o
Qe I os https://www.qeios.com/read/SH4NIX

An Alternative to the Merton Jump-Diffusion Model: A Simple,

Explicit Formula

Moawia Alghalith

malghalith@gmail.com

Abstract: In this paper, we provide an alternative to the Merton jump-
diffusion model. In doing so, we provide a simple, explicit formula that
doesn’t require a computational method. Furthermore, we introduce a new,

simple method for solving partial integro- differential equations.
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1 Introduction

In response to some of the limitations of the Black-Scholes model, Merton
(1976) introduced a seminal jump-diffusion model for the price of the Euro-
pean call option. However, his well-known and highly cited formula is not
a closed form; it is an infinite sum (approximation) that requires a com-
putational method. Furthermore, some of the parameters and probability
distribution assumptions can be eliminated.

Later models on jump diffusions such as Kou (2002), Zhang and Wang
(2013), Zhu et al (2013) and Gong and Zhuang (2016) have some limitations.
These models require computational or numerical methods. Alghalith (2020)
adopted a different process and a different approach.

In addition, previous models do not clearly capture the intuitive and
desirable features captured by the model we introduce in this paper.

In this paper, we overcome these limitations. In doing so, without a loss of
generality, we provide a far simpler, explicit formula that doesn’t require any
numerical /computational methods. Furthermore, our formula is perfectly
intuitive. Also, our formula is a small modification of the Black-Scholes

formula. Thus, it is also easily and directly comparable to the Black-Scholes



formula.
Moreover, we introduce a new method for solving partial differential-
difference equations. In doing so, we devise a simple method to transform a

partial integro- differential equation to a partial differential equation.

2 The methods

The following is a brief description of the Merton model. The stock price is

given by

-2
S (t) _ H;L:1Y}Se(a77f)\k)t+a'Z(t), (1>

where S = S(0), Z is a Gaussian variable, n is a Poisson Process, At is
its intensity,Y; are identically and independently distributed, « is expected
return rate, and o is the volatility.

The dynamics of the stock price are given by
dS = S|[(a—=Ak)dt+odZ + (Y —1)dn], (2)

where Y —1 is the relative jump size (independent of dn,,), and k is its mean.
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The dynamics of the option price are given by

dc (t,S) =C (t,95) (e — Mk.) dt + 0.dZ + dq.) , (3)

where

1
= (Ct + (0= M) SCs + 50°5°Css + AEy [C (1,YS) — C (¢, S)]) /C(t,S),

(4)

o.=0SCs/C (t,5),

and the subscripts of C are partial derivatives, and ¢. is an independent
Poisson process.
Using Merton’s assumptions such as a diversifiable jump risk and risk neu-

trality, we obtain Merton’s well-known partial differential-difference equation
1
Cy + (r — M\k) SCs — rC + 50252035 + AEy [C(t,YS) —C (t,5)] =0, (5)

where r is the interest rate (a constant), and V'S is the price of the underlying
asset after the jump.

The Merton pricing formula (under the assumption of the log-normality



of the jump size) is

C(t,S) = ie_;\T (AT) Cps (04,73, 9,T), (6)

; ;!
=0 :

where Cgg is the Black-Scholes price, A = (1 +k)\, r; = 7 — Mk + M,

and 0? = 0% + & where 6 = Var (InY) and T is the time to expiry.

2.1 The revision

The dynamics of the price of the underlying asset are given by

dS = S[rdt + odZ + (Y — 1) dn], (7)

where Z ~ N (=Mkt/o,t). There is no loss of generality in assuming that the
mean is \kt/o. Therefore, the Merton partial integro- differential equation

(with a slight modification) is
1
Cy+r(SCs—C)+ 50252055 + AEy [C(t,YS)—C(t,5)]=0. (8)

Now, let 2AATISCEIN — o, g0 that Ey [C (t,Y'S) — C (1, 9)] = ¢.C (£, 5).




Thus, (8) can be given by
Ci+r(SCs—C) + ;0252055 + ApC (t,S) = 0. 9)
Therefore,
Cy 4+ rSCs + ;0252055 + Aoy —7m)C =0,C(T,S(T))=9g(S), (10)

where ¢ is the payoff of the option. This is a generalized Black-Scholes partial
differential equation. Conditioning on each value of ¢ (given ¢ = ¢; ), its

solution is!

C (0,8, 1) = T [SN (dy) — e KN (d)] = e Cpg,  (13)

In( )+ r+ﬁ T
where d; = W, dy = dy — o/T, K is the strike price, and Cgg is

the Black-Scholes price.

!The generalized Black-Scholes partial differential equation is

1
Cy +0SPs + 50252055 —7C =0,C(T,S(T)) =g (S). (11)
Its solution is
eO=NTSN (dy) — e "TKN (dy), (12)
where d = ﬁ In(S/K)+ (0 +0%/2) T| and dy = d1 — oV/T.



Now, the option price can be expressed as a weighted average of these

prices conditional on ¢ as follows

C(0,5) = /@ T CpsdF (). (14)

k3

where F'is the cumulative density. By the continuity, the expected value is
a specific value of C' (p;) denoted by C (¢;) = C (p;) = %7 Cpg, where @;
is a value (outcome) of .

Thus, the price of the option is

C(0,8) = X7 Cps = T [SN (dy) — e KN (dy)], (15)
where d; = W and dy = dy — ov/T.

Similar to the parameters of the classical model, the parameter ¢; can be
estimated using similar methods or other methods. In addition, the implied
value of ¢; can be calculated and then used in the estimation of ;. To
illustrate this, if the market price of the option C,, = 20, S = 100, K = 90,
r=.05T=1 0 = .25, A = 1, then Cgg = 18.14. We can calculate the

implied value of ¢; using C,,, = e*¥1 Cpg, and thus 20 = 18.14¢e%i. Therefore,



T
f pudu

¢; = .097. Furthermore, using (9), ¢; can be estimated as £ | *7—— | (the

expected value of the average of ¢,).

A verification:

A simple way to verify the result is to let C* be the true Merton option
price, and C(r,s,0,¢,T) = e?TCpg be the generalized Black-Scholes price of
the European option. By the continuity of C, there is a specific value of the
parameter ¢ such as @, such that C* = C(r, s, 0,0, T) = e?TCpg = 47 Cpg.

Practical example:

If S=100, K=90,r=.05,T=1,0=.25 A= 1and ¢; = .01, then

the price of the European call C (0,5) = 18.14¢% = $18.32.

3 Conclusion

In sum, this result is perfectly intuitive since if there is no jump, A = 0 and
thus the price will be equal to the Black-Scholes price. Moreover, the option
price increases in A. Aside from the simplicity, it is intuitively very appealing.
This method can be applied to other models in finance or mathematics in
the future. Furthermore, future research can introduce methods to estimate

the parameter ;.
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