A new measure of the tail-heaviness of a probability distribution
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Abstract This technical note proposes a new index for measuring the tail-heaviness of a
probability distribution, named tail-heaviness index. The proposed tail-heaviness index is defined
as the ratio between the right-side uncertainty length of the distribution and that of the standard
exponential distribution. Tail-heaviness indices for four distributions are presented.
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1. Introduction

Tail-heaviness is an important characteristic of a probability distribution. An effective measure of
tail-heaviness is useful to practitioners and researchers when building statistical models and
comparing different distributions.

Kurtosis (or excess kurtosis) is traditionally used as a measure of the tail-heaviness (Brys
et al. 2006, Westfall 2014, Ortega 2017). However, kurtosis has several limitations or drawbacks.
First, there is no agreement on what kurtosis really measures (Brys et al. 2006). Second, the
kurtosis of some well-known heavy-tailed distributions (such as Pareto and Cauchy distributions)
does not exist. Third, kurtosis is very sensitive to outliers in the data (Brys et al. 2006).

A number of studies have proposed different measures to quantify the tail-heaviness of
probability distributions. Schuster (1984) used the right-tail exponent measure to classify
distributions into three classes: short- medium-, and long-tailed. Brys et al. (2006) proposed
several tail weight measures based on robust measures of skewness. They considered left and right
tail weight measures to make them applicable to asymmetric distributions. Jordanova and Petkova
(2017) proposed a measure for heavy-tailedness of the observed distribution and introduced
classification of the distributions with respect to their heavy-tailedness. Ortega (2017) proposed a
tail weight coefficient based on the tail set that is constructed using a fixed cut-off value. However,
the literature reveals considerable uncertainty, controversy, and error in connection with the
distinctions between tail weights (Heyde and Kou 2004).

In this technical note, we propose a new index for measuring the tail-heaviness of a
probability distribution, named tail-heaviness index. In the following sections, section 2 describes
the proposed tail-heaviness index. Section 3 gives examples of the tail-heaviness indices for four
distributions. Sections 4 and 5 present discussion and conclusion respectively.

2. The proposed tail-heaviness index

Consider a continuous random variable Y with its probability density function (PDF) p(y). Whether
the distribution is considered “heavy-tailed” is inherently relative (Nair et al. 2022). We use the
standard exponential distribution (rate parameter A=1) as a reference distribution to compare the
tail weights of distributions. That is, a distribution is considered heavy-tailed if its tail weight is
heavier than the tail weight of the standard exponential distribution. This is consistent with Nair
et al. (2022) for defining the class of heavy-tailed distributions. Ortega (2017) also used the
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exponential distribution as a reference to divide distributions into two categories: thin-tailed
distributions and heavy-tailed distributions.

We consider unimodal distributions only. We divide the PDF of a unimodal distribution
into two parts at the median: the right side and the left side. Our tail-heaviness analysis focuses
only on the right side of the distribution (or the downside tail). The study of the downside tail of
the distribution of asset returns is a fundamental and essential factor for the analysis of financial
market risks (Gonzalez-Sanchez and Nave Pineda 2023). It is important to note that, there is no
rigorous definition for the "tail" (Wicklin 2014). We argue that the tail shape cannot be completely
separated from the body shape of the distribution, i.e. the tail shape and the body shape are related.
Therefore, it is reasonable to consider the half (the right side) of the distribution in the tail-
heaviness analysis.

We adopt the concept of uncertainty length as a measure of the tail weight of a distribution.
The uncertainty length of the Y distribution is defined as (Huang 20023)
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where B(Y) = f_oooo [p(y)]%dy is the continuous informity (Huang 2023).
The right-side uncertainty length of the distribution can be written as
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where Brign:(Y) is the right-side informity defined as
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If the distribution is symmetric (e.g. the normal distribution), Brigh:(Y) = B(Y).
The proposed tail-heaviness index, denoted by 6, is defined as
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where Spighi—exp 18 the right-side uncertainty length of the standard exponential distribution. The
PDF of the standard exponential distribution is pey,(¥) = ™, and its median is In2. Then, its
right-side informity can be calculated as
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Then, the right-side uncertainty length of the standard exponential distribution is
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Accordingly, the proposed tail-heaviness index is rewritten as
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3. Examples
This section gives examples of the proposed tail-heaviness indices for four distributions.
3.1 The normal distribution

The PDF of the normal distribution is
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where pu is the mean and ¢ is the standard deviation.
The informity of the normal distribution is (Huang 2023)
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Since the normal distribution is symmetric, fright—normal(Y) = Bnormai(Y). The proposed tail-
heaviness index for the normal distribution is
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Note that 8,,o,ma increases linearly with o and does not depend on u. For the standard normal
distribution (4 = 0,0 = 1), O,0rma1 = 0.886 <1. Therefore, the standard normal distribution is
considered light-tailed. This result is consistent with common sense.

3.2 The Pareto distribution

The PDF of the Pareto distribution is
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where a is the shape parameter (also known as tail index) and y,, is the minimum
value of the distribution.

The median of the Pareto distribution is y,,, ¥2. Then, its right-side informity is
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The proposed tail-heaviness index for the Pareto distribution is
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Equation (13) indicates that Op, et depends on a and y,,,. When o = 1 and y,,, = 1, Opareto = 3.
Figure 1 shows the plot of Op,eto as a function of the shape parameter a at y,,, = 1.
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Figure 1. Tail-heaviness index for the Pareto distribution as a function of the shape parameter o
m =1

As can be seen from Figure 1, as a decreases, Op,eto INcreases because the tail becomes heavier.
On the other hand, as & increases, Op,reto decreases because the tail becomes lighter.

3.3 The Cauchy distribution
The PDF of the Cauchy distribution is

: (14)

pCauchy(y) = m’

where y, is the location parameter and y is the scale parameter.
The informity of the Cauchy distribution is (Huang 2023)
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Since the Cauchy distribution is symmetric, Bright—cauchy (Y) = Bcauchy (Y). The proposed tail-
heaviness index for the Cauchy distribution is
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Note that 6cauchy increases linearly with y and does not depend on yj.
3.4 The t-distribution

The PDF of the #-distribution is written as
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where v is the degrees of freedom.
The informity of the ¢-distribution can be calculated as (Huang 2024)
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Since the -distribution is symmetric, Brignt—:(Y) = B (Y). The proposed tail-heaviness index for
the z-distribution is
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The solution for 8, (or B;(Y)) can be obtained by using the following integrals
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Figure 2 shows 0, as a function of v. As can be seen from Figure 2, at v = 1 (in this case,
the Cauchy distribution with y = 1), 8, =1.571. 6, decreases as v increases, and as v goes to
infinity, 8, should approach 0.886, the tail-heaviness index for the standard normal distribution.
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Figure 2. Tail-heaviness index for the #-distribution as a function of the degrees of freedom

4. Discussion

The proposed tail-heaviness index € measures the tail-heaviness of a distribution relative to the
tail-heaviness of the standard exponential distribution. If 8 > 1, the distribution is considered
heavy-tailed; if 8 < 1, the distribution is considered light-tailed.

The proposed tail-heaviness index can be calculated for any distribution even if the first,
second, or fourth moment of the distribution does not exist or is undefined. This is because the
numerical value of the uncertainty length (or informity) of any distribution can always be obtained.
In contrast, the usual tail-heaviness measure: kurtosis does not exist for the Pareto distribution or
for the #-distribution for the degrees of freedom v < 4.

Furthermore, the proposed tail-heaviness index is not limited to distributions with infinite
support. It is also applicable to distributions with finite support, such as triangular distributions.

5. Conclusion

The proposed tail-heaviness index 6 provides a simple and effective measure of the tail-
heaviness of a probability distribution. It is easy to understand and calculate. If 8 > 1, the
distribution is considered heavy-tailed; if 8 < 1, the distribution is considered light-tailed. In
principle, the proposed tail-heaviness index is valid for and applicable to any unimodal
distribution: symmetric or asymmetric. It can be calculated for any distribution even if the first,
second or fourth moment of the distribution does not exist. The tail-heaviness indices for four
distributions are presented. Further work is needed to derive tail-heaviness indices for other
distributions.
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