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The classical nomograph is a two-dimensional plot that expresses a three-variable equation such as
the van der Waals equation for a non-ideal gas which can also be represented in three dimensions.
Nomographs are useful for visualising and communicating the behaviour of equations. Traditionally
they were used for calculation but this use has become limited with the development of capable
computers. They are, however, currently re-appearing in educational contexts and for time-critical
data use.

The nomograph is principally used to obtain numeric values from the graphical construction which
are otherwise difficult to determine. We show how the projections of van der Waals equation onto
planes such as pv (pressure-volume) or pT (pressure-temperature) can be used to represent this
equation; other cubic equations will be similarly related to such nomographs.

While traditional methods of preparation of nomographs require considerable expertise, artificial
intelligence software focused on coding, such as Claude Sonnet, is now capable of creating

nomographs from simple prompting as here demonstrated.

Corresponding author: Leslie Glasser, L.glasser@curtin.edu.au

Introduction

Nomographs (also known as nomograms, alignment charts, or even abaques/abacs — words related to
‘abacus’ - are graphical devices where curves on a 2D surface relate three variablesil213] i an equation.
It is the purpose of the current manuscript to relate the various common projections of 3D graphic data to

the 2D nomograph.
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Fig. 1 is a modern nomograph for van der Waals equation of statel4l for one mole of carbon dioxide. The
outer scales, or axes, denote pressure, p (atmospheres), and temperature, t (Celsius) while the interior
curve denotes volume, v (litres). It was prepared by Claude Sonnet 4.6 with reference to Fig. 7 of P.

Martinez Pagan, and L. Roschier (2022). "Nomography: A renewed pedagogical tool to sciences and

engineering high-education studies.” Heliyon, 8(6), 09731141

A straight-edge (termed an isopleth) laid across the scales connects the values at one or three crossing
points, two of which then represent the values of the independent variables while the third (or single) is

regarded as the value of the dependent variable since this is a symmetric relation among the variables.

The data along the scales may be mathematical or based upon experiment.ﬂl[é1

The example isopleth in red in Figure 1 shows that when pressure is 4 atm. and temperature is 50°C, the

volume is 0.0248 L/mol.
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Figure 1. A nomograph of an experiment-based equation of state for carbon dioxide gas.K’l the red isopleth

connects pressure and temperature to molar volume.

geios.com doi.org/10.32388/7A6PUC


https://www.qeios.com/
https://doi.org/10.32388/7A6PUC

Temperature Pressure Volume
t=1T-273 P v
(") (Atm) (L)

— D015
-— LERRILE)
= 0T
-— L=
-— DL
— 0.02
50 — e
- 0101
E 45 L ooous
E 70 & 0025
e awrT I 1Y
E 40 ——= F 2T
g - 'E.— oo
E— (§10} LR o 3 )
E P 0 — 0.08
5 ‘ o Bper
poe o i —}I :
== 50 :.E 1
E Hl -I
E 80 —
E45 2 ;ﬁj—l
E o]
3 _ w7 4
40 24
A5
B35 -
E 23
20 o 3
F = - . el g 0.05
E Van Der Waals equation 5 — E
a6 E
dr } o i | E L3
2 (1 mol of gas) o = 005
E— 20 a a1 3 ;
P p+—|*(v-b)=R*T ol g D08
El‘k’ v ,_r,_lﬂl = 0.063
£ ' Kelvin degrees - 1 2 0.07
IE__- ] oS 1 -& z— 0.075
E Carbon dioxide (CO-) Ll E— 0.08
i ] ol = 0.085
= Constants: " = 009
3 o I = 0,086
£ - 0.00366 10 | S 0.1
— D g - — (L1015
— a — 000717 ' — Ol
f = 000191 st tolerance 8.2 mm

Figure 2. A linearized portrait format version of the van der Waals equation of Fig. 1 suitable for easy

reading and interpolation.
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Nomographs (named and much applied by Maurice d’Ocagnel from 1884) were important tools in many
branches of science, engineering, even in finance, from the 1880’s until about the 1960’s when they were
largely superseded by the burgeoning computing devices.[8l However, they remain useful and important
for their immediate access and rapid application with little chance of serious scale error 291 a5 well as

for their demonstration of the relations among the variables.

Early nomographs were constructed in a tortuous manual process 121131141 (151[16][17)(18) by laying out
the initial pair of scales on coordinate paper then triangulating points successively to produce the third
scale. The triangulation consists of drawing isopleths for at least three pairs of the independent variables
for a common dependent variable and then placing the dependent variable at the crossing point. With
experimental data rather than an explicit mathematical relationship the crossings may cover a small area
rather than a single point, when the area centre is used for the dependent variable. The dependent scale
then follows the set of selected crossing points and is progressively refined to a smoothed curve. This
complex procedure is no longer required since two important Python programs are now available for
nomograph preparation: Nomogen2 is the automation tool which develops the equations for the scales

while Pynomol2911211(22](23] generates the vector graphic PDFs of the nomographs.

There appears to be increasing recognition of the utility of nomographs in education, 4191241251 hecause
of the simplicity of reading of numeric data. However, the graphic relation of the nomograph to the
generating equation may not be clear.

It should be noted that the so-called “clinical nomographs” are not for three-variable systems but rather

are used for statistical summations and hence not further discussed here.

Graphic Views and Dimensional Reduction

Graphic views of experimental data and in coordinate space are essential components of science and
related subjects.[28l Indeed, J. Willard Gibbs, the doyen of thermodynamics regarded graphic views as
important considerations in thermodynamic treatments;18l his first essay is entitled "Graphical Methods
in the Thermodynamics of Fluids” while the title of his second is "A Method of Geometrical

Representation of the Thermodynamic Properties of Substances by Means of Surfaces.”

In current software, textbooks and the literature three-variable equations are usually provided as
projections along orthogonal axes and as contour maps. As an example, Fig. 3 shows a map of the van der

Waals equation[ﬂ1 as the projection of the isotherms in the vicinity of the critical point onto the
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pressure-volume (pV) plane. The red isotherm represents values of the independent variables at the
critical temperature and the critical point, where this temperature intersects both the critical pressure

and volume, is labelled D. The curved section labelled A — B — C represents the Maxwell construction to

determine the one- to two-phase transition.281129 from supercritical gas to gas plus equilibrium liquid.

‘p[lf’] _ RTVJ—aV+ﬂb
V2 (V —b)
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Isothe ith =T =—w—
\ - sotherm wi T
T .
Isobar with p=p_ = v

Isotherms at various T

Figure 3. Projections of the van der Waals isotherms which are slices of the equation of state for various
temperatures]@-l above, at, and below the critical temperature. Republished under Open Access Licence “CC

BY 4”.

Equation for an isotherm:

RT a RTv? —av+ab
p(v,T) = —_——_—
v—>b o2 v2(v — b)
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The loops generated by the van der Waals equation (such as M - B - N) are unphysical (i.e., they exist
mathematically but not physically) representing increasing pressure yielding increasing volume. In the
nomogram in Fig 1, this corresponds to the reverse slope of the central curve where the volume ranges

from 0.004 to 0.008 litres per mole.

In Fig. 4, we note that these loops relate to the liquid-gas phase relations in the van der Waals system. The
spinodal curvel2ll encloses the two-phase dome of liquid plus gas, connected across the region by
Maxwell tie lines. The spinodal curve is determined alternatively by mathematical and thermodynamic

relations:

(i) the spinodal points are the local maxima and minima of the pressure-volume isotherm where

(%),

(ii) Alternatively, the spinodal points are where the second derivative of the Helmholtz free energy, A,

changes sign: (({;27,4;)) = 0 at the spinodal point, and the single-phase system becomes unstable, separating
o . 2a(v - b)?
into equilibrium liquid and gas phases. The equation of the spinodal curve is T, = —mm

v
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Complete Van der Waals Phase Diagram: Maxwell, Binodal & Spinodal Envelopes
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Figure 4. Projection onto the pressure-volume plane for a range of temperatures of the van der Waals CO,
equation used for Fig. 1. The critical isotherm, based on an inflection point of the isotherm, is dark red, and
the critical point is marked with a red dot. The spinodal curve surrounds the limit of the two-phase gas-liquid

region while the outer binodal curve is the limit of the equilibrium state of the system. The area between

these two curves represents metastable conditions.

The binodal domel32] surrounding the spinodal dome represents the region of stability in terms of the

Gibbs free energy when G is negative. The curve may be determined by using the Maxwell equal area

criterion 30133134

Critical Values of the Van der Waals Equation constants using@R = 000366 L atm K'mol

In Fig. 5, we reproduce a landscape format van der Waals equation nomograph[‘—’1 to be compared with the
portrait format version of Fig. 1. The basic diagram is identical to that of Fig. 7 of the earlier mentioned
publication [ The critical isopleth is shown in red and it is notable that this line meets the volume scale
at a tangent. This corresponds to the convergence of the gas and liquid properties, corresponding to top

of hill in a pressure-enthalpy diagram.

(https://people.ohio.edu/urieli/thermo/property, tables/CO2/ph CO2.html).
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A fan of constant pressure isopleths is here added to Fig. 5: that is, each isopleth starts from the same
pressure with successive isopleths rotating towards increasing temperature, t. The sequence of

intersections with the central curve represent increasing volume values as temperature rises.

(p+Z)*(v—b)=R«T
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Figure 5: A landscape format version of the van der Waals carbon dioxide nomograph with the critical

isopleth indicated in red and a fan of constant pressure isotherms of increasing temperature overlaid.

Fig. 6 Is a contour map of volumes from a projection onto the pT plane of the van der Waals equation. The
horizontal plane in the upper-left (that is, the area lacking contours) represents the condensed phase. The
somewhat broken dark curve stretching from lower left to the critical point on the upper right represents

the projection of the dome of the spinodal curve.
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Figure 6. Contour map of the van der Waals equation projected onto the pT plane.

A full 3D surface plot of the van der Waals equation appears in Fig. 7. The projections of the isotherms can

be seen in the pV base of this diagram. (cf. Fig. 3).

doi.org/10.32388/7A6PUC
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3D van der Waals Surface (Viridis Colour Mapping)
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Figure 7. Surface plot of volumes of the van der Waals equation. The dark purple base area represents the
condensed phase. It will be noted that the isotherms in the pV plane in Fig. 4 and 6 also appear in this Figure.

The projections onto the pT plane are simply vertical lines.

Reverse Engineering of Nomographs

It is sometimes useful to recover an equation from a nomograph which may have been prepared using

experimental data or an unknown equation. Procedures for such purposes have been reported.‘[35][36]
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Pressure-Temperature Vapour Pressure Nomograph
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Figure 8. An empirical pressure-temperature nomograph. The curvature of the vapour pressure curve is clear.

This nomograph has been reverse-engineered and prepared by using Claude Sonnet Al It provides a

smoother regularised version of a commercial nomograph.[271
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Nomographs as Reduced Dimension Transforms: 1D <-> 3D

While three-dimensional graphics are useful for viewing functions, they do not permit easy reading of
the data from which they are composed. On the other hand, nomographs are designed for simplicity of
data reading of the isopleth point on the dependent variable scale. In this sense, the nomograph may be
described as a transform from 3D to a 2D plane on which the desired 1D data point lies. Thus, “using the
principle of duality from projective geometry,‘[ﬁ]- d'Ocagne showed that a point on a graph with Cartesian
coordinates transformed into a line on an alignment chart, that a line transformed into a point, and,
finally, that a family of lines or a surface transformed into a single line!8! So, referring to Fig. 4 andf 5 for
example, the critical point on the pT plot transforms to a line on the nomograph and consequently, the set
of all isopleths that lie above this in the supercritical region. {Span, 1996 #5479} Mathematically, the

preparation of a nomograph involves an affine transformation together with a projective transformation.

[14]

To understand the relation between the 3D and 2D graphics, we use the van der Waals nomograph of Fig.
5. The central scale for volume lies roughly at an angle to the van der Waals scales for pressure and
temperature, which is the nomographic style for a ratio of values.[2ll Indeed, if the a and b parameters of
the van der Waals equation are each set to zero the central scale becomes an angled straight line,
corresponding to the ideal gas hyperbolic equation V = p/nRT as a ratio of variables p and T. Alternatively,
the v scale approximates a straight line as the volume per mole increases sufficiently (ie the density
becomes sufficiently small). Similarly, in fig 3, the isotherms approximate hyperbolas as the temperature

becomes sufficiently large.

The curved region of small volumes in the upper right of the central scale of Fig. 5 diverging from the
main trend of the curve is reached by isopleths which correspond to points near the critical point. The

clustering of values (see Fig. 4) results from the steep “wall” of values near that critical point.

It is possible to construct the projections, such as those of Figure 3, from the nomograph by generating a
fan of isopleths starting from some given pressure across a range of temperatures as in Fig. 5. The molar
volumes thus obtained correspond to a slice through the surface plot from which one would be able to

plot the isotherm. Further isotherms are generated by selection of other starting pressure points.

The van der Waals equation, as a cubic equation in pT space, exhibits three contiguous regions over its

full temperature range.

geios.com doi.org/10.32388/7A6PUC
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Supercritical region (T > T ypper): The material exists as a low-density gas at the highest temperatures
down to the (upper) critical temperature. The inflection point of an isotherm defines the end of this
region, termed the (upper) critical temperature, corresponding to the convergence of the three roots to a
single root as temperature rises. The single root to the equation in given by the crossing of an isobar

across the inflection of the van der Waals curve.

Intermediate region (T > T > T¢ jower): From the (upper) critical temperature towards lower

upper
temperatures gas and liquid coexist and the graph of the curve exhibits loops. There are three roots to the
equation in this coexistence region with the largest and smallest roots respectively representing gas and
liquid, while the intermediate root is unphysical, not representing a stable state. The part of a curve above

the Maxwell equal area line represents a supercooled vapour, while the part below is described as a

superheated liquid as observed expermentally.[22}

Subcritical region (T > T joyer): There is also a lower critical temperature which corresponds to the bottom
end of the loop. From this temperature down the material is a dense liquid. There is only a single root to

the equation in this region corresponding to the molar volume or density of the liquid.

Each of these critical points represents a convergence of the volumes (or densities) of liquid and gas to a
double root plus a single root. On a nomograph of the van der Waals equation, these points are
represented by an isopleth which is tangent to the volume curve. These tangent points lie on the spinodal
curve (which represents the limits of stability of the two-phase system with the stable phase merging

with the unstable phase) and do not represent solutions of the van der Waals equation.

Conclusions

Visualising the behaviour of variables in an equation or process provides both insight and a
communication tool. We have considered the features of 3D graphics and 2D Nomography which allow
them to provide complementary information. 3D graphics has the greater versatility but nomographs are
more focused and numerically accessible. While nomographs were once widely distributed and important
tools they were superseded by the versatility of ever more powerful computer software. Significant
software tools, Pynomo and Nomogen, are now freely available to overcome the onerous tasks involved in
the preparation of new nomographs and there is increasing interest in the educational and engineering
fields. Together with this, artificial intelligence software specializing in coding, such as Claude Sonnet, is

now capable of producing usable nomographs as here also demonstrated.
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We present only a small sample of the wide range of nomographs which may be found in the literature,

online or prepared.
Appendix

Python scripts

The contour map of Fig. 6 and the surface plot of Fig. 8 as well as projections of the sliced isotherms of
van der Waals equation (Fig. 4) were prepared using Python scripts developed by Google in prompted Al

mode, based on Pynomo and Nomogen software. The nomograph in Fig. 1 was developed using Claude

Sonnet 4.6 with reference to Fig. 7 of the principal source of the van der Waals equation nomograph.)

Table of Contents Graphic

3D Function Projective Geometry 2D Nomogram Draw Isopleth Solution Readout
N ) |
Affmi ; Projective ‘ % i |
[ | . -
Sy @ Ay )
Y — > - '
f(x,y, 2)=0 Transform into 2D Scales
Example: F(x) + G(y) + H(z) =0 Scales Arranged on Chart Draw Solution Line Read Intersection for Result
Transform to Additive Form

Nomographs are two-dimensional plots of ternary (cubic) equations. These can be simply used to find
numeric solution values by laying a straight line (an isopleth) across the three curves, with the
intersection points providing the numerical data sought. This publication explains the graphic relation
among the three-dimensional function, the two-dimensional nomograph, and the one-dimensional data
point read from the nomograph. This is illustrated using the van der Waals equation of state for real

gases.

The Python scripts used to generate the diagrams were prepared directly by prompted AL

Statements and Declarations

Data Availability

Data sharing is not applicable to this article as no new data were created or analyzed in this study.
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Use of Generative Al

Except for Figure 2, prompted Generative Al (both online Claude Sonnet 4.5 and Google Gemini) was used
in the preparation of the nomographs that are here published, The mathematical relations discussed

were confirmed using online Google Gemini.
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