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This is my report on the paper ``New approximate symmetry theorems and comparisons with exact symmetries" by M. Pakdemirli.

I worked in the area of ordinary differential equations but not in the particular area of this paper. So the following comments are made by a non-expert in this area of mathematics.

The paper studies an ordinary differential equation of $k$th order

 

F(x, y, y ′, …, y(k ),ϵ) = 0,

where $\epsilon$ is a perturbation parameter. The goal is to find approximate solutions $y(x)$ determined by

 

dy
dx =

η(x, y)
ξ(x, y) .

In some cases, $\xi$ and $\eta$ also depend on $\epsilon$ or some other parameters. Three proposals (called methods IV, V, VI) are made to find appropriate $\xi$ and $\eta$. As far as I can tell,

the notions of approximate solution and approximate symmetry do not have precise definitions.

An important contribution made by the paper consists of two tables (Tables 1 and 2) where the proposed methods are applied to a list of example differential equations,

and corresponding functions $\xi$ and $\eta$ are given. The paper also includes a long list of 52 references that is useful for researchers working in this area.

I add some observations that might lead to an improvement of the paper.

\begin{enumerate} \item Equations (2.3) and (2.8) (which are the same) contain the term $\mu\frac{\partial}{\partial \epsilon}$ twice. One of these terms should be removed. \item In equations (2.5), (2.10), and (2.15) (which are the same), a term $y_{k+1}\frac{\partial}{\partial y_k}$ appears. As far as I can tell, a derivative with respect to $y_k$ is never used, so  this term in the equations could be omitted.  \item In equation (2.13), the functions $\xi$ and $\eta$ do not contain the parameter $\epsilon$, but in (2.14), the parameter $\epsilon$ appears. So maybe $\epsilon $ should also appear in (2.13). \item The formulas in Tables 1 and 2 appear in a tiny font size. A person with limited eyesight will not be able to read these tiny letters. The letters $a$ and $\alpha$ are almost impossible to distinguish. \item Tables 1 and 2 contain a list of functions $\xi$ and $\eta$. The reader can verify these results (best with the help of a computer). However, it would be helpful for a reader who is not familiar with this area of mathematics if the author could show in some (not all) cases how he obtained these functions $\xi$ and $\eta$. \item  If we look at the column in Table 1 corresponding to method V, we notice that the functions $\xi$ and $\eta$ involve the variable $\mu$ in the first four examples but not in the last two. My interpretation is that one has to take $\mu=0$ in these examples in order to satisfy the required equations for $\xi$ and $\eta$. \item In the column ``Exact symmetries'' in the first example in Table 1,  an equation is given for $\xi$ and $\eta$, and the word ``unsolvable" is added. But $\xi=1$, $\eta=-\epsilon y$ is a solution. Of course, then $\frac{dy}{dx}=\frac{\eta(x,y)}{\xi(x,y)}$ is the same equation we started with. So maybe such a solution is not permitted. \end{enumerate}
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