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Abstract

We give a simple proof of the Domar condition for the debt-GDP ratio not to
diverge, and present conditions for the debt-GDP ratio not to diverge when full
employment and consumption from assets are considered. It is a weaker condition
than the Domar condition based on a simple comparison of government bond
interest rates and growth rates. This condition is probably true in many cases.
Also we show that fiscal collapse is impossible when there exists consumption from
assets.
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1 Introduction

Whether or not a country’s public finances are on the verge of bankruptcy is often based
on whether the ratio of government debt to GDP grows or diverges over time. There
is a condition called the Domar condition to determine this, which is often discussed,
especially in Japan (Domar (1944), Yoshino and Miyamoto (2021)). In brief, the Domar
condition states that the government debt to GDP ratio does not diverge if the nominal
growth rate exceeds the interest rate on government bonds. However, this condition
is not necessarily appropriate because it simply compares the accumulation of budget
deficits with the increase in GDP, regardless of the economic situation. As Blanchard
(2022), (2023) notes, many discussions of debt to GDP ratio use simple calculations
based on comparisons of primary budget balances (budget deficit excluding interest
payments to government bonds), the interest rate, and the growth rate. But is the
argument not so simple? Assuming a steady state of full employment, which may or
may not include inflation, the size of the budget deficit to achieve this is naturally
determined, and the larger the budget deficit is, the higher the inflation rate is. On
the other hand, the larger (smaller) the propensity to consume is, the smaller (larger)
the budget deficit required to achieve full employment under a constant rate of price
increase is.

Fiscal deficits and the accumulation of government debt correspondingly create pri-
vate financial assets. As these assets increase, consumption is naturally expected to be
affected. This is the so-called asset effect on consumption. In addition, fiscal policy is
likely to be managed so as to achieve full employment.

Therefore, this paper seeks conditions under which the government debt to GDP
ratio converges to a finite value without divergence, assuming that people’s consumption
depends on financial assets corresponding to government debt as well as income, and
that full employment is realized and maintained.

In the next section I present a simple proof the Domar condition. In Section 3 I
present the condition for convergence of the debt to GDP ratio under full employment
with consumption from assets. In Section 4 I will prove impossibility of fiscal collapse.
Fiscal collapse means divergence of the debt to GDP ratio.

In Appendix I present microeconomic foundation for the consumption function.



2 A simple proof of the Domar condition

G;: fiscal expenditure in period t.
T;: tax in period t.
B;: government debt in period ¢, B; = 0.
~: growth rate: it is assumed to be constant.
Y;: GDP in period t.
Yi+1: GDP in period ¢t + 1: Y41 = (1 +79)Y;.
t=0.
Al variables are nominal values.
i: interest rate of the government bonds: it is assumed to be constant.
First,
Bt+1 == (1 + l)Bt + Gt - 7—;5

G=T: — j is constant, divide this equation by GDP in period t + 1,
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There are several cases and sub-cases.

Therefore,

1. v>1.
1) p > 0 (primary balance deficit)
We get

t—o0 fY —1

Therefore, the debt to GDP ratio converges to the finite value #.
2) p =0 (primary balance equilibrium)

We have b, — 0.
3) p < 0 (primary balance surplus)

Again we have b; — 0 since we assume b; = 0.



2. 1>7
1) p > 0 (primary balance deficit)

Since b = 0, if p > 0 then by — -2; > 0. Since 1 > 1, by diverges to infinity.

2) If p = 0 (primary balance equilibrium)

If by > 0, b; diverges to infinity similarly to 1. If by = 0, b; = 0 for all .
3) p < 0 (primary balance surplus)

Then, £ > 0.

o
(i). If by — -2 >0, b diverges to infinity similarly to 1.

(ii). If b — ;& =0, by = -%; is constant.

(iii). If by — ﬁ < 0, by — 0 since we assume b; = 0.

3. vy=1

From (1)
P
b1 =b + ——.
t+1 = 0t + 1+~
Thus, b; is an arithmetic progression, and if p > 0 it diverges to infinity. If p = 0,

b; = by is constant. If p < 0, by — 0.

3 The condition for convergence of debt to GDP ratio
under full employment with consumption from assets

G;: fiscal expenditure in period t.

I;: investment in period ¢.

Cy: consumption in period t.

B;: government debt in period t, B; = 0.

~: growth rate: it is assumed to be constant.

Y;: GDP in period t.

Yi+1: GDP in period ¢ + 1: Vi1 = (1 +7)Y;.

t=0.

Al variables are nominal values.

T: income tax rate: it is assumed to be constant.

i: interest rate of the government bonds: it is assumed to be constant.
Suppose full employment. The price of the goods is constant or rises at the constant

rate.

Assume that the consumption function is

Cy=c[(1—1)Y; — I] + dB,, 2)



taking into account that government debt creates private financial assets, which affect
consumption. d is the propensity to consume from the assets. Then,

Yi=c(l-7)Y;+dB:+ (1 —c)I; + Gy, (3)
and so
Gi—17Y,=1-¢)(1-71)Y,—dB;— (1 —¢)I,.
On the other hand, we have
Biy1=(1+9)B+(1-7)Y,—Ci— I, = (14+49)B;+(1—c)(1—7)Y;—dB;— (1 —¢)I;, (4)
and so
Biy1 = (1+149)B; + Gy — 7Y4,

or
Gy — 7Y+ 1B, = Biy1 — B,. (5)
Now assume
(1-7)Y;—1I,>0. (6)
Let Y;11 = (1 +v)Y;, and assuming that {,—tt = 7 is constant, divide (4) by Y;;1, then
Biy1  (1+i—d\ B,  (1-c)1—-7—1)
Yt+1_( L+~ )77: L+ .
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and then
Byi (1—o-r-n) _(1+i-d\"" [By (1-¢(l—T—n)
Yir  y-—i+d _< 1+7) lVO_ y—i+d ]

When H29s 1,9y 24i—d.
There are three cases.

1. 7 > i — d We obtain
o B 1=0=7—-n)
t—oo Y} 7—1,+d

Therefore, % converges to the finite value.
2. y<i—d
Since —(l_fy)fl#_") > 0, % diverges to infinity.
3. y=1i1—d
From
Bt+1 _ %_'_ (1—0)(1—’7'—77)
Yiiu Y 1+~ ’
B

v+ an arithmetic progression, which diverges to infinity.

If consumption depends not on the asset itself but on the interest income derived from
the asset, the same argument holds by changing d to di or ci.



4 Impossibility of fiscal collapse
From (3)

Y; = C(]_ — T)Y,.j + dBt + (1 - C)It + Gt.
Divide this by Y;, then

_ B; Gy
1-c(1—7)+d7t+(1—c)17+7t. (7)

¢(1—7), (1—c)n and §* are positive and smaller than 1. The sum of them is also positive
and smaller than 1. On the other hand, if the debt to GDP ratio diverges to infinity
and d > 0, d%t also diverges to infinity. However, since the left-hand side of (7) is 1. It
is a contradiction. Therefore, the debt to GDP ratio cannot diverge to infinity. In this
case, more consumption from assets would lead to higher prices and a larger nominal
growth rate so that the convergence condition would be satisfied.

5 Conclusion

In conclusion, it has been proved that the debt to GDP ratio does not diverge but
converges to a finite value when the following conditions hold

Nominal growth rate > interest rate on government bonds

— propensity to consume from the assets.
It is weaker than the Domar condition.
Nominal growth rate > interest rate on government bonds.

This condition is probably true in many cases.

Appendix: Microeconomic foundation for the
consumption function

C;: consumption in period ¢
B;.1: asset holding in period ¢ + 1
P;: price level in period ¢
The utility function of a representative consumer is

By — Bt)

Ci
=cln—=+(1-¢)l
U cnPt—i-( c)n( 2

I assume that the utility of a consumer depends on his/her consumption and an increase
in asset holding from period ¢ to ¢t + 1. The budget constraint is

Ci+ B = (1-1)Y; — I + (1 +4) By,



or
Ct + Bt+1 — Bt = (1 — T)n — It + ZBt

The Lagrange function is

B,.,—B
L=cn& 4 (1-0m (M) MG+ Byps — Y+ I, — (L +4)By).
B, P,
The first order conditions are
oL P,
— =c—— AP, =0
0% ‘¢, TV
and ar P
2 —(1l—¢)—t AP, =0.
0 (—B”}lat_Bt) ( )Bt+1 — B i
From them
Ct = C[(l —_ T)}/; — It + 'iBt],
and

Bt+1 = (]. — C)[(l — T)n — It + lBt] + Bt.

Then, d in (2) is ci.
If Ct > 0, Bt—l—l > Bt' From (5)

Gt—TK+iBt=Bt+1—Bt>0.
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