ON THE GUPTA-BLEULER AND DIRAC-FOCK QUANTIZATION
SCHEMES REVISITED

ANATOLIJ K. PRYKARPATSKIY AND NIKOLAI N. BOGOLUBOV(JR.)?

ABsTrRACT. The classical Gupta-Bleuler quantization scheme in quantum elec-
tromagnetic field theory, based on the so-called “weakened” Lorenz subsidiary
condition and indefinite metric on the reduced Fock space, is revisited within
the canonical Dirac-Fock quantization approach. The latter, as applied to the
Fermi-Fock-Podolsky Lagrangian, allowed both to satisfy the strong Lorenz sub-
sidiary condition on the Fock space and to prove its averaged invariance in
time, as well as to state positive energy density definiteness of quantum photon
states. There is also demonstrated both the time-noninvariance of the averaged
"weakened" Lorenz subsidiary condition within the Gupta and Bleuler approach
and the resulting energy density positive nondefiniteness. We also reanalized the
corresponding N.N. Bogolubov’s (Sr.) variational approach to constructing a
deformed strong Lorenz type operator condition both within the perturbative
Scwinger’s S-matrix approach and within the Fock many-temporal proper time
paradigm. A short supplement is devoted to analysis of the classical Lorenz-type
subsidiary condition and the related temporal invariance of the electric poten-
tial energy, providing a derivation of the complete system of classical Maxwell’s
equations.

1. INTRODUCTION

It is well known that the commonly accepted Dirac-type quantization scheme
[17, 18, 30, 37] in quantum electrodynamics encounters certain mathematical prob-
lems [7, 8, 16, 30, 41, 49] related to the need to simultaneously satisfy the re-
quirement of local positive energy density, the Lorenz auxiliary condition imposed
on quantum states, and the transversality condition. Furthermore, the entire for-
mulation of the theory must be [36, 52| relativistic. Since the corresponding pho-
ton quanta are massless, attempts to transfer the Dirac-type quantization scheme to
electrodynamics, which is a vector operator field theory, encountered fundamental
difficulties, resulting in nonsensical expressions of physical observables and singular-
ities. In the early 1950s, various attempts were made to overcome these problems
by using certain mathematical tricks that were poorly justified from the theoreti-
cal and mathematical physics points of view. This unsatisfactory state of quantum
electromagnetic theory was severely criticized by Gupta [29] and Bleuler [11]
with respect to the validity of imposing the strong Lorenz operator condition on the
electromagnetic operator vector field and proposed the use of appropriately defined
"weakened" conditions based on both the physically unmotivated indefinite metric
[6,8, 16, 30, 31, 41] and the corresponding weak Lorenz dependent constraint imposed
on the associated Fock space. The theoretical and mathematical physics community
has accepted [2, 25, 27, 28, 31, 32, 33] this way of solving quantum electromagnetic
field problems and it characterizes modern quantum electromagnetic theory as state
of the art. Unfortunately, the Gupta-Bleuler quantization scheme, as applied directly
to the Fermi Lagrangian, leads both to a nonsymmetric and a nonpositive definite
Hamiltonian operator, as well as to the time noninvariance of the averaged Lorenz
auxiliary condition, weakly emposed on the Fock space with an indefinite Krein type
metric. Taking into account that these physical inconsistencies have been generated
by the zero charge density constraint, the latter has been noncanonically replaced by
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means of the corresponding Klein-Gordon equation, satisfied in the strong sense on
the Fock space. These important aspects were later strongly reanalized within the
so called BRST approach [4, 5, 30, 31, 26], which generalized and suitably replaced
the Gupta-Bleuler formalism. Namely, the introduced by Gupta-Bleuler so called
"weakened" condition on the corresponding Fock space became the abelian precur-
sor to the BRST basic cohomology [30] closure condition, imposed on the Fock
space, what allowed to construct the physical Hilbert space rather than an indefinite
metric state truncation. The corresponding Hamiltonian of the electromagnetic field
in these covariant Lorenz-gauge and BRST schemes, being not positive-definite on
the full Krein indefinite metric space, becomes positive positive-definite on physical
transverse states, once the physical subspace is properly quotiented or constrained.

In the late fifties of the past century, the great mathematician and mathematical
physicist N.N. Bogolubov (Sr.) wrote, but never published, a preprint [12], de-
voted to a variational approach to the quantum theory of the electromagnetic field.
In this work he attempted to resolve the related problem of the invariance of the
Gupta-Bleuler quantization scheme and succeeded in deriving a perturbed Lorenz-
type operator within the quantum interaction representation of the corresponding S -
matrix expansion. Inspired by this N.N. Bogolubov (Sr.) work, we decided to reana-
lyze the canonical Dirac-type quantization scheme applied to the suitably constructed
Fock space and applied it to a modified description of the Fermi-Fock-Podolsky La-
grangian electrodynamics [20, 21, 19] extended with the Lorenz subsiduary compo-
nent. Based on the Dirac type quantization [17, 18, 30] with first and secondary
type constraints, we succeeded in demonstrating that the Lorenz-type auxiliary op-
erator constraint is strongly satisfied on a suitably reduced Fock subspace and is
time-invariant, that simultaneously guarantees both the positive definite energy den-
sity of photon quanta and the associated relativistic covariance. Furthermore, we
reexamined N.N. Bogolubov’s (Sr.) variational approach to quantum electromagnetic
field theory and succeeded in constructing a suitably perturbed Lorenz-type opera-
tor expression within the classical multi-time Fock paradigm, based on the proper
time reference frames, assigned to electromagnetic and electron fields. In a short
supplement we analyze the classical Lorenz-type subsidiary condition and the re-
lated temporal invariance of the electric potential energy, providing a derivation of
the complete system of classical Maxwell’s equations.

2. THE FOCK-PODOLSKI LAGRANGIAN FORMALISM AND THE DIRAC
QUANTIZATION REVISITING

Consider on the Minkowski space-time M. tf*, specified by the proper temporal pa-

rameter ¢ € R;, the following Fermi-Fock-Podolsky [16, 8, 7, 19, 21] Lagrangian
function

Q1) Ll Az =3 [ (Ve + 040 ~ |V x AP = (9p/01 + (VI4)" )i

for the electromagnetic vector fields (¢, A) € M ~ C?*(M*;RxR3?) in vacuum and
calculate the related action functional

T
(2.2) Slp, Al ::/0 Llp, Aldt

extremum on a temporal interval [0,T) C R;. The variational condition 65[p, A] =0
on the functional phase space M at the constraints (3¢, dA)|;—y = 0 = (3¢, 6A)|;—1,
gives rise to the following set of differential Klein-Gordon-Fock wave relationships:

(2.3) D*p/Ot* — Ap =0, O*AJ0t> —AA=0

in the Minkowski space-time Mtfl.
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The Lagrangian function (2.1) allows the dual Hamiltonian representation
(2.4)

/0t = §H|[p, A]/Spo = —po — (V|A),0A/0t = §H|[p, A]/6p = p — Ve,

Opo /0 = —5Hlip, Al /50 = —(V|p), 0p/0T = §Hip, A]/SA =V x (V x A) — Vpo

with respect to the canonical Poisson brackets

(2.5) {e(@), o(y)} = 0= {A(x), A(y)}, {po(2), p(y)} = d(z — y),
{o(@), A(y)} = 0,{p(x), ®A(y)} = Id(x — y),
{p(@),p(y)} =0={po(2), po(y)}, {po(x),p(y)} =0,
{po(2), A(y)} = 0= {p(2), p(y)} =
for all z,y € R, where, by definition,
(2.6) po = OL[p, A]/5 (p/0t) = —(V|A) — dp /0L,
pi=0L[p, A5 (0A/D) = Vi + DA/,

and the Hamiltonian function

(2.7) Hy= | Hp, Ald*z, Hylp, A] := po0yp /0t + (p|0A/Ot) — L], Al,
R

that is

Lo 1 2 1o 3
(2.8) Hy= | IPI" + IV < AP = op5 = po{V]A) = (V)] d°x
is a priori time-invariant:

(2.9) dH,/df = 0

for all # € R;. It is easy to observe that the Hamiltonian equations (2.4) reduce ex-
actly to the Maxwell equations (5.19) and (5.20) in vacuum, if the Lorenz subsidiary
condition

(2.10) po = —(9/0t + (V|A)),
persists to be invariant in time:
(2.11) dpo /0t = — (V|p) =0

under the additional constraint
(2.12) d(V|p) /0 = — (V|Vpo) = 0,

satisfied for all ¥ € R;, regarding the imposed external zero electric charge density
condition p = (V|E) = 0 in vacuum, where the vector momentum p := —FE denotes
the corresponding electric field.

Thus, we can claim here that the classical electromagnetic field theory is com-
patible iff the main determining constraints (2.11) and (2.12) are satisfied for all
(t,z) € M}. As these constraints are of the first class within the Dirac [17, 18, 30]
approach to constructing reduced Poisson brackets, the latter imposes the correspond-
ing deformation of the canonical Poisson structures (2.5) to the following reduced
form:

(2.13) {o(@), p(y)} = 0={A(z), A(y)}, {po(z0), p(y)} = 0,
{e(2), A(y)} = 0, {p(z), ®A(y)} = Ié(z — y),
{p(z),p(y)} = 0,{po(x0), po(w0)} =0, {po(x0),p(y)} =0,
{po(z0), A(y)} = 0= {p(z),¢(y)} =0

for all x,4 € R3 on the cotangent phase space T*(M) to the functional manifold
M ~ C®(R3;E'xE*), where we took into account that the Lorenz expression
po : M} — R is constant on the space time M}, that is po(z) = po(zo) € R for some
fixed point o € R?, which entails the vanishing of the delta function 6(z—y)|y=z, = 0
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on the whole space R3, as its one point zy € R? support is of zero measure in R3.
Moreover, the following temporal evolution

0= 2{po(x), o)} = { Zpo(x), ()} + {po(x), Zo(y)} =
(2.14) = —{(VIp(=)), o(¥)} + {po(x), po(y) — (V|A(y))} =0

0 0

confirms the zero bracket {po(z),¢(y)} = 0 invariance for all z,y € R® and # € R.
These reasonings make it possible to apply the standard Dirac quantization scheme
[9, 10, 17, 30, 37, 38, 50] to the cotangent phase space T*(M) e (M) via the
quantum operator commutator relationships

(2.15) [p(x), o(y)] = 0 = [A(x), A(y)],  [p(x), A(y)] =0,
[pPo(), ¢(y)] = 0, [p(), p(y)] = 0, [po(w0), A(y)] = 0

o), po(w)] =0, [p(a), ©AW)] = £T5(z ~ )

for all z,y € R3, where h is the classical Planck constant and the adjoint pairs of
operators (¢,po) and (A,p) € T*(M) ~ End ®, act on a suitably constructed
[19, 16, 23] Fock space ®¢, which should describe effectively electromagnetic quantum
states - the real light particles, known as photons.

To make this quantization procedure physically reasonable, we first take into
account that the canonical operator pairs (p,po) and (A,p) € T*(M) ~ End &,
possess the natural spatial Fourier integral splitting in positive and negative wave
vector components as

o 1 i(k|z) g
(2.16) po(z) = p(z) +py (x), pE(z) = 73/2/ Pikﬁ (kle) g3,
(2m)*? Jus
1 )
=t - ooy +  Fi(klz) g3
p(z) = ¢ (@) + o (2), 0" (2) 2 /]Rg @€ ;
- 1 i(k|z
p(z) =pt(z)+p (2),p%(z) = —7 pie® {kle) g3,
3/
(2m)*? Jus
1 )
A = A" A~ AT — 7/ AEFilklz) g3
(x) () + A (x), A™ () (27r)3/2 A e 7

where, by definition, (go,:)* = <p2', (A,:)* = Az, <pgk) = pa'k and (p,;)* = pﬁ for
all momentums k € R3. Then the corresponding Fock space ®; can be, respectively,
defined as a cyclic Hilbert space, endowed with a scalar product (-|-), and generated
by its vacuum vector state |0) € &y determining conditions:

(2.17) P = spany, 1))er,®?c)? exp[)\o’kpg’k + (po.k|p) YEs +
(ho,1) €L2(C%)?

+ M o+ (k] A )es]|0),
where, by definition, the vacuum state |0) € ®( satisfies the following constraint:

SPAI (\ \))eLo(R3C)? {/\07kp(;k + <,U0.k|p;;>]E3+
(2.18) (po 1) EL2(R?;C?)?
+Akpy + (k| Ay rs }0) = 0}

for all k € R3, jointly with the canonical simultaneous operator commutations:

(2.19) [0 03] = 0= [pgsPos)s [on A1 =0,

_ h -
[po,ka‘P:] = 27-51@5 = [Pofk,sos ], [pO,k’QOs ]=0= [Paka@:]

h
A5, @3] = 0, [y, ®AT] = 5 I0%s, [Af, ©AT] = 0= [y, &5,
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satisfied for all momentums k,s € R3. If to take now into account the quantized
form of the Hamiltonian operator (2.8):
ng 3P TP+ GV X AT+ V x AT
—Llpd + 5 2 — (0 + 95 )(VIAT + A7) —
(2.20) —(pT +p7 [Vt +Ve)]da =
=2 [aa [0 Iy) — PO Pos + (B x ALk x A) — (plikgy )+
+(pg likei) — ipg (kA ) + i(k[ A )pg A3k,

one can observe that it becomes positive semi-definite on the reduced Fock subspace

(2.21) oY = {|f) € ®o : pi,lf) = 0, (kIpE)If) = 0,k € R?},

which is defined by means of imposing on the Fock space &y the additional invariant
in time constraint (V|p) ~ (k[pf) = 0,k € R, as follows from the Heisenberg operator

equation
_ ,
(2.22) d{klpi ) /dE = [Hy, (klpi')] = ilk[*pg. = 0,

satisfied on the Fock space ®, for arbitrary k € R3. The latter yields the symmetric
and, respectively, positive semidefinite reduced quantum Hamiltonian operator

(223)  Hyo= Hilypor = 2 /R [k x AF|k x A7) + (o [p) ]k,

x

as considered on the reduced Fock subspace <I)(()Ted), jointly with the suitably reduced
commutator relationships:

(224) [prv SD;E} =0, [ng 7Ai] =0,
[Afa ®A:§t] = O = [pk; ®7ps }7 [A§7 ®p:9|:] = Oa

_ h _
[pk (Z‘), ®A:} = %I(Sks = [p}:(x), ®A; ]7

where (p, ;)" =0= p&k\ég»e@ and <k|pf>|<p((;.ed) = 0 for all momentums k € R3 on

the reduced Fock subspace <I>(()red)

as the following proposition.

C ®p. The reasonings above can be reformulated

Proposition 2.1. The Dirac-Fock quantized electromagnetic field in vacuum presents
a physically correct quantum field theory, compatibly defined on the reduced Fock sub-
space <I>g"6d) C g, defined by the strong invariant in time quantized Lorenz subsidiary
operator condition in vacuum, equivalent to the strong operator constraints

(2.25) po(t,x0) = —((V]A(t, x)) + 0p(t, ) /OF) |¢‘(red) =0,
Vp()({v x)'@ér‘”’) =0, <v‘p({7 x)>|¢>[()”d) =0
for all spacetime variables (t,x) € M; and an arbitrarily chosen point zo € R3.

This result, in particular, means that we can also easily construct the reduced
temporal quantization relationships

(2.26) [o* (£, 2), ¢*(3,9)] = 0 = [p5 (£, x0), 15 (3, 70)),
[po (£,20), 7 (5,9)] = 0 = [pg (3. 0), ¢~ (t,2)],
[A*(t,2), @A%(3,y)] = 0 = [p™({, ), p" (3, )],
[A%(T,x), @p™(5,y)] = 0,
[p_ (t7 33), ®A+(§7y)} = gDO(E_ S,x — y)a

where Dg(t — 5,7 — y) denotes the so called relativistic invariant Pauli-Jordan
function [8, 16, 42, 41|, determined for arbitrary space-time parameters ¢, § € Ry and
x,y € R2, as it easy follows from the temporal Heisenberg type operator evolution
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(red)

relationships. The reduced Fock subspace ®; ’, constructed above, satisfies the
strong temporal Schrédinger type evolution invariance
(2.27) O\f)/0F —i/h Hyolf) € 25"

for all # € R; and any given |f) € @gred), where the Hamiltonian operator Hp o €

End CIJ(()Ted) is both symmetric and positive definite on the reduced Fock subspace
<I>(()T6d) C ®y. Moreover, the averaged Lorenz subsidiary condition py := (f|po|f) over
@éTEd) C ®(red) imitating the classical one, persists to be invariant in time, that is

(2.28) dpo/dt = (9 /0tlpolf) + (f10po/ 0| f) + (flpol0f/0t) =

= (0£/0lpo|f) + 5 (F|[Ho. pol ) + (o 10 /00) =

(f|pofgb,of) =0,

= £ oom) &

easily following from the condition (2.25) for all £ € R;.

Reminding now the generally accepted Gupta [29] and Bleuler [11] quantization
scheme, the result above is in strong contrast to the so called "weak Lorenz condition",
imposed by them on the corresponding Fock space ®

(2.29) ® = span(,, y))er,®%0)? exp[AO,kpak + (po.k [P} Yes +
(no,u)€L2(C*)?
+ Ak o + (k] A es]|0),
generated by the canonical quantum commutator relationships (2.19), where, by
definition, the vacuum state |0) € ® satisfies the following constraint:

Span()\m)\))eLQ(RS;cy {Ao,kp(;k + <lu0k|pl;>]E3+
(2.30) (no.u)€L2(R%:C%)?
+Akey + (k| Ay rs }0) = 0}

for all momentums k € R3. The respectively reduced Fock subspace
(2.31) O :=kerpj C®~{|f) € ®:pj,[f) =0k R}

neglects both the condition Vpy|s+ and the zero charge density value (V|p)|e+ =
0 constraint, which should be imposed on the suitably reduced Fock subspace ®T.
Moreover, with respect to the reduced Hamiltonian operator Hlf = Hb|¢,§ € End

&t the temporal evolution of any state |f) € ®* does not assure the corresponding
vanishing of the averaged Lorenz subsidiary constraint:

(2.32) pg = (flpof) = (flpg f + 1o £) = 0§ f1f) + (Flpd1f) =0

for all times ¢ € R;. Really, the above expression (2.32) is not time invariant:

(2.33) dp /di = (01 /9l 1) + (1190 /00F) + (F1p 105 /08) =
= (Of /Olp§ 1) + 1 (FIH p§ — pi HE L) + (Flpg |0£/08) =

(OF /089 11) + I B3 15) = £y H 1) + (1o 0£/08) =

=0

= —= (b5 FIH|f) + (0o F10/01) = (0 F(OF/08) = 5 H* ) #0,
if to take into account that the reduced Hamiltonian operator H,” € End ®{ is not
both positive semidefinite and symmetric, that is H;' #+ H;' * on the reduced Fock
subspace ®T C ®.

Faced with these inconsistencies, Gupta [29] and Bleuler [11] proposed to con-
sider the Fock space @, rigged with a suitably constructed indefinite metric jointly
with the noncanonical second order in time Klein-Gordon evolution equation to sat-
isfy the zero charge density constraint, discussed above. However, all of this directly
addresses the essence of the mathematical and conceptual failure of the Gupta-Bleuler
quantization approach. It highlights exactly why physicists were forced to abandon
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it for more sophisticated frameworks like the BRST [4, 5, 30, 31, 26] quantization
method, as ad-hoc introduction of an indefinite metric Fock space to fix a mani-
festation of negative energy feels mathematically artificial and much unconvincing.
Moreover, forcing a second-order constraint, based on the Lorenz condition and the
Klein-Gordon equation, into a first-order canonical framework completely violates the
strict mathematical rules laid out in Dirac’s canonical quantization of constrained sys-
tems. This is why the BRST approach is fundamentally superior and resolves these
two fatal flaws, on which we will not dwell here in more detail.

As it had been written in the book [16] (p.120) by N.N. Bogolubov (Sr.) and
D.V. Shirkov, "... these conditions (2.31) guarantee that the Lorenz condition (2.32)
1s satisfied on the average, which is quite sufficient to establish correspondence with
the classical field..."  Yet, as follows from the above stated calculative result (2.33),
it is not the case, that jointly with the above stated nonsymmetricity and positive
not semi-definiteness of the suitably reduced Hamiltonian operator H; 0" O — Of
make it possible to suggest that the Gupta-Bleuler quantization scheme, as applied
to electromagnetic field on a suitably reduced Fock subspace ® C ®, gives rise to a
physically ill-posed quantum field theory. In contrast, as it was demonstrate above,
the respectively applied canonical Dirac-Fock quantization scheme gives rise to a well
posed quantum electromagnetic field theory with both symmetric and positive semi-

definite Hamiltonian operator Hp : @éred) — <I>(()T€d) on a suitably reduced Fock

subspace @éred) C .

Moreover, from the physical point of view, this result means that the constrained
Fock subspace @6” C ® is not suitable for applying the canonical Dirac type quantiza-
tion scheme and does not allow to construct an adequate and correct scattering theory
as well as the related Schwinger’s S - matrix theory, whose perturbative mathematical
structure has been clarified and in detail developed [14, 16] within the so called
Bogolubov-Parasyuk R - operation. Many years ago, concerning these quantization
aspects, the great mathematician and mathematical physicist N.N. Bogolubov (Sr.)
had written, yet never published a preprint [12], devoted to the variational approach
to quantum electromagnetic field theory, in which he tried to dissolve this not invari-
ance problem and related inconsistencies of the Gupta-Bleuler reduced Fock subspace
(2.31) within the interaction representation of the corresponding perturbative S -
matrix expansion.

N.N. Bogolubov (Sr.) then had written: "... Consider now a question about sub-
sidiary conditions, which one needs to get subordinated electromagnetic field under
interaction. We need then to proceed from the corresponding condition in the nonin-
teracting field theory. In this case, as a rule, one uses the Lorenz condition

(2.34) 3 94a(x) £y = ¢
(a)

O0xXq

at any space-time point x € M*, where a wave vector fe ® and a mapping
(Ap :a=0,3) : M* - R x E®  denotes the electromagnetic four-vector operator field
on the Minkowski space-time. Yet, during past years in his works Gupta and Bleuler
criticized the reasonableness of imposing condition (2.34) on the electromagnetic

operator vector field and proposed to use a "weakened"  condition of the type
(2.35) 5> 24209 45—
) — 2 f(x) =
0xq, ’
(@)
where (A5 :a=0,3): M* — R x E3 - the positive-frequency part of the electromag-

netic field operators. Now we demonstrate, how the conditions (2.84) and (2.35)
will change under interaction of the electromagnetic field with ambient charge dis-
tribution. Since the S - matriz operator S(g), where g : M* — R denotes a seed
interaction parameter, establishes a connection between the wave vector for free fields
and the wave vector in the presence of interaction, we see that the influence of the
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operator constraint

(2.36) Bx)f(x) =0,

where either B(x) := 3, agz(x) or 3 (a) 6’2;‘: &) x € M*, on the free particle wave

vector f € ® can be written as a condition, imposed on the interacting wave vector
flg)e®:

(2.37) S(9)B(x)S*(g9)f(g) = 0.

Let us construct the expansion of (2.37) in the interaction seed parameter g : M* —
R of the operator expression S(g)B(x)ST(g) : ® — ®,x € M*. Taking into account
that

(2.38) SBSt =B+ (SB— BS)S*

and

SB(x) = B(x)S = Ypenm Japt o o agatSn(x1:%0 o0y %) B(x) —
(2.39) 0

n  times

—B(x)Sn(x1,%y -, X,) } X g(x1)g(x2)...9(xn ) dx1dx2...dx,,
as well as the electromagnetic field commutation conditions
(2'40) [AM (X)a AV(Y)] = 6MIJD0 (X - y)a

for arbitrary space-time points x,y € M* and p,v = 0,3, where Dy - the already
mentioned above invariant Pauli-Jordan function. Since for arbitrary v = 0,3

(2.41) D 8'§§(X)1Au<y>1 _ w
() " v

in case (2.34) one obtains that

(2.42) B9, 4,(y)) =1 22D,
and in case (2.35) one obtains
(243 B), Auy) =1 2280

these expressions give rise to the following commutator relationships:

Sn(X15X27...7Xn)B(X) - B(X)Sn(xl,xz...,xn) =
dDo(x—y) 95n(¥1,X3,-%;)

(2.44) :
=1 X(k=Tmp) ~ Ox 9A (1)

in the case (2.84) and similarly to the commutator relationship

Sn(x1,%g o, X, ) B(x) = B(x)Sn(x1,%g -+, X,,) =

= ODg (x—y) DSn(xX1,%5, %)

(2.45) -
= 1 E(k:ﬁ,u) Ox, 0A, (xk)

in the case (2.35). Thus, the commutator (2.39) becomnes

SB(x) — B(x)S = — 3 cx —(n_il), St o« am@(;:xl) X
N————’

0Sn (X1,X5 .., X,, n times
(2.46) X %g(xl)g(Xg)...g(Xn)dX]_ng...an =
. B ODg(x—x1) 8SH+I(X1’X2«”"xn7Xn+1)

7
== neNi fM4 X ... X MY oz, A, (1)
—_————

9

X

n+1 times

xg(x1)g(x2)...9(xp)dx1dxa...dxpdxXpn 41
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giving rise to the following result:
(2.47)

) 0D (x— X1 —X OSk41(y Xy --Xy)
(SB(@) = B@)S)S* = = Xneru w1 Jagt . art 2o { I (2 ) Puiiyd
—

X SrJerk(XkﬁLlan-&-Q;'vXn)} 9(x1)9(x2)...9(xn)g(y)dydx1dxy...dx, dx, =
-3 Lf 9Do (x—y) SH( X1 -Xn)s

= (neNw) Rl J M x .. x M* ™ ox, A,

N————

n times

xg(x1)g(x2)...9(xn)g(y)dydx1dxs...dx,dx, =

9Dy (x 6H (y, 0Dy (x
= = ) & Jugs 25 SBCB g(y)dy = — 50, & [0 2250, (v 9)g (v)dy

1¢) X o ;
_ Z(y) th4 Doax,, y) 0(Jy (gygy)g(y»dy’

where K (&) denotes combinations from n € N marked elements into subsets of

1—X
k- and (n — k) - element groups, and H(y;g),y € M*, represents the Hamiltonian
operator of the interacting electromagnetic field, as well as when deriving (2.47),

there was used the classical variational relationship < (y(yg) = J,(v;9), v =0,3,

holding at all points y € M*. If now to take into account the charge conservation law
>0 91vi9) — () at all y € M4, we obtain

X

which jointly with the operator expression (2.38) reduces to the following operator
relationship:

(249) Z axu Z /M4 aDoai_ Jy(y;g)agg)dy flg) =0,

v

or similarly for the case (235)

+(x —
- %: % /M4 761)08()(” 25,592 ay b sg) 0.

(2.50)

Oy,
() Y

To the regret, these N.N. Bogoluvov’s (Sr.) notes on the Gupta and Bleuler quan-
tization scheme of electromagnetic field had been not finished with no further both
suggestions and inferences concerning the real mathematical physics meaning of the
carried out analysis of the problem. Nonetheless, as a natural consequence of these
N.N. Bogolubov’s (Sr.) calculations and the way of reasonings, presented above, one
can clearly state that the Lorenz subsidiary operator condition (2.34) for the in-
teracting electromagnetic operator field should be deformed by some electric current
operator components.

To refine the analytical form of this subsidiary Lorenz operator deformation, pre-
dicted by N.N. Bogolubov (Sr.), in the next section we will follow the approach devised
in [19] and modified in [44, 45].

3. THE INTERACTING ELECTROMAGNETIC FIELD AND QUANTUM LORENZ TYPE
CONDITION DEFORMATION

There are considered the fermionic electron creation and annihilation operator
fields 9,9 : & — ®* together with the related bosonic electromagnetic potential
operator field (p, A) : & — ®* acting on the related Fock space ®, and  respec-
tively, commuting to each other, which we will treat within the Fock many-temporal
description approach [19, 24| subject to the common reference frame Mgl7 specified
by the temporal parameter ¢ € R;. Based on the classical spin symmetry properties
[48, 39, 40, 46, 47] of electron, "minimum interaction” principle [15, 9, 44, 45] and
the Lagrangian functional (2.1), there is the corresponding Dirac evolution equation

(3.1) 00/0t = [ {alV) + +pmbs+ (i~ (al A}y
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on the operator spinor field ¢ : ® — ®*, where 3, € su(2) x su(2) denotes the usual
four-vector of Dirac matrices and m € R is the electron mass, we can write down
the related Hamiltonian operator expression

(32)  H{"™ = / Bt (o -V + Bl + / Br(ep o — eyt (a] A)p),
R3 2 R3

for the electron operator field interacting with the electromagnetic operator field,
where e denotes the elementary charge value. Thus, the evolution of the entire
quantum field system, consisting of the fermionic and electromagnetic operator fields,
is described by means of the joint Hamiltonian operator

(3.3) Hy_y:=H{" + H,

where the bosonic operator H, : ® — & is given by the expression (2.7), via the
Heisenberg commutator equations

(3.4) 00 /0t = L[Hy 0, 00F [0t = T [Hy p, 0]
and
(3.5) OA/0t = S[Hy 1, Al 0p/0t = —[Hs—p.¢]

with respect to the common temporal parameter ¢ € R;, as in this case there is
assumed that the corresponding proper temporal bosonic ¢ € R; and proper temporal
fermionic £ € Ry parameters, respectively, coincide, that is = = t € R;, and where,
by definition, the operators ¥ (t,x) := (¢, t;2)|;iey, o(t, x) == (t, 2)|,_._,, A(t, z)
= A(t,7)|;—, at any point ¢ € R;.

Simultaneously, there should be, evidently, satisfied the before derived both the
electromagnetic field evolution equations (2.4) with respect to the own reference
frame M7 and the modified fermionic charged particle field equations

(3.6) O [0 = TIH™ ), 9wt [oF = TIHE™ 4]

with respect to the own reference frame Mj.

Being mostly interested in the evolution of the quantum particle fermionic field
Y ® — P, we can get rid of the bosonic Hamiltonian impact into the evolution
(3.6), having applied to the Fock space ® the unitary canonical transformation

(3.7) d—d:= U(t) P,

where we denoted by U(t) : ® — ® the unitary operator, satisfying the determining
equation

(3.8) dU(t)/dt = %HbU(t)

generated by the bosonic Hamiltonian operator (2.7) with respect to the common
temporal parameter ¢ € R. As a consequence of the transformation (3.7) we obtain
the effective fermionic particle field interaction Hamiltonian operator

rr(in in * h
(3.9) AP = U@ H™U(t) = d*xy™ (o] = V)it
]RS

+ [ datewtve - et lald),
R3
where we put, by definition,

(3.10) A= UR)AU*(t), ¢ :=U(t)pU*(t),

po:=U@)poU™(t), p:=U@)pU*(t)
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and took into account that ¢ := U(t)pU*(t) = ¢, T = U@)YtU*(t) = ¢+,
subject to which the evolution in the transformed Fock space ®, governed by the
Hamiltonian operator (2.7) in the form

~ 1 B ~ ~ B ~ B B
B1)  H=g [ G+ IV AP == a(1A) - V)

became completely eliminated. The electromagnetic operator field variables and their
canonically adjoint ones (3.10) satisfy, respectively, the following evolution equations:

(3.12) DA/t = [H,,, Al, 0p/ot = ﬁ[Hb, 7]
and
(3.13) dpo /Ot = [Hb»Po] 0p/ot = [Hb, P]

with respect to the electromagnetic vector field proper time ¢ € R;. Really, from
equations (3.5) one obtains

It i~ bt i (7.nt bt I
3.14 0A/Ot = —[Hs_p, A = = A Hy, A .
(3.14) for= gl A = G AN pl Al
=t =t t=t
0p/0t = T 0@l = T[ASE| |
h f=0¥ i=t, R A i=t, h ’ i=t,
f=t F=t =t
At the same time, one can write down equivalently that
(3.15)
9A /0t = aA/at] b, A 0g/00 = 0p/0k i, + LIRS, F|
=t =t =t,

7
=t
From derived above relationships (3.14) and (3.15) one easily obtains that

i -
- 08/0Mizs, = FlH.9]

=t
=t

9

(3.16) 6A/8t‘ : %[Hb,;x]

t,
t

N
w v
H

coinciding with the above written system of equations (3.12). Similarly one obtains
the system of equations

9Po
ot

i~
= Z[H:. %
- h[ b,po]

—t =t t=t

(3.17)

Sl
Sy

=t,
=t

~
~~

coinciding with the above written system of equations (3.13).

Concerning the Hamiltonian operator (3.11), we need to mention that the related
Dirac quantized commutation relationships for the operators (4,5,121) : d — % and
their adjoint ones (jg,p) : ® — ®* remain the same, that is

(318)  [6().8) = 0= [A(e), Ay, o(w), Po(w)] = 0. [p(x), Ay)] = 0
o(2) Bl)] = 560 — ). p(e), 2A(w)] = 150z ).

for all z,y € R3. Now, concerning the Hamiltonian operators (3.9) and (3.11), the
following Heisenberg evolution operator equations

(3.19) azp/at‘:%[ﬁ;?"” Wl autoF = [HW ot

with respect to the proper reference frame M; together with the Heisenberg evolution
operator equations (3.12) and (3.13) with respect to the proper reference frame M;
hold.

Being further interested in the evolution equations (3.4) and (3.5), suitably rewrit-
ten on the transformed Fock space @ with respect to the common temporal pa-
rameter ¢ € R, we need to take into account [24, 44, 45] that the following functional
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relationships

(3.20) V() = Dlimime, () =G Dlimimyy G() = B Dl

A(t) = A Deizes Po(t) = Po(E, D) p—i—g D) := BE )i,
hold. In particular, from (3.20) the evolution expressions follow

(3.21) O(t) /0t = Op(E,1) /Ot ;_i_y + OV(E, 1) /Ot |s_i_y,
0p(t)/0t = 0p(t, 1)/ Ot i—i—y + OP(t, )/ Otls—i—y,
DA(t) )0t = DA(E, 1)) Ot ;—_i_, + OA(L, 1) /Ot |—i_,,
Ipo(t) /0t = 0po(t,t) /0t ;—i_y + OPo(t, 1) /Ot ;_i_ys

Op(t) /0t = Op(t, 1) /Oty + Op(L, 1) /Ol i—i—y

\Jfor all ¢ € R. The calculative expressions (3.21) prove to be useful when deriving
the resulting quantum Maxwell electromagnetic equations. Before doing this, we
need to check that the weak operator Lorenz constraints (2.25), rewritten in the case
of the transformed Fock space ®, is compatible with the evolution equations (3.19)
on the reduced Fock subspace

(322)  Boi={fed:po(@)f =0~ - (0p/07+ (VIA)|f) =0}
for all 2 € R3 with respect to the proper time £ € R :
(3.23) (6o, 00/ 0F — Hy o)|f) = 0 = [5,, #hd/OF — Hy o] )

for all momentums k& € R3 and | f )€ dy, yet they fail to be compatible with respect
to the evolution equations (3.19), that is

(3.24) [Bo.jo» 1h0/0T — HS™|F) # 0 # [, 1hd /0T — HI™)| )

for all |f) € &, with respect to the electron proper time £ € R. This means that we
can not impose on the Fock space ®y the constraint (3.22), as

(3.25) Bo(@)|f) = — (93/0F+ (VIA)) ) #0
for arbitrary |f) € ® and all proper time parameters £ € Ry and € R;.

Yet, it is easy enough to check [15, 48, 19, 47| that the following deformed Lorenz
type operator

B20) A =@+ g [ -9 0))

where the kernel

(3.27) Oz —y) = St + |z —yl) = o(f — |= —y|)

2|z — y|

is the well known Pauli-Jordan [16] generalized function, consisting of the retarded
minus advanced Green’s functions of the d’Alembert wave equations (2.3), already

satisfies the compatibilioty conditions
(3.28) 0 (@), 55" (9)] = 0, [ (), iho /ot — H{™)| ) = 0,
) (x),ihd/0F — Ho)|f) = 0

for arbitrary proper temporal parameters t € Ry, £ € Ry, all z, € R3 and any | f )
€ égdef ) from the deformed reduced Fock subspace

(3.29) L) = (fed: (@) f) = 0,2 € R?}.
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Moreover, the operator expression

a o~ e ~ .
(3.30) Ot tiz)=— [ YOtz -y (y)y(y)
2mh R3
satisfies for all z € R? and £, € R the determining differential-operator relationship
(3.31) D61, 7a) + 11y, O F)] = rev (a)i(a)

and solves, in part, the N.N. Bogolubov’s (Sr.) equation (2.49). It is worth to remark
here, that the determining differential-operator equation (3.31) allows another
integral operator solution

e

(3.32) St = [ / a8, () () (2),

whose kernel is given by the generalized function

~ - 3y —2
5 blais) = A=DIT =)

for all z # y and 2z € R3. Thus, the related evolution flows (3.12), (3.13) and (3.19)
on the reduced Fock subspace should be correctly considered on the perturbed re-
duced Fock subspace (3.29), invariant with respect to the proper temporal parameters
te Rz and te R{.

Now we can proceed to deriving the corresponding quantum Maxwell equations

starting from the operator equations (3.26) on the suitably transformed Fock space
(i)gdef)

C @ and the electromagnetic tension operator fields definitions
(3.34) E=-0A/0i —V$, B=VxA.

Applying the differential operator Vx and, respectively, V to operator expressions
(3.34), one easily obtains that

(3.35) (v ¥ B— aE/af) e = %v /R  PyOaiy, 2t (1)) |gen

and
e 0

(3.36) (V|E)|zen = —5——= / d*yO (x;y, )T (Y)1(2)] g e, (VIB)| geaen =0,
0 2w Ot R3 0 0

which are considered in the strong operator sense on the reduced Fock subspace

igdef ) c & with respect to the proper time reference frame M tfl of the electromagnetic

vector field. It is also easy to calculate the strong operator relationship
(3.37) Folggim 1= — (a¢/at+ <V|A>) g =0,

with respect to the limiting common reference frame M;', where we took into account
that the space ff)(()hm) = lim i)édef)b:f_n at any t € R;.
Now we proceed to calculation of the strong Maxwell type operator relationships

(3.35) and (3.36) with respect to the common reference frame M} :
(3.38)

~ ~ - (&
(V x B=0B/0F) |gen| . =5V [ POy W), =0

and

<V|E>|j>(()“m) = %[Hfa f]R:i d3y@($, Y, z)dﬁ(y)vﬁ(z)]—
(3.39)
52 57 oo YOy, VT W) gy, = et Yl gam,

where there was used the corresponding evolution equations [16, 51] for operators
v (y), (2) : ééhm) — ééhm),y,z € R3. To calculate further the expression (3.38)
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with respect to the common reference frame M}, we need to make use of the strong
operator relationships (3.21) and find that

OF OE OFE OE i ~(int) z OF N
(3.40) ﬁ\t‘:z—n = o ﬁh‘:f—n, = o ﬁ[Hf B = o eP™ anh.
Thus, from (3.40) and (3.38) one obtains that
(3.41) (V x B — 8E/8t) |&)(()lim) = €I/J+Oﬁ/)|i>c()um>

with respect to the common reference frame M. The combined together strong op-
erator relationships (3.39) and (3.41)

(3.42) (v x B — 8E/8t) g = eVt at|gum,  (VIEMs, = ettt gum
on the reduced Fock subspace égﬁm) together with with the evident strong operator
relationships

(3.43) V x E+0B/ot =0, VxB=0

compile the complete system of quantum Maxwell equations with respect to the com-
mon reference frame M. The presented above reasonings jointly with the described
calculations can be reformulated as the final proposition.

Proposition 3.1. The electromagnetic vector field, interacting with an ambient elec-
trically charged medium and quantized within the Dirac-Fock-Podolsky Lagrangian for-
malism, is a well-posed quantum field theory with a positive definite operator energy
density, defined on the strongly reduced Fock subspace, which is equal to the closure
of the respectively quantized kernel of the auziliary Lorentz operator condition. More-
over, the quantized electromagnetic field tensions satisfy the related quantum Mazwell
equations, defined on this strongly reduced Fock subspace and compatible with the cor-
responding quantized Dirac operator equations for the ambient charged medium.

Additionally, from the Heisenberg evolution equations (3.18) it is easy to obtain
an operator relationship for the charge flux conservation:

(3.44) A(evtep) /ot + (Ve anp) = 0,

in which the quantity p := ey is interpreted as the operator charge density and
the quantity J := eyt is naturally interpreted as the operator current density
with respect to the common Minkowski reference frame M. Whence the strong
operator equations (3.42) can be rewritten, taking into account the above charge
and current density definitions in the standard Maxwell equations weak form:

(3.45) (V x B — 3E/3t) |<i)(()1im) = J|§>§)lim)7 <V|E>|&>glixn) = p|<~1~>§)1im),

considered on the Fock subspace &J(()hm), determined by the time invariant Lorenz op-
erator constraint (3.37). Moreover, based on the strong Maxwell operator equations
(3.45) and the Lorenz constraint (3.37), one can derive easily the following linear
strong operator wave equations

(346) (82¢/8t2 - A@) |(i>éum) = p|<i>é“m)
and
(3.47) (82141/0%2 - AA) gm = ] g

with respect to the common laboratory reference frame M}, allowing to calculate
the induced by the quantum charged fermionic field the corresponding quantum

iy iy 4
electromagnetic potentials (@, A4) : <I>éhm) — (@éhm)) in the analytical form:

1 ', y)d? 1 ', y)d?
(3.48) =L py)d’y 1 [ poty) v
Am Jps o -yl Am Jps |z -yl

1 Jt y)dPy 1 Jo(t',y)d®y

i 1
4 Jrs |z —yl 4 Jrs o —yl

)
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where t' := t — |z — y| € R denotes the "retarded" temporal parameter and neutral

density po : é(()hm) — ééﬁm) and neutral current Jy : égim) — @éﬁm) operators
are generated by the vacuum Kighm), and satisfy, by definition, the following strong

operator constraints:

(3.49) pol g =0, (7™ +ino /ot poll g =0
on the reduced Fock space @éﬁm). It is interesting to remark here that, owing to the
conditions (3.49), the neutral charge potential component

1 po(ty)dPy
3.50 = —_
( ) %0 in Jos |z — 9]
satisfies the quasi-stationary conditions dpg(t,y)0t ~ 0, (V|Jo(t,y)) ~ 0 for allt € R
and y € R, thus giving rise to the related Newton law

(351) —AQZDO = o,
what together can be interpreted as a virtual gravity type interaction source.

Owing to the continuity relationship (3.44), the expressions (3.48) satisfy exactly
the strong operator Lorenz subsidiary constraint

(3.52) (a¢/at + <V|A>) g =0,

coinciding with that of (3.37), regarding the common reference frame M.

In conclusion we present an interesting observation from the reasonings, presented
in Supplement and related to the characteristic strong wave operator relationship
(3.46): if considered classically for the averaged potential @ := (fo|¢|fo) and
charge density p := (folp|fo) quantities for |fo) € &)(()hm), one makes it possible to
retrieve the complete system of the classical Maxwell equations.Conclusion

There is demonstrated within the Dirac and Fock multi-time proper temporal
paradigms that the quantum electromagnetic field both in vacuum and interacting
with an ambient charged quantum medium, considered on the time invariant strongly
reduced Fock subspace, presents a well posed relativistic quantum field theory with
a nonnegative definite energy density. As a natural consequence from reasonings and
presented calculations there were rederived quantum Maxwell equations, strongly de-
fined on the mentioned above reduced Fock subspace. Moreover, there was reanalyzed
the N.N. Bogolubov’s (Sr.) prediction concerning a deformation of the strong Lorenz
subsidiary constraint, imposed on quantum states of the related Fock space. There
was also shown that the "weakened" Lorenz subsidiary condition, proposed by Gupta
and Bleuler and widely accepted in the modern manuals on quantum electrodynamics
is not time-invariant, as well as the respectively reduced Hamiltonian operator is not
both symmetric and positive definite, thus makes appealing to the poor physically
motivated so called Hilbert space with "indefinite" metric. Moreover, the averaged
"weakened" Lorenz subsidiary condition proves to be not time invariant, thus not
sufficient to establish correspondence with the classical field, as it had been claimed in
[16], making appealing to the poor physically motivated so Hilbert space "indefinite"
metric also not satisfactory.
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5. SUPPLEMENT: A SPATIAL ELECTRIC POTENTIAL ENERGY INVARIANCE AND THE
MAXWELL ELECTROMAGNETIC EQUATIONS RETRIEVING

Consider from the very beginning a field theoretical description of the classical
electromagnetic vector field, based on a real smooth scalar charge density distribution
p € CY(M*; R) on the Minkowski space M* ~ R; x R3 with coordinates (f,z) € M*,
generating via the classical integral expression the following electric retarded potential
distribution

~ 1 f_ _ d3
(5.1) olfz) = L p(t — |z —yl,y)d’y
AT Jgo |z —yl

b

satisfying the well known relativistic [8, 16, 36, 41, 52] Klein-Gordon-Fock wave
propagation equation
(5.2) Po(t,x) /0 — Ap(t, ) = p(t, x),

where we assumed, for brevity, the light velocity ¢ = 1. Owing to the charge conser-
vation property

(5.3) dQlp; ) /di = 0

for any temporal parameter ¢ € R;, where

(5.4) Qi) = | pldald)ae(d

denotes the charge inside any closed spatial region ; C R3 with the smooth boundary
0%z, whose space-time pattern is formed by the evolution of the ambient charge. As it

is easy to calculate, the latter means that the following partial differential relationship
holds:

(5.5) Op(, ) /0T + (V| J (I, x)) = 0,

where J(t,z(t)) := p(t, z(f))u(t, z(t) denotes the corresponding electric current, gen-
erated by the charge velocity u(t, z(f)) := dz(t)/dt at internal points (,z(f)) € Q;
for all # € R;. Based on the charge conservation equation (5.5) and the wave
propagation equation (5.2), one states the following instructive proposition.

Proposition 5.1. Consider the electric vector potential

: e [ plt—lz—yly)d’
(5.6) ol =1 |
A Jgs |z — vy
at points v = x(t,x9) € Qz, o € Qo, of an arbitrary closed domain Q; C R?

with smooth boundary 9 for all t € R;. Then the following statements hold:

a) the delayed temporal parameter ¥ = t— |v — y(t',yo)| satisfies the wave
propagation equation

(5.7) O* o — AT =0

for any spatial evolution y(t',yo) € R, yo € R3 and all t € Ry

b) the electric potential energy functional

(58) Mg = | pllalD)da(D)

satisfies the temporal invariance condition

(5.9) dI[e; Q] /dt =0

for all t € R, which s equivalent to the classical Lorenz subsidiary condi-
tion

(5.10) Op(t,x)/0t + (V|A(t,x)) =0,

where, by definition, A(t,x) = p(t,x)dx(t, x0)/dt, z(t,z0) € Qf, denotes the in-
duced magnetic vector potential [34] for all temporal parameters t € Ry
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¢) the classical Lorenz subsidiary condition (5.10) jointly with the differential re-
lationships (5.2) and (5.5) reduces to the complete classical system of the Mazwell
equations:

(5.11) V x B(t,z) = J(t,x) + 0E(t,x)/0t, (V|E(t,z)) = p(t,x),
OB(t,x)/0t = =V x E(t,z), (V|B(t,z)) =0,
satisfied at all (z,t) € M*.

Proof a) It is easy to observe that the first derivatives of the delayed parameter
t' =1t— |z —y(¥,y0)| equal to the following expressions:

o , s
(5.12) M ey, 2y 2oy Es0)

ot Oz |z =y, y0)l
where the scalar multiplier U(t,z) := (1— <m_3"i{;’5(°g,‘gf)l"y°)>)_1,y(f/,yo) =

Oy(¥',yo)/0t , is well defined for all (£,z) € M*. Respectively, calculating the second
temporal 9%t'/0t? and spatial gradient (V|V#') derivatives, one easily proves their
equality, so stating the wave propagation equation (5.7).

b) Taking into account both the charge invariance (5.5) and the electric potential

g/ p(t — |a(t, o) — yl,y)d®y
dm |z (t, z0) — y

relationships, one can obtain by means of direct calculations the following potential
energy invariance:

~ P la(t.zco)— 3
Al Qg JdE = & [o dPa(t,m0) 5 [pe LIyl

(5.13) (t,x(t) =

[z(t)—yl
= ﬁ f]R3 dgzdif fQO d‘ I‘o (t - |Z|7x(ta (EO) - Z)Jac(x(tvifo) =
(5.14) = & Juo @2 [y, G20 [0p(F — |2, 2(F, 20) — 2)/0F+

HVIp(t — [2], 2(t, 20) — 2)(E, 20)) Jac(z(t, 20)] =
= @z g, ddm\ t\xo [0p(t — |2], 2(t, 20) — 2) /Ot +
HVII(E = 2], 2(f,20) — 2))] = 0,
where we put, by definition, Jac(z(Z, z0)) := | det dx(t, 2¢)/dzo| - the usual Jacobian

of the transformation Qy > zo — x(f,2¢) € Q;, for all zy € Do, t € R;. On the other
hand, the expression (5.14) can be respectively recalculated as

dl[ga, 7/dt = fo (t,2(t,20))d3x(t, ) =
fQ o(t, a?(t xo))JaC( (t,0))d%xg = i
= Jo [00F, 2 2087 + (V[u(F, ) F 2, 20) ac(a(, 20))] o =
= th. [0¢(t, 2(f,20)) /0t + (V]u(l, 2)p(t, 2(f, 20)))] d*x(f, 20) = 0,
what is exactly equivalent to the condition (5.10) at all points (z,f) € M*.
c¢) Having defined the electric field tension E(f,z) := —Vp(t,z) — OA(t,z)/0t and
the magnetic field tension B(f,z) := V x A(f,z) at all points (£,2) € M*, upon
applying to them curl-operation Vx one easily obtains
V x E(f,ac)Nz V x (=V(t, x) - OA(t,x)/0r) = —0B(t,z)/0t,
V x B(t,z) =V x (V x A(t,x)) = V(V|A(t, z)) — AA.
Taking now into account the Lorenz condition (5.10), one obtains
V x E(t,x) = —0B(t,x)/0t, V x B(t,z) :=V x (V x A(t,z)) =
= 0E(t,x)/0t + [0*A(t, x)/0t? — AA(t, 7).
Similarly, taking into account the wave propagation equation (5.2) jointly with the
charge continuity equation (5.5), one obtains
that upon substituting it into (5.17) gives rise to the system
V x E(t,x) = —0B(t,z)/0t,
V x B(t,x) = 0E(t,x) /ot + J(I,z),

(5.15)

(5.16)

(5.17)

(5.19)
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coinciding exactly with the classical Faraday and Bio-Savarat laws in the Minkowski
space-time M*. Similarly, having applied the gradient operation V to the vector mag-
netic and electric potentials, one simply derives from the wave propagation equation
(5.2) and the Lorenz condition (5.10) the corresponding boundary conditions

(5.20) (V|IB(t,z)) =0, (V|E(t,z)) = p(t, )

for the above evolution equations (5.19) at all points (£,2) € M*. Combining the
differential relationships (5.19) with those of (5.20), we obtain the classical Maxwell
equations, proving the proposition. O
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