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Abstract

We formulate the classical and quantum Boltzmann equations for the one par-
ticle distribution function and density operator corresponding to the motion of
several indistinguisable point charges in motion with mutual electromagnetic
interaction attached to central potentials and also interacting with an external
electromagnetic field. These equations are used to derive formulas for the scat-
tered electromagnetic field and analyze their properties like frequency content.
Using the Wigner distribution to draw an analogy between classical probability
distribution functions in phase space and corresponding quantum analogues, we
compare the classical and quantum Boltzmann equations showing explicitly how
the quantum Boltzmann equation for the Wigner distribution is the same as the
classical Boltzmann equation but with extra quantum corrections expressible as
a power series in Planck’c constant. We then proceed to formulate the quan-
tum Boltzmann equation for open quantum systems, ie, systems connected to a
noisy bath and explain how to estimate the Lindblad noisy coupling parameters
from the nonlinear quantum Boltzmann state evolution between successive POV
measurements. We then proceed to formulate the quantum Boltzmann equation
for the one particle density operator derived from the quantum Belavkin filter
for N-particles taking into account non-demolition measurement noise. Par-
tial tracing of the Belavkin filter with the molecular chaos hypothesis for the
N-particle state yields this nonlinear one particle filtered quantum Boltzmann
equation. We then apply Lec-Bouten’s method of control unitaries based on
the measurement process to cancel out part of Lindblad noise from the filtered
quantum Boltzmann equation. Finally, we explain how to perform a second or-
der perturbative analysis of the classical Boltzmann equation in order to arrive
at the frequency spectrum of the scattered field from the frequency spectrum of
the incident field. The last section is devoted to the derivation of the two par-
ticle quantum Boltzmann equation for the Belavkin quantum filter. During the
process of derivation, we explain how to derive the general r** order quantum
Boltzmann equation for the Belavkin quantum filter on N particles when the
bath acts symmetrically, ie, in a permutation invariant way on all the particles.



0.1 Calculating the scattered electromagnetic field
produced by a slowly spatially varying in-
cident electromagnetic field on a set large
charged particles with several identical smaller
charged particles moving in the vicinity of
the former

Consider a lattice of M (not very large) charged particles with each particle hav-
ing a charge Ze and each such particle having N (very large) charge particles,
each of charge -e. When an electromagnetic field E.(¢,r), B.(t,r) is incident
upon this system, it causes the charged particles to execute motion and thus
generated a scattered electromagnetic field. Our aim is to calculate this scat-
tered field approximately assuming that the incident field varies very slowly
over the region defined by the charged particles of charge —e surrounding each
centre. The potential generated by each centre is

Zeflr — Qx| ——— (1)

where @y is the position of the centre. Thus, the potential experience by the
charge —e located at Qp + & is

Vo(§) = Ze/l¢] — — = (2)

Apart from this, the interaction between two charges —e located at &1, &5 relative
to the centre Qy is given by

Vi =e*/|& — & ———(3)

Taking this into account, the classical Boltzmann equation in the molecular
chaos approximation for a single charge attached to the centre Q = @y is given
by

8tf(ta€7v)+(va Vf)f(tafvv)+(e/m)(VV0(€)’ Vv)f(tagav)_(e/m)(Ec(tv Q)+UXBc(t7 Q))f(t§7 U)+
(V=10 [ 0606016~ [, T 06,00+ (o€ 0) -1 (1. €,0)/7(0) = 0-=—(a)

Herein, we are neglecting the effects of the force of the magnetic fields produced
by the N — 1 remaining charges in each central region on a given charge within
the same region. The last term involving the relaxation time constant is a
replacement of the collision term. If we wish to take into account the effects of
the magnetic fields generated by the motion of the charges in the non-relativistic
approximation, then we would have to add the term

FN-1)( [ AP ox (W XN NP 6 V) F (16 0) =)



It should also be noted that each centre of charge Ze will also generally carry
a spin described by an operator in a 2J + 1 Hilbert space where J is an integer
or a half integer. The effect of the magnetic field produced by this spin on the
charges —e is a purely quantum mechanical effect and can only be accounted in
a quantum mechanical formulation of the Boltzmann equation.

In summary, the chaos hypothesis leads to approximating the pairwise in-
teraction terms between the charges by bilinear forms in the Boltzmann distri-
bution function. For the present, we neglect these bilinear terms assuming that
all of their effects can be absorbed within the relaxation time term. We note
that the equilibrium Boltzmann density is

fo(&,v) = NZ(B) ™ exp(=B(mv? /2 — eVy(€))) — — — (6)
For each charged particle —e Writing the perturbation as
(5f(t,§,’l)) = f(t,f,’l) - f()(f?v) - (7)

we obtain the following first order approximation to the Boltzmann equation
assuming that the external em field is of the first order of smallness as compared
to the electrostatic field generated by the centres:

8t(5f(t,f,’l)) + (’U, Vg)(Sf(t,f,U) - (e/m) (E()(f), Vv)éf(t,g,v)
_(e/m)(Ec(ta Q) +o X Bc(ta Q))? vv)fo(gvv) + 6f(t,€,v)/7’(v) =0—-—- (8)

where
Eo(§) = =VW(§) — ——(9)

To be precise, we should write f(t,&,v|Q) and df(¢, &, v|Q), the dependence
upon @ arising from the external field This equation simplifies to

e f(t,€,v) + (v, Ve)of(t, & v) — (e/m)(Eo(§), Vu)df(t,€ v)
+ﬂe(Ec(t7 Q),’U)f()(g,U) + 5f(t7£7 'U)/T(’U) =0-—- (10)

It should be noted that the total charge and current density generated by
the motion of the charges caused by the external field are respectively given by

P(t,Q+€) = —e / 5F( € 0]Q)dPw — — — (11)

J(t,r) = —e/véf(t,f,ﬂQ)d‘gv ———(12)

and the total scattered electromagnetic four potential produced by lattice is
given to first order by the formulas

M
As(t’r) = 762/Uéf(t,f,’l}|Qk).d3£.dSU/|T‘ - Qk - £| - (13)
k=1



and
M
Vittor) = —e Y- [ 05(t.€ el@u)dedolr - Qu € - - - (1)
k=1

These potentials admit a multipole expansion, with the zeroth order term in
this expansion being the most significant given by

M
Ag(tr) = —e > (08 f(t,€,0|Qk).d°¢.d%) /|r — Qx| — — — (15)
k=1
and
M
Viltor) = —e(3 [ 61(0.6.01Qu P60 Ir - Qul = - - (10)
k=1

Defining space-time Fourier transforms by
X(w, K) = / X (b r)exp(—iwt + K.r)dtd* K — — — (17)

we obtain from the above linearized Boltzmann equation in the four wave vector
domain:

[i(w = (K, 0)) + 1/7(v)]6 f (w, K, v) + Be(Ee(t, @), v) fo (K, v)

7(27r)(e/m)f/(E0(K — K').V,)of(w, K", v)d®K" =0 — — — (18)

Note that we have the normalizations
/fo(r, v)dsrdBv = /f(t,r,v)d3rd3v =N---(19)

so that
/(5f(t,7“, v)d3rd®v =0 — — — (20)

0.2 A generalized derivation of the classical Boltz-
mann equation

Consider a system of N indistinguishable particles described by position-velocity
pairs (&g, v1),k = 1,2,..., N where &, vx € R3. Assume that the external fields
cause a force Fo.:(t, &k, vx) to be exerted on the kth particle while the internal
particle interactions cause a force Fj,.(, &k, vk|;,vj) to be exerted by the j*

particle on the k" particle. Boltzmann’s equation for the N** order particle



distribution function fx (¢, &k, vk, k = 1,2, ..., N) is the same as Liouville’s equa-

tion in mechanics assuming that the dynamics of the particles described by the

above forces keeps the total phase volume Hivzld?’fkd%k invariant. This means

that the phase space divergence of the force field vanishes, ie,
D (dive, Fepr(t, Gk, vk)Fdive, Fear(t, &k, v0))+ Y (dive, (Fini (£ €k, vkl 05))+dive, (Fini (£, Ek, 0[5, v5)) = 0—=
k k#j

This amounts to requiring separately that
dive, Fezt(t,€1,v1) + divy, Fegi(t, &1,v1) = 0 — — — (22)

dive, Fint(t, &1, 01|82, v2) + divy, Fine(t, §1, 0112, v2)
+dive, Fint(t, &2, v2|€1,v1) + divy, Fini(t, &2, v2|&1,v1) =0 — — — (23)

The N-particle Boltzmann equation is merely a statement of the the conservation
of the total number of particles in 6N-dimensional phase volume:

N
OifN + > (vk, Ve ) I+
k=1

N

Z(F€$t(ta§kavk)7vvk)ffv + Z(Fint(t7§k70k|§j’vj)’V’Uk)fN =0--= (24)

k=1 k#j
Integrating over &, vg, k = 2,3,..., N and using the indistinguishability of the
particles gives us

atfl(t7§1avl) + (vlavf1)fl(t7§1avl) + (Fea:t(t7§17vl)7vvl)fl(taglavl)

+(N —1) /(Fint(t,€17vl|§27 v2), Vo, ) f12(t, &1, v1, €2, v2)d*E2dPvy = 0 — — — (25)
provided that we assume the additional conditions
divy, Fezt(t,§1,v1) =0 — — — (26)
divy, Fint(t, &1, 01]|82,v2) + divy, Fegt (t, xio, va]€1,v1) = 0 — — — (27)

For example, if the forces are produced by the electromagnetic fields gener-
ated by the external sources and the N moving charges in the non-relativistic
approximation, then

Fear(t,€1,01) = (—e/m)(Eeat(t, §1) + v1 X Bet(1,61)) — — — (28)
and clearly, we have
divy, Fogt(t,€1,v1) = divy, (V1 X Begt(t,61)) =0— — — (29)
and further,

Fint(t,1,01|€2,v2) = (€2 /m) (&1 —wia) /|61 —E&21%)+(e? /m) (v1 X (va % (§1—&2)) /[€1—E2]*) ) ———(30)



Now, if w is a vector not involving vy, v, then
v1 X (vg X w) = (v, w)vg — (v1, v2)w — — — (31)

gives
divy, (v1 X (V2 X w)) = (w,v2) — (w,v2) =0 — — — (32)

so the second condition is also trivially satisfied. In the molecular chaos approxi-

mation, we approximate f12(¢, &1, v1, &2, v2) by the product f1(¢,&1,v1).f1(t, &2, v2)
and thus obtain a simple version of the Boltzmann equation for the one particle
distribution function:

atfl(t7§1avl) + (vlavf1)fl(t7§1avl) + (Fea:t(t7§17’ul>7vvl)fl(taglavl)

+(N—1)(/ J1(t, &2, 02) Fin (t, &1, 01[€2,v2)d*E2d%v2), Vi, ) f1(t, €1, 01) = 0———(33)
In the general case, without making any approximations, we can write
fr2(t, &1, 01,62, v2) = f1(E, 61, 01) (£, €2, 02) + g12(E, €1, 01, §2,v2) — — — (34)

abbreviated in the obvious way as

fiz = fifa+ g1z — — — (35)
where since

[ had(2) = 51—~ - 30)
we must have

[omae)=o- -~

and of course, by indistinguishability,
/gl2d<1) =0———(38)

also. Here, d(k) is an abbreviation for d3¢y.d%vy,. Again, integrating the N-
particle Boltzmann equation over 3,4, ..., N gives us the two particle Boltzmann
equation:

O¢frz2 + ((v1, Ve, ) + (v2, Ve, ) fia+

(Feat(t, &1, 01[€2,v2), Vi, ) + (Feat (t, €2, v2[€1,v1), Vi) fi2
+(N_2) /(Fext(tv§17v1|£3,v3)v Vu1)+(Fezt(t7£27U2|§37v3)7 vvz))leSd(?’) = 0___(39)
Likewise, we write

f123 = fifafs + fig23 + fog13 + f3g12 + g123 — — — (40)

and the integrating over 3 gives us

Ji2 = fifo+ g2 — — — (41)



as required, provided that

/9123d(3) =0-——(42)

0.3 The quantum version of calculating the field
scattered by the charged particles in the phonon
lattice

The approximate quantum Boltzmann equation in the molecular chaos approx-
imation for the one particle density operator reads

ithOwp1(t) = [Ho + 0H (t), p1(t)] + (N — 1)T'ra[Via, p1(t) ® p1(t)] — — — (43)
where
pl(t) = pl(ﬂQ)aQ € {Qla 7QM} - (44)
Note that in above example, in the position representation,
Via(€,€') = €/|§ — €| - — — (45)
Here,
Ho+6H(t) = (=h?/2m)(Ve+ieA.(t, Q+€)/h)* —eVo(€) —eVe(t, Q+€) ———(46)

Hy = (2 /2m)V? — eVo(€) — — — (47)

and then to O(e), we get the first order perturbation to the one particle Hamil-
tonian (assuming divA. = 0, ie, we are operating in the Coulomb gauge for the
incident em wave so that V. = 0 too)

GH(t) = (—ieh/m)(Ac(t,Q +§), Ve) — — — (48)
Let [n >,n = 1,2, ... denote the stationary states of the centres, ie,
Hyln >= E(n)n >n=1,2,... — — — (49)

Then, the scattered electromagnetic four potential is calculated as follows.

M

As(t,r) = =Nem™ Y Tr(p1 (11Qi)(—ihVe+eA(Qu+€)) /Ir—Qr—E])———(50)
k=1
M
Vi(t,r) = —Nem™ Y Tr(pi(t|Qr)/Ir — Qi — &) — — — (51)
k=1



where in the first expression, symmetrization of the operator involved is as-
sumed. It should be noted that in a non-relativistic approximation, the scat-
tered electromagnetic field can also be directly written down without having to
go through the calculation of the four potential:

M
Eq(t,r) = —=Ne Y Tr(pi(t1Qx)(r — Qx — &)/Ir — Q — &*) — — — (52)

k=1

M
By(t,r) = =Ne Y Tr(pi(t|Qi)or x (r— Qi = &)/Ir — Qi — &*) — — — (53)

k=1

where vy, is velocity operator
UV = (—ith + eAc(Qk + §))/m - — - (54)
Note that for an observable X, we calculate in the position representation
Tr(p(HQX) = [ pi(t € €1QX(E"EIE A~ ~ - (55)

where

p1(t,€,€"1Q) =< &|p1(t|Q)|¢" > — — —(56)
X(¢",¢) =< "X > - ——(57)

0.4 Approximate first order solution to the quan-
tum Boltzmann equation

We write
pi(t) = pi” + 5p1(t) = — — (58)
Then, taking
o) = 2(8)" exp(—BHo) = Z [n > p(n) <n| — ——(59)
where
p(n) = exp(—BE(n))/Z(B Zewp —BE(m)) — — — (60)

we see that pgo) trivially satisfies the zeroth order Boltzmann equation:

0 = ihdyp'” = [Ho, pi”] = — - (61)
The first order Boltzmann equation is then given by

80p1(t) = [Ho, 0p1 ()] + [0H(t), o] + (N — 1)Tra[Viz, o @ pi”] — — — (62)



We are herein assuming that the nonlinear term in the quantum Boltzmann
equation is of the first order of smallness, ie, of the same order of smallness
as the external em field or equivalently, of the same order of smallness as the
perturbing Hamiltonian 6 H(¢). Note that writing

un (&) =< &In>7n=1,2,... — — — (63)

we have

Vo= 3 In> Im>< ol < [ 0u€)an(€)un¢yunl€ e 1€

n,m,r,s

= Z [n > |m ><r| < sla(nm]|rs) = Z a(nm|rs)(Jn >< r|®|m >< s|)———(64)
n,m,r,s nmrs

where

a(nmlrs) = / i (€t (6" Y (€ Y (€")PE A" )| — €| — — — (65)

is symmetric and real w.r.t interchange of the ordered pairs (nm) and (rs). It is
also symmetric w.r.t interchange of the ordered pairs (nr) and (ms). Therefore,
by the spectral theorem, it can be diagonalized as

a(nm|rs) = Z A(p)wp(nr)w,(ms) — — — (66)

Writing therefore

W, = pr(nrﬂn ><r|———(67)
we get
Vie = Y Ap)W, @ W, — — — (68)
P

where W)s are Hermitian operators in the Hilbert space L?(R?) and A(p) are
real numbers. Note that the symmetry of a(nm|rs) under intrerchange of (nm)
and (rs) implies that we can choose wy(nr) so that it is real and symmetric
under interchange of (nr). This in turn implies that W), is real symmetric and
in particular Hermitian. The first order perturbed gbe given by

D:0p1(t) = —i[Ho, 5p1 (D] —il0H (1), pi”1=i(N=1) Y Ap)Tr(W,ppi”) [ W, pi”) ———(69)

can now be expressed in terms of matrix elements w.r.t the unperturbed eigen-
states of the one particle Hamiltonian s

O < n|dpi(t)|m >=

—iE(nm) < nldp1(t)|m > —i(p(m)—p(n)) < n|dH(t)|m > —i(N-1) Z )\(p)Tr(prgo))(p(m)—p(n)) < n|Wylr



where E(nm) = E(n) — E(m). Note that

pp1 Zp < n|Epln > — — —(71)

This linear differential equation is easily solved to give

< n|dp1(t)|m >=

/O cxp(—iB(nm)(t—s))[~i(p(m)—p(n)) < nl6H(s)[m > =i(N=1) Y Ap)Tr(W,ppl”)(p(m)—p(n)) < n[W,|m

= —ip(mn)/o exp(—iE(nm)(t—s)) < n|dH(s)|m > ds—i(N—1)p(mn)((1—exp(—iE(nm)t))/iE(nm)) Z A(p)

where
p(mn) = p(m) —p(n) — — — (73)

0.5 Comparison of the quantum Boltzmann equa-
tion with the classical Boltzmann equation
using the Wigner distribution

For a given density operator p(t) in one particle Hilbert space, ie, in L?(R3), we
define its position space continuous matrix kernel:

p(t,&. ") =< p(t)|¢" > — — —(T4)
Its Wigner transform is the complex valued function of (&, P) € R® defined by
p(t, &, P) = C-/ﬂ(t,€+ q/2,€ — q/2)exp(iP.q/h)d’q — — — (75)

where h equals Planck’s constant divided by 2x. Clearly, for appropriate choice
of the normalization constant C, we have

[ #tt.&. PP = plt,.6) - - - (10

namely, the probability density of the position of the particle in the state p and
moreover,

/ P16, P)PE = / (€, €")eap(iP.(€' — ")/ h)d*€ " — — — (77)

10



namely, the probability density of the momentum of the particle in the state p.
Further, we have the inversion formula:

Pt 6+ q/2.6 — q/2) = C". / pt,€, P).cap(—iPa/h)d*P — — — (78)

or equivalently,

plt,€.6") = C' / DL (€ + €7)/2, Peap(~iP.(€ — €")/h)d*P — — — (79)

In order to compare the quantum Boltzmann equation with the classical Boltz-
mann equation, we transform the former to give an equation for the Wigner dis-
tribution function p(¢, &, P) and then expand this equation in powers of Planck’s
constant to show that the zeroth order term is simply the classical Boltzmann
equation for the one particle distribution in phase space and that higher order
terms in powers of Planck’s constant give quantum corrections to the classical
Boltzmann equation.

We write down the non-relativistic quantum Boltzmann equation for charged
particles interacting mutually on a pairwise basis and also with an external
electromagnetic field as

ihdyp(t) = [Ho + 6H (t), p(t)] + (N — 1)Tr2[Viz, p(t) @ p(t)] — — — (80)
where
Hy = (=h?/2m)VE—eVy(€),0H (t) = —(ieh/m)(A(t,€), Ve) —eV (t,€) ———(81)
In the position representation, the term [SH(t), p(t)] is represented by the kernel
(—ieh/m)[(A(t, &), Ve )p(t. €, €") + diver (At €")p(t, €', €"))]
—e[(V(t,&) =V (t,))p(t &, &")] — — — (82)

because for any function f of position, we have using integration by parts,

/ Pt €, €M) (AL, €7), Ver) F(€7)dE"

- —/divg" (p(t, &', €")A(L, €7) f(€7)dE" — — — (83)

Now making the Coulomb gauge choice divA = 0, we get the result that the
position space representation of [0H (t), p(t)] is given by

[5H(t)’ p(t)](flv 5”) =

(_ieh/m) [(A(t7 5/)7 ng)p(t, 6/7 5”) + (A(t7 5”)7 VE”)p(t7 f/v 5//))]
—e[(V(t, &) = V(t,")p(t, &, €")] — — — (84)

11



Now we compute the Wigner transform of this quantity. First observe that
the Wigner transform of the second term, namely of the kernel F(t,¢&',¢") =
(V(t, &) = V(t,£"))p(t, &', €") is given upto O(h) terms by

F(t6,Q) = / F(t. + ha/2.€ — hq/2)eap(~iP.g)dq

- / (V1€ + hg/2) — V(£,€ — ha/2))p(t, € + ha/2.€ — hq/Dexp(~iP.g)dq

— h / (4, VeV (£, €)p(t. € + ha/2.€ — ha/2exp(—iP.g)dq
= (*V&“V(t,f)),Zth)ﬁ(t,g,P) - 0 = (85)

Pt P) = / pt.€ + hq/2,€ — hq/2)exp(—iP.q)dg — — — (36)

Thus, the Wigner transform of Fy(¢,&',&") = (—i/h)F(t,&',&") = (—=i/h)(V(t,&")—
V(t,£")p(t, &', €") is given by

Fl(t7§7P) = (—VgV(t,f),Vp)ﬁ(t,f,P) -0 = (87)

which has the desired form of the contribution of the electrostatic field to the
classical Boltzmann equation in position-momentum space. Next we observe
that the Wigner transform of the first term, namely of the kernel

G(tv 5/, 5//) = (A(ta 5/), VE’)p(t7 flv 5//) + (A(tv 5//)7 V-f”)p(ta fla 5”)) - - (88)
is given by
G(t, 5’ P) = /(A(ta €+hQ/2)7 vl)p(t’ §+hQ/2a E_hQ/Z)J'_(A(ta €_hQ/2)7 v?)p(t7 §+hQ/2? g_hQ/Q))exp(_iP-Q)dq

where V; denotes gradient w.r.t & = £+ hq/2 and Vg w.r.t & = £ — hg/2. We

can write
Ve=Vi+Vy———(90)
Vi = (h/2)(Vi—V3) - ——(91)
and hence,
(h/2)V1 = (h/2)V¢ + Vg, (h/2)V2 = (h/2)Ve = Vg — — = (92)
Thus,

(h/2)G(t,€, P) =

/[(A(t §+hq/2), (h/2)Ve+Vq)p(t, §+hq/2,§—hq/2)+(A(t,§—hq/2), (h/2)Ve=V q)p(t,E+hq/2,E—hq/2)]exp(-

12



Expanding the vector potential upto O(h?) terms, we see that the term involving
gradient of the vector potential is given by

(h2/2) / (4, V) A(1, €)Y, )plt, € + ha/2,€ — ha/2)eap(—iP.q)dg

= (i12/2) [ (@, V)AL €), P& + a2, — ha/2)).cop(—iPa)da

= (A;(t,€), P)Op, p(t, Q, P) = Ay ;(t, §) Pu0p; p(t, Q, P) — — — (94)
except for a proportionality constant.
Now, we assume that that magnetic field is nearly a constant in space over

each central region. This means that if we denote the position of the centre by
xig, then

A(t, &) ~ B(t,&) x (§ —&o)/2 — — — (95)
or equivalently, in terms of components,

Ag(t, &) = e(krs)By(t,€0) (& — €os)/2 — — — (96)
so that
Ak,j(t,€) = €(krj)By(t, &) =~ e(krj) B(t,£)/2 — — — (97)
and hence,
A, (t, &) Prop, p(t, Q, P) = e(krj) B, (t,§) PrOp, p(t,Q, P)
= (P x B(t,£),Vp)p(t,Q, P) — — — (98)

which is exactly the contribution of the magnetic field to the classical Boltzmann
equation.

0.6 Identifying the quantum corrections to Boltz-
mann’s equation coming from the nonlinear
term

gbe stands for quantum Boltzmann equation. The main reason behind these
calculations is to show that if some basic parameters of the optical fibre are
known like the positions of the centres of charges, then, in principle, we can
compute the scattered classical electromagnetic field produced by the charges
around these centres and hence design the counter potential or counter TPCP
map to effect its cancellation.

Before however doing so, we first discuss a method for estimating the Lind-
blad noise term in the simplest form of the gbe. This equation reads

Op(t) = (=i/h)[Ho+dH(t), p(t)]+0(p(t)) = (i/h)(N=1)Tr2[Viz, p(t)@p(t)| ———(99)

13



where 6 is the Lindblad term which is to be estimated. We assume that
P
p) = awbi(p) — — = (100)
k=1

where the 6} s are known maps on the space of density matrices and the o} s are
parameters to be estimated. Before however introducing an algorithm based
on the maximum likelihood method for estimating the o s, we shall explain
how to transform the Lindblad term and the nonlinear term to the Wigner
distribution domain. First consider the nonlinear term. In the position domain,
it is expressible as

F(&1,81) = Tra[Vig, p® pl(61,€1) =

/V(fh52)!3(51751)/)(52752)6152 ———(101)

and hence its Wigner transform is

F(xiy, Py) = /F(:ml + hq/2,&1 — hq/2)exp(—iPy.q)dg =

/V(§1 +hq/2,&2)p(&1 + hq/2,& — hq/2)p(xia, Pr)exp(—iPy.q)dPydéady
/ V(€1 £2)p(Ea, Pa)d)ziadPo)p(E1, 1)

+y ()N (h/2)" / V™ (€1,6)p(&, P2)dEadPs) [ " p(&1+hq/2,€1—hq/2)eap(—iPy.q)dq

n>1

/ V€1, £)p(Ea, Pa)d)ziadPo)p(E1, 1)

+> () (1/2)" / V™ (€1, €2)p(Ea, Po)dEadPy) (ihdp,)" p(Er, P1) — — — (102)

n>1

In this way, it becomes a long but straightforward calculation to obtain quantum
corrections to the classical Boltzmann equations coming from the nonlinear
terms.

0.7 Quantum corrections to Boltzmann’s equa-
tion coming from the external scalar poten-
tial field terms

We now become more explicit by evaluating exactly all the higher order quantum
correction terms caused by external field and mutual interaction effects.
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Specifically, to all orders, the Wigner transform of the external electostatic
potential term F(¢t,&',x") = (—i/h)(V (¢, &) — V(t,&")p(¢, &, &) is given by

Fy(t,&,P) = (—i/h) /(V(t§+hq/2)—V(t,§—hq/2))p(t,§+hq/2,E—hQ/Q)ewp(—iP-q)dq

= (=2i/h) Y _(n+1)) " (h/2)>" T (OF" TV (¢,6)) / g p(t,E+hq/2, E—hq/2)exp(—iP.q)dg

n>0

(=2i/h) Y _((2n + D))~ (=ih/2)* 1OV (,€)(=idp) > p(t. €, P)

n>0

= = > (@) (1) R 2PN @F IV (¢, €)) (—idp)* T p(t, €, P)———(103)

n>0

The zeroth degree term in Planck’s constant is (—0¢V (¢, &), 0p)p(t, &, P) which
may be identified with the classical contribution while the higher degree terms
in Planck’s constant are proportional to h2”(8§92",8§2")/§(t xi, P),n > 1 and
can be identified with quantum corrections to the classical contribution.

0.8 Quantum Boltzmann equation taking into
account Lindblad coupling to a noisy bath:Estimating

the Lindblad parameters based on sequen-
tial POVM’s

We now express the gbe with Lindblad term in the form

dip(t) = 8.6(p(D)]e) + F(p(t)) — — — (104)

where § is small perturbation parameter and F'(p) = —i[H, p]—id.(N—1)Tr3[Vi2, p&
p]. In doing thus, we are assuming that the contribution of the nonlinear mutual
interaction term in the gbe is of the same order of smallness O(J) as the con-
tribution coming from the Lindlbad term. A more satisfactory way that avoids
such an assumption is to assume first that the nonlinear term is absent and then
obtain the perturbation series Ty for the linear differential equation defined by
the Hamiltonian and Lindblad term alone and then include the nonlinear term
and obtain the perturbation series with respect to this term assuming the zeroth
order solution being given by Ty. Yet another way to obtain the perturbation
series that avoids doing two perturbation expansions is to assume that the Lind-
blad term is O(d) while the nonlinear term is much smaller of O(§™) where m
is a positive integer and then expand the solution density in powers of §.
The Lindlbad term has the expansion

0(pla) = > a(k)bk(p) — — — (105)

k
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Using perturbation theory, we can express the solution in the form
p(t) = Ty,s(p(s)|ar) = Ty s(a)[p(s)], t > s — — — (106)

where T} ; is a nonlinear evolution operator expressed as a power series in the
parameter vector «. Specifically, we can write upto O(d). Assume that a POV
measurement {M(a) : a = 1,2,..., K} is performed on the system at times
t1 <t < ... < ty with the outcomes noted at each stage. Then, according to
the collapse postulate of quantum mechanics after a measurement, the sequential
probability of obtaining outcomes a1, ..., any at these measurements allowing for
gbe plus Lindblad evolution in-between two measurements is given by

P(ay,...,an;t1, ..., tn|a) =

TT[\/M(GN> TtNﬂfN 1 \/ aN 1TtN 1,EN— 2 [ M(G(N_Q))'“
th,tl(a)[vM(al)Ttl,o(a)[P(O)]\/M(al)]---\/M(aN—z]\/M(GN—l)]\/M(aN)]———(m?)

The maximum likelihood method then involves maximizing this joint sequential
probability w.r.t a. There appears to be no other satisfactory method for es-
timating the Lindlbad noise terms coming from the random perturbing Hamil-
tonian produced by the lattice of charged phonons with charges surrounding
them in order to generate the counter potential or counter TPCP term for noise
cancellation.

0.9 Quantum Boltzmann equation taking into
account non-demolition noisy measurements
using the Belavkin filter

Another more complex way to estimate the Lindblad parameters is based on
the continuous non-demolition method developed by V.P.Belavkin. This in-
volves first dilating the Lindblad dynamics into a unitary evolution on the joint
state of the system and bath phonons and then estimating the evolving state of
the system alone on a real time basis using non-demolition measurements. It
should be noted here that the Belavkin equation for the system state evolution
is being applied to the joint state of all the N indistinguishable particles of the
system. We then partially trace out this Belavkin equation over all but one of
the NV particles to obtain a quantum Boltzmann equation for one particle that
takes into account non-demolition measurement noise. Specifically, the Belavkin
equation for the state estimate pg(t) of the N particles is given by

dpp(t) = —i[H, pp(t)]dt+0(pp(t)|a)dt+F1(t, pp(t))(dY (t)—Fa(t, pp(t))dt), H = ZHH > Vi———(10

1<k<j<N

where dY is the measurement noise differential, F} (¢, pp) is of the form Mpp +
ppM* —Tr(pp(M + M*))pp, or in short, F} is a linear-quadratic function of
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pp and Fy(t, pp) = Tr(pp(M 4+ M*)), or in short, F is linear in pg. Note that
pB, M are operators in the N-fold tensor product of the one particle Hilbert
space Hy and that M is invariant under any permutation of the particles.

Partial tracing out this equation over H?N_l results in an equation of the
form

dpp1(t) = —i[H1, pp1(t)]dt — i(N — 1)Tr2[Viz, pp1(t) ® pp1(t)]dt

+3 fin(t. pp1(t)] @)1k (pp1 () a)dt+ Y~ far(t, pp1 (t)|a).Oar(ppi () |)dY (t)———(109)
k k

Note that in arriving at this approximate equation, we use the molecular chaos
approximation:

pp(t) ~ pp1(t)®N — — — (110)

and we also use the assumption that the Lindblad noise coupling operators
for the particles to the bath are symmetric w.r.t permutations of the particles.
011,025 are linear maps depending on the parameters « acting in the space of
one particle system operators. f1; is a polynomial function of pg; of degree N,
specifically,

> ikt pprla)0ik(ppie) = Tras n—1(Fi(t, p3Y))
k

= Trog. N-1(MpGY + pit M) = Tr(pG (M + M*))pp1) — — — (111)

is a polynomial in pg; containing only N** and (N + 1)** degree terms and

Z for(t, pp1(t)|)bar (ppila) = —Tras. N (Fi(t, p5Y ) Fa(t, p5Y)) — — — (112)
%

is a polynomial in pp; containing only (2N)'* and (2N + 1)** degree terms.
Thus, fix is a polynomial in pp; containing only (N — 1)!* and N** degree
terms while fo, is a polynomial in pp; containing only (2N — 1)!* and (2N)*
degree terms.

It should be noted that once the non-demolition measurements Y (.) upto
time t are made, we get access to the one particle state pg1, and we can then
using this state and the above Belavkin-Boltzmann equation, estimate the Lind-
blad parameters a by performing further measurements on each particle’s state.
It should be noted that prior to making the non-demolition measurements, we
do not have access to the system state, only after performing the measurements
Y'(.), we get the Belavkin estimate of the one particle state. It should be noted
that by the non-demolition property of the Belavkin measurements Y'(.), the
future evolution of observables in the HPS dynamics is not affected. We can
also using this Belavkin equation, design algorithms for nearly cancelling out the
effects of Lindblad noise by applying quantum control along the lines indicated
in the thesis of Lec-Bouten.
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0.10 Lec-Bouten’s method of Lindblad noise can-
cellation
Lec-Bouten’s method of noise cancellation: In the simplest case of a single

particle, the Belavkin state estimate at time ¢ 4 dt is given in terms of its
controlled estimate at time ¢ by the equation

pB(t+dt) = pc(t) +dt.0(pc(t)) + Fi(t, pe(t)).(dY (1) — Fa(t, pe(t))dt) — — — (113)

where

0(pp(t) = —ilH, ps] — (1/2) > _(LxLips + pp.-LiLj, — 2LippLi) — — — (114)
K

We design the control operator (not necessarily unitary since Z is not restricted
to be Hermitian)

Ud(t,t + dt) = exp(—iZdY () — — — (115)

over the time interval [t,t + dt] where Z is a Hermitian system operator like H.
Note that Ly is also a system operator but not necessarily Hermitian. Applying
this control operation to pg(t + dt) gives us the controlled state at time ¢ + dt
as (We are assuming that the non-demolition measurement is quadrature, ie,
the input measurement process is a quantum Brownian motion and does not
contain any counting/Poisson/Conservation process component. Therefore, we
have by quantum Ito’s formula, (dY)? = dt)

pe(t +dt) = Uc(t,t + dt)pp(t + dt)U.(t, t + dt)* =
(1—iZdY —Z%dt2).(pe(t)+dt.0(pe (1)) +Fi(t, pe(t)).(dY (t)—Fa(t, pe(t))dt)) (1+iZdY — Z3dt/2)
= pe(t) +dt.0(pc(t)) + Fi(t, pe(t))-(dY (8) — Fa(t, pe(t))dt)
2, pe(0)]dY (£)~(dt/2) (2 pe(t)+pe(t) 2> ~2Zpo(t) Z) il Z, Fi(t, pe(t)))dt ———(116)
The idea then is to choose the system operator Z, so that
1 6(p2) — (1/2)( 2200 + po2? — 22p.7) — A2, Fi(t, pe)] |2 — — —(117)

is minimized. To see how this works, suppose that L is a skew-Hermitian system
operator. Then L* = —L and if we assume that

e(pc) = (_1/2)(LL*pc + chL* - 2L*PCL) =

(1/2)(L?pe + peL? — 2Lp L) — — — (118)
and further taking M = L,

Fi(t,pe) = Mpe+pcM* —Tr(pe(M+M*))pe = Lpe — pcL = [L, pc] — —— (119)
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Then, taking Z = —iL (Note that Z will then be Hermitian), we get
0(pe) = (1/2)(Z%pe + peZ? = 2ZpcZ) — i Z, F1(t, pc)] =

= (1/2)(L2p0+pCL272chL)+(1/2)(L2p6+ch272chL)7[Lv [La pe“ = 0777(120)

More generally, we can conceive of a situation in which the measurement com-
prises of p > 1 non-demolition noise processes Y7,...,Y,. In that case the
Belavkin filter has the form

dpp(t) = —i[H, pp] — (1/2) Z(LkLZPB + ppLirLy, — 2LyppLy)
k

+> (peLi+Lipp—Tr(pp(Le+Li))ps) (dYe(t)=Tr(pp(Li+Ly))dt)———(121)
k

Again, we try to cancel out a part of the Lindblad process noise by means of
the control unitary

Ue(t, t+dt) = T _ exp(—iZpdYy) = Th_  (1=iZydYe— ZRdt/2) = 1—i »  ZydYi—(1/2)() | Z7)dt———(122)
k k

since Y}'s are quadratures with dY,dY; = 0y dt.

0.11 Frequency aspects of the scattered electro-
magnetic field in the classical Boltzmann
equation

Consider first the simple case when there is just one centre generating a potential
U(r) in which a large number N point charges, each of charge ¢ execute motion.

By jointly solving the nonlinear classical Boltzmann equation and Maxwell’s
equations for the scattered field, we easily deduce the fact that the scattered elec-
tromagnetic field is a nonlinear functional of the incident electromagnetic field
and the initial equilibrium approximate joint Gaussian density of the phonon
positions and velocities. Specifically, if we neglected the quadratic nonlinear in-
teraction terms in the classical Boltzmann equation, then the Boltzmann equa-
tion would be linear with a driving term being proportional to the equilibrium
phonon density. This equation would be

Ocf(t,r,v)+ (0, V) f(t,r,0)—(q/m) (VU (1), Vo) f (&, 7, 0)+(q/m)(Ee(t, r)+vx Be(t, r), V) f(t,r,0) = 0———(12:

Here, we are assuming that the binding potential U(r) for each particle is the
same. We write

flt,rv) = folr,v) +0f(t,r,v) — — — (124)

with
fo(r,v) = Z7teap(—=B(qU (r) + mv?/2)) — — — (125)
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and after substituting this and making cancellations, we get our final equation
as

8t5f(ta Ty 'U)+('U7 vr)6f<t7 T, U)_(Q/m)(VU(r)a vv>6f(t7 Ty ’U)—ﬁq(Ec(t, 7“), U)fO(T7 U)

+(g/m)(E.(t,r) + v x Be(t, 1), Vy)df(t,r,v) =0 — — — (126)

This equation is exact provided that we neglect the quadratic nonlinear inter-
action term

QU )t rv) = /ftr Y= )P a3 =[P, V) f (7 v)+

Suppose now that we take into account this quadratic term but retain only those
terms in it that are linear in § f;. Then, we see that the zeroth order equation
for the equilibrium density satisfies the nonlinear integro-differential equation

(v, Vi) fo(r,v) = q(VU(r), Vo) fo(r,v) + Q(fo, fo) (r,v) = 0 — — — (128)
We can solve this perturbatively by assuming Q(fo, fo) to be small and writing
fo(r,v) = foo(r,v) + 0 fo(r,v) — — — (129)
where
foo(r,v) = Z ewp(—B(mv? /2 + qU(r))) — — — (130)
satisfies the unperturbed equilibrium equation
(v, V) foo(r,v) = (VU (1), Vy) foo(r,v) = 0 — — — (131)
and d fo(r,v) will then satisfy the first order perturbed equilibrium equation:
(v, Vr)dfo(r,v) = q(VU(r), Vi) fo(r, v) = =Q(foo, foo)(r,v) — — — —(132)

or in terms of operators, the formal solution is

3fo(r,v) = =[(v, V1) fo(r,v) = a(VU(r), V)] 7' Q(foo, foo) (r,v) — — — (133)

Remark: Suppose we have a density of particles in phase Space f(x). The in—

teraction energy of these particles with an external potential U (z) is [ f(z x)dx

q(/ f(tv 7’/, UI)U/X (T—T/)dg’l”

and the pairwise interaction energy of the particles has the form (1/2) [ U2 x, y)f( ) f(y)dzdy.

According the the maximum entropy principle, the equilibrium density fo(x)
will be obtained by maximizing the entropy — [ f(z).In(f(z))dx subject to the
total energy constraint

/f VUi (x dx+/f y)Us(z, y)dzdy

Using Lagrange multipliers to take care of this constraint as well as the density
constraint [ f(z)dz = 1, the functional to be maximized is thus given by

/f Yin(f dqu/f VUi (z)dz— 1/2/f 9\ Us(z, y)dwdy)— /f )dz)
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and setting the variational derivative §S(f).0f(z) = 0 at f = fo give us the
result that fy satisfies

“n(f(@) = 1+ pU(o) + [ Uale) f0)dy + A =0
Formally, we can express this as the following implicit functional equation

f(x) = Cexp(p(Us(z) + (U2f)(x))

where the constants C, p are determined from the energy and particle con-
straints. It is easy to see that the above nonlinear equation for f derived as
the stationary Boltzmann equation can also be arrived from this argument by
an appropriate choice of the functions Uy, Us, namely x = (r,v), Ui(r,v) =
mv?/2+qU(r) and Us(r,v;r’,v") defined in terms of the kernel of the quadratic
form Q(f, f) and finally, p = —p.

Now, taking the quadratic term @ into account, the exact equation satisfied
by df is given by

O f(t, r,v)+ (v, V)of(t,r,v)—(q/m)(VU(r),V,)o f(t,r,0)+(g/m)(E.(t,r)+vX B.(t, 1), Vy) fo(r,v)

+(Q/m)(EC(tﬂ 7‘)—|—U><Bc(t, 7')7 Vv)éf(tv Ty U)+2Q(f07 (Sf)(tv Ty U)+Q(5f, 5f)(tv T, 'U) = 0___(134)

where
fo = foo+dfo ——— (135)

as above. Note that the polarization identity gives

Q(f,9) = (Q(f+g, f+9)—Q(f—g, f—9))/4 = (Q(f+g, f+9)-Q(f, f)—Q(g,9))/2———(136)

The above equation is exact provided that we assume that the solution to the
equilibrium equation for fy is exact. Note that this becomes a linear integro-
partial differential equation for d f (¢, 7, v) provided that we neglect the last term
Q(0f,0f). Writing therefore,

8f =0f1+ dfa, fo = foo+ 6fo — — — (137)

where § f; is of the first order of smallness and 0 fs is of the second order of
smallness while fyo is of zeroth order and ¢ fj is of the first order of smallness,
we find that the respective equations satisfied by d f; and J f; are

O fi(t,ryv)+(v, Vi)dfi(t,r, ’U)_(Q/m)(VU(T)a Vv)(sfl (t,r,v)=Bq(Ec(t,7),v) foo(r,v) = 0———(138)

if we assume that the incident field F., B, is of the first order of smallness and
the kernel of @ is also of the first order of smallness, so that Q(fo, d f1) becomes
of the second order of smallness, and

O fa(t,r,v) + (v, V) fa(t, r,v) — (¢/m) (VU (1), Vy)d fa(t, r,v)
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+(Q/m)(EC(tv ’I“)—l—’l)XBc(t, 7“), Vv)((sfo(ﬁ U)+6f1 (tv T, U))+2Q(f07 6f1)(t7 Ty U) = O___(139)

Remark: Note that (v x B.(t,r), Vy)foo(r,v) = 0 because foo is Gibbsian
with energy mv?/2 + qU(r). The story will be complete once we comppute the
scattered fields in the non-relativistic approximation as

Eq(t,r) = Ngq /(5f0(r’, VS f1(t, ! )6 fat, 1!, o)) (r—r)dPr dP |r—r |2 ———(140)

Bg(t,r) = Ngq /(5f0 (r' ") +0 frL(t, 7" v )+ fa(t, v 0"))v' x (r—r')d3r'd3v’/|r—r’\

It is clear from the above equations that ¢ f1(t,r,v) is a linear function of the
incident electric field E. while § f2(t,r,v) is a linear-quadratic function of the
incident electric and magnetic fields E., B.. The linear term in the equation for
df2 comes from (q/m)(E.(t,r) + v X B.(t,7), Vy)d fo(r,v) while the quadratic
term comes from (q/m)(E.(t,r) +v x B.(t, 1), V) f1(t,r,v). Note that §f; is
independent of the incident magnetic field B,. It follows that if E., B, contain
frequencies only in a band I, then § f; will contain frequencies only in the band
I while ¢ f; will contain frequencies only in the band I U (I 4+ I). Note that § f
time independent and hence contributes only to the dc term in the scattered
electric and magnetic fields which are not of much interest to us.

0.12 Frequency spectrum of scattered field from
the quantum Boltzmann equation

The two and three particle density operators can be expressed in the form

P12 = P1OP1+912, p123 = p1OP1RP1+p1RGas+p2@g13+p30g12+g123———(142)

where for consistency, Trog12 = 0,Tr3g1203 = 0 with g12, g123 being invariant
under particle permutations. These operators satisfy the following differential
equations derived from the original N-particle Schrodinger equations by forming
partial traces over N — 1 and N — 2 particles respectively.

Oipr = —i[Hy, p1] — i(N — 1)Tra[Vig, p12] — — — (143)

Op12 = —i[Hy + Ha + Via, p12] — i(N — 2)Tr3[Vis + Vas, p1as — — — (144)

These are exact equations. Substituting the above expressions for pi1o and pio3
and making appropriate cancellations, we derive the following exact equations:

Oipr = —i[H1, p1] — (N — 1)Tr2[Viz, p1 @ p1 + g12) — — — (145)

Org12 = —i[Hy + Ha + Vi2, g12] — i[Vi2, p1 ® p1 ® p1]
+i.Tra[Via, p1 ® p1] ® p1 +ip1 @ Tra[Via, p1 ® p1]

22

3 —(141)



+i.p1 @ Tra[Vig, gi2] — i(N — 2).Tr3[Vis, p1 @ gas + ps ® g12]
—i(N —2).Tr3[Vas, p2 ® g13 + p3 @ g12] —i(N —2).Tr3[Vig + Vag, g123] — — — (146)

Likewise we can derive exact equations for gio3 ,,7 = 3,4,..., N in terms of
P1,912.. k. k = 2,3,...,7 + 1. The quantum Boltzmann equation upto the rth
order involves neglecting g12.. ,+1, so that the system of equations closes on
itself at the rt" stage. For example, if we require the qbe upto order two, then
we must neglect g123. These equations are then given by

Aupr = —i[Hy, pr] — i(N — 1)Tr[Vig, pr ® p1 + g12) — — — (147)
Orgr2 = —i[H1 + Ha + Viz, g12] — i[Vi2, p1 ® p1 @ p1]
+i.17r2[Viz, p1 @ p1] @ p1 +ip1 @ Tra[Via, p1 @ p1]
+i.p1 ® Tr2[Viz, gio] — i(N — 2).Tr3[Vis, p1 ® g23 + p3 ® g12]
—i(N = 2).Tr3[Vaz, p2 ® g13 + p3 @ g12] — — — (148)

Note that g2, g23, g13 are identical copies of each other but acting in the Hilbert
spaces H; ® Hwith(i,j) = (1,2),(2,3),(1,3) respectively with the #;,i =
1,2,...,N being identical copies of each other. Likewise, p;,i = 1,2,3 are
identical copies of each other but acting in the Hilbert spaces H;,7 = 1,2,3
respectively.

To simplify matters further, we consider the gbe upto first order obtained
by setting g12 = 0: Setting ¢ = —e, we get

Oipr = —i[H1, p1] — i(N — 1)Tr2[Vig, p1 @ p1] — — — (149)

With
Hy = Hy + 6H; (t) — — — (150)

where
Ho = pi/2m+Vo(r1),p1 = =iV, 6H1 (1) = (—ie/m)(A(t,m1), Vy, ) —eV (t,r1)+e* A(t,71)% /2m = 6 Hi (8)+0 Hy:
where 0H11(t) is O(e) while Hi2(t) is O(e?), and with

p1 = po+ 0p1 + dp2, po = Z(B) texp(—BHy) — — — (152)

where §p;1 is O(e) and §ps is O(e?), and we assume that the Vi, is O(e?) because
it is the electrostatic interaction potential energy between to charged particles
of charge —e. Thus upto O(e?), we obtain the equations

3256;71 = —i[Ho, 5p1] - i[5H11,p0] - - — (153)
8t5p2 = —i[Ho, (5,02]—i[5H11, §p1]—i[6H12, po]_i(N_].)TTQ[V:[Q? po@po]———(154)
These have respective solutions with Uy(t) = exp(—itHy):

Spu(t) = —i / Ad(Uo(t — ))(I5Hx (s), pol)ds — — — (155)
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dpa2(t) = —i/o Ad(Uy(t — 8))([6H11(8),dp1(8)] + [0H12(5), po(s)])ds
(N = 1)( | Ad(U(5)d5) (Tra[Viz. o o)
0
== /0 o tAd(Uo(t — 8))ad(6Hy1(s))Ad(Ug(s — s'))ad(6Hi1(s"))(po)dsds’

i / Ad(Uo(t—)) ([8H1a(s). pol)ds—i(N—-1)( / Ad(Uy(s))ds)(Tra[Vis, popo]) ———(156)

Noting that 0H;; is linear in the electromagnetic potentials while §H7s is
quadratic in the same, it follows that dp; is linear in the electromagnetic field
while dpo contains a quadratic term in the electromagnetic field plus another
term that does not involve the electromagnetic field and that varies with time
as fot exp(—iad(Hp)s) = (1 — exp(—itad(Hp))/iad(Hp). This second term con-
tains frequencies of the form E, — E,, where E,, is the n'" excited stationary
energy level of the unperturbed Hamiltonian Hy. Combining these results, we
deduce that upto second order, the one particle state p;(t) will contain a dc
term and terms that are linear-quadratic in the incident electromagnetic field
multiplied by terms that are linear in Ad(Up(t)) and in addition, terms that are
independent of the electromagnetic field but linear in Ad(Uy(t)). Noting that
Ad(Uy(t)) consists of frequencies corresponding to all energy differences (divided
by Planck’s constant which we are setting equal to one) of the stationary levels,
we see that the frequencies in the one particle state p; (t), apart from the dc term
are B,—E,,,E,—E,*w,E,—E,+w+J' E,—E,+E,— E,+w+w where
n,m,r,s vary over all positive integers that index the stationary one particle
energy levels while w, w’ vary over all the frequencies in the incident electromag-
netic field. Carrying out the perturbation expansion of the one particle density
operator to higher and higher orders, we find that it will contain all the frequen-
cies that can be expressed as sums of E,, — F,, and integer linear combinations
of the frequencies present in the incident electromagnetic field. Of course these
higher order terms will be diminished in amplitude by powers of the electronic
charge. However, the presence of such a wide spectrum of frequencies as com-
pared to that present in the incident field indicates that the field scattered by
the charged particles will be nearly white noise w.r.t time.
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0.13 Complete derivation of the quantum Boltz-
mann equation for the one and two particle
density estimates in quantum filtering the-
ory

Consider the HPS gsde

dU(t) = (~(iH + P)dt + 3 (LpdAw(t) — LidAw(8))U(t) — — — (157)
k

where Ay, k =1,2,...,p are annihilation processes and A}, k =1,2,...,p are the
corresponding creation processes satisfying the quantum Ito formula

dAde;f = 0p;dt — — — (158)
and

P=(1/2))  LyLj — — — (159)
k

provides the quantum Ito correction term that guarantees unitarity of U(t).
System operators X evolve according to noisy Heisenberg dynamics:

Ji(X) = U(t)" XU (t) — — — (160)
A simple calculation using quantum Ito’s formula shows that

dji(X) = je(00(X))dt + D (je(0r (X)) dAy + ji(021(X))dA}) — — — (161)
k

where

0o(X) =i[H,X] - (PX + XP)+ Y LiXL;
l

=i[H,X] - (1/2) Y (LyLjX + XLy Lj — 2Ly X Lj) — — — (162)
k
elk(X) = [XaLk]302k(X) = [LZ’X] - (163)

We make several non-demolition measurements (V.P.Belavkin)

Yor(6) = U @) Yi (DU (), Yir(t) = c(k)Ar(t)+e(k) Ak (t)*, k= 1,2, ...,p———(164)
A simple calculation shows that

dYor(t) = c(k)dAy +c(k)dA}, — ji(e(k) Ly + c(k)Ly)dt, k = 1,2, ...,p — — — (165)

In other words, these measurements correspond to measuring the signals —(¢(k) L+
¢(k)Ly) after unitary evolution plus noise. The output measurement Abelian
algebra is given by

No(t) =0 (Yor(s) : s <t,k=1,2,....,p) — — — (166)
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The quantum filter is

m(X) = E(5:(X)|10(t)) — — — (167)

We define the Abelian process C(¢) via the gsde

= 2 MOCOIal0), C0) =1 - = (168)

Then, the orthogonality principle for conditional expectations yields
E((j¢(X) = m(X))C(t)) = 0 — — — (169)

Taking differentials of this equation and using the arbitrariness of the functions
fr(t) gives us

E((dje(X) = dme(X))[10(t)) = 0 — — = (170)
E((dj(X) —dmi(X)dYor (1) 00 (£)) +E((5:(X) =7 (X)) dYor (#) 16(t)) = 0———(171)

Here, conditional expectations are taken with the bath in the coherent state

|6(u) >= eap(=(1/2) | u |*)|e(w) > — = —(172)

where
u=(ug(t): k=1,2,...p,t e Ry) — — — (173)

We may assume

dmy(X) = F,(X)dt + Z Gt (X)dY,p(t) — — — (174)

since dY,(t)? = |c(k)|?dt. The orthogonality equations give us

2 (80 (X)) (i ()0 (O11:( X)) +age (8 (Bn (X)) —F3(X) =) (elk)un(t)+E(k)un(t)—me (&(k) Li+e(k) L;)) G (.
k

k

7 (X)) (k) L +c(k) L) —mo (X (e(k) Lp+c(k)L;)) (k) me (01 (X)) —|c(k) P Gre(X) = 0,k = 1,2, ..., p———(176

The second equation gives us
le(k) [P Gre(X) = 7 (X)) s (Mp+ M) =7 (M X +X M), My, = &(k) Ly ———(177)
Defining the following time varying system operators

Ny (t) = =My + c(k)uy(t) = —c(k) Ly + c(k)up(t),k =1,2,...,p — — — (178)
we can finally express the Belavkin quantum filter in the form

dmy(X) = m(00(X) + Z g ()01 (X) + Ur(t)02(X)))dt
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+Z| W72 (N () X +X Ny (6)) =7 (X) 7 (Ni (£)+ N () )] [d Yor (8) =70 (N (8) + Ny (£)* ) dt] ———(179)

Takmg the dual of this equation by defining
m(X) = Tr(ps(t)X) — — — (180)

we get the following Belavkin equation for the filtered state pp(t) after choosing
|c(k)| = 1(without any loss of generality):

dpp(t) = 05 (p5(t)) + Y (un()b5x (o5 (1) + ()83, (p5 (1))
k

+ D[ (E) Nk (&) +Ni(t) o5 (1) =T (p5 (8) (N ()+Nk(8)*)) o5 (0)]-[dYor (1) =Tr(p5 (£) (Ni () +Nx (£)))dt] = ——(1
k

In order to derive the quantum Boltzmann equation from this, we shall assume
that
=Y Ni()®N — — - (182)
J

where N is the number of particles in the system. This amounts to saying
that the system Hilbert space is ’H‘lg’N where H; is the one particle Hilbert
space. Henceforth, we shall denote the N-particle Belavkin filtered state pp(t)
by simply p(¢) and p12. (t) is the r-particle filtered state:

p12..+(t) = Trep1. np(t) — — — (183)

We can write the quantum Boltzmann decomposition of p(t) as

N
p(t) = p1(1)®N + 3" o0V T @ gra. () — — — (184)

where the inner sum here is over all particle permutations, ie, over all the (JX )
ways of partitioning {1,2,..., N} into two subsets, the first containing N — r
elements and the second containing r elements. More precisely, this inner sum

is to be interpreted as
Y O © g1z (t)

= Z gi1i2~-~ir(t> ® (pi7-+1(t) @ ... @ Piy (t)) -0 (185)
1<i1<i2<...<ip <N
where for any given r = 2, ..., N, gi,i,...in (t) is a copy of g12.,(t), but acting in
the Hilbert space ®}_;H,;; and of course for any ¢ = 1,2,..., N, p; is a copy of
p1 but acts in H;. Note that the above assumption on the structure of N (t)
is equivalent to saying that the bath acts in an indistinguishable way on all the
particles. This will be true if

H= ZHk+ > Vi ——— (186)

1<k<j<N
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kaszj Ju @uk ———(187)

The last assumption 1mphes that the coherent state |e(u) > is given by
le(u) >= |e(Dug) ® le(ug) > — — —(188)

where the u}s are the same for all k.

Note that for consistency in the form of p, ie, the (r +1)** marginal p1o. 11
should induce the rt" marginal pi2. ., on partial tracing out over H, i1, we
require that

TTT+1912...T+1 = 0,’/“ = 1,2, ,N —-1——- (189)

It is clear that
p12.r =Trep1. . Np

= P?r +Trr41..N Z Z Giy..igg @ Pigyy @ oo D Piy
2<k<N (i1,...,i5)C(1,2,...,N)
_ ,®r
=pr + TTT+1...N Z Giy..ix @ Pig1 @ .. @ Piy —— — (190>
2<k<N—r

because if £ > N — r, then

Trg1. .NGiv.ig @ Piyy @ -opiy =0 ———(191)

because this partial (N —7)*" order partial trace will involve at least one partial
trace of g;,. i, since k > N —r, and any order partial trace of g;, . s, is zero.

We shall now make the calculations upto second order, ie, assume that
g12..r = 0,3 <r < N. This amounts to saying that

o~ pd —|—Zp®N 2 ®gn-1,8 — — — (192)

where the sum is over all two element sets obtained by (N — 1, N) by general
two point subsets (i1,42)i; < iz. The relevant first and second marginal gbe’s
are obtained by subsitituting this expression for the joint state into the Belavkin

filter
dp(t) = )+ Z (ur(t (t)) + ur(t)03,(p(1)))

+Z (O)+Nk(t)" pp (t)=Tr(p(t) (Ny(8)+Ni()")) p(1)].[dYor () =Tr (p(£) (N () + Ny (£)*) ) dt] ———(193)

and taking (N —1)"" and N order partial traces of the resulting equation. We
evaluate the different terms:

N-1

Tros. nd(p) =Tros. N Z P?k ®@dpy @ pN TP =dpy — — — (194)
k=0

28



since Trdp; = 0. Next,

Tras. . ndp=dpio = d(ﬂim) +g12) = dp1 @ p1 + p1 ®dp1 + dgi12 — — — (195)
Next,
Tros..n03(p) = (=1/2)Tras . n Y (LiLjp + pLiLj — 2Ly pLi) — — — (196)
k
Now,

Trog..n(LeLip) = Trag.n Y _(LiiLin) N (07N + 07" 2 @ g1 +...)
j,m
= (Tr(LijLypp))N ™) Lij Lipr+(N=1) Y (T7(Lij Ly p1)) N > Tro((Lij L) ¥ g12) ——— (197)
Jjm jm
Likewise,
Tros..n(pLiLy,)
= (Tr(p1(Li; L)Y )1 L L +(N=1) > " (Tr(p1 Lij L)Y > Tra(g12(Lij L) ¥2) ———(198)
Jjm jm
and
Tros. .n(LjpLy)

=D (Tr(Limpr L)Y ) Ligpr Lig+(N 1) D (Tr(Liypr Lig) N 2 Tra((Lip) *2g12(Liy)#%) ———(199)

jm Jjm

Combining these three formulas, we get

Tros..n(05(p) = (=1/2)Tr23..n Y (LiLip+ pLiLi — 2LipLy) =

k
—(1/2) Y (Tr(Lij L)Y ") Lkj Lt + 1Lk Ly — 2Lk p1 L)
kjm
—((N=1)/2) > (Tr(Lij Lipr))N > (Tra((Lij L) 22 912) +T72(912(Lkj L) 22) = 2T 72 (L) 22 912 (L) 2%))
kjim

Again, we find that

Tras. n(LeLip) = Y (Tr(Lij Lipp1)N "2 ((Lij L) ) p5?)

jm

+(N=2)(Tr(Lj L 1)) > Trs((Lij Lis ) 2% (1@ 923+ p2@g13+p3®9g12)) ———(201)

and hence by an obvious extension, we get

Tr3a..N0G(p) =

—(1/2) Y Tr(Lig Ly p) ™ 2 (Lag L) 252 + 972 (Ligg L)
kjm
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~2(Li)®2 072 L)

—((N-2)/2) Z(TT(ijLZmpl))N_B-TTS((ijLl*cm)@)g(P1®923+P2®913+p3®912)
kjim

+(p1 @ ga3 + p2 @ g13 + p3 @ g12) (L Li,n) &3
—2.(Li) %3 (01 ® g2 + p2 @ g13 + p3 © 912)(ij)®3) —— —(202)

Proceeding along these lines, it becomes clear how to evaluate the partial
traces of the original Belavkin filter equation with the second order approxima-
tion. The calculations are lengthy but straightforward if we proceed along the
lines indicated.

0.14 Conclusions

We have discussed several aspects of the classical and quantum Boltzmann equa-
tions in the context of identical electromagnetically interacting charges and have
applied it to the problems of computing the scattered electromagnetic field by
the charged particles when a field in incident upon the particles in a permuta-
tion invariant way. We have also discussed the quantum Boltzmann equation for
the Belavkin quantum filter based on non-demolition measurements again when
the noisy bath acts symmetrically on all the system particles. We have com-
pared the quantum Boltzmann equation with the classical Boltzmann equation
by replacing the quantum density operator in the position representation by its
Wigner transform in the particle phase space. Corrections in powers of Planck’s
constant appear in the quantum Boltzmann equation that are not present in
the classical Boltzmann equation.
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