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This paper explores some of the applications of quantum stochastic calculus (gsc) as founded by
R.L.Hudson and K.R.Parthasarathy and the theory of the quantum filter established by V.P.Belavkin
based on gsc which was simplified considerably by John Gough, Claude Kostler and others to quantum
field theory. Specifically, we first derive some general versions of the Belavkin quantum filter for the
case when the Hamiltonian and Lindblad operators in the Hudson-Parthasarathy noisy Schrodinger
equation (HPSDE) are functions of a classical Markovian time varying parameter process whose
statistics is determined by an infinitesimal generator. Using this generalized Belavkin filter, we show
how we can estimate on real time basis not only the evolving mixed state of the system but also the
probability density of the Markovian parameter. Our generalized filter enables us to obtain a function
p(t, 0) that represents an estimate of the state of the quantum system at time ¢ as well as the probability
density of the parameter ¢ at time . Specifically, when X(9) = ¥} _ f,(6)X, is a system observable
dependent upon the Markovian ¢, then, | Tr(p(z, §)X(6))d0 would represent the conditional expectation of
X(t, 00) = Ur) * X(0(9) U(») given non-demolition measurements at time /This paper explores some of
the applications of quantum stochastic calculus (gsc) as founded by R.L.Hudson and K.R.Parthasarathy
and the theory of the quantum filter established by V.P.Belavkin based on gsc which was simplified

considerably by John Gough, Claude Kostler and others to quantum field theory. Specifically, we first
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derive some general versions of the Belavkin quantum filter for the case when the Hamiltonian and
Lindblad operators in the Hudson-Parthasarathy noisy Schrodinger equation (HPSDE) are functions of
a classical Markovian time varying parameter process whose statistics is determined by an
infinitesimal generator. Using this generalized Belavkin filter, we show how we can estimate on real
time basis not only the evolving mixed state of the system but also the probability density of the
Markovian parameter. Our generalized filter enables us to obtain a function p(z, §) that represents an
estimate of the state of the quantum system at time ¢ as well as the probability density of the
parameter ¢ at time +. Specifically, when X(0) = ¥ _ f,(0)X, is a system observable dependent upon the
Markovian 0, then, [ Tr(p(t, 0)X(0))d0 would represent the conditional expectation of

X(t, 09) = Ur) * X(0(9) U(») given non-demolition measurements at time . After that, we show how the
Weyl-Moyal-Wigner transform can be used to formulate noisy quantum evolutions as well as Belavkin
filter equations in a classical language wherein intepretations of quantum observables and states are
given in terms of classical complex functions of positions and momenta. Marginals of the Wigner
distribution of the state for example represent probabiity densities of positions and momenta but the
Wigner distribution of the state does not represent any joint probability density of the positions and
momenta, indeed the Heisenberg uncertainty does not allow any such interpretation. We then
illustrate how a quantum mechanical theory taking into account quantum noise can be constructed in
a natural way by perturbing the electromagnetic field with quantum super-symmetric noise
introducing even and odd system operators. We explain how the interaction between the matter
supercurrent and the metric superfield in supergravity theories can be perturbed by quantum noise by
adding supersymmetric quantum noise to the matter supercurrent. Further, with the hope that
Feynman path integrals can be used in quantum noisy field theories to evaluate transition amplitudes
of scattering, we propose a Feynnman path integral approach to the solution of the HPQSDE when the
system can be described by canonical position and momentum operators. We then describe quantum
scattering in the presence of quantum noise in the HPQSDE framework. Here either one or both of the
Hamiltonians contains noise and the corresponding joint unitary evolution of system and bath is
described by a HPQSDE and we illustrate some methods for computing the scattering wave operators
and analyzing their existence using standard quantum scattering inequalities. Finally, we develop
some formulae for computing the rate of change of Von-Neumann entropy of the Belavkin filtered
quantum state based on combining Lie algebraic methods for evaluating the differential of the matrix
exponential map with Ito’s formula for Brownian motion, Poisson and Levy processes and even for

Martingales. These formulae that describe rate of entropy increase have potential applications to
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quantum information and quantum commmunication when we require to measure how much
information has been transmitted as a function of time across a quantum channel after filtering out
the noise on a real time basis. In the context of quantum communication theory, we illustrate the
situation of an optical fibre wherein the information carrying quantum electromagnetic field interacts
with a classical electromagnetic field that has been scattered by the phonon lattice and hence contains
unknown Markovian parameters. By estimating the Markovian paremeters using our generalized
Belvakin filter on a real time basis, we are therefore able to generate a counter Hamiltonian via causing
a simulated counter classical field using this estimated parameter to interact with the propagating
quantum field and hence mitigate the effect of the interaction of the classical field with the quantum
field. One of the novel results of this paper is the exact representation of the Weyl-Moyal-Wigner
transform of products of quantum operators that includes Lie brackets between operators to all orders
in Planck’s constant. We use this idea to obtain a classical representation of the quantum Boltzmann
equation in terms of Wigner densities that are complex valued functions of position and momenta
representing the system state. Future work on Wigner transforming the quantum Boltzmann equation
for all r-particle marginal states of an N-particle system is in progress. Work on interpreting the
Belavkin filter and quantum Boltzmann equation in the Wigner domain in terms of corrections to the
classical Fujisaki-Kushner-Kallianpur stochastic filter and the classical Boltzmann equation is also in

progress.

Correspondence: papers@team.qeios.com — Qeios will forward to the authors

1. Real time estimation of states and parameters in the Hudson-
Parthasarathy gsde in the presence of only quantum Brownian

noise
We assume that 6(¥) is a classical Markov process with infinitesimal generator XK. The HPQSDE is
dU(t) = —(i(Hy + V(6(0)) + P)dt + LdA(t) — L * dA(t) *)U(r), P = LL* /2
[l The non-demolition measurements (2131 are
Y (6) = U@ * Y,(OU®), Y1) = cA(t) + ;A(t) *

no(?) is the filtration generated by ¥ (s), s < .
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J1X) = RO X0, X) = U@ * XU(®)
dj (X) = j (o)t +j (D, (XNAAWD) +j (P (X)dA®) *
where
o) = Po(t, X) =
i[Hy + V(6(1)), X] = PX = XP + LXL* = i[Hy + V(6(t)), X] = (1/2)LL * X + XLL * — 2LXL*)
1) =—LX+ XL =[X,L], p,(X) =-XL* + L¥*X=[L* X

dJ(fX) = d(fl00)j (X)) = dft0D)).j (X) + [OD)dj (X)

E(dJ (1X)

1,(0) = T (KNXydt + 7 (f(X)dt

Note that we are assuming that the bath is the vacuum coherent state. Further, Here,

m(fX) = ERO®Y (X) | 1,(1) = B (X) | n,(2)

We may assume that
dr (fX) = F (fX)dt + G (fX)dY (1)

Then,

dY (1) = dY (1) — j (cL + cL *)dt

E(J(X)dY (1) |n,(0) = =7 (fX(cL + cL *))dL,

E(dJ (XY (1) n,(0) = ez (f,(X))dL,

E(z (fX)dY (1) | n,(0) = —m(fX)z (cL + cL * )dt,

E(dr (1Y) | n,(0)) = F(fX)dt — G (fX). m (cL + L * ),

E(dr (X). dY (1) | 1,(0) = G(fX) || *dt,
The basic orthogonality equations are 2
E(( ) — m(fX))dY (1) | 1,(0) + E(dJ (fX) — dr (fX)dY (1) | n,()) = O,
E(dJ (1X) — dr (fX) | n,(0)) = 0,

and these yield

—m XL+ L *)) + m (). w(cL + L *) + em (f, (X)) — G () |¢|* = 0,
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T ((KNX) + m{fPo(X)) — F(fX) + G(fX)mcL + cL *) = 0

Assume without loss of generality that c is complex with
lel =1

Then the above equations simplify to give

G(X) = n(fX)m(cL + cL *) = m(flcXL* + cLX))

F(fX) = m(KNX) + m(fo(X)) + G X)mfcL +cL *)

and hence our generalized Belavkin filter is

dr (fX) = (z ((Kf). X)dt + 71',(f¢0(X)))dt + (m(fX)m (cL + cL *y - m(flcXL * + cLX))
* (dY (t) + w(cL + cL * )dr)
Now, write

(%) = [ Tr(p (O)X)(0)d0

Thus, in particular, the state estimated of the quantum system at time ¢ is p(7) = |p(z, 6)d6 and the pdf of the
parameter ¢ at time ¢ given 7, (v) is p(s, 6) = Tr(p (6)). Equivalently, we can write (24) as
dp(0) = (K* (p)(O) + b5 (0 )O)dr +

+[Tr(p (O)(cL + cL *)p (0) = (cL * p(0) + cp (OL)]. (dY (6) + Trip (O)(cL + cL *))d)

which is the desired filter that estimates both the quantum state and the classical Markovian parameter

on a real time basis from non-demolition measurements.

2. Real time Belavkin estimation parameters and states in the case

of generalized Hudson-Parthasarathy quantum noise

The generalized HPQSDE is
dU() = LidA (0 U(0)
Input and output non-demolition measurements are
Y1) = c(a, D)D), Y, (1) = U(1) *Y(OU()

Then, quantum Ito’s formula [ gives
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dY (1) = jMEAA (D), dY (0)F = j(MERNAN(0), k > 1
Let
JX) = RO/ (X), (X) = U@ * XU(r)
dj(X) = j (0N (0),
I (%) = dfOW).j (X) + 00)).j (PLX0)A (r)
E(dJ (1) | 1,(0) = [x (K. X) + m(f¢§()o)ub<r>;a(t»]dz

The filter stochastic differential equations can be expressed as

dn(fX) = F(fX)+ ) G (XY (0

k>1

We compute

E(dr (X)

1,(0) = [FAX) + D G (X)m (M) (Oyu (0)]dr,
k

E((0dY (0™ | 1,(0) = 7 (fXM(m))u,(0)u (1)t

Bz (). dY (6" | 1,(8)) = (X0 (M), (0 (e

E(@(X). dY(0)" | 1(0) = 7. $X0€L. Mfm)ut (0

= (f (POE M(m))y)uy(Du (1)t

E(d (f0dY (0" | 1,(0)) = 2. Gy (X0 (MCk + m)u(eyu (1)
k

Note that # (7) is an Abelian Von-Neumann algebra generated by Y (s), s < 7 and that » () commutes with

J(#X). The basic orthogonality relation of minimum mean square estimation theory reads:
E[(J ) — z(fX))C() = 0
for all

CO) En,(O)=0o(Y,(s)s<1)
Choosing C(¢) to satisfy

dC(ty = Y f(OCHAY (1) ®F, 1> 0
k

with the complex functions f,(s) arbitrary, the above orthogonality relations yield after forming time

differentials:
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E[(dJ (fX) — dr (X)) | (1)) = 0,

and

E[(J,(£%) =z (fX)dY ()" | n,(0) + B[] (fX) = dr (fX))dY ()" | (1)) = O,

Substituting the above expressions for the various conditional expectations gives
T (KN). X) = F(fX) + [ﬂt(ﬁl’Z(X)) -2 G IX)m (Miy(k)) (0 (1) = 0
k

and

[ (XM (m)) — 7 (fX)m (M (m))

+(f (PX)€ M(m))y) — Z G, {fX0m (M (k + m))Ju (D) (£) = O
k
Note that () = 1. (1) gives
FX) = n(Kf). X) + [ﬂt(f¢2(X)) - Z G () (M ()] (E)u ,(8)
k

and (45) gives us an infinite sequence of linear equations for G, (/X), k> I:

Z Gk,z(/‘X)”t(MZ(k +m)). uy(Du, (1)
k

= [ (XM (m)) — 7 (fX)m (M}, (m)) + 7 (f. ()€ M(m)))]up (1) (1), m = 1

Note that (47) can equivalently be expressed as
> G A0 (MO + m)). (D, (6)
k

= [~ 7 (X (My(m)) + 7 (f. (PX)€. M(m)); + XMZ(M)))]ub(t);a(f), m2=1
Define the infinite matrix
Z(m,, u(t) = ((w M (m + Ry (Ou (D)) <m e
Then define its inverse

T(x,, u(t) = Zw, w() ™" = (7,47, w(H))

Note that that infinite matrix 7(z,, u(r)) does not depend on for X. It is a function of only u(s) and 5 (r) and of
course Mj(1). Note that Mg(k), k> 1 can be expressed in terms of Mg,(l), ¢,d=0,1,...,N. Now, we can write

from (5),
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G (%) = D Tl u(®)[ - T(fX)m(My(m)) + z(f- (PX)€. M(m)), + XMZ(m)))]uh(t);a(t)a m2=1
or equivalently, defining
M(m, u(0)) = MZ(m)ub(t);a(t),
(PpWE. M(m))Zub(t);a(t) =
A€ M(m)(u(1))
¢Z(X)ub(t);a(t) = POu()
we have
G AfX) = 2 s wO)] = X (M(om, u(2))
Faf. (PX)€ M(m)(u(?)) + XM(m, u(®)))], k > 1

which we can formally write using infinite dimensional matrix notation as

GAX) = Ty, u(®)). [ — m(fX)m (M(u(2))
+r (f (P € M)(u(D)) + XM(u(1))))]

and hence, we can express our generalized Belavkin filter stochastic differential equations as
dr (fX) = m (KNX) + f@)(u(®)))dt
+ zk: Gy (1X)(dY (1) ©F — 7 (M(k, (1))
= 7 (KNWX) + f@O(u())dt

+ 2 T, u(t)). [ — 7 (X (M(u(0))
k

+7,(f- (PO € M)(u(t)) + XMu)DIKIAY (1) ®* = 7 (M(k, u(1)))

3. Representing observables in quantum mechanics using the Weyl-

Moyal-Wigner method based on complex functions

Given a quantum system described by n position and n momentum operators (Q,P) obeying the

canonical commutation relations [Q,, P,] = ik ,,,. An observable of this system is described by a linear

operator X expressible as a function F(Q, P) of the operators Q, P. We denote the eigenvalues of Q, P by

0.,0",0".P",P" P" etc and the associated eigenkets by [0 >,|0">,[0">,|P >,|P">,|P"> etc

Thus,
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010> =0"10">,0/10"> =0"10">,0/10"> =0"|0" >,

PP > =P |P >,PIP'> =P"|P'> PIP">=P"|P">,
etc. In the position representation (Dirac), 0 is a multiplication operator and P = —ikV ,. Thus,
<Q'|PIP' > =P <0 |P'>
on the one hand and
<Q'|PIP > ==ilVy < Q' ‘P' >
on the other hand. Therefore, equating these two and solving the resulting differential equation gives us
<Q'|P >=C.exp(iP". Q" /h)
C is a normalization constant whose magnitude is determined by the condition
s - P :I <p ‘Q' >do' <0 |P'> =
|C] zj exp(iP" —P'). 0 /1h)d0' = |C|*Qzh)"5(P’ - P")
so that
€| = ah) "2
The phase of € can be an arbitrary constant, which without loss of any generality, can be set equal to zero:
C = (2zh) "2
ie,
<Q'|P" >= Qxh) " 2exp(iP". Q" Ih)
For an observable X, we write its position space kernel representation as
XQ.0)= <0'|X|0">
This gives for any two observables ¥, ¥,
Q'Y= <0 X0 > =[<0'|x10">d0" < 0"|¥|0"> =[x, 0"). 0", 00"

just like matrix multiplication but in the continuous position domain. We define the Wigner transform of

the observable x as a complex function Xx,(Q',P’) of the eigenvalues Q',P" of the operators Q,P

respectively by [41:
X0 ,P)= cle(Q’ +q' /2,0 —q 12)exp(iP . q I h)dq’

Fourier inversion gives
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X0 +q'72,0 -q'12)= CZ_[XI(Q’,P')exp(—iPVAq'/h)dP’

or equivalently,

X©Q',0" = C3fx,(Q" + 0"Y/2, Pexp(~ iP'.(Q" ~ ")/ )P’

Our aim is to show that for two operators X, ¥, (X1),(Q,P') is X,(Q',P)Y,(Q', P") plus a correction term

that can be expressed as a Taylor series in / starting from the first power of #, ie, in the limit 2 — 0, (xY),

becomes X, Y,. To this end, we have

om0, P = [am(©Q +4 12,0 ¢ I2expliP . q' I1)dg’
[X©" +4'12,0YWQ". 0" ¢ 1exp(iP . ¢ 1h)dg’dQ"
= CJXI((Q’ +0"/2+¢ 14, PYY (0 +0)/2-q 14, P Yexp(—iP".(Q" = Q" +q /2)/h).
x exp(—iP" . (0"~ 0" +q 12)/Wexp(P . q Ih)dg dP"dP"dQ"
= cstI(Q’ +x, P )Y (Q +u, P+ v)exp(i2(P' + ). ulh). exp(—2i(P" +v). x/h)

x exp(i2P". (x — u)/ h)dxdydudy
where we have made the change of variables
x= -0Y2+q¢ 14u=Q" -0)2-q 14,P =P +y,P" =P +v

or equivalently,

0'=0 +x+u,q =20c—u),P =P +y,P " =P +v

This expression simplifies to
(X1, ,P) = CS[XI(Q’ +x, P +0)Y(Q +u, P+ v)exp(i(y. u — x. v)/ h)dxdydudv

= cs[jexp(zi(y. u—x.v)/h). exp(x. v)Q‘, +. V5 +u. vg +v.V})). ddydudvl. (X, Y,)(Q', P)

= [C6j5(u — ihV512). (v + ihV)Q(v/Z), exp(u. v;r). exp(v. V) )dudv)(X,Y,)(Q', P
= exp((ih/2)(V 5. vg - V)Q(v. Vi (X, Y, P
Note that we are using the notation in which the superscript on the V operation denotes the observable
(ie X, or Y,) on which this operator acts while the subscript denotes the variable (ie 0" or ') on which it

acts. Note that all the four V operations obtained in this way mutually commute.
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4. Calculating the quantum Belavkin filtering equations in the Weyl-

Moyal-Wigner representation
With reference to the previous section, we define the partial differential operator acting on the product of
two complex functions X, ¥, of 0, P":
Ly(X. Y) = exp((ih/2)(V . vg - V)Q‘,. Vi) -1
Thus,
(N (Q",P) = X Y((Q', P') + Ly(X, N(X,Y)Q ", P')

Note that the second term is O(h). By repeated application of this formula, we get for operators

Xk, k=1,2,...,N,

[X(DX(Q2).. X(N)]; = (X(1).. XN = 1)) X(V), +

LyX(1)... XN = 1), X(WNX(D).... XN = 1)), Y(V),)

which can be iterated to express [X(1)...X(V)],(Q , P') in terms of X(k)(Q ', P), k= 1,2, ..., N and their partial

derivatives. For example, we get

[XYZ]; = [XV),Z, + Ly(XY, D)(IXY),Z)) = X,V Z, +
Ly, VX, Y)). Zy + LY, 20X, Y+ Ly DX, Y)). Z)
= X\Y\Z, + L(X, VX, Y)). Z, + Ly(XY, 2)(X, Y, Z,) + L(XY, Z). L (X, V)(X,Y,Z,)
Remark:
Ly(XY, Z) = exp((ih/2)(V). vé - V)g RU)
= exp((ih/2)(Vy: + vgy)vé - (v)Q‘, + vg)vlz,,))))
= exp((ih/2)(V§Vé +V V7 - v’ervZ - vgvg))

Now we apply this result to the Belavkin filter problem with random classical Markovian parameter:

5. Mitigating classical noise in quantum systems using feedback

based on real time estimated parameters

Assume that the field is a quantum electromagnetic field 4 (x) with associated electromagnetic fields:
Eq(x) = _VAqO - 61QAq, Bq(x) = curlAq

where
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3
(Aqlu) = (AqO’Aq),Aq = (Aqr)r:1

These quantum field have the modal expansions:
A, (x) = > (e(R)ag,(x) + (k) * ag (), [e(k), e(m)] = 0 = [e(k) *, c(m) * 1, [e(k), c(m) *] = 5(k, m)
k

E (x) = 2 (c(key(x) + (k) * e, x)), B (x) = 2 (kb () + (k) * by(x)
k k

where
e (x) = —Va(x) — otay(x),r =1,2,3,
bkr(x) = E(rsm)(akm,s - aks,m)7 r=123
Let A4 (x| 6()), E (x| 6(2)), B (x| 6(r)) denote the incident classical fields. These fields interact with the second
quantized phonon lattice thereby generating a quantum noisy electromagnetic field having the form
Exit.r) = [Kp(t o r)A (7, ‘ o) ® Wit r))d’r .
B\(t,r) = j Loty 1 ry A (7, ‘ 0(0) ® W, rz))d3ryd3rz,
Specifically, the mechanism behind these formulas is along the following lines: The initial positions and
momenta of the phonon lattice atoms is (Q(0), P(0)). These are Heisenberg operators in a phonon bath

Hilbert space. Their dynamics under the incident classical field without taking into account the mutual

electromagnetic interactions between the phonons, is given by
0(t) = (Ze/ MYE (t, Q) + O, (1) x B (t, O(1)))
0,(t) = (Py(0) + Ze. A (1, Q1)) M

k=1,2,...,N with initial conditions Q,(0), P,(0). Linearizing these equations around 0(0), P(0) gives us the
solutions for dQ(1),Q (1), 0P(r) as linear functionals of E (s, 0,(0)), B (s, 0,(0)),s < 1,k=1,2,...,N. More
generally, if we take into account mutual electromagnetic interactions between the phonons, the

equations of motion would have the form
Q;(t) = (Ze/ M)(E (t, O\ (D) + Q,;(t) X B (t, Q1) + F(Q(), Q' (1))
Ql;(t) = (Pyt) + Ze. A (t, Q1) M
The unperturbed equations of the phonon lattice are thus,
0,1 = F(Q, 0 (1)

and we denote the solution to this by
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Oso(0). Q4

Now perturb around (), Q(;(t) to get linearized equations for 6Q(z), 6Q () which can be solved when the
incident fields are weak, to give 5Q(¢) as linear functions of £ (s, Qy(s) | 6(s)), B(s, Q(s) | 6(s)), s < ¢. Finally, we
write Q(r) = 0,(0) + W(r) with W(r) as quantum noise and expand the solutions upto linear orders in W to
obtain the above form for £,, B, using standard electrodynamic formulas for fields scattered by charged
phonon particles. When the size ~ of the lattice is large, 0(), P,(¢) execute quantum Brownian motions as
result of mutual interactions and the origin of the quantum noise term () is from here. The scattered
quantum noisy fields £,, B, interact bilinearly with the signal quantum field £ B, to yield the quantum

noise perturbation Hamiltonian as
Hy = () @B (t,1), Ex(t, 1)) + (B (8, 1), Bpft, r ),
and this can be expressed in the form

Hy = Y [L(00). dA(0)/di + L(00)) * . dA (6) * /]
k

where the Lindblad operator £,(4(») is bilinear in (c(m), c¢(m) *)and 4., r, |6()), r, € R?. Note that £, B are
quantum noisy fields parameterized by the classical parameters 6(¢) as explained above because 4., E_, B,

are parametrized by 6() and Qu(¢)'s satisfy differential equations driven by E_ B.. In short, the
unperturbed solutions for the 0 lés are functions of quantum noise and the perturbed solutions therefore
incorporate this quantum noise as well as the classical parameters. Now, we can formulate using this
quantum noisy Hamiltonian, the Hudson-Parthasarathy noisy Schrodinger equation after adding
quantum Ito correction terms to guarantee joint unitary evolution of the system and bath and then using
the extended Belavkin filter, estimate the evolving quantum state of the system as well as the classical
parameter on a real time basis given non-demolition measurements and once the parameter estimate is
known, we can apply a feedback control Hamiltonian to mitigatge the noise effects. Specifically, given the
parameter estimate at time #, we can apply a counter classical em field by substituting this parameter
estimate into the expression for the classical field but with a negative sign and hence generate an
estimated counter interaction Hamiltonian by causing this estimated classical field to interact with the
propagating quantum em field and thus significantly mitigate the bilinear interaction Hamiltonian

between the quantum and classical fields.
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6. Weyl-Moyal-Wigner transform of the Belavkin quantum filter
equation
The Belavkin filter is a stochastic Schrodinger equation of the form

dp(t) = Y A, (p(1)B(D)dr + > (Tr(p(t)Cl)"(1)...Tr(p(t)Cm)"(m)Dt‘n(1)’_“ () 4V
k

n(l),...,n(m)>0,s>1
where 4,1, B(1),C,, ..., C,,, D(t|n(1), ...,n(m),s) are system space matrices while Vr'ns are classical
independent zero mean Levy processes. This equation can be regarded as a classical matrix stochastic
differential equation. We have earlier, defined the operator L,(X, Y) for two operators (system space

matrices) as

Ly(X. Y) = exp((ih/2)(Vy. vg - V)Q(v. 40)

acting on X,Y,(0,P") and proved that this equals (XY),(Q’, P"). For brevity of notation, we shall write
X(Q', P for the Wigner transform X,(Q ', P') of the operator X. Taking the Wigner transform of the above

Belavkin filter equation then gives us

op(t, ', Py = D Li(dp, OYL (A, p)A(t, 0, P Yo, 0, P )C(t, 0, P)))
k

plus terms involving the Levy processes. Now, we observe that with X(0",0)= <0"|X|Q0 >, we have

that
X, ©.P)=c jX(Q’ +¢/2,0" —q/2)exp(iP’. q/ h)dgq
and so
[XQ',P)dQ'dP" = [X(©' +q/2,0" ~q/2)0(q)dqdQ" = [X(Q',0)dQ" = Tr(X)
Therefore,

Tr(p(nC) = J‘(p(t)Ql(Q',P')dQ'dP' = th(p, Opy(Q,P)C(Q", P)dQ dP’
= [py(@".P)Cy(Q". P)dQ dP'
because for any function 7(Q', P"), we have
jvx,,vg —vg,.v;,)(F(Q ,P')d0'dP’ =0
This gives us finally the Wigner transformed Belavkin filter equation:

atp(ts Q':P’): th(Ap’ C)(Lh(A:p)(Ak(t7 Q’apl)p(t: Q’yP’))C(ta Q"P’)))
k
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n(k)

+ > " (o, 0", P, PHao'aP """ D, @', P |n(1), ..., n(m), s)dV (o)

n(l),...,n(m),s

We can expand this equation in powers of Planck’s constant / and observe that the zeroth order term is
the classical Fujisaki-Kushner-Kallianpur filter with p(s, 0", P') interpreted as the probability density of
(0@, P(1)) assuming commutativity. It should however be noted that the complex function p(z, 0, P) is

not a probability density, its marginals, however, are the probability densities of O(¢) and P(¢).

7. Boson-Fermion noise in quantum systems

Here, we give a quantum field theoretic description of how quantum noise can arise in physical theories.

Ly is an odd system operator for o(a, b) = 1(mod2) and it is an even operator for o(a, b) = 0(mod2). Here,

a(a, b) = o(a) + o(b) Where a, b = 0, 1, ..., N. Supersymmetric quantum noise processes [3) are defined by
déi(n) = G(t)”(”’h)dAZ(t)

where

N
GO =DM A= Y A

c=r+l

and 6(a)=0,a=0,1,...,r, o(@)=1 for a=r+1,...,N. It follows that o(a, b)) =0 modulo 2 when either
0<ab<rorelser+1<ab<Nwhileo(a b)=1wheneitherO<a<rr+1<bhb<NOrr+1<a<NO<b<r.

The HP gsde is given by
du(e) = (LYdE20)U(e)

where Ljd&(n) =L, ® d&(r) with ® being the 7, graded tensor product between system and noise
operators. This means that for example if  is a system operator and  a noise operator of define parities,

then

L®X=pLpX)X ® L,p(L) = (-1)°E), p(w) = (=1)7")

so that we have
Cex*=x*eoL*=pLpXL* ® x*
Note that
a(&y) = ola, b)

and hence LZd{i is always a Bosonic operator since Ly and ¢ have the same parities, namely o(a, b).
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Example: Consider the second quantized Schrodinger wave field y(x),x = (,) in the presence of an

electromagnetic field
A(t,r) = At 1)+ dW(e, ) dt, At 1) = Ao (t, ) + dW (2, 7/ dt
where 4, 4, are classical fields while , ,, are quantum Bosonic noise fields. The Lagrangian density is
LGy, y*,0) = w*(i0, - (—IV + ed)*/2m + ed )y
y is taken as the canonical position field with its corresponding momentum field given by
P=0L/00y =iy *
Hence, the Hamiltonian density is
H=Poy—L=y*[(~iV+ed)?/2m— edgly = —iP[(~iV + ed)*/2m — ed )y
as expected. The Hamiltonian equations are
Ay = OH/OP = —i[(—iIV + ed)*/2m — ed |y
and its complex conjugate. So the first quantized unitary evolution equation is

dU(t) = —il((p + ed)?/2m — ed)dt + (e2/ 2m)(dW df)*dt +

(e/2m)(dW/dt,p + ed) + (p + ed , dW/dD)dt — edW JU()
where p = —iV is the first quantized momentum operator. Now, we write

_7a b — pAga,2b
dw = Lbddfa, aw, = Mhdcfa

so that
(@? = Lydeg. Ligeg = pL). PENLYL e,
= (- 1)7te-Da@b) (1 )i
and hence,
(W) di)?de = (~1)7(¢-Do(@-b) (L eL)de! i = F(t, r)de (o) dt
where

Fit,r) = (-1 Dolab) g e)s

We write dr~A~! and redefine F¢ as ¢?F/2mA and and then obtain the noisy Schrodinger evolution

equation as

dU() = ~il(((p + eA )2/2m — ed g )dt + FLdEl(t) + (e/2m) (LY, p + ed ) + (p + e, L)) — eMDdE (0] U(0)
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Note: The approximation of replacing d: by A in the term (e2/2m)(dW)?/dt can be justified because e?/2m is
very small and hence ¢?/2m. dr can be assumed to be a finite quantity as compared with the O(e) terms.

Writing therefore
Oy = Fy+(e/2m)(Ly,p+edo) + (p + ed,, Ly) — eM,)

and

Hy(t) = (p+ ed (t, 1)1 2m — ed (8, ),
it follows that U(y) satisfies the following Hudson-Parthasarathy gsde:

dU(t) = —iTH(0)dt + QDdE (D). U(0)
or equivalently,
du(e) = PYOE(0. UG
where
PZ(z) = —iH (00 ;6000 ~ iQZ(t)

Note that P}(?) is a system operator having the parity o(a, b)

8. Some remarks regarding Z2-grading of system and noise

operator S
Taking into account the Z, grading of system operators as well as of the noise operators, we have the
supersymmetric HPQSDE
dU(t) = LYdE(0). U(r)
where both LZ and &, have the z,-grading o(a, b). So

dj{X) = d(UQt) * XU(1)) =
dU(t) * XU(t) + U() * XdU(r) + dU(1) * X. dU(f)
= UG *dei(o). (L% ™ XUG) + U * XL D UG) + U * deioL?) ™ XL Ut
= (1)@ gy * (18 * XU@AE D) + UG * XLV 1)
+(- )7 (@) Foled) gy * (b * XL, UG, ) =

(17 @D Gy * (L) *XU(t)d§Z(t) + U * XLAU)dE (1)
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+(= 17D gy * by ¥ XL UG,

= j (LX)
where
¢Z(X) _ (_1)(7(a,b)(7(X)(Ls) *X+XLZ + (=170 xr(a,b)(LZ) *XLZE:;I
E(dj(X). dY (0™ | () =
E( (@100)dED(0). j (MSm)dEi(t) | n () =
= (hrtab)-ole-DgGnrtaD ¢g(X>M;(m)>eﬁud(t);a(t>dz
Form > 1,

E(dz (X). dY (0™ | n,(2)) =

E(Gy, (Y (0™ | (D) = G Xym Mk + m))uy(Dyu ()t

Here, we do not see the presence of the grading effect. Note that the output measurement noise Y,(¢) is
always Bosonic, because it is a superposition of Bosonic quantum Brownian noise Bosonic Poisson noise
and Fermionic counting noise. Fermionic quantum Brownian noise is not included in the measurement

because it would destroy the non-demolition property.

9. Quantum noise in filtering theory for quantum fields

Consider the field Lagrangian

L(¢(x), ¢ ,(x), W(x) = Lo(@(x), @ () + Ly, () 7H(x)
where L, is the unperturbed Lagrangian density of the quantum field ¢ and the second term is the noisy
perturbation. ##(x) are quantum noise fields. The Euler-Lagrange equations are

oL, oL, oL,
a — =
“og (x)  0p)  0g)

W ()

For example, suppose
Lo(@()), ¢ ,(x) = (112 ()4, (P() P \(x) = V(P(x))
Then the equations of motion are

A DP )~ (112 A, (DD, + V() =L (W

which can be expanded as
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A D o+ A, (DP 4P~ (DA (DD b+ V' ()~ L, (S
or equivalently,
A0 (PP 0+ T (DD &+ V (P~ L (HW" =0
where
L@ =4,(9) = (124, (9)
We now look at the Hamiltonian formulation of this noisy field theory: ¢(x) is the canonical position field
and its corresponding canonical momentum field is
P(x) = LI o= OLy/0¢ o=
Ao (D)P = Ag(DP o+ A (DD
S0
b .0=A0(P) '[P~ A (D) ]
and hence, the Legendre transformation gives the Hamiltonian density as
H=Pp  —L= (1/2)[Aoo(¢)¢?o + A, (D @ I+ @)~ Ly (P
= (1/2400(@))- (P~ Ao (D) ) + (1A, ($)P & s+ V(@) — Ly ()"
=HyP, ¢, V)~ L, (P
where %, the unperturbed Hamiltonian, is given by lo]
Hy =
(P~ 40D )7 2400(D) + (11 DA, (D) P+ )
= (P-a(@)VE) 12ay(¢) + (1/2)VHTABVY + V($)
with

1<r,s<3

a(¢) = (4 0,(¢)))i: v ay(@) = 4g(P), A(P) = ((4,($)))

More generally, we can consider a situation in which L, = L, (¢, V¢) depends on ¢,V¢ = (¢ ,) and in that

case the equations of motion are

oL, oL, oL

, lu
0 - V(P —/ W
/‘6¢‘ﬂ a¢ (¢) a¢
6L1ﬂ
+6r[a¢ w1 =0
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Note that the time derivative of the noise #* does not appear anywhere. Therefore, we can assume #* to
be a white Gaussian or white Poisson or more generally, a white Levy noise field. When L, has the special
form suggested above, the Hamiltonian density, in this case, has the same form as above with , u being a
function of ¢, ¢ ,. Let us now look at the Feynman path integral method to this Lagrgangian

density/Hamiltonian density for calculating the evolution of the wave function: Define the noisy kernel
K(T, ¢(T)|0, $(0). W) = [exp(i . (0. 1y Lo( D). b (Dt +
iij [(),T]Lm(‘p(x): ¢,r(x))W"(x)d4x)D¢(D x (0, 7))

Then modulo a multiplicative constant, this kernel describes the correct Schrodinger evolution of the
wave functional of the field ¢. Here, D is the spatial region, usually, a connected open subset of R3, where

the field is defined.
Schrodinger’s equation for the wave functional can be expressed as
i0y(t, ) = (JH(¢(V), V@), ~id15Q(r) | W(t, 7), VIV, PPt $)
which in the above mentioned special case, assumes the form
i0y(t, ¢) = [I [@0/0¢(r) + a(P(r) TV¢(F))2/ 2ay(¢(r))

+(1/2)(VHr) APV IE) + TSN rIut, )
[ L1, (B0, VNI (t, ) rle, )

Defining the noise field
t
VAL ) = [ s, rds
and adding an Ito correction term to ensure unitarity of the evolution, this equation can be expressed as a
stochastic partial differential equation:
N 2
dy(t, §) = — il f [0/ 5¢(r) + a(p(r) 'V )"/ 2ao(P(r))

+(1/2)(VPr) APV () + V(@) Iy, )t
[ L), (90), VNIV (t, NPy, §)

~(U2)[ Ly, (90, VG0 L (P ), Vi NV (2, 7). dV* (2, r Ydrdr Tyt §)
For example, if
V(e ) = BU(t ) + [ NG, ds)

with B# a Brownian field and N a Poisson field, so that
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avie, r). dv, 'y = %dt. 83— ') + f 4, )G, 5)dN(L, ds),
the Ito correction term simplifies to
JL1, (B0 V). Ly (B ). VG NV (e, r). aV (o, YdPrd' =

dif (YL (Br), V() dr +
u

[, L), VI Ly (B0 ), Y0 W, ), )dNG, ds)drdr " =
dt | Ly, V) 12+ [ <f..5), L (V) >2dN(, ds)

where

I2(B VP2 = [(X Ly, (), V)

o

and
<9, Ly(9.VP) >= [, 9L, (), V()
In deriving this, we have used Ito’s formula for space-time Brownian and Poisson fields in the form
dB"(t,r). dB"(t,r") = dt. 83 — 1)
and

dAN(t, ds). AN(t, ds ") = O dAN(¢, ds)

10. How to add quantum noise to a supersymmetric field theory

First consider the case of quantum electrodynamics, ie, a cavity enclosing photons, electrons and
positrons. There are two quantum fields here, one, the Maxwell photon four potential field 4 (%) and two,

the Dirac electron-positron wave field y(x). The total Lagrangian density for these two fields is

L = (= VA)F,,)F(x) + p(x) * [a". (0, + ed (x)) = fm]y(x)

uy
where

Frp=dy =4,

is the electromagnetic antisymmetric field tensor. We can add noise to this in two ways: One add a noisy
electromagnetic field 4 ,,(x) to the interaction term between the Dirac current and the Maxwell photon, ie,
modify the interaction term ey(x) * ay(x)4,,(x) to ey(x) * a"y(x)(4,(x) + 4, (x)). This can be done by inserting
a laser into the cavity. Two, by inserting a wire carrying noisy current 4, into the cavity, the total current

density becomes —ey(x) * ay(x) + Jix) and the interaction term gets modified from ey(x) * ()4 4x) to
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(ew(x) * aty(x) — S04 ). We note that both the two kinds of noises that we have added, namely 4 Ni and
Jy, are noisy Bosonic fields. The question therefore is how to add a noisy Fermionic field to the interaction
? The clue is provided by supergravity wherein, we have a metric superfield #*(x, §) comprising gravitons,
gravitinos and auxiliary fields, and a current superfield ® (%) that is derived from Chiral matter
superfields ®(x, ). The interaction Lagrangian density between gravity and matter in supergravity

theories (See Steven Weinberg, ”The quantum theory of fields vol.III”) is given by
Z = | g~ 4
(1o, [re,. a*
and the interaction action is of course
4 _ 4. 4
I[H"@M]Dd x = [H'O, d*x. d*)

In weak supergravity theories, this interaction term contains both the energy-momentum/graviton
interaction term [7"Vh #fx as well as the supercurrent-gravitino interaction. Note that both of these
interaction Lagrangians are Bosonic, the former being trivially true and the latter being true because
both the supercurrent and gravitino are Fermionic fields. Now, we can add a noise current super-field ®,,
to the already existing supercurrent ©, , thereby generating the additional noisy interaction action
[ H"@N#d4xd40 and then proceed with setting up the corresponding Hudson-Parthasarathy noisy
Schrodinger equation. Just as we added a random current to the interaction term in quantum
electrodynamics, here we add a random current superfield to the existing interactions in super-gravity.
Now we would also like to add noisy gauge superfields to the interactions existing in supersymmetric
field theories. In a supersymmetric field theory not involving gravity, the matter-gauge interaction is
given by the Lagrangian density [® * exp( — V). ®],, where ¥ = V(x, ), is the gauge superfield and o(x, ) is
the left chiral matter superfield (Steven Weinberg, "The quantum theory of fields vol.III). We add to
v =¥, a noisy gauge superfield v, = V;\’,t ', so that the under this noisy interaction, the matter-gauge

interactions are given by
[@*. exp(— V= Vy). o]
and hence the noise component of this interaction Lagrangian density is given by
[@*. exp(— V= TVy). o]~ [® * . exp(— V). @]
=[@*. (exp(—V— Vy) —exp(—=V)). G>]D

Note that the gauge superfields V, 7, contain only ¢*, k = 2,3, 4 terms, ie, quadratic, cubic and biquadratic

terms in the Grassmannian parameters 6,,m = 1,2,3,4. It can be shown that by using a supergauge
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transformation, any super field can be brought into this form. A superfield in this form is said to be in the

Wess-Zumino gauge.

11. Quantum Boltzmann equation in the Weyl-Moyal-Wigner

transform domain

The one particle quantum Boltzmann equation for a system of ~ identical particles is
p (6) = ~i[Hg, p(0)] = i(N — DTr,[V ® p(t) ® p(t)]

We’ve already noted that the Wigner transform of the product of two observables X, Y is given in terms of

the Wigner transform of the individual operators by the formula
(@10, P)) = Ly, DX Y )(Q |, P)
where
LX,Y) = exp((ih/Z)(Vgr. v —vj,fr.vgr))(xl(g',P’). Y0, P)
Equivalently, denoting the classical Poisson bracket opeartor by P(¥, ¥), we have
PN V) = (Vi Vi =V V)X V)@ P)
=V X Vp ¥ =V ¥V VprX) = (X}, Y }}
and we can write
(XY); = exp((ih/ 2)P(X, )X, Y,)
and hence,

[X, Y], = (X¥), = (YX), = 2i.sin((h/ 2YPCX, D)X, Y)) = hiX), Y1} + O(h?) =

WP(X, Y)(X,Y,) + O(h*)
Also ¥ is a two particle multiplication operator:
<0,0,|V10,.0,> = VQ,.0,).80, - 0)). 80, — 0p) = NQ,.05: 0,.0,)
and hence its Wigner transform is
Q.. 0, PP =[O +4,/2,0,+4,/2:0] —q./2,0, ~ q,/2)exp(i(P,.q, /h+P,.q,/h)dg..dq,
= [VQ, +4,/2,0; + 4,/2)0(q,). Ag)expli(P . q,/h + P).q,/1)dq,. dq,

= 10,.0,)
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ie the Wigner transform of this two particle potential is independent of the momenta. We have also

observed that for two operators X, ¥,
XY = [X,Q'.P)Y,(Q". P))dQ dP’

and hence

’

(TrlV, p(0) ® p(0)]) (O, Py) = 21 sin((h] PV, p @ pIV1(Qy, O, Py, Py). pi(t, O, P)p1(1 O3 Po)IAO,dP,

= 2i[sin((h12YP(V. p @ P)IV (2}, Q)0 1(t, Q1. P )p\(t, Oy PIAQ P,
Note that

—vgV. . yr®r, _ygr®r. g’ .
PUp@p)=Vo o0V b =5l Vpr pr
= vV v, P, P,

(VQ] + sz)' (VPI +VP2)
_ (9P, P, v, v,
(VQ1 + sz)' (VPl +VP2)

=vY, vyr. v, R/ vV v ,
le'vPlJerz'vPQ VQI.VP1 VQZ.VP

2

— (v’ v, P, P,
(VQ1+VQ2), (VP1+VP2)

— gL, , .
= Vo Vi + V.. Vp,

where in the penultimate step, we have used the fact that 7, is independent of Pl', Pz'. The integral of the

gradient wrt P2' over Pz' cancels out in the above evaluation of the partial trace using the Wigner

transform and we get the O(k) approximation as
(TrlV.p(0) ® p(O]) (O, P)) =
2i[sin((h/ 2YP(V, p ® PV (0}, 0))p (1, O, P)py (2 O, P)IdO P,
= ih[P(V.p ® p)V1(Q;, Q7)o (t, Q1. Py)py(t, Oy Py)IdQ,dP, + O(R)
= (V- V). V1(Q,. Q8. 01, P (1, Oy, PIQ Py + OGF)
= ih[[(V:V1(Q;, 0). (Vpipi( Oy, P )1 (2, 0,)d0, + O(h)
where

1t 0) = [p(t, 03, P,)dP,

is the single particle probability density of the position of one particle at time «. In fact, it is now easy to

see that we have the following exact formula:

(TrylV, pl0) ® p(O]) (2, P))
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= 20[sin((h12)(Vy . Vo )V1(Qy 0p1(t, Oy, PP (1, 0)d0,

= ZiZ ((h/2)2" 1/ 2n+ 1)) (— ])”J.(vg“ v,},a’)znﬂ

n>0

V(0> 0P (1,0, P ). py(t, 0,)dO,

=202 (127 10+ )Y D IV 9 ©27 1405, 01 TV ) 027 101 (1, 01, P )L p 1, Q)0

n>0

=2i) (h/2)¥ 1/ @2n+ DHEDV) e 1([¥,(0;, 0))p(t, 0))d0)] T[(Vpl') et (1,0, P))]

n>0
12. Weyl-Moyal-Wigner domain representation of the Hudson-

Parthasarathy noisy Schrodinger-Heisenberg equation

12.1. Gisin-Percival stochastic Schrodinger equation from HPQSDE
The differential equation (gsde) for the unitary evolution operator U(y) is given by
dU(1) = L0, PYAN"(0). U(0)

This leads immediately to the Evans-Hudson flow also called the quantum noisy Heisenberg equation for

an initial system observable X:
dj(X) = j(S3(0)dA(D
where j, is the quantum noisy Heisenberg evolution of a system observable:
JAX) = U@ * XU()
In particular, if we assume that the joint state of the system and bath is pure and is given by
lp(t,u)> ® |e(w) > <e@)| =UDO(p0,u)> ® |e(u)>)
where « is a coherent parameter, then

dlly(t,u)> ® |e(w)>] =

(LY, P) | y(t,u) > ) ® dA"(D)] e(w) >
and since
dAz(t)\e(u) > = (dA ) ¥ dAy(0)/di) | e(u) > = uy(0). dA (O * | e(u) >
= up(O(dA (O * + dA (0) — u (Ddr) | e(u) > = uy()(dB (1) — u (1)d0) | e(u) >
where

_ * _
B =A% +4,0,1>0,a=1,2,..,N
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are commutative independent classical Brownian motions with respective drifts If)ua(s)ds, our HPQSDE
simplifies to
d|y(t, u) >= uy(t)(dB () = u ()AL (O, P)) | w(t, u) >

Note that in this expression, it is to be understood that

Ayt =4 * =1t
so that

By(1) =2t

and hence, since u(?) = 1,

dB(f) — ug(t)dt = dt
Thus, we can express the above equation s

d|y(t,u) >= [Lg(Q, P)dt + 0(a = Vuy()(dB () — u a(t)dt)LZ(Q, P)]|w(t, u) >

We note that fora > 1,

V(1) = B(0) = [ (s)ds

a=1,2,..., N are independent, classical commutative standard Brownian motion processes (without drift)
in the coherent state |e(x) > and it terms of these processes, we can write the above differential equation

as
d|y(t, u) >= [Lg(Q, P)dt + 0(a = Duy(t)dV (DL (O, P)] | y(t,u) >

The general solution for the mixed state of system and bath is then given by a path integral expression of

the form

P :I(IW(I, u)> <ytu)| ® |e(u) > < e(u)| Yu, u)DuDu

:.[(W(” u)> ® le(w) >). (<t )| ® < e(u)|fu, u)Du. Du

Remark: If we regard system space operators, ie, functions of Q, P only not involving noise as matrices,
then the above differential equation can be interpreted as classical matrix stochastic differential

equations driven by a classical commutative standard Brownian motion vector processes
o =11, ..., Va0l

and this equation has the form
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N
dx(t) = [Co(t)dt + Z CrdV i (H]x(5)
k=1

This equation takes into account the fact that the operators L}(Q, P) can in general, depend explicitly on ¢,
ie, L}(s, 0, P). The matrix C(7) represents the operator Lg(z, 0, P) while the matrix C,(¢) represents the

operator Y, uy(La(t, 0, P)fora = 1,2, ..., N.

Remark: In the literature, the above classical matrix stochastic differential equation derived from the
HPQSDE when the bath is always in a fixed coherent state is known as the Gisin-Percival equation and
also termed as a stochastic Schrodinger equation. The Belavkin filter equation is another example of a
stochastic Schrodinger equation. When noise in the Schrodinger equation is classical, the equation is
generally termed as a stochastic Schrodinger equation in contrast to the HPQSDE whijch is a quantum

noisy Schrodinger equation, by quantum noisy, it is understood that the noise is non-commutative.

12.2. Weyl-Moyal-Wigner transform of the HP quantum noisy Heisenberg equation

The quantum noisy Heisenberg gsde for an observable X are generally described by an Evans-Hudson

flow of the form:
dj(X) = j (050N (r)

where 6 are the structure maps acting on the space of system observables linearly. This equation can be

put into the form
dX() = O3 (X)(OdA()
where we write X(¢) for j(X). In the position space-representation for system operators, this as the form
X, 0", 0" = 0501, 0. 0"dA ()
and taking the Wigner-transform of this equation, we get
X6, Q' P") = 05,6, Q. PYaN(r)
We can express the structure maps as
UX) = Y A(k, a, b)XB(k, a, b)
k
where A(k, a, b), B(k, a, b) are system operators. We thus have from the algebra homomorphism property of

th3emap,,

J05() = DAk, a, b)) (X)i (B(k, a, b))
k
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which can be expressed as

gL = D At k, a, XOB(1, k, a, b)
k

Note that for any system operator X, X(¢) = j (X) belongs the algebra £L(h ® I (M) of linear operators on the
tensor product of the system Hilbert space h and the Boson Fock space upto time ¢ In short, such an
operator can be expressed as a functional of X and of the noise processes AZ(s), s<tab=0,1,..., Nupto
time ¢ It will be linear in X but highly nonlinear in the noise processes. Application of the Wigner

transform to this equation gives
050,10, P) = D exp((ih/2)P(AX, BY(A,(t, O, P, k, a, b).
k
x exp((ih/2)P(X, B)(X,(1, 0", P )B,(1, 0", P, k, a, b))
where
P(X, Y) = exp((ih/ 2)(Vy. vgr - v)Q(v. Vi)
Note that we can express

exp((ih/2)P(X, Y)) = Z ((ih/z)"+'”/n!m!)(—1)M[(V§@")T.(v3)®”.(V)Qf@m)T. (v;,)@’m]

n,m=>0

so that specifically, we have
exp((ih/ 2)P(X, V)X (Q', P)Y((Q', P)) =

Y (@R (= DM 2@ P (V@ P ). (VEX (' P (T 2@ P

n,m=0

13. Appendix 1. Feynman path integral approach to the Hudson-

Parthasarathy noisy Schrodinger equation

The coherent state parameter at time ¢ is given by
U= Wls) o
The HPS equation is
dU(r) = (L4, 0, PYAAL (). U(1)

We are assuming here that the system space is defined by n canonical position operators Q and »
canonical momentum operators P satisfying the canonical commutation relations. The system space

operators ; are time dependent functions of these canonical position and momentum operators and
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Ay(n are the usual quantum noise processes of the Hudson-Parthasarathy theory. Quantum Ito
corrections are used to ensure that the LZs are constrained so that U(#) is unitary for all « The

infinitesimal unitary evolution of the system and bath during the time interval (z, ¢ + df) is given by

UGt t+df) = Ut + dr). U®) ™' = (UQ) + dU). U) ™" = 1 +dU). U ™!

=1+ L1, 0, PYIN (1)

The matrix elements of this infinitesimal evolution in position-coherent state representation are given
by
< Q@ +dn), Plu, ;)| Ut ¢+ dn) | O1), Plu,) >
= <Qt+dh), Plu,g) |1+ Ly(t, O, P)dAZ(t) [0, p(u,) >

=< Ot +di), Plu,, 4) | O0), Plu) > +I <Qt+dh), Plu,, 4) | P(0), P(v)) > dP(t)dv,
< P(), $) | Li(t, O, PYAN(0) | O(t), u, >
where we have made use of the Glauber-Sudarshan non-orthogonal resolution of the identity
[1¢) > dv, < ¢v)| =1
It should be noted that | ¢(u) > are normalized coherent pure states in the Boson Fock space, ie,
| pu) > = exp(— |u]*/2)| e(u) >
where
ul? = [ lut) | *ds
and
<ew)|e(v)> =exo( <u|v>), <ul|v> =I;° <u(t)| W) > dt

Assuming now that the P's are to the left of all the Qs in the operator Lyt O, P), it follows from the above

that
< O+ di), o )| UL 1+ )| Q0. Blay) >
= <O+ dD, Pl ) | PO), Plv) > dPOv, < P(), Pl | ), Pl > +
[ <0+ dn. dlu,. 4) |PO. $lv) > APy, < PO, $v) L1, 0. PN (D| O1), ) >

:J < Py g) | B0 >< B | Pluy) > . exp(iP(1). (Ot + dt) = O(1))).

[T+ LZ(!, O, P(O)u 4 (v, (Hdldv dP(1)
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Now observe that
< Py gl PO >< Pv) | Pluy) >=

:exp(*\uﬁdt|2/2* ‘Vt‘2, |ut|2/2+ <ut+dt‘vt> + <vt‘ut>)

=exp(—|ut|2— \vt\z—Re<u; ut>dt+2Re<ut‘v > + <u;

t

v, > df)

:exp(f|ut*vt|2*(Re<ut, *vt>*i1m<u;

u

, v, > )dr)

Hence, we get

<Ot +db), Pluy, 4) | U, ¢+ db)| O), Ppu,) >
= [exp(iP(t). © (1)t + Lit, Q(0), P00}y ()t + (— Re < u, u,— v, > +ilm < u |v,> )di).

exp(— |u, = v,| *)dv dP(1)

From this expression, by comoosing the amplitudes with intermediate integrations, we immediately

deduce the quantum stochastic generalization of the Feynman path integral formula:

< OT), Plup) [ UMD 00), Plug) > =

jexp(jg[iP(t). 0'(6)+ LI, O(t), POYu i)y, () + (— Re <, |u,— v, > +ilm < u |v, > )1d0).

< exp(= Y [u, = v,|)Du o 1DV o 71PQ(0, HDPIO, T]
t<T

14. Entropy rate computation for the stochastic Schrodinger

equation driven by Levy differential processes

14.1. An algorithm for computing the perturbation in the logarithm of a matrix based on

differentials of the matrix exponential

This stochastic Schrodinger equation appears in quantum stochastic filtering theory, ie, the Belavkin

filter. The evolution of the filtered state p(¢) has the form

dp(t) = Folp(t) + 2 Gp()dV (1)
k

where V];s are joint zero mean Levy processes. From generalized Ito formula we have

E@Vy (t1)--dVi (1)) = 0(t1s oo tyn(kys . )t
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where d(¢,, ..., #,) equals one if 7, = ... = ¢, and zero otherwise. The aim is to calculate the rate of change of
the entropy m
8(t) = = ETr(p(0). In(p())) = — Tr(E(p(2). In(p(1))))
We calculate
d(p. In(p)) = dp. In(p) + p. din(p) + dp. din(p)

Now, we can write using the formula for the differential of the exponential map

d.In(p) = In(p +dp) ~In(p) = D X, | ((p)dp. X, 5 p).dp....dp. X, .\ (p)

n>1,k>1

where the X,(p)’s are matrix valued nonlinear functions of . In fact, to arrive at such an expansion, we

apply the following method: Let

In(4 + tB) = Z(1)

Then

A+ 1B = exp(Z(1))
so that

B = (4 + B). glad(Z())(Z (1))
Z'(1) = gladz() (4 + 1B)"'B) = gladZ))(1 + 14”'B) '47'B)
Here,
g() = (1 - exp(-2))/z
2@ ' =z/(1 - exp(-2) = Y, e(n)z", ¢(0) = 1
n>0
Writing
An= Y.z,

n>0

we derive by substituting this into the above differential equation,

Ytz = > 1)e(my* -kt mad(Z, )...ad(Z, (4™ 13"
n>0 n>0,m>0,ky, ... ,k,>0
from which, we arrive at the recursion (on equating coefficients of /* on both sides)
n+DZ ., = (ad(Z, )...adZ, (A'B)" ), n =0
n+1 Ky k,:

roky, . k,m=0,r+k + ..tk +m=n

This equation can be used to recursively compute Z,, n = 1, 2, ... with of course
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Zy = In(4)
In particular, we see that

Z,=4"'B
We apply this formula to the equation

din(p) = In(p + dp) — In(p) = Y, Z,(p, dp)

n>1
with 4=p,B=dp,t=1. We find that the recursion implies that Z (p,dp) is a homogeneous matrix

polynomial of degree » in dp and hence can be expressed as

Z(pdp) = 2 Xy g 0 dp- X,y 5 4 P)edp X,y iy ()

n,k>1

Then,
E(dp. In(p)) = dt. E(Fy(p). In(p)),
E(p. din(p)) = Y E(p. Z,(p, dp)) =
n>2
dr. z E(p Xn,l,k(p)Gml(p)' Xn,Z,k(p)sz(p)~~-Xn,n,k(p)Gmn(p)'Xn,rHrl,k(p))/un(mla "'5mn)

n=2,k=1,my,...,m,>1

and finally,
E(dp. din(p)) =
dr. ) (G, (0)- X, 1 (PG (9)- X,y 5 4(P)G oy (0)--: X,y ()G, (9)-X, iy 4(P))
n=1,k=1,my,my, ...,m,>1

x Iun(mo’ m]a AR m”)
14.2. Accurate computation of the rate of entropy change for the Belavkin quantum filter

dp(t) = (e, p(0) + 2 G (1, p0))dN ()
k

where N /;s are ,-martingales. Specifically, the measurement process is
Y () = U@ * Y()U@0), Y{(0) = cla, )A}(D)
du(t) = (LZdAZ(t))U(t)
4 (1) = j (M)A ()
dY (0" = j (My[m)dA (D), m = 1

dp(t) = 0. p(@) + Y, G, (2. pe)Y ,(0)"

m=>1
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E(dY ()" |no(1) = mMy[m])uy(t)ug(D)dt = Trip(OMylm]uy()u(Ddt, ug(®) = 1

Thus,

dN,,,(6) = dY ()" = Tr(p(OMy[mDuy(u ()dt, m > 1
defines a sequence of 4 -Martingales N, m = 1,2, .... For any matrix valued function F of a matrix,

dF(p) = Flp + dp) = F(p)

szml(p)dp~ Xigm2(p)- dp...dp. X +1(0)
1 k

= 2 X0 dp. X1 (D) D D X1 (0)p. Xpp)- dp....dp. Xy +1(p)
k

m>2 k

= 2 X0 00). X ()t + D Y X (DG (0): Kyop)- G (0)--Gy (9)- Xy 1)
k

m=1,1,, ..., 1, k

X dYo(t)ll+ +lm

Thus,

E(dF(p(1)

1,0) = 2 X;11(0). 0p). Xy, (p)dt
k

Y XX 0) Xyslp): Gpp)---Gy (0 Xy (PIEWY (01 | (1)

m=1,1y,...,1, k

or equivalently,

E(dF(p(1)

1,0) = 2 Xy11(t, p). 6p). Xy (p)dt
k

Y X Xm0)G) () Xiap). Gt p)--Gy (1) K1)

m21,0y, 0,k

X Tr(p. MY[Ly + ... + 1, Duy(eu (Ot

Note that we could recast the filter equation as

dp(t) = (0, p(0) + X, G, (&, pOYTHp(OMiIm (O (D)t + 3, G, (&, p(1)). dN, (1)

m=1 m=1

In the special case when the bath is in a vacuum coherent state, this simplifies to

dp(t) = (01, () + Tr{pOMOmN)dt + Y, G,,(t. p()). dN,, (1

m>1

where

dN,,(1) = dY ()" = Tr(p(OM{[m])dt
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and the above formula for the conditional expectation of the differential of a function of the filtered state

also simplifies to

E(dF(p(1))

1y0) = 2 X116, p). 0(p). Xy (p)dlt
k

Y 2 X)G () Xiyop): G (b p)- .Gy (6 P)- Xy () Tr(p. MO[m)dt

m=1,1y,...,0, k

We’ve seen that

dp = (Ot p) + 2, Gyt pelt p)de + Y Gyt pXAY = (1. p))al)
k k

where

x4, p) = Tr(p(OMTKDu (0 (1)

We could write this as

dp() = 0,(t, p(0)de + Y, G(t, p(e)dN,(r)
k

where

01(t.p) = 0(t.p) + 2. Gyt Pyl ). Ny(0) = 1Y () = 1G5, p(s)ds
k
with the N /;s being 5 -martingales. We also observe that for p > 2,

E(dNy (0)...dNy (1) | 1,(8)) = B@Y (017 5 (1)

= Tr(p(OMylky + ... &k Duy(Ou (Odt = 7, +i (8 P(0)

15. Appendix 2. Scattering theory in the context of quantum

stochastic differential equations
The unitary evolution is
dU (1) = LidA (1), U, (1), dU (1) = —iH U0yt
The wave operator is given by
Q, =lim, U0 'U,1)

We shall instead study
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Q=lim, , Uyt)" U0
Let
W) = Uy U, (1)
Then,
Q=lim, , W(0)
We now have
dW(t) = Uy(0) " (LA (0) + iHd) U, (1) = Ug() " L3AAL () + iHod) Uy W)

= [LYOdA(0) + iHd ) W (1)

where
L0 = Uy) ™. L. Ug(0)
We write
M) = LiD.a+ b > 1,MY0) = LYo + iH,
Note that

M) = Uy(t) ™ "M% Ug(t), M5 = LY+ iHyd 00,
and then we have that
dW(t) = MYdA (o). W)
yielding thereby
Q= We) = 1+ [ MUDAA 0. W)
Iterating the equation
W) =1+ j;MZ(s)dAi’(s) W(s)
gives us the quantum stochastic Dyson series

— k b(k
M =1+ ZJ.0<t"< <t1<THZ=IMZ%k;(tk)nltz1dAa£k;(tk)dt1"'dtn

n>1

where for operators 4,, k= 1,2, ...

Hﬂ

N Ap= A4, A

We easily find that
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< fe(w) | W(T) | ge(v) >=< e@) | e() > [1 + 2. fooy < <fcr <A My 00 12>
n>1

< (T _ vy ) Gt g 10y ()t ..,

For weak convergence of W(7) as T — w, it is sufficient therefore that for all £, g, u, v,

. k
llmT—moz,f0<zn< <;]<T‘ </l HZZIMZEI{;(%”g > | |HZ:1 [V oy Wt g oy (@) N dltydt, < oo

n>1

and for this, it is in turn sufficient that

. k
lln1T~>ooZ ZJ‘0<t”< <tl<T || HZZI(MZEIX UO(tk))lg >" . |HZ:1 ‘Vb(k)(tk)ua(k)(tk))Idtl'“dtn < oo

n>1n>1

and for this, it is in turn sufficient that for all g, u, v

limp 020 2 focy < cny<r 2 1 s U 1 > supg <yl @) 17 o) 171
n>ln>1 {a(k),b(k)>0,k=1,2, ... ,n}
X df]...dl,l < o
Alternate conditions can be derived for the existence of the wave operator such as:
dW(t) = MDA (). W) = Uy(t) ™ "M U (dA (o)
so that

WD) — 1 = [ U0~ ME U 0dn (o)

which gives

< felw) | D) = 1| ge(v) > = [ < fe(t) | Up(=OM2U, ()| ge(v) > v,,(z);amdz
so that a sufficient condition for #(7) to be weakly convergent as 7 — « is that
ZbJ;’MMzUI(z)\ge(v) > I @I @] de < o0
for all g, u, v. Recall that
My =Lo+iHy, M} =Lia+b>1,ab>0
16. A more general formula for the existence of the wave operator

when both the Hamiltonians are noisy

U,y(t) and U,(y) are both quantum stochastic unitary evolutions on the tensor product of the system and

bath Hilbert space. Both of these satisfy the Hudson-Parthasarathy noisy Schrodinger equation:
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dU0) = LYRAN (OU0), k= 0,1
The wave operator is defined as the limit of
W) = Uyt U, (1)
as + — o whenever it exists 8l. We can write
aw = U, 'dU +dUy . U +dUy . du,
= Uy ldN . Uy + Uy +dUg) "1 = Uy . Uy + (Ug +dUp) 1 = U h. U, =
zJ(;l[alzv1 +((1+dNy) "= 1)+ ((1 +dNy) ' = 1).dN,]. U,
where
dN(1) = LYKdA (1), k = 0,1

because the quantum stochastic evolutions can be expressed in the form

dU(1) = dN(1). Uy(t), k = 0, 1
A condition for the strong limit of W(7) as T — « to exist is thus
j: I AN () + (1 + dNo(@®) " = 1) + (1 + dNo(@) ™" = 1). dN1(0)]. Uy (g e(v) >|| . di < o0
A condition for the weak limit of the same to exist is that
IZOI < fe@) | Ug()) " '[dN1(@) + (1 + dNo(@®) ~" = 1)+ (1 + dNo(0) "' = 1). dN1(0)]. Uy(t)g| e(v) > | . di < o
Using the geometric series

(1 +dNg) ™' =1+ Y (~1)(dNy)"

n>1
and repeated applications of the quantum Ito formula, we can express
dNy(0) + (1 + dNo(@) " = D)+ (1 + dNo(@) ' = 1). dN, (2)
= Pldn’ (o)

where P are system operators built out of the LYk), ¢, d =2 0,k=0,1. Then, the above condition for the

existence of the wave operator gives the following sufficient condition for the weak limit of #(7) to exist:

2 [ IPU gl em) > || V- (o)l de < o0
a,b
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17. Conclusions

In this paper, we have explored some applications of quantum stochastic calculus as originally developed
by RL.Hudson and KR.Parthasarathy and the quantum filter based on this calculus as originally
developed by V.P.Belavkin and perfected by J.Gough and others. The applications explored in this paper
include simultaneous real time state and parameter estimation in noisy quantum systems with further
applications to real time classical-quantum noise mitigation in quantum communcations, development
of a Feynman path integral approach to solving the Hudson-Parthasarathy noisy Schrodinger equation,
using the Weyl-Moyal-Wigner representation of states and observables in terms of complex functions on
classical phase space to deduce similarities between quantum mechanical problems and corresponding
classical problems such as stochastic filtering, Boltzmann equation and noisy Schrodinger equations. We
also discuss herein a problem involving computing the rate of change of the Von-Neumann entropy of a
noisy quantum system after generalized Belavkin filtering and stating potential applications of this to
the computation of the rate of transmission of quantum information in the form of a quantum
electromagnetic field through an optical fibre after mitigation of noise using the Belavkin filter. Finally,
we discuss the important problem of computing the quantum scattering wave operator after deriving
conditions for its existence for a pair of noisy unitary evolutions described by the Hudson-Parthasarathy

noisy Schrodinger equation.
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