.

Such a deviation would not by itself identify which premise had failed. Conversely, continued

experimental confirmation of the Born rule does not distinguish CSD from standard quantum

mechanics.

μFS

Σ

π : Σ → C .Pn−1

Σ = C ×Pn−1 T 2

μFS
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The contribution of Paper B is therefore explanatory and structural rather than a prediction of a modified

probability law. Empirical discrimination between CSD and standard quantum mechanics must, if it

exists, arise from additional physical structure elsewhere in the theory.

6. Conclusion

Paper B establishes a direct finite-dimensional geometric route to the Born weights.

Pure states are rays in  . Unitary symmetry uniquely fixes the Fubini–Study probability measure on

this projective space. Under the toric moment map, that measure becomes the uniform Dirichlet measure

on the probability simplex. Barycentric subdivision at the prepared state then gives state-dependent

projective regions whose Fubini–Study volumes are exactly

The invariant-measure characterisation and the direct general-   Born-volume result are machine-

checked in Lean 4, including vanishing weights. A Gleason-type operational route gives the same trace

rule independently and is retained as supporting confirmation.

The limits of the claim are explicit. Symmetry fixes the measure, not the physical measurement regions.

The general ontic measure bridge requires equivariance. The product construction    is a

witness rather than the general CSD ontology. Paper  A supplies the separate repeated-preparation

theorem that connects the resulting weights to observed frequencies.

Within these conditions, the finite-dimensional Born weights are consequences of projective symmetry

and geometry rather than an independently postulated stochastic law.

Appendix A. Relation to Other Structural Derivations

The attempt to derive or reconstruct quantum probabilities from structural principles has a substantial

literature.

Caves, Fuchs and Schack develop a Bayesian account in which the quantum probability rule constrains

coherent probability assignments  [7]. Wright and Weigert derive Gleason-type trace rules from additive

consistency conditions and provide finite-dimensional routes relevant also to the qubit case [8]. Auffèves

and Grangier develop a realist reconstruction based on contexts and modalities [9]. Helland develops an

CPn−1

.|⟨ , ψ⟩|ei
2

n

C ×Pn−1 T 2
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epistemic reconstruction in which conceptual variables, group actions and epistemic processes lead to

Hilbert-space quantum structure and Born’s formula [10].

The present construction shares the use of symmetry and consistency but gives them a different division

of labour. Unitary symmetry fixes the projective reference measure. Moment-map geometry then

supplies a direct Fubini–Study-volume realisation of the Born weights. Paper A separately connects those

weights to deterministic repeated-trial frequencies.

The Gleason and POVM route retained in Section  3 provides an independent operational check on the

same trace rule rather than the primary geometric derivation.

No claim of priority is made for the general programme of deriving quantum probabilities from

symmetry or operational consistency. The claim of Paper  B is the specific projective-measure and

moment-map Born-volume construction developed here, together with the separate deterministic

typicality result supplied by Paper A.

Appendix B. Glossary of Key Terms

: A pure-state ray in  .

: A nonzero vector representative of the ray  , usually chosen normalised for calculation.

: The normalised Fubini–Study measure, the unique unitarily invariant Borel probability measure on

finite-dimensional complex projective space.

Moment map  : The map from a projective state to its simplex coordinates relative to an orthonormal

measurement frame,

for a normalised representative.

Born-volume region  : The state-dependent projective pullback of the  th barycentric simplex

region. Its Fubini–Study volume is the Born weight associated with outcome  .

: The ontic state space used in the wider CSD framework. Paper B does not identify   in general with

projective Hilbert space.

: The ontic-to-projective map  . In the symmetry-compatible measure bridge,

equivariance of   is required.

[ψ] CPn−1

|ψ⟩ [ψ]

μFS

m

m =([ψ])i |⟨ , ψ⟩|ei
2

(ψ)Ri i

i

Σ Σ

π π : Σ → CPn−1

π
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Volume typicality: The measure-theoretic framework developed in Paper A that connects preparation-

space volume weights to repeated-trial frequencies under its stated sampling assumptions.
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Footnotes

1 In the broader CSD programme, the corresponding ontic-to-projective bridge is conditional. If   carries

an invariant Liouville measure    and    is an equivariant projection for the relevant

unitary action, then  . Equivariance is load-bearing: invariance of   alone does not force the

pushforward to be Fubini–Study. The concrete witness    with    is a

consistency witness, not an independent derivation of  .
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