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A new method for finding first integrals of ordinary differential equations (ODEs) is presented. The
approach is based on the complete integrability of the Pfaffian system associated with the ODE,
defined on a suitable jet space. Remarkably, the method does not require the use of symmetries or
integrating factors. Examples of second-, third-, and fourth-order ODEs are provided to illustrate the
method, including cases where classical approaches fail. This work extends the range of tools available

for the analysis and solution of ODEs.
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1. Introduction

First integrals are a key concept in the study of ordinary differential equations (ODEs), which represent
conserved quantities when the ODE models a physical system. The knowledge of first integrals is an
important feature that not only enables the reduction of the order of the ODE, but also facilitates the

determination of the general solution, or the validation of numerical methods.

Over the years, numerous techniques have been developed to determine first integrals of ODEs. The most
common approaches are based on Lie symmetries. They are extremely successful, but the determination
of symmetries can be infeasible for certain classes of ODEs. This limitation has led to the enrichment of
the approach through the introduction of more general classes of vector fields, such as dynamical

symmetries, nonlocal symmetries, C*° -symmetries, etc [ZIB1415161[71[81[9)[10][11],

A different point of view to find first integrals is based on the utilization of symbolic computation
techniques to determine integrating factors in ODEs. The corresponding integrating factor determining

equations, a system of partial differential equations (PDEs), must be solved, and then the first integral can
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be computed, effectively reducing the order of the ODE. Due to the difficulty of solving these determining

equations, various techniques have been developed to aid in the search for integrating factors[21121131(14]

15][16][17][18

While both approaches have significantly advanced the study of first integrals, they come with inherent
difficulties, which motivate the research of alternative strategies for finding first integrals. In this paper a
novel approach is presented, that does not require the use of either symmetries or integrating factors. It
is based on the complete integrability of the Pfaffian system associated with the ODE, defined on the

corresponding jet bundle, which is the natural framework for the geometric study of ODEs1201,
To provide motivation, consider a first-order ODE of the form

u; = ¢(z,u), (1)
where u; = % denotes the derivative of the dependent variable u with respect to the independent

variable z, and ¢ is a smooth function defined on an open set U C R2. Equation (1) is usually written in

differential form as
0y := —¢dzx + du = 0.

We have, by dimensionality, that df, A 64 = 0, and therefore, by Frobenius theorem there exists, locally, a
smooth function F = F(z,u) such that dF = pf,, with x4 a non-vanishing smooth function. The

function F' can be found by solving the PDE:
dF NGy =0.

Once a particular solution is found, the general solution to (1) could be expressed in implicit form as
F(z,u) =0C,

where C'is an arbitrary constant.

In this work, we generalize this idea to arbitrary order, presenting a novel method for finding first
integrals. While our approach may be more computationally intensive than some traditional techniques,
its fundamental advantage lies in its ability to address problems where standard methods, particularly
those reliant on Lie symmetries, fail. After introducing the necessary notation and basic definitions in
Section 2, we prove the main theoretical result in Section 3. We then demonstrate the practical power of

our method. Section 4 particularizes the technique for second-order ODEs, while Section 5 applies it to
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challenging third- and fourth-order ODEs, including examples that are intractable with standard

symmetry analysis.

2. Preliminaries

Consider an mth-order ODE

Um = O(TyUy .oy Um—1), M > 2, (2)
where (z,u) represent the independent and dependent variables, respectively, and u; denotes the ith-
order derivative of u with respect to z, for 1 < i < m. We consider (z,u,u,...,un_1) as the standard
coordinates of the corresponding (m — 1)th-order jet bundle, denoted by J™ (R, R)12 for details); and

¢ is a smooth function defined on an open subset U C J™ (R, R).

Throughout the text, when we say that a fact holds locally, we mean that it is valid in some open subset of
U. For simplicity, we will continue to use the same notation U to denote such open subsets. Also, we will

implicitly use the notation ug to denote u, for the sake of uniformity.

Recall that an important feature of the jet bundle is the contact ideal, which encodes the geometrical
structure of this space. The contact ideal is generated by the contact forms, which are 1-forms that vanish
on any section of the jet bundle that corresponds to the prolongation of a smooth function v = f(z). The

contact forms in the jet bundle J¥ (R, R), N > 1, are given by:

0° = uidz — du,

0" = usdz — duy,
OVt = undz — duy_1.
Suppose that there exist, locally, two functions H = H(z,u,...,un-1) and § = §(z,u,. .., Uy_1), with
d is non-vanishing, satisfying

D.H = §(um — ¢(z,u,. .., un-1)),

where D, denotes the total derivative operatorﬂul1

m—1
D$ = 8$ + Zui+18ui-
=0

The function H is called a first integral of equation (2), and é an integrating factor.

The knowledge of a first integral allows us to reduce the order of the ODE (2), since equation (2) is, locally,

equivalent to the family of (m — 1)th-order ODEs
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H(z,u,...,u, 1) =C, CeR. (3)

On the other hand, it is well known[2% that the ODE (2) is encoded by its associated Pfaffian system, i.e.,

by the differential ideal Z,, of the algebra Q*(U) generated by the contact forms
00,61,...,0m 2,

together with the 1-form

This Pfaffian system T, is in correspondence with the involutive rank-1 distribution generated by the

vector field associated to equation (2):
A¢ = 6x + ulau +---+ um—laum,z + ¢6um,1-

Therefore, 7, is completely integrable, in the sense that Frobenius theorem applies, ie., there exist,
locally, m — 1 smooth functions F1,..., Fy,_; such that Z; is generated by the 1-forms dF1,...,dF;,_1
201

Finally, recall that in the case of a single 1-form w, which corresponds to a corank-1 distribution,

Frobenius theorem establishes that the requirement
dwNw=0
is equivalent to the (local) existence of a smooth function F' such that dF = uw for a certain non-
vanishing function p. The 1-form w is said to be Frobenius integrable.
3. Main result

Consider an mth-order ODE as in (2). Unlike in the first-order case, the 1-form 64 defined in (4) is not, in
general, Frobenius integrable. Nevertheless, since the Pfaffian system Z, is completely integrable there

must exist, locally, a function F = F(z,u,...,um_1) such that dF € Z, that is,

m—2
dF = by + Y aib;,
=0

for certain smooth functions u, ay, . . ., a;,—2 defined on U.

If necessary, we shrink the open set U so that the function y is non-vanishing. We then define

m—2
Wt ) - 09+ Zmﬂi, (5)
=0
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where v; := % . With this definition, we have

dF = pW(y,... 1y, o)

which implies that Wgr - 2) is Frobenius integrable. Thus, it must satisfy

dw(’)’ov---v’mez) A w("f()v--v’)’mfz) = 0’ (6)

which is a first-order PDE system for the functions v;,0 < i < m — 2.
On the other hand, observe that the smooth function F' must satisfy the PDE system

dF A w =0. (7)

Yo - ~7‘Ym72)

Now, we are in a position to state and prove the main result of this paper:

Theorem 3.1. Consider an mth-order ODE given by (2). A first integral F' can be determined by first
obtaining a particular solution to the PDE system (6) for the functions ~;, 0 <i <m — 2, and

subsequently solving the PDE system (7) for F.

Proof. Suppose that the PDE system (6) admits the particular solution
i =vi(Z,u,. .., Up-1), for 0 < i <m—2.

Then, we use v; to define the 1-form w, according to equation (5), which is therefore Frobenius

"’Ym72)

integrable.
Consider now a smooth function F = F(z,u,...,u,_1) satisfying the PDE system (7). Then, there

exists, locally, a certain non-vanishing function p such that

dF = pw

’Y(]a-“a’ym72)‘

Expanding both sides of this expression, we have

m—2
Fydz+F,du+---+F,  du, =p (9¢ + Zwi)
1=0

m—2
=u (—¢d$ + duy, 1 + Z’yi(—’ui_HdLB + duz)> y
=0

and by comparing the coefficients of the 1-forms dz, du, dus, . . . , du,,_1, we obtain

m—2
Fa: = 7/"“15 - Z/’L’Yiui+1v
=0

Fu, = py, for0<i <m -2,
Fum—l = H-.
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So, finally, to check that F is a first integral for the ODE (2) we apply the total differential operator to F,

and substitute the expressions (8):

m—1
D.(F)=F; + Zui+1Fui

=0
m—2 m—2

=—po— Zﬂ7iui+1 + Zﬂ’ﬁ‘uiﬂ + pum
i=0 i=0

= /J'(um - ¢)

O

Remark 3.1. The PDE system (7) is a homogeneous linear system of first-order PDEs for the function F.

In contrast, the PDE system (6) is a system of first-order PDEs for the functions ~;, which is not generally

m+1

linear. Moreover, for an mth-order ODE, the PDE system (6) consists of ( 3

) equations with
m — 1 unknown functions ~y,...,¥n-2. As a result, solving this system is typically challenging. A
practical strategy to address this complexity is to assume some standard ansatz for the functions ~;, such
as a dependence on fewer variables or linearity in some variable. As we will see in the examples, this kind

of assumption not only reduces the complexity of the involved PDEs, but also allows us to write some

equations as polynomials, in such a way that they can be split into simpler equations.

Remark 3.2. In certain cases, multiple particular solutions to the PDE system(6) can be identified. Each of
these solutions may lead to the construction of distinct, independent first integrals, so increasing the
number of conserved quantities or even providing the general solution of the ODE. For an illustration, see

Example 4.1.

4. Second-order ODEs

In this section, we will explore the application of our results to the particular case of second-order ODEs.

Given the ODE

Uz = ¢(w7u7u1)a (9)

we define the 1-form given by (5)

Wiyy) = —odx + duy + Y69 (10)
= (—¢ + vou1)dz — yodu + duy,
where g = (2, u,u1) is a smooth function to be determined.
In this case, condition (6), dw(%) AWy = 0, reduces to the single PDE for ~q:
Yor + Yout1 + You, 6 + 9§ — bu — Y0bu, = 0. (11)
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Once a particular solution vy = vo(z,u,u;) is found, a first integral F' = F(z,u,u;) can be obtained by

solving the PDE system (7):

~0Fy, + Fu =0, (12a)
Yo Fy + (you1 — ¢)F, =0, (12b)
Fy + (¢ —yu1)F,, = 0. (12¢)

The following illustrative example showcases how to use the results above to find first integrals of a

second-order ODE.

Example 4.1. Consider the second-order ODE given by:

(Bzuy + u)(zus — u)
u2 = .

(13)

2z%u
To solve the determining equation (11) for v, we assume the ansatz vy = g(z,u)u; + h(z,u), in such a

way that (11) simplifies to the polynomial:

Dz’u% + Dlulu + Do == 0,

where
Dy: = —22%u*h? - 2*ulh, +ulg — 2ou’h — o, (14a)
Dy : = —42’u’gh — 22°u hy — 2270’ go + 627 uh, (14b)
D2 c = 72$2u2g2 — 2$2U2gu + 3$2Ug - 3$2- (140)

Setting the coefficients Dy = D; = Dy = 0 we obtain a system of three PDEs for the functions g and h.
With the aid of a computer algebra system, we find the particular solution
1
g=— h= 0,
u

U1
"

and thus we take vy =

By substituting this expression into (12) and clearing the denominators, we obtain the following system

of equations:
wFy +uF, =0, (15a)
u(z?u? — 2zuuy — u?)F, — 2zuu, Fy = 0, (15b)
(z®u? — 2zuu; — u®)F,, + 2z*uF, = 0. (15¢)

The reader can verify that a particular solution is given by
F(z,u,u;) = In(z) + 2arctanh<%), (16)
u

which is therefore a first integral of the ODE (13).
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Notably, another particular solution to (14) can be checked to be

3 1
== h=_—
9= 2w 2z’
and, consequently, the choice vy = 312“;;“ allows us to find another first integral of (13), provided the

corresponding PDE system is solved:

22*F, — (zu; +u)F,, =0, (17a)
2zuF, + (3zuy —u)F,, =0, (17b)
(zu — 32%u; ) F, — (zuuy + u?)F, = 0. (17¢)
A particular solution for (17) is given by
TU —U
,u,u1) = ————, (18)
( 1) Vzud

which is, therefore, another first integral of (13).
The first integrals given by (16) and (18) describe the general solutions of the ODE (13) in implicit form.

In the following example, we use our approach to find a first integral and a 1-parameter family of

solutions to a second-order ODE that does not admit Lie point symmetries.

Example 4.2. Consider the following second-order ODE

2
uQ:1+xu1—%. (19)
1

The reader can check that it does not admit Lie point symmetries, so standard procedures cannot be

applied.

To find a first integral we first tackle the PDE (11), which is, in this case,
e + udyou + (U + zud — 2zuny) You, + uivE — (2zu + zu?) 3 + 22U = 0.

By using the natural ansatz vy, = 7yo(z,u;) this equation can be regarded as a polynomial in the

u variable:
Diu+ Dy =0,
where
D1 = 2zu1v0u, + 2270, (20a)
Do = —udyoe — (v + xul) You, — uig + zudyy — 2zuy. (20b)

The particular solution vy = uil for the system given by Dy = D; = 0 is easy to find. Now, we write

system (12):
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F,, +wF, =0, (21a)
z(u? — 2u)F, — F, =0, (21b)
z(uf — 2u)F, +w F, =0. (21c)

The general solution to equation (21a) is
F(%, u, ul) = g(x7 U% - 2“)5

where g = g(z,y) is an arbitrary smooth function. From equations (21b) and (21¢) it follows that g must
satisfy

2xygy +g, = 0. (22)
This equation admits the particular solution g(z,y) = ye*””2 , therefore a particular solution to the system
(21 is

F(z,u,u1) = (u? — 2u)eﬂ2,
which is a first integral of the ODE (19).
Remarkably, even if for the reduced ODE

(u? — 2u)e_g”2 =C, CEeR,

no straightforward analytical method yields a general solution, in the particular case C' = 0 the solutions

are given by the family
1 2
u(z) = E(m—l—K) , KeR,

which in turn is a 1-parameter family of solutions for the ODE (19). Thus, our method has facilitated a

partial integration of an ODE for which classical approaches appear to be ineffective.

The preceding examples illustrate the effectiveness of the method in obtaining first integrals. In the next
subsection, we will see that, remarkably, for autonomous second-order ODEs, equation (???) admits a
prescribed solution. This ensures that the method introduced in this work can always be applied in this

important class of problems.

4.1. Autonomous second-order ODEs

In the case of an autonomous second-order ODE

U2 = ¢(u7ul)a (23)
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¢

the smooth function vy = u is always a particular solution to equation (11), as can easily be checked. By

substituting in (12) the PDE system for the first integral F' = F(z, u,u;) reduces to:

¢Fu1 +wF, =0,

F, =0. (24)
Incidentally, this first integral corresponds to the foliation energy introduced in [?].
Observe that the solutions are of the form F' = F(u,u;), so the reduced equation
F(u,u;) =C, C€R, (25)

is also autonomous. If u; can be explicitly isolated in (25) as a function of u (and possibly C), the equation

can be solved by quadrature, leading to a 2-parameter family of solutions for equation (23).

Example 4.3. Consider the autonomous second-order ODE given by

u% —u?u; — 2ug

Uz = S (26)
U +u

which only have the trivial Lie point symmetry 9, . In this case the PDE system (24),

Fz = 07
u?2 —uluy — 2uy
——F, +wF, =0,
u? +u

admits the particular solution

u? + uuy +uy — 2

u

F(u,u1) =

Therefore, equation (26) can be reduced to the first-order family of ODEs:

w? +uug +ug — 2 _

u

C, (27)

with C' € R.

This family of ODEs can be solved by quadrature, leading to the general solution of (26), which is
implicitly expressed as:
x+ lln(C'u —u? + 2) + ﬂarctanh -2 =K,
2 V/C? +8 C?+38

where C, K € R.
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5. Higher-order ODEs

In this section we will show examples of how our approach can be successfully applied to third- and
fourth-order ODEs. The general procedure is the same as for second-order ODEs, but the complexity of

the PDE systems increases with the order of the ODE.
Example 5.1. Consider the third-order ODE

U+ TUy — TUIUS — Ul
ug = . (28)
QUQ

According to Theorem 3.1, we need to solve the PDE system (6),

dw( A Wy =0,

Yom) Yom)

for the functions ~y,~:. By using the ansatz vy = v (z,u2), 71 = 11 (, u2), the resulting PDE system

becomes:

xr u2 — u2 —
(m + % + M) Yo — (m + M) 1 =0, (29a)

2u2 2U2
—Y1uy Y0 + You, 71 = 0, (29b)
(u2 —1) Tugud +uud — zug —u
—Yor — —(5—— + You, | V1U2 +YouU1 +
2’11,2 2U2
$u1u§ + uug — Ul — U
— | Mu U2 + 71+ You, U1 + UL + U — o2 Y =0, (29c¢)
Uy
z(uj — 1) Tu Ul + uud — Tug —u
—VY1z — Y0 — + Viuy | M1U2 + Your +
2UQ 2’1,L2
xulug + uu% —TUu; — U
— | Mup U2 + 71+ You, Ut + TUL U — " M =0 (29d)
Uy

A particular solution can be found by using a computer algebra system, and it is given by

z(1—ud)
Yo = 2us )

’}’1:0.

With these values for 4y and v, the PDE system (7) for the first integral F = F(z, u, u1, u2) becomes

zF, —uF, =0, (30a)
—zuiF,, + zF,, + 2usF, =0, (30b)
—wuiF,, + 2usF, + uF,, =0, (30c)
F, =0, (30d)
and a particular solution can be checked to be
F=¢™(ui-1). (31)
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The reduced ODE
et(ui—-1)=C, CEeR,

does not appear to admit an explicit closed-form solution in the general case. However, the particular

choice C = 0 leads to a notable simplification, yielding the 2-parameter family of solutions for (28):
1
u(z) = igar:z + Kiz+ Ky, Ki,K,€R.

Observe that the ODE (28) does not possess Lie point symmetries, as the reader may check. Nevertheless,
we successfully derived a first integral (31), enabling partial integration of the ODE, without relying on Lie

point symmetries or integrating factors.
Example 5.2. Consider the fourth-order ODE

e (zuy —ujuz + T — ug +2) — 2ug
Uy = . (32)
r — 3ug + 2eT¢

In this case, we have

e (xuy —ujuz + —uz +2) — 2u
6y — — (Tur — uyug 3 +2) S d + dus,
$_3u3+2ea:+u

and then the 1-form

Yiyomme) = 04 + Y000 + 161 + 120s,

must satisfy condition (6):

dw( N LU(

) =0.

Yory1:72) Y1172

This system of 10 PDEs for 7y, ; and -, is too involved to be included in the text. However, by using the

ansatz

Yo = 70(153“7”3)7 "= ’)’1(213,’LL,U3), Y2 = 72(937'“’ u3)7

we obtain the particular solution

ez+u (.’13 _ u;;)
N = e L 2
2e*t +x — 3u
n=0 ’ (33)
- )
Y2 =0,
using a computer algebra system.
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Upon substituting these expressions into the PDE system (7), we obtain the following system of

equations for the first integral F"

e (x — uz)Fy, + (26" +x — 3u3)F, = 0, (34a)

(e"t(z — ug + 2) — 2u3)F, + €* " (u3 — z)F, =0, (34b)

(e (uz — & — 2) + 2u3)F,, + (2" + & — 3u3) F; = 0, (34¢)
F, =0, (34d)

F,, =0. (34e)

The reader can verify that a particular solution is given by
F = (uz — ") (uz — z)°.

Again, we want to point out that our approach has allowed us to find the first integral (35) for the ODE
(32) without making use of Lie point symmetries (which are not available for this equation) or integrating

factors. Moreover, even if the reduced ODE
(U3 - em+u)(u3 - m)Q = Cv Ce R’

is not easily solved for arbitrary C' € R, the particular case C = 0 provides the 3-parameter family of

solutions for (32):

1 K
u(z) = ﬂm‘l + TIxz + Koz + K3,

where K1, Ky, K3 € R.

6. Comparison with other methods

In this section we will show the relationship between the method presented in this paper and similar
approaches such as the A-symmetries method, the S-function method, and the extended Prelle—Singer

method for higher-order equations.

First, the method presented in this work is connected to the theory of canonical A-symmetries for
second-order ODEs. Specifically, equation (11) serves as the determining equation for a canonical A-
symmetry of the ODE (9), as established in equation (5) in referencel2ll. Therefore, identifying the
function A = A(z,u,u;) that makes J, a A-symmetry is equivalent to finding a solution

Y = Yo(z,u,u1) in the first step of Theorem 3.1.

Also, our approach is related to the framework of the S-function method, introduced in 22123l for

second-order ODEs and generalized in [?,?,?], as well as to the extended Prelle—Singer method for higher-
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order equations developed in 34l Both are extensions of the Prelle-Singer procedure [?], originally
formulated for first-order ODEs, and both aim at finding first integrals and solutions in terms of

elementary functions.

These extended Prelle—Singer methods share with the approach of this paper the goal of constructing
first integrals for higher-order ordinary differential equations by identifying auxiliary functions. In the
extended Prelle-Singer framework one introduces the so-called null forms S; (alongside an integrating
factor R) so that the modified differential 1-form becomes exact and hence integrable to a first integral I.
Analogously, our geometric approach seeks coefficients +; for the contact 1-forms to find a Frobenius-
integrable 1-form on the relevant jet bundle. In fact, one may view each S; in the Prelle—Singer method as
playing the same role as —y;_; in our construction. Thus, the underlying idea of introducing “extra”

functions whose compatibility yields a first integral is common to both approaches.

In contrast, the two approaches differ fundamentally in their nature. Whereas the Prelle—Singer method
is essentially algebraic, constructing and manipulating modified differential forms until they become
exact, our approach is intrinsically geometric, exploiting the structure of the contact distribution of the

jet bundle and the integrability of differential ideals to obtain first integrals.

Moreover, there is an operational difference residing in how these auxiliary functions are used and
obtained. The Prelle—Singer method pairs the functions .S; with an explicit integrating factor R that must
be solved for from an overdetermined system of algebraic PDEs; once the functions S; and R are known,
one performs an integration to recover the first integral. In contrast, our geometric strategy bypasses any
integrating factor by embedding the problem in the language of jet bundles and Pfaffian ideals: we
directly enforce the Frobenius integrability condition dw A w = 0 to solve for the ;, and then integrate a
homogeneous linear PDE system for the first integral itself. This difference is illustrated in the following

example.

Example 6.1. In Example 4.1 in 041 it is considered as second-order ODE, which adapted to our notation

becomes
2u —1
uz = ———ul. (36)
1+ u?
The authors obtain the following equations:
geios.com doi.org/10.32388/ANIIUL2
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— u(u+1)—1 2(2u —1
142 (1+u2)? 1+ 42
_ 2(2u—1
R, +ui Ry + (2u 1u%) Rulz—R <S+ Q), (38)
1+ u? 1+ u?
R,=R, S+ RS, (39)
and the following particular solution for them:
2u—1 arctan(u)
S:—( v )m, R=-%&£ (40)
+u +u
1+ ) 1+

The corresponding first integral is given in equation (4.15) inf™/4/} which written in our notation

becomes:

arctan(u)
=% (41)
(1 +u?)

On the other hand, following the procedure of the present work we write down equation (11):

(2u—1)
)u? You; + 75 + 2

u(ut+1)—1 2(2u — Dy
(1+wu?

Wy M g (42
T ER R e (42)

Yoz + YouU1 + (
which coincides with equation (37) by substituting S by —-,. We can consider the solution

(2u — 1)
= ——U ,
Yo (1+u2) 1

which corresponds to the one obtained in equation (40) for S, and we write the PDE system (12):

F,—2F, =0, (43a)
T
_ 2
F, ot 2xuu; — xug +u® + 1Fu1 _o, (43b)
z(u? +1)
2 - 241
TUU — TUL + U + Fz+ﬂFu:0. (43¢)
z(u? +1) z

A solution to this system is the first integral

(mul —u? = 1)earctan(u)
F= 1 D) ) (44)
+u

and we can derive from it, as a byproduct, the integrating factor

T earctan(u)

45
14+ u? (45)

/’L:

The reader can observe that neither the first integral (44) obtained with our method coincides with
expression (41), nor does the integrating factor (45) coincide with the one provided by the extended

Prelle-Singer method in equation (40).
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7. Conclusions

In this work, it has been presented an approach to find first integrals of mth-order ODEs that does not
require the computation of integrating factors or the knowledge of Lie point symmetries. The approach,
which is based on the complete integrability of the Pfaffian system associated to the ODE, requires the
solution of PDE systems, usually through the assumption of ansdtze for the unknown functions and the
use of computer algebra systems. The effectiveness of the method has been illustrated with examples of
second-, third-, and fourth-order ODEs, showing that it can be applied to a wide range of ODEs, including

those that do not admit Lie point symmetries.

We acknowledge that the method may appear complex, compared to some traditional techniques.
However, this perceived complexity, involving the formulation of an ansatz and reliance on symbolic
computation, is a direct cost for greater scope. The primary benefit of our approach is precisely its ability
to succeed where traditional methods fail, particularly for ODEs that lack the required Lie point
symmetries for standard integration techniques to work. This more intricate structure of the method is
not a weakness but rather the very source of its strength, providing a systematic pathway to solve

problems that would otherwise be intractable.

On the other hand, the implementation of the method in computer algebra systems is straightforward,
and it could be particularly useful. Such an implementation could be combined with a systematic
exploration of different ansdtze, for example, by progressively selecting an increasing number of
variables for the functions v; to depend on. This combination could enhance existing algorithms,
increasing the likelihood of finding first integrals of ODEs. In this way, our approach offers a
complementary tool to the methods currently available, potentially extending the range of solvable

problems.
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