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1. Introduction

Banach’s fixed point theorems for contraction mappings is one of the important results of mathematical
analysis. Banach contraction principle m played a vital role in the development of a metric fixed point
theory. This principle and its variants provide a useful apparatus in guaranteeing the existence and
uniqueness of solutions of various nonlinear problems: differential equations, variational inequalities,
optimization problems, integral equations. A host of this principle has been made modified and extended

by several mathematicians in different perspectives, some of them are as follows:

Huang and Zhang [2] jntroduced the notion of cone metric space. In the paper, they replace the real
numbers by ordering Banach space and define cone metric space. They also gave an example of a
function which is a contraction in the category of cone metric but not contraction if considered over

metric spaces and hence by proving fixed point theorem in cone metric spaces ensured that this map
must have a unique fixed point. Later, Rezapour and Hamlbarani 2 omitted the assumption of normality
in cone metric space. Subsequently, Aage and Salunke [ introduced a generalized D*-metric space.

Furthermore, Malviya and Fisher 2l introduced the notion of N-cone metric space and proved fixed point
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theorems for asymptotically regular maps and sequence. This new notion generalized the notion of

generalized G-cone metric space introduce in [l and generalized D*-metric space . For other

generalizations, we refer to [ZIEIPIIOIMII2][13]

In view of the above considerations, we establish some fixed point results for contractive type mappings
in cone metric spaces. Examples are provided to support results and concepts presented herein. As an

application of our results, other established fixed point theorems in cone metric spaces are studied.

Throughout the article, we denoted E as a Banach space, P a cone in F with intP # 0,acone P C Eand
< is partial ordering with respect to P by < y if and only if y — z € P. We also write z < y to indicate

that z < y but z # y, while z < y will stand for y — = € intP, intP denotes the interior of P.

2. Preliminaries

We start this section by presenting some relevant definitions and lemma.
Definition 114l Let F always be a real Banach space and P a subset of E. P is called a cone if and only if:
i. P is closed, nonempty, and P # 0;
iLa,b e R,a,b>0,z,y € P = ax+ by € P,
iize Pand—z € P= 2 =0.
Definition 22l The cone P is called normal if there is a number K > 0 such that forall z,y € E,
0 <z <yand|lz]| < K|y
The least positive number satisfying above is called the normal constant of P.

Definition 32l The cone P is called regular if every increasing sequence which is bounded from above is

convergent. That is, if {z,, } is sequence such that

T <zg <<y <<y

or some y € E, then there is ¢ € E such that ||z, — z|| = 0(n — o0). Equivalently the cone P is regular
if and only if every decreasing sequence which is bounded from below is convergent. It is well known

that a regular cone is a normal cone.
Definition 4211161171 1 et X be a nonempty set. Suppose the mapping d : X x X — FE satisfies

@A) d(z,y) > 0and d(z,y) = 0 iffx = y;
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d2) d(z,y) = d(y, z);
@) d(z,y) < d(z,z) +d(zy) forallz,y,z € X.
Then d is called a cone metric on X, and (X, d) is called a cone metric space.

It is obvious that cone metric spaces generalize metric spaces.

Example 512 Let E = R? d(z,y) = {(z,y) € |z,y >0} C R}, X =R and d: X x X — E such that

d(z,y) = (Jz — y|, a|z — y|), where a > 0 is a constant. Then (X, d) is a cone metric space.

Definition 67! Let (X,d) be a cone metric space. Let z,, be a sequence in X and z € X. If for every
¢ € E with 0 < c there is N such that foralln > N, d(z,,z) < ¢, then z, is said to be convergent and

{z,,} converges to z, and z is the limit of {z,, } We denote this by

lim z, =z
n—oo

Lemma 72l Let (X, d) be a cone metric space, P be a normal cone with normal constant K. Let {x,,} bea

sequence in X. Then {x, } converges to z if and only if d(z,,,z) — 0(n — 0).

Lemma 82 Let (X, d) be a cone metric space, P be a normal cone with normal constant K. Let {x,,} bea
sequence in X. If {z, } converges to  and {x, } converges to y, then = y. That is the limit of {z, } is

unique

Definition 918! Let (X, d) be a cone metric space, x,, be a sequence in X. If for any ¢ € F with 0 < ¢,

thereis NV such that foralln,m > N, d(zn, 2, ) < ¢, then {z,} is called a Cauchy sequence in X.

Definition 10[21(201(211[221[231(3] 1 et (X, d) be a cone metric space, if every Cauchy sequence is convergent

in X, then X is called a complete cone metric space.

Lemma 1112l Let (X, d) be a cone metric space, {z, } be a sequence in X. If {z, } converges to z, then

{z,} is a Cauchy sequence.

Lemma 1212 Let (X, d) be a cone metric space, P be a normal cone with normal constant K. Let {x,,} be

a sequence in X. Then z,, is a Cauchy sequence if and only if d(z,,, z,,) — 0(n,m — 0).

Lemma 1322l Let (X,d) be a cone metric space, P be a normal cone with normal constant K. Let

{z,} and {y, } be two sequences in X and z,, — z,y, — y(n — 0). Then d(z,,,ym) — d(z,y)(n — 0).

3. Main Results

In this section, we begin with the following definitions and Theorems.

geios.com doi.org/10.32388/40N167


https://www.qeios.com/
https://doi.org/10.32388/4ON167

Definition 3.1. Let (X, d) be a complete cone metric space and P be a normal cone with normal constant
K.Amapping T : X — X is said to be type I contraction if forall z,y € X,z # yand a;,a2,as > 0 with
a1 + a2 + a3 < 1 satisfying the following condition:

d(Tz,z)d(Ty,y)

d(Tz,Ty) < a1]d(Tz,z) + d(Ty,y)] + az o)
’ (3.1)

. d(Tz,z)d(Ty,y)
Y d(z,y) + d(Tz,y) + d(Ty, )

Definition 3.2. Let (X, d) be a complete cone metric space and P be a normal cone with normal constant
K. A mapping T:X — X is said to be type II contraction if for all z,y € X,z #y and
a1, as,a3 > 0 with a; + ay + a3 < 1 satisfying the following condition:

d(Tz,z)d(Ty,y)

d(Tz,Ty) < a1[d(Tz,y) + d(Ty,z)] + az iy)
’ (3.2)

. d(Tz,z)d(Ty,y)
d(z,y) + d(Tz,y) + d(Ty,)

Theorem 3.3 Let (X, d) be a complete cone metric space and P be a normal cone with normal constant
K. A mapping T : X — X is said to be type I contraction. Then 7" has a unique fixed point in X and for

any z € X, iterative sequence {T""z} converges to the fixed point.

Proof Let zy € X be any arbitrary point in X. Define the iterate sequence {z,} by
z, = Txg, 29 = Tz, = T, .., Tn11 = Tz = T ay,.... If for some n, z,,1 = x,, then z,, is a fixed

point of T', the proof is complete. So, we assume that for all n, z,,.1 # z,. Then, by using (3.1), we get

d(zni1,2) = d(Txn, Tan-1)
d(Tzn,zn)d(TTp—1,2n-1)
d(zn,Tn-1)

d(Tzn,zn)d(TTn-1,%n-1)

d(zn,zn-1) +d(T2n,zn-1) +d(Tzn-1,2,)

d(Zni1,2n) d(Tn, Tn1)

d(zn,zn_1)
d ($n+1, wn) d (.’I}n, -'En—l)

d(xn,Zn-1) + d(Tns1,Tn-1) + d(Tn, Tn)

<aq [d (T$n, mn) +d (T:L‘n,h mnfl)] + az

as

= a1 [d(Tni1,%0) + d(Tn, Tn-1)] + a2

+a3

ai + as
d(mn 1a$n) < —d(ivm$n—1) (3'3)
* 1— (a1 + a2)
o ai+ag . . . a1 +tag
Let A = Taria) Since a; + a + ag < 1 implies that Taia) < 1. Hence,
d(zni1,2n) < Ad(2n,2Tn-1) foralln € N. (3.4)

For any m > n where m,n € N, we have,
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d(mmmm) < d(mnvmnfl) + d(wnflamnf2) et d(merlamm)
<X e A d (21, 20)
A

1-A

IN

d(wl,mo) (35)

We get from (3.5) that |d(zn,zn)|| <A"/(1—A)K|d(z1,2z0)||]. Which  implies
d(zpn,zm) — 0(n,m — o00). This proves that {x,} is Cauchy sequence in X. Since X is a complete cone

metric space, there exists * € X such that z,, — z*(n — o0). Then

d(Tm*,x*) < d(T$n7Tm*) + d(Tmrnw*)
d(Tmn,wn)d(Tw*,w*)+

< a[d(Tzy,z,) +d (T2, 2")] + ap
d(zn,z*)

d(Tzpn,z,)d(Ta*, z*)
as +d(zpi1,2")
d(zn,z*) +d(Tzy,z*) + d (Tz*,z,)

d(TfL'*7l'*) < 1 : [ald(TmmZ") +d(1/'n+1715*)]
—a
1

1—a

1d(Tz",z")|| < K 1 a1 [|d (2415 zn) | + |d (2ni1,27) ] =0 3.6

Thus, from (3.6), we have ||d(Tz*,z*)|| = 0, thatis, Tz* = z*. Which implies z* is a fixed point of T'.
If y* is another fixed point of 7', then T'y* = y*. Since T' is type I contraction, we obtain
d(Tz",z")d(Ty",y")

d(z*,y*)
d(Tz*,2z*)d (Ty*,y*
o (Tz*,z*)d(Ty*,y*) (3.7)
d(z*,y*) +d(Tz*,y*) + d(Ty*,z*)

d(z*,y*) =d(Tz*,Ty*) < a; [d(Tz*,2*) + d(Ty*,y*)] + as

Hence, from (3.7), we have d(z*,y*) = 0, that is, z* = y*. Therefore, the fixed point of T is unique.

Theorem 3.4 Let (X, d) be a complete cone metric space and P be a normal cone with normal constant
K. A mapping T : X — X is said to be type II contraction. Then T" has a unique fixed point in X and for

any z € X, iterative sequence {T"x} converges to the fixed point.

Proof Let zy € X be any arbitrary point in X. Define the iterate sequence {z,} by

x1 = Txg, 2 = Tz = Tx0,. .., 241 = Tz, = T xq. Now, using (3.2), we get

d(zni1,2n) = d(Tzn, TTn-1)
d(Tzn,zn)d(TTp—1,%Tn-1)

d(zn,Tn-1)

d(Tzn,zn)d(T2Tn—1,2n-1)

d(zn,zn-1) +d(Tan, zp-1) +d(Txp-1,2,)
d(zni1,T0) d(Tn, Tn_1)
d(zn,Tn-1)
d(Zni1,2n) d(Tn, Tn-1)

d(zn,Tn-1) + d(Tns1,Tn-1) + d(zpn, zn)

<a[d(Tzn,zn-1) +d(TTp_1,2,)] + a2

as

=ay [d(Tni1,Tn-1) + d(zn,zn)] + a2

+as

By triangular inequality, we have
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ai +as

d(mn+17wn) S —d($ﬂ7mn—1) (38)
1— (a1 +a2)
o a1 +ag . . . a1 +tag
Let A = Taria) Since a; + a + ag < 1 implies that Taia) < 1. Hence,
d(anrl?mn) <X (mmfﬂn*l) foralln € N (39)

For any m > n where m,n € N, we have,
d(:l?n,ilim) d(mnywn—l) + d(xn—lamn—2) + - d(mm-&-lamm)
(A" A2 4 N d (71, 20)
)\m
1-A

<
<

IA

d(l‘l,xo) (310)

We get from (3.10) that ||d(zn,zm)]| S%Knd(ml,xo)\\. Which implies d(zy,,zm) — 0(n,m — o).

This proves that {z,} is Cauchy sequence in X. Since X is a complete cone metric space, there exists

z* € X suchthat z, — z*(n — o). Then

d(Tz",z*) < d(Tz,,Tz*) + d(Tzy,z")
d(Tz*,z*)d(Tzy,zn)

d(z*,z,)

< ay[d(Tz*,z,) + d(Txy, z*)] + as

d(Tz*,z*)d (Tzn,xn)
a
’ d(z*,z,) +d(Tz*,z,) + d(Tz,, z*)
<a[d(Tz*,z")+d(zn,z") + d(zpni1,2")] + d(Tpnt1,27)
d(Tz*,z*) < T

1
la(ra", o) < K -

+ d($n+17 llf*)

= (@1 [d(@0,7") + d(@0i1,0)] + d (@12,°)

o (a1 [ld (zn, ") || + [|d (Tns1, 2")]] + [|d (Tnr1, 27)]]) — O
(3.11)

Thus, from (3.11), we have ||d(Tz*,z*)|| = 0, thatis, Tz* = z*. Which implies z* is a fixed point of T'.
If y* is another fixed point of T', then T'y* = y*. Since T is type II contraction, we obtain

d(Tz*,z*)d(Ty*,y*)
d(z*,y*)

d(z",y") =d(Tz",Ty") < a1 [d(Tz",y") + d(Ty",2")] + a
d(Tz*,z*)d(Ty*,y*)

Q.
Yd(et,y") + d(Tar,y) + d(Tya°)
= 2a;d (z*,y") (3.12)

Hence, from (3.12), we have d(z*, y*) = 0, that is, z* = y*. Therefore, the fixed point of T' is unique.

Corollary 3.5 Let (X, d) be a complete cone metric space, P be a normal cone with normal constant K.
Then a mapping 7' : X — X is said to be type I contraction for some positive integer n, if for all

z,y € X,z # yand a1,a3,a3 > 0 with a; + a2 + a3 < 1 satisfying the following condition:
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d(Tz,z)d(Ty,y)

d(T"z, T"y) < a1 [d(Tz, z) + d(Ty,y)] + as d(z,y)
, (3.13)

" d(Tz,z)d(Ty,y)
Y d(e,y) + d(Tz,y) + d(Ty, )

Then T has a unique fixed point in X.

Proof From Theorem 3.3, T"has a unique fixed point z*. But T"(T'z*) = T(T"z*) = T'z*, so T'z* is also
a fixed point of 7. Hence T'x* = z*, z* is a fixed point of T'. Since the fixed point of T is also fixed point

of T'™, the fixed point of T'is unique.

Corollary 3.6 Let (X, d) be a complete cone metric space, P be a normal cone with normal constant K.
Then a mapping 7' : X — X is said to be type II contraction for some positive integer n, if for all

z,y € X,z # yand ay,a3,a3 > 0 with a; + a2 + a3 < 1 satisfying the following condition:

d(T"z,T"y) < a1[d(Tx,y) + d(Ty, )] + az w
(@) (3.14)
d(Tz,z)d(Ty,y)

Qa
*d(z,y) + d(Tz,y) + d(Ty, =)

Then T has a unique fixed point in X.

Proof From Theorem 3.4, T™has a unique fixed point z*. But T"(Tz*) = T(T"z*) = Tz*, so T'z* is also
a fixed point of ™. Hence T'z* = z*, * is a fixed point of T'. Since the fixed point of T'is also fixed point

of T'™, the fixed point of T'is unique.

Corollary 3.712] Let (X, d) be a complete cone metric space and P be a normal cone with normal constant
K. Suppose the mapping T : X — X satisfies the contractive conditiond(Tz,Ty) < a;d(z,y), for all
z,y € X, where a; € [0,1) is a constant. Then T has a unique fixed point in X and for any z € X,

iterative sequence {T™z} converges to the fixed point.

Corollary 3.802l Let (X, d) be a complete cone metric space, P be a normal cone with normal constant K.
Suppose a mapping T : X — X satisfies for some positive integer n, d(T"z,T"y) < a1d(z,y), for all

z,y € X,wherea; € [0,1) is a constant. Then 7" has a unique fixed point in X.

Example 3.9 Let E = R?, the Euclidean plane, and P = {(z,y) € R?|z,y > 0} a normal cone in P. Let
X ={(z,0) € R?|0 <z <1} U {(0,z) € R?|0 < z < 1}. Themapping d : X x X — E is defined by
4
d(($70)7(y70)) = §|x—y|,\w—y|
2
d((O,w),(O,y)) = ‘w_y|a§‘w_y|

d((m,O), (Ovy)) = d((oay)7 (ac,O)) = (%:L‘ +y,z+ %y)
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Then (X,d) is a complete cone metric spaceLet mapping T : X — X with T'(z,0) = (0,z) and

T(0,z) = (1/22,0)
Then T satisfies the type I contractive condition

d(T (z1,22),T (y1,92)) < a1 [d(T (z1,22), (21, 22)) + A (T (y1,92) » (y1,92))]
d( (17175152) (171’172)) ( (ylay2)7(y17y2))+

((xlaw2)7(ylvy2))
d(T($1,w2)7($1a$2) d( (ylay2) (y1,y2))

)
d((z1,22), (y1,92)) + d(T (21,22), (y1,92)) + A(T (y1,92) » (x1,72))

+as

as

for all (z1,2), (y1,y2) € X, with constant a; = 2/30,a; = 3/40,a3 = 1/30. It is obvious that T" has a
unique fixed point (0,0) € X. On the other hand, we see that T is not a contractive mapping in the

Euclidean metric on X.

4. Application

In this section, as an application of our results, we establish that Theorem 3.3 and Theorem 3.4 can be
utilized to derive the existence of fixed point results for some mappings in a cone metric space with

different conditions. In the sequel, we begin with the following definitions.

Definition 4.1. Let (X, d) be a complete cone metric space and P be a normal cone with normal constant
K.For c € E with 0 < ¢,z € X, set B(zg,c) = {z € X|d(z¢,c) < c}. Then a mapping T : X — X is
said to be type I contraction if for all z,y € X,z # y and a3, a2,a3 > 0 with a; + az + a3 < 1 satisfying
the following condition:

d(Tz,z)d(Ty,y)

d(Tz,Ty) < a1[d(Tz,z) + d(Ty,y)] + a2 d(z,y)
, (41)

. d(Tz,z)d(Ty,y)
s d(z,y) + d(Tz,y) + d(Ty,z)

Definition 4.2. Let (X, d) be a complete cone metric space and P be a normal cone with normal constant
K.For c € E with 0 < ¢,z € X, set B(zg,c) = {z € X|d(z¢,c) < c}. Then a mapping T : X — X is
said to be type II contraction if for all z,y € X,z # yand a;,a3,a3 > 0 with a; + as + a3 < 1 satisfying
the following condition:

d(Tz, z)d(Ty,y)

d(Tz,Ty) < a1]d(Tz,y) + d(Ty, )| + a2 iy)
’ (4.2)

. d(Tz,z)d(Ty,y)
*d(z,y) + d(Tz,y) + d(Ty, =)
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Theorem 4.3 Let (X, d) be a complete cone metric space and P be a normal cone with normal constant
K.For c € E with 0 < ¢,z € X, set B(zg,c) = {z € X|d(z¢,c) < c}. Then a mapping T : X — X is
said to be type I contraction and d(T'zo, zo) < (1 — (a1 + a2 + a3))c. Then T has a unique fixed point in

B(zg,c).

Proof We first prove that B(z,c) is complete and then show that Ta € B(zg,c) for all x € B(zy,c).
Suppose z, is a Cauchy sequence in B(zg,c). Then {z,} is also a Cauchy sequence in X. By the

completeness of X, there is # € Xsuch that z,, — z(n — o0). We have
d(zo, ) < d(zpn,z0) + d(zp, ) < d(zph,2) + C.

Since z,, — ,d(z,,x) — 0.Hence d(zo,z) < ¢,and z € B(xy, ¢). Therefore B(x, c)is complete.

For every z € B(xo,c),

d(zo,Tz) < d(Tzo,x0) +d(Tzo,Tx)
d (T.’L‘(), I(]) d(T:I:, :IT) 4

<(I—(a1 + a2 +a3))c+ar[d(Tzo, 20) + d(Tz,z)] + az d(zo, )

d (T$07 -'130) d(T:Z}, 117)

Zo, $)+d(T.’170, )+d(T{E,:E0)
<(1—(a1+a2+a3))c

as

d(z
Theorem 4.4 Let (X, d) be a complete cone metric space and P be a normal cone with normal constant
K.Forc € Ewith0 < ¢,z € X, set B(zo,c) = z € X|d(zg,c) < c¢. Thenamapping T : X — X is said
to be type II contraction and d(T'zg,zo) < (1 — (a2 + a3 — a1))c. Then T has a unique fixed point in

B(zg,c¢).

Proof We prove that B(zg, ¢) is complete and Tz € B(zo,c) for all z € B(zg,c). Suppose z,, is a Cauchy
sequence in B(zg,c). Then {z,} is also a Cauchy sequence in X. By the completeness of X, there is

z € Xsuch that z, — z(n — co). We have
d(zo,z) < d(zpn,z0) + d(zp,z) < d(zH,2) + C.

Since z,, — z,d(z,,x) — 0.Hence d(zo,z) < ¢,and z € B(zy, ¢). Therefore B(xy, c)is complete.
For every z € B(xy,c),

d (29, Tx) < d(Tzg,z0) + d(Tzo, Tx)
d(Tzo,z0)d(Tz,x)

<(1-(a1+a2+a3))c+taldTxo,z)+d(Tz,z0)] + a2 a( )
Lo, T

d(Tzy,z0)d(Tz,x)
agd(acg,$) +d(Txzo,z) +d(Tz,z)
< (1= (a1 + a2 +a3)) e+ a12d (zg, ) < (1= (a1 + ag + az)) ¢+ 2a1¢
=(1-(a2taz—a1))e.
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Hence, Tz € B(zo,c).

Corollary 4.5 Let (X,d) be a complete cone metric space and P be a normal cone with normal
constant K. For ¢ € E with 0 < ¢,z € X, set B(zg,c) = ¢ € X|d(zo,c) < c. Suppose the mapping
T : X — X satisfies the contractive condition d(Tz,Ty) < aid(z,y), for all z,y € B(zg,c), where
a; € [0,1) isaconstant and d(Tzg, z¢) < (1 — a;)c. Then T has a unique fixed point in B(zo, c).

5. Conclusion

In this paper, we establish some fixed point results for contractive type mappings in cone metric spaces.
Examples are provided to support results and concepts presented herein. As an application of our results,

cone metric spaces with different conditions are studied.
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