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Black hole solutions in general scalar-tensor theories are known to permit hair, i.e. non-trivial scalar profiles and/or
metric solutions different from the ones of General Relativity (GR). Imposing that some such solutions—e.g.
Schwarzschild or de Sitter solutions motivated in the context of black hole physics or cosmology—should exist, the
space of scalar-tensor theories is strongly restricted. Here we investigate precisely what these restrictions are within
general quadratic/cubic higher-order scalar-tensor theories for stealth solutions, whose metric is given by that in GR,
supporting time-dependent scalar hair with a constant kinetic term. We derive, in a fully covariant approach, the
conditions under which the Euler-Lagrange equations admit all (or a specific set of) exact GR solutions, as the first
step toward our understanding of a wider class of theories that admit approximately stealth solutions. Focusing on
static and spherically symmetric black hole spacetimes, we study the dynamics of linear odd-parity perturbations
and discuss possible deviations from GR. Importantly, we find that requiring the existence of all stealth solutions
prevents any deviations from GR in the odd-parity sector. In less restrictive scenarios, in particular for theories only
requiring the existence of Schwarzschild(-de Sitter) black holes, we identify allowed deviations from GR, derive the
stability conditions for the odd modes, and investigate the generic deviation of a non-trivial speed of gravitational

waves. All calculations performed in this paper are reproducible via companion Mathematica notebooks!L.

Corresponding author: Sergi Sirera, sergi.sirera-lahoz@port.ac.uk

1. Introduction

The study of black hole solutions has been pivotal in advancing our understanding of gravity, offering a fertile testing
ground for General Relativity (GR) and alternative theories of gravity. Among these alternatives, scalar-tensor (ST)
theories have attracted significant attention due to their capacity to modify GR (potentially addressing some of the
challenges in describing e.g. dark energy, dark matter, or inflation) while maintaining a predictive and well-posed

theoretical structure. In particular, the degenerate higher-order scalar-tensor (DHOST) theories2I314] which generalise
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the Horndeski framework 27l provide one of the richest known and well-defined landscapes for exploring deviations
from GR.! The theories explored in this paper therefore represent some of the most comprehensive and general ST

frameworks developed to date2.

In the context of such ST theories, a number of no-hair theorems exist, showing that (for large classes of ST theories) the
presence of the extra scalar degree of freedom does not alter the background black hole solutions in the theory with
respect to GR—see e.g.wml. Black holes therefore retain their remarkable simplicity in these ST extensions of GR
and (at the background level) are still fully specified by their mass and spin (and, if present, charge). However, in general
ST theories so-called ‘hairy’ black hole solutions exist, where the scalar has a non-trivial profile and, importantly, black
hole solutions for the metric can also be affected by the presence of the scalar field. As such, general ST theories may
also contain (some or all) no-hair black hole solutions as present in GR, as well as other solutions with hair. It is then
interesting to turn the spirit of no-hair theorems on its head and ask the reverse question: If we require the presence of
all, or some given specific, black hole solutions we are familiar with from GR, then 1) to what extent does this restrict the
theories in question, and 2) how do the resulting restrictions affect the black hole dynamics, especially also the
behaviour of perturbations around black holes as e.g. observable via black hole ringdown? In this paper we will address
these questions within the framework of cubic (and quadratic) (HOST) theories. The motivation for focusing on theories
that admit stealth solutions is threefold. First, from a phenomenological perspective, stealth solutions provide a
compelling mechanism to evade current observational constraints on deviations from GR in strong-gravity regimes. By
construction, these solutions allow for non-trivial scalar field configurations that leave the metric unchanged, making
them compatible with existing observations while still allowing for novel scalar dynamics. Second, from a theoretical
standpoint, the requirement that a theory admits stealth solutions acts as a non-trivial structural constraint on its
operator content. This makes it a useful tool for carving out physically interesting subspaces within the larger theory
space. In particular, some of the ST theories studied for cosmology can also admit stealth configurations, potentially
linking late-time scalar field dynamics to the strong-field regime in a coherent framework. Furthermore, as we shall
explain below, one needs to go beyond DHOST by introducing so-called scordatura terms in order to avoid strong
coupling of perturbations. This promotes a stealth solution to an approximately stealth one that behaves as stealth for
any practical purposes at the level of the background and that is free from the strong coupling issue for perturbations.
Since scordatura terms are of order unity (and not necessarily small) in the unit of the cutoff of the theory, it is expected
that the space of scalar-tensor theories admitting approximately stealth solutions is significantly broader than that
admitting exact stealth ones. The present paper should be considered as the first step towards the important problem of

finding such a broader theory space.

Black hole solutions in theories beyond GR that describe spacetimes indistinguishable from their GR counterparts (at
the level of the background metric, but may be accompanied by a non-trivial scalar field profile, i.e. they may still have
‘scalar hair’) are typically referred to as ‘stealth’ black hole solutions. For example, a shift-symmetric k-essence
described by the action [d*z,/=gP(X), coupled to GR, admits stealth solutions if P'(X) = dP(X)/dX has a non-

trivial root X = X, # 0, where X = —¢"”9,¢0,¢/2 and g is the determinant of the metric. Indeed, for X = X, the
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stress-energy tensor T}, = P'(X)0,$0,¢ + P(X)gu = P(Xo)g, is equivalent to that of an effective cosmological
constant Aesr = —P(Xy)/ Mﬁl (with Mp; denoting the reduced Planck mass) which can be adjusted to any desired value
by adding a bare cosmological constant to the k-essence action, meaning that any GR solution with or without the
cosmological constant can be promoted to a stealth solution as far as the spacetime geometry admits a scalar profile
with X = Xj. Actually, any regular spacetime locally admits a scalar profile with X = X: for X, > 0 (or X, < 0) one
only needs to specify a spacelike (or timelike) hypersurface, to construct a congruence of geodesics orthogonal to the
hypersurface and then identify ¢ = \/m 7 up to a constant shift, where 7 is the proper time (or distance) along each
geodesic3. The stealth Schwarzschild solution of this type based on the Lemaitre coordinates was first found inl12l and
then later generalised to the stealth Schwarzschild-de Sitter (SdS) solution in Horndeski theorym]lﬁl and in DHOST
theorylL21I6IN7IN8INON 1t js even possible to obtain a stealth Kerr solution in DHOST theories121291 hile perturbations
around those stealth solutions suffer from strong coupling in the scalar sector2Ll one can easily solve this problem and
render those perturbations weakly coupled by taking into account higher derivative terms as in the effective field theory
of ghost condensatel22l if and only if the scalar profile is timelike. This mechanism dubbed scordatural23! was already
taken into account inl2! and the stealth Schwarzschild solution in k-essence was promoted to the approximately stealth
solution in ghost condensate that behaves as stealth for any practical purposes in astrophysical scales at the level of the
backg]:oundjﬁ1 and is free from the strong coupling issue for perturbations. For approximately stealth solutions in more
general quadratic HOST with scordatura terms, seel25l In this way, once a stealth solution with a timelike scalar profile is
found, one can easily promote it to an approximately stealth solution without the strong coupling issue. The timelike
nature of such scalar profiles also offers the intriguing possibility that the associated time-dependence connects with
cosmological dynamics driven by the scalar in the long distance limit, although it is of course non-trivial to have the

same scalar yield leading order effects at long and short distance scales, see e.g 2011271

Cast in the above language, we are here investigating the effect of requiring the presence of stealth solutions in general
ST theories. More concretely, we consider solutions in ST theories that satisfy the Einstein equation in GR:
G = MI;IZTW — Ag,.. Here, G, is the Einstein tensor, T}, is the stress-energy tensor of matter field(s), and A is the

(effective) cosmological constant. Specifically, we will consider the effects of requiring the following stealth solutions:

1. General stealth GR with matter: Any metric satisfying G, = M, P’12T”,, — Ag, isasolution.
2. General stealth GR in vacuum: Any metric satisfying G, = —Ag,,, is a solution.
3. Stealth SdS: The SdS metric g53° (3.6) is a solution for any A.

4, Stealth Schwarzschild: The Schwarzschild metric g,sﬁ,h‘” (3.5) is a solution.

Solutions listed earlier include all of the later conditions listed—e.g. requiring SdS solutions clearly includes requiring
the presence of Schwarzschild solutions—so demanding the presence of the first set of solutions is a stronger

requirement than for the second, which is stronger than for the third.

Outline: This work focuses on investigating the above stealth solutions in the context of HOST theories up to cubic order

in double scalar derivatives (henceforth referred to as cubic HOST) with a linearly time dependent scalar field whose
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kinetic term is constant. We summarise the main findings in Table 1. The paper is organised as follows. In Section 2 we
introduce the cubic HOST action and derive the covariant equations of motion, showing how such equations of motion
get simplified as we weaken the requirements on the form of the background metric. We then derive the conditions that
HOST functions need to satisfy in order to admit the existence of each class of exact stealth solutions. In Section 3 we
study the dynamics of odd-parity perturbations on a static and spherically symmetric background under the existence
conditions. We construct a second-order covariant Lagrangian collecting all possible contributions from HOST
functions, and show which of them contribute in our setup. In order to diagnose potential departures from GR, we
inspect the component form of the quadratic Lagrangian on S(dS) black holes. In Section 4 we determine stability
conditions for perturbations and discuss the speeds of gravitational waves (GWs). In Section 5 we discuss an issue in
deriving the master equation for odd-parity perturbations in non-shift-symmetric theories. Finally, we summarise the
paper and discuss several future directions in Section 6. All calculations performed in this paper are reproducible via 2
companion Mathematica notebooks!l, with calculations of Section 2 appearing in ‘Inverting-no-hair-theorems-Lnb’,
and those of Sections 3 and 4 in ‘Inverting-no-hair-theorems-IL.nb’. These notebooks construct an adaptable general
formalism for the study of cubic HOST theories at the background and perturbative levels, which can be tuned to specific

models.
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HOST theory Stealth metric Existence conditions | GR-deviations in odd modes on S(dS) | Stability conditions

General GR with matter this work (2.14) X (this work) (3.13) v

General GR vacuum this work (2.15) 71 (this work) (3.14) (4.6)
Cubic

Sds this work (2.16) 75 (this work) (3.15) (4.8)
Schwarzschild this work (2.17) v 3 (this work) (3.17) (4.10)

General GR with matter this work (A.1) A [281129] (3 13) v
General GR vacuum this work (A.4) e [128129] ) &)

Shift-sym cubic

sds 0181 (o 7) »1(281(29] ¢ 3) ©9)
Schwarzschild 1181 (A 10) v, 21281291 ¢ 3) (4.11)

General GR with matter 1191 (p ) X (this work) (3.13) v
General GR vacuum (191 (A 5) v 1 (this work) (C.1) (%))

Quadratic

Sds this work (A.8) v 2 (this work) (C.2) 49
Schwarzschild this work (A.11) v 2 (this work) (C.2) 49)

General GR with matter 191 (A 3) 71130 (3 13) 4
General GR vacuum 191 (A.6) 1239 ¢ 1) ()

Shift-sym quadratic

sds 16l (a.9) /B0 C.2) “9)
Schwarzschild [161 (5 12) v 1739 (¢ 2) “9)

Table 1. This table organises the main results of this paper as well as previous literature. We classify different combinations of

theories and stealth metric solutions. The third column collects the works where the conditions ensuring the existence of the

corresponding stealth solutions were first derived. The fourth column indicates whether GR deviations are present in each

case in linear odd-parity perturbations on stealth S(dS) solution, and the subscript in v counts the number of independent

combinations of beyond-GR parameters present. (See Table 2 for a summary of the beyond-GR parameters for each case.) The

final column refers to the stability conditions of each case, with a v denoting that stability conditions are automatically

satisfied under the existence conditions. In the main body of the paper we use a simplified nomenclature for the different

cases, namely Y™™V Theory, ; rion requireds SO €8, SSCubicgyg for shift-symmetric cubic HOST theories where we impose

the conditions requiring the existence of stealth SdS solutions.
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2. Field equations and existence conditions for stealth GR solutions

2.1. Quadratic/cubic HOST theories

We examine the following action composed of the metric g,,, and the scalar field 234,

5
Sgray = / d4m\/jgl[Fo(¢y X) + Fi(¢, X)0¢ + Fa(¢, )R+ Y Ar(¢, X)L
I=1
(2.1)

10
+ F3(4, X)G " + ZBJ(qs,X)LS’”] + / d'ey/=gLn ,
J=1

where L, is the matter Lagrangian (assumed to be minimally coupled to gravity)*, X = —udt /2, ¢y = V¢, and
¢ =V, V6. R and G, are the four-dimensional Ricci scalar and the Einstein tensor, respectively. ng) and
L(J?’) comprise all possible terms built from ¢, and ¢,,, which are quadratic and cubic in ¢,,,, respectively, and are written
explicitly as

LY = 4™, LY = (Og)° LY = (0¢) "

LY = (O¢), LY = ¢,,6" ¢ , LY = (O¢) ¢, "9, ,

L) = @) s’ s LY =006, #" . LY = $udd,” s , (2:2)

LY = 6,876, LY = 6,8"0,, "¢y, LY = $,0"$,8°6,6™ by ,

LY = (¢ 6ud”), LY =064, 9", ), LY = (4,0"¢,)* -

The action introduced above encompasses both standard Horndeski20lZ and beyond—Horndeski/DHOSTQ]EH&]-@]-[Ql

[33] theories as particular limits. For instance, the Horndeski action in the standard form with the Galileon functions can

be recovered with the choices:

Fo=G:, Fi1=G3, F, =Gy, F3=G5, A =—-4,=—-Gux,
6B1 = —2B2 = 3B3 - _G5X7

(2.3)
and A; =B;=0 for I =3,4,5 and J = 4,---,10. The full classification of quadratic/cubic DHOST theories can be
found inf%l, and there are a large number of subclasses distinguished by different sets of degeneracy conditions. Among
these subclasses, there is one that can be obtained from the Horndeski class via invertible conformal/disformal
transformation, which was called “disformal Horndeski” class inf24.> (Note that an invertible conformal/disformal
transformation preserves the number of physical degrees of freedom22l30l) In the terminology ofl4, this class

corresponds to a sum of the quadratic DHOST of class 2N-I and the cubic DHOST of class 3N-I. For the quadratic part

(characterised by F» and A;’s), the degeneracy conditions are given by6

A2 = _Al )
_ (3F2 + 8XA; + 2X2A3)(A1 + XAs + F2x)2 — 2A3(3XA1 + X2A3 + Fy + XFQX)z

2(F2 =+ 2XA1)2 ’ (24)
(A1 + XA + sz) [Al (A1 —3XA; + F2x) — 2A3F2]

5T 2(F, + 2XA;)? ’

4

where F; (# 0), A, and A; are free functions and the condition F» 4+ 2XA; # 0 is assumed. For the cubic HOST

characterised by F3 and B’s, we have
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B, Bs . B 4XByFs3x — (631 + Fg)()z Be — B5(4XB4 —6B; — F3x)

- =—=B1, B;=-By » Bs= )
3 2 12XB; 12XB; (2.5)
B4(4XBy — 6B, — Fix) B4(4XBy — 6B1 — F3x)? ‘
B¢ =—Bsy, Bg= , Bu= )
6XB; 24X2B?

where F3, B; (# 0), and By are arbitrary functions. Moreover, when both the quadratic and cubic parts are present, one

has to impose the following conditions on top of Egs. (2.4) and (2.5):

A1(4XF2X — 3F2) n XFyx — Fy _ F3X(F2 + 2XA1)2

XF, X2 6X2F, B, (2.6)
6B1(F, — XFox) + F3x(Fy + X A1)

By =
2XF

Having said that, in what follows, we do not necessarily impose the degeneracy conditions for the following reason.
When we consider perturbations about stealth solutions (i.e., those with the metric of GR solutions) with a timelike
scalar profile, the perturbations would be strongly coupled in the asymptotic Minkowski/de Sitter region@. Therefore,
in order to render those perturbations weakly coupled, one has to take into account deviation from the degeneracy
conditions, which is known as the scordatura mechanism{22l. Of course, any deviation from the degeneracy conditions
leads to the appearance of an Ostrogradsky ghost in general, and therefore we assume the deviation is tiny so that the
mass of the Ostrogradsky ghost is heavy enough. (An exception is U-DHOST, where the scordatura mechanism is
implemented by default while the Ostrogradsky ghost is intrinsically absent[37l) Note that we will mainly focus on odd-
parity perturbations about static and spherically symmetric background, where the problems of the strong coupling and
Ostrogradsky ghost are irrelevant.” The above comment on the breaking of the degeneracy conditions and the

scordatura mechanism applies when we investigate even-parity perturbations, which we leave for future study.

2.2. Background field equations

Now we assume a stealth solution with X = Xy = const., which captures aspects of a broad range of known solutions.
For instance, a de Sitter attractor with constant X was found in28l. Also, there have been extensive studies on stealth
S(ds) solutions2!13114115][16](17)[181(19] ;¢ yyel] as stealth Kerr solutions?229] in the context of Horndeski and (D)HOST
theories. As such, constant- X solutions are motivated due to their link to exact stealth solutions while still having non-
trivial scalar dynamics, therefore offering a controlled and simplified way to explore departures from GR. However, exact
stealth solutions have also been found with non-constant X in 22! and their stability and effect on quasinormal modes

have been quantified in W49 Hence, looking forward, non-constant-X solutions offer yet a richer and promising
avenue to explore further viable GR departures. Under the condition that X is a constant, one can express higher-

derivative terms of ¢ as®

S b =0,  OVidn=—ddn, 6" Odr = —¢ads ,
Vb = —Runod’” — didn, , Va0 = —Ra¢'¢” — gl .

Then, the Euler-Lagrange (EL) equation for the metric is given by £, = 0, with
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g/“/ :(F2 - X0F3¢)Gw
— %{Fo +2X0(F1g + 2Fopp) + (A1 + Ay + 2XOBZ¢)¢2¢Z = 2[Fay + Xo(Fsp — 2444)| 0
+ (Fog — A2) [(O4)? — 6295 — 26"" Ras | — 28106 [(09)° — 36165 — 3¢ ¢ s
+6X0B1o(C9)° + (2B + Bs)$L6}65 + 28296 6% Raaos | o
- %{FOX +2(F1p + Fapg) + (Fox — F34) R+ <F1X — F3pp — %RFSX + 442 — 2X0A3¢) Ue
+ [Aix + 2(Bas — XoBs)) 66 + [Azx +2(3B1g — XoBug)] (0¢)* + (Bix + Ba)(g)*
+ Fyx¢* Rap + As [(O6) = 695 — 6"" Ras| + (Box — 2Bo) #0665 (2.8)
+ (Bax — 2Bs + Bs)Odads — 2Bi0¢¢" ¢ Rap — 2Bﬁ¢/\¢0¢aﬁRmaﬂ}¢u¢u
~{Foo + Xo(Fagn + 2415) — (Fas + AL~ 2X0B25)06 — Bz [(09)° — 9265 — Rasd” ¢’ } b
_ % [2(F34 + A1 + 3X(Bsg) + (2B2 — 3B3)0¢| purdy — (2B2 + 3Bg)|:]¢7)\¢(u¢i‘)
— (Fsg + A1 + BaOg)$* 6" Ry + 2B26" Ra 85 — 2(Fsg — Ay — 3B106)¢ 8, Ry
—2[A1 + A + (3B1 + B2)0¢] 6,06, — 3Bsdro $i % — (2Bs + 3B3)6™ (. b)ao
+3B38* 6" ¢{, Ryrsp + 2B20" 673, Royorp — T »
where the coupling functions and their derivatives are evaluated at the background solution with ¢ = ¢y (not
necessarily a constant) and X = X,,. Here, subscripts ¢ and X denote derivatives with respect to ¢ and X respectively.
The stress-energy tensor for the matter sector is given by T, = —ﬁ J(\g_—ffm). It should be noted that, unless
¢ = const., the EL equation for the scalar field, which we denote by £ = 0, is automatically satisfied for any
configuration (g,.,¢) that satisfies £,, = 0 and the equations of motion for the matter field thanks to the Noether
identity associated with general covariance, ie. V#E,, « ¢,& (seelﬂ1 for related discussions). In other words,
&y = 0 can be reproduced from other EL equations and hence is a redundant equation. Note also that the terms with Ay,
As, Bs, By, Bs, By, and By do not contribute to the EL equations under the condition X = const. Because nothing

about the metric background structure is assumed in Eq. (2.8), this is our main equation that we will use to derive the

existence conditions for general GR metrics, either with minimally coupled matter field(s) or in vacuum.

Equation (2.8) is the master field equation derived in this work. From it, by taking different limits, one can recover the
relevant field equations for the different cases collected in Table 1. More concretely, one can easily restrict Eq. (2.8) to
shift-symmetric cubic HOST by rewriting all the functions as F(¢, X) = F(X), and therefore setting their ¢ derivatives
to zero, i.e. Fy, = Fyy4 = 0. It is also straightforward to restrict to quadratic HOST theories by setting the cubic functions

to zero, i.e. By = F; = 0. In the latter case, Eq. (2.8) recovers the expressions derived in12,

Let us see now how the equation of motion gets simplified as we progressively weaken the requirement on background
solutions and only require the presence of subsets of the previous solutions. Assuming that G, = —Ag,., Eq. (2.8)

reduces to

geios.com doi.org/10.32388/E4K7XF.2


https://www.qeios.com/
https://doi.org/10.32388/E4K7XF.2

1 1
gﬂ’/ = — E{Fg +2AF; +2X, F1¢ + 2F2¢¢ + 2A <5F3¢ — A1 — 24, + 6X031¢)j|
— 2[Fagg + Xo(Fagg — 2429 + 2A(5B1 + 2B1))|0¢p + Bsa 63

+ [A1 + Az + 2X((3B1g + Bag) + 2(2B1 + B2)1¢) ¢§¢g }guu

1
— 5{F0X + 2F1¢ + 2Fz¢¢ + 2A[2F2X — F3¢ — A1 — 2A2 + X0(2A2X + 3A3 + 4(3Bl¢ — X0B4¢))]

+ {FIX — F3¢¢, —+ 4A2¢ — 2X0A3¢ — A(F?,X +12B1 + 2By — 4X0(BlX + 2B4 + BG))] Oe (2.9)
+ [Aix + Asx + 2(3B1g + B2y — Xo(Bag + Beg)) + (Bix + Bax — Bs — Bg) ¢ ¢g¢’g
+ Bix ¢ 665 } budy

1
— [Fag + Xo(Fspp + 2415 — 2ABs) + Bz¢g¢g + 2X¢Boy| dpr — 3 <X0B3¢ - 5335¢) N

2[4y + Ay + (3B1 + B2)08] 6,06, — 3Bs (6108008 + B @ — 6676, Ropsoy )
= B2 (4(ubure @ — 8" d(uRojon,) — (2B + 3B3) Uad )

where we have used the identities
(D¢)¢#V - ¢;\t¢)\v - Ru/\mﬂz’)‘d’a = A(ZXOQW + ¢u¢u) ) (D¢)2 - ¢§¢[3 = 4AX0 . (2~10)

Notice that the above identities hold true in the case of the S(dS) spacetime with a linearly time-dependent scalar field

¢=qt+ w(r)g, so that X = ¢?/2. Here q has a mass dimension two for a scalar with mass dimension one.l¥ Having
more simplified equations of motion then leads to less restrictive existence conditions, and hence the case Cubicggs,
where only SdS solutions are required to exist, will generally allow a bigger region of theory space than in case
Cubicgr.mat- In the limit of including only shift-symmetric quadratic terms (i.e. 88 Quadraticgyg), Eq. (2.9) above

reduces to Eq. (2.9) inl22,

We can further weaken the requirement on the background geometry to be that of a Schwarzschild black hole, i.e. if we

are interested in vacuum solutions where G, = 0 (hence with A = 0), then Eq. (2.9) is further simplified to

1
Ew = — 5{F0 +2X0 (Fip + 2F209) — 2[Fag + Xo(Fsgp — 2424)| 06
11
+ |:A1 + Ay + 2X0(3Bl¢ + B2¢) +2 (231 + By + EBg) D¢] (]5?,(]5; }glﬂf
1
— 5{F0X + 2F1¢ + 2F2¢¢ + (FlX — F3¢¢ + 4A2¢ — 2X0A3¢) O¢
+ |:A1X + Aox + 2(3Bl¢ + By — Xo(B4¢ + Bﬁ¢)) (2.11)
5 1 8 o
+ | Bix + Bax + §Bsx - §B3 — By — Bs | | dady ¢ dudy
1
- [F2¢ + Xo(Fspp + 2414) + 5(232 + Bs)¢cﬂz¢f§ + 2X0B2¢D¢:| B — 3X0B3sOddurds

7
-2 [Al + Ay + (331 +2B; + EB?,) Dzzﬁ} $u0é,) — (2B + B.‘S)D¢/\¢(u¢;\) )

where we have used the following identities:

R85 = 264506, Xot™ b = [XOD@ - %(Dw%} 06,

XoRuor 78" = =2 8816560 Ruony 86 = 61(~0bb1m + Hiy) (2.12)

Xo [9D¢>¢Z¢W +4¢, (D¢D¢V) + 3¢g)D¢U>} = (00)? [3X o + 0 (2Xo0gu + 36u,)]
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which are valid for the stealth Schwarzschild background. Indeed, Eq. (2.11) can be used to derive the existence
conditions for Schwarzschild black holes. We will see that weakening of the nature of the background allows more
freedom in the remaining valid theory space, and hence also in the potential number of GR deviations, as can be seen in

Table 1and Figure 1c.
Finally, for completeness, let us also comment on the trivial case where ¢ = const., and hence all derivatives of ¢ vanish.

The equations of motion for the metric and scalar are given by

1
Ew = FGpy — EFO!J;W ~Tw =0,
Ey = Foy + FoyR =0,

(2.13)

which coincide with the expressions in22l for quadratic HOST. Note that the equation of motion of ¢ cannot be derived
from that of the metric in this case. In what follows, we only consider the case where the scalar field has a non-trivial

gradient and therefore £, = 0 automatically follows from £, = 0.

2.3, Existence conditions for stealth GR solutions

We can now obtain the conditions that need to be satisfied for each class of stealth solutions to exist. We will show here
the conditions for general cubic theories (i.e. cases Cubicgg.mat/GR-vac/sds/schw), While an exhaustive list of existence

conditions for shift-symmetric and/or quadratic theories can be found in Appendix A.

Note that we obtain the existence conditions for stealth solutions in such a way that the covariant equations of motion
are trivially satisfied when the Einstein equation in GR (i.e. G, = M1;12TMV — Ag,.) is imposed. Once we assume such
existence conditions, the metric is determined by solving the Einstein equation under the spacetime symmetry of
interest, and then the scalar field profile is fixed via Xo = —g"”9,¢00, ¢o/2 [19120] 1t should also be noted that the
existence conditions are written in terms of the functions of HOST theories evaluated at the background solution with
¢ = ¢ and X = X,. Since we are focusing on solutions with X, = const., even if the existence conditions impose, e.g.
A (do,X0) = 0, this does not necessarily mean A;x(fo, Xo) = 0. However, the condition A; (¢, Xo) = 0 implies
Ai4(¢o,X0) = 0 when ¢y is a non-trivial function of spacetime. (Recall that we do not impose the shift symmetry from
the outset, and therefore the functions can depend on ¢ explicitly) This property has been used to simplify the

conditions.

2.3.1. General stealth GR with minimally coupled matter
Let us begin by investigating the case Cubicgr mat, in which Eq. (2.8) is required to allow general GR solutions
(ie. which satisfy G, = Mp,T,, — Agy, ). If the following conditions,

Fy + 2AM§1 = *2X0(F1¢ + 2F2¢¢) = XO(FOX — 2F2¢¢) y
XoFix = —3Fy = —3XoFyp , X, (Fo—M2)=Fox=Fsy = —A1 = Ay, (2.14)
Fsx =Aix =Ayx =A3 =B, =Bix=By=Byx=B3=B3x=B;=Bs =0,

are satisfied at X = Xg,u this ensures that Eq. (2.8) is satisfied for any stealth GR solution with arbitrary time-

dependent scalar background with constant X, and any minimally coupled matter field—this is visualised in
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Figure 1a.2 In that sense, they are the most restrictive set of existence conditions presented in this paper. The
conditions (A.1) for 5 Cubicgr.mat can be obtained from Eg. (2.14) by imposing shift symmetry on all the functions.
Additionally, the conditions (A.2) for Quadraticgg ;. can be obtained by removing all cubic-order interactions, and

then similarly the conditions (A.3) for 5% Quadraticg, ,,, can be obtained by then taking the shift-symmetric limit,

recovering the expressions inl9l.

2.3.2. General stealth GR in vacuum

In the case of stealth GR metric solutions in vacuum, i.e. if we focus on Cubicgg.vac, the existence conditions for cubic

HOST theories now read

Fo +2A(Fs — XoFsg) = —2Xo(Fig + 2F5¢) , Fox = —2[Fi4 + Fapp + A(2Fox — 2F3 + XoAix)] ,
3P + Xo(Fix — AFsx) = 2X3(Asg —2ABy), Fag = XoFsgp , Fsp = —A1 =4y, (2.15)
A3 = Aix = —Asx +2X¢Byy, 2By=—-2Bi1x=DBox, B1=By=B3=B3x=Bs=0.

From the above conditions, we see that less functions are required to be set to zero, therefore allowing a bigger region in
the theory parameter space. Similarly as before, the conditions for S8 CubicgRovac (A4), Quadraticgg v, (A5), and
SSQuadraticgg .. (A.6) can be obtained from Eq. (2.15) in the appropriate limits. The results we have obtained for

Quadraticgg._,,. and ° Quadraticgg._,,. coincide with those found in2),

2.3.3. Schwarzschild-de Sitter

Here we focus on extracting the existence conditions for SdS background solutions in cubic HOST theories, ie.

Cubicggs. From Eq. (2.9) we obtain

Fy +2AF, = 72X0(F1¢ + 2F2¢¢ + AF3¢ + 2AA1) s F2¢ = 7X0(F3¢¢ — 2A2¢) s

Fox + 4AFx = 72{F1¢ + Foypp — A[F3¢ — A1 — Xo(242x + 345 — 4XOB4¢)]} , A =—-A,,

Aix + Aox = 2X0(B4¢+ Bs¢) , Fix —AF3x = F3¢¢ — 4A2¢ + 2X0A3¢ — 4AX0(ZB4 + Bg + le) s
By =By =B3;=DBsx =0, Bjy+Bs=DBix+ Bax.

(2.16)

These conditions are displayed in Figure 1b. When shift-symmetry is imposed, i.e. 5 Cubicsgs, the above conditions

reduce to those derived in!&!

. We can also obtain the conditions up to quadratic interactions, i.e. Quadraticgyg, from
the equation above by setting all By = 0 as well as F3 = 0 [see (A.8)]. Finally, in the case of shift-symmetric quadratic

theories, i.e.  Quadraticsys, Eq. (2.16) recovers Eq. (42) of!8] [see (A.9)].

2.34. Schwarzschild
Here we consider the conditions that HOST functions are required to satisfy in order to admit the existence of stealth
Schwarzschild solutions (Cubicg,y )- From Eq. (2.11) we obtain
Fo = =2Xo(Fip +2Fop4) »  Fagp = —Xo(Fsgp — 2459) ,  Fox = —2(Fig + Fagg) , A1 = —4Az,
Aix + Arx = 2X0(B4¢ + B6¢) s Fix = F3¢¢, — 4A2¢ + 2XOA3¢ , 18By =2B; = —Bj y (217)
3B; = Xo[g(le + Box — By — Be) + 533)(} y B1¢ = Bg¢ = Bg¢ =0.

These conditions are shown in Figure 1c. In this case, it is important to clarify why certain functions—such as F, —

appear uncoloured and unshaded in Figure 1c, in contrast to their coloured or shaded appearance in Figures 1a and 1b.
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Taking F» as an example, we note that in a Ricci-flat geometry like Schwarzschild, its contribution becomes redundant,
since F>G,, = 0 automatically holds in Eq. (2.8). This does not imply that F, is inadmissible in this case; rather, it
means that F, is unconstrained by the imposition of the existence of a Schwarzschild background and is therefore
allowed complete freedom. Similarly to the previous case, in the shift-symmetric limit, corresponding to 5% Cubicscyy,
these conditions exactly reproduce the results in8l and given in (A.10). For quadratic theories, i.e. Quadraticg,,, the
existence conditions can also be obtained from the equation above by setting all B; = 0 as well as F3 = 0 [see (A.11)].
Finally, in the case of shift-symmetric quadratic theories, i.e. 5 Quadraticg,, Eq. (2.16) recovers the results of Eq. (23)

inl6l and given in (A.12).

At this point, it is interesting to inspect the existence conditions obtained so far, specifically in regards to the degeneracy
conditions summarised in section 2.1. One notices that the existence conditions (2.14), (2.15), and (2.16) impose
B; = 0 when evaluated at the background. Also, the existence condition (2.17) for the stealth Schwarzschild solution
imposes 18 B; = 2B, = —Bj, which implies B; = 0 when the degeneracy condition (2.5) for cubic DHOST of class 3N-I
is assumed. Recall that for cubic DHOST of class 3N-I, one requires that B; # 0 [see (2.5) and (2.6), where B; appears in
the denominator]. This means that, if we work within DHOST theories of class N-I and require the existence of stealth
solutions with constant X, the cubic DHOST part is prohibited, and we are left with quadratic DHOST of class 2N-I (see
alsol181) 3 Regarding the degeneracy condition (2.4) for quadratic DHOST, one easily sees the compatibility with the
existence conditions. Indeed, all the existence conditions (2.14)—(2.17) satisfy Ay, = —A;, and the functions A4 and
As are irrelevant to the existence conditions. In the remaining of the paper, however, and as motivated in the

introduction, we will not be requiring the satisfaction of degeneracy conditions.

3. Quadratic Lagrangian in the odd sector

In the previous section we have investigated the background evolution in cubic HOST theories as well as in a number of
specific subcases, with a particular focus on understanding the constraints imposed by requiring stealth GR solutions.
Having done so, we arrived at a reduced set of cubic HOST theories and in this section we now consider perturbations
about the stealth solutions to ultimately understand how restrictions imposed by requiring GR stealth solutions affect
the behaviour of perturbations (and ultimately observable quasinormal modes). Specifically, we here investigate the
dynamics of linear odd-parity perturbations about a static and spherically symmetric background given by

ds? = —A(r)dt* + dr + 7% (d6® + sin®f) , (3.1)

B(r)

accompanied by a spherical and (linearly) time-dependent scalar field ¢ = gt + ¢(r). In this section, we will focus on
S(dS) solutions, i.e. the unique static and spherically symmetric vacuum solutions of GR, therefore satisfying A = B. We,
however, choose to keep A and B independent for now, as the equations we derive can also be applied to study the
dynamics of perturbations for non-stealth metrics with A # B, e.g. those corresponding to hairy black holes[21[14142]

We begin by studying the dynamics of odd-parity perturbations as an initial step toward identifying stable models
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within the broad spectrum of theories explored in this work, reserving a more comprehensive analysis of the more

complex even-parity modes for future investigation.*
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(a) Existence conditions for general GR stealth solutions with matter (Cubicgr mas) (2.14).
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(b) Existence conditions for stealth SdS solutions (Cubicgqg) (2.16).
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(c) Existence conditions for stealth Schwarzschild solutions (Cubicgy,,) (2.17).

Figure 1. Here we display the theory space of cubic HOST theories which allow the existence of different stealth solutions.
(Rows) columns represent (derivatives of) cubic HOST functions, e.g. ¢¢-row and Fy-column refers to Fy44. In coloured boxes,
we show (combinations of) free functions that remain independent after the imposition of the corresponding existence
conditions. When a single box is split into regions of different colours, this indicates that such term can be rewritten as a
distinct combination of functions corresponding to such colours. The shaded region is either not allowed due to the constant-
X nature of our background (dark grey), or due to the existence conditions (light grey). Finally, uncoloured and unshaded
regions simply do not contribute to the equations of motion. Note that the allowed theory-space region increases as the

assumptions on the background geometry are weakened.
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In the so-called Lemaitre coordinates, the line element (3.1) can be written as:
ds? = —dr® + (1 — A)dp® +r*(d6” + sin®6dy?) | (3.2)
where 7and p are defined so that

LA, dp—dt — (3.3)

AB VAB(1 - A)

We then see that the coordinate r is a function of p — 7, satisfying

dr =dt +

. B(1-A)
Opr=—r= — (3.4)

where a dot denotes the derivative with respect to 7. As a reminder, recall that in the previous sections we have
distinguished four different cases in relation to the nature of the background solution: 1) general GR solutions in the
presence of matter, 2) general GR solutions in vacuum, 3) SdS, and 4) Schwarzschild black holes. As a result, for cases 1)
and 2) one can in principle study the dynamics of perturbations for metrics other than S(dS), e.g. Kerr for cases 1) and 2)
and Reissner-Nordstrom for case 1). However, in this section we will focus on static and spherically symmetric stealth
GR solutions in vacuum, i.e., stealth S(dS) solutions. Written explicitly, the metric functions for these solutions are as

follows:

Schwarzschild: A=B=1-1 (3.5)
T

Ts 1

Sds: A=B=1-—-=— ZAs?, (3.6)
r 3

where r; (> 0) is a constant of length dimension (corresponding to the horizon radius for the Schwarzschild metric).

Note that for the S(dS) metric, the following relation applies:

=—Ar. (3.7)

We now introduce metric perturbations b, as

by = 9w — 9 (3.8)
where g, is the background metric given by Eq. (3.2). As we are considering the odd-parity sector and hence no scalar
perturbations will be present in our analysis, we will (in an abuse of notation) use the same symbol for the scalar field
¢ and its background value, i.e. ¢y = ¢. Note that, if we assume that the Lemaitre coordinate 7 is compatible with the
time coordinate in the unitary gauge (i.e., ¢ « 7), then X is a constant.
The odd-parity metric perturbations are usually decomposed in terms of the spherical harmonics Yz, (6, ¢). Note that

one can set i, = 0 without loss of generality thanks to the spherical symmetry of the background!®, and hence one can

employ the Legendre polynomials P;(cos ) instead. In the Regge-Wheeler gauge, the odd-parity metric perturbations

look like
0 0 0 hg
h‘;ﬁd = g g 8 }:]1 r?sin@ 8y P, (cos®) , (3.9)
hg h1 0 0
geios.com doi.org/10.32388/E4K7XF.2
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where the /-dependence of hy and h; has been suppressed as modes with different ¢ evolve independently. Note in
passing that the Regge-Wheeler gauge can be achieved by a complete gauge fixing, and therefore one can impose it at
the level of Lagrangian@. Here, hy and h, are functions of (7, p), and it should be pointed out that, as can be seen above,
they differ from definitions used in other works (e.g. [71(281[431[441y by an overall factor of 2 which has been included for
later convenience. It should also be noted that we focus on generic higher multipoles with £ > 2, where one expects to
have one propagating degree of freedom in the odd sector. For £ = 1, the odd-parity perturbations are non-dynamical

and correspond to a slow rotation of the black hole.

We write the perturbed covariant action up to quadratic order in metric perturbations as:
) 1 3 5 10
St = 5 / d'z\/~g) [ > L Fra+ Y 6La, Ara+ ) MBMBJQ} , (3.10)
a K=0 I=1 J=

1

where we have introduced the new notation a = {0, ¢, X, ¢¢, XX, X} denoting the different ¢- and X -derivatives,
with 0 referring to a lack of derivatives. This notation enables one to easily identify which terms contribute at
perturbative level and also directly confirm which features of the background solution cause the other terms to vanish.
For the setup considered here with linear odd-parity perturbations with X = const., out of the potential 114
contributions to (3.10), only 23 are non-zero, which we collect in Appendix B. As summarised in Figure 2, the rest of the
terms vanish upon employing constant-X identities Eq. (2.7) and/or other simplifying relations that hold true for odd-
parity perturbations about spherical background (such as hj, =0 or ¢*¢”h,, = 0) which are collected in full in

Eq. (B.26) of Appendix B.

E E F;. F-s A{m As A(«,sz B{l,z,sﬁ B(M B{s,w B{w}

]

‘:I UP To INTEGRATION
BY PARTS

N
PRESENT

4747 X = Consr.

-
&
X \\e Opp MoDeS

oL
o

d;x - X=CoNsT. 0k Opp MoDES
Q
2

X X X=ConsT. Awp Opp MoDES

Figure 2. Coefficients in the quadratic Lagrangian in covariant form (3.10). In green we show the terms that provide non-zero
contributions to the covariant quadratic Lagrangian for odd-parity perturbations, Eq. ((3.10)). In blue we show terms that
contribute to the quadratic action only if the corresponding functions are not constants, i.e. F, F3 # const. Otherwise, they

vanish up to total derivatives. The remaining coefficients are not present due to the reasons shown in the legend.
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The quadratic Lagrangian for odd-parity perturbations (3.10) can be written in component form by substituting in the
expressions for the background metric (3.2), the background scalar, and metric perturbations (3.9). Written explicitly in

terms of hy and h;, we have

20+1
2752

Lo = p1h? + poh? +ps[(h1 — 8yho)? + 2pah18, ho] + pshoha (3.11)

where j2 = £(£ +1). Note that the background equations of motion have not been used at this stage, and we have
adopted the notation inf2l. Analytic expressions for the p-coefficients in terms of cubic HOST functions are very
extensive and are therefore not included here. They can be found and used, however, in the corresponding Mathematica
notebook inflL, Figure 3 summarises the cubic HOST functions (in green) that contribute to the p; coefficients. The fact
that the green coefficients appear differently in Figures 2 and 3 is due to the use of integration by parts to write the

quadratic Lagrangian in component form as in Eq. (3.11), which necessarily rearranges the function content.

F; E F-z. F; Al Az A3 A{h.Sk Bu Bz Bs B{h,ﬂ B{sm,nog

Te
Ps

Figure 3. Contribution from all cubic HOST functions to the different p-coefficients. We show in green when a specific HOST
function appears in a given p; and we leave in blank the cases where they do not, e.g. Fj appears in the full expression for

p1 and pz, but not in the one for p3 and p4. The full expressions can be found in the companion repository infll,

It is interesting to highlight that in our general setup without assuming shift and reflection symmetries and even
without using the background equations of motion we find that

ps=0. (3.12)
In other words, for a static and spherically symmetric metric background (not necessarily stealth) with a linearly time-
dependent scalar field, the specific combination of ko (7, p) and h (7, p) associated with ps does not appear in cubic
HOST theories even without imposing the degeneracy conditions. This happens presumably due to the specific structure
of the cubic HOST Lagrangian. Indeed, the p4 term is present in general in the context of EFT of BH perturbations with a
timelike scalar proﬁleV’—Sl, which encompasses HOST theories in principle. It was also shown inf%! that the presence of
p4 forbids the existence of slowly rotating BH solutions (or otherwise leads to a diverging sound speed). In this sense, the

vanishing of p4 in cubic HOST is phenomenologically desirable.

In the following Subsections, we will explicitly show expressions for the p; coefficients under several existence

conditions, and identify the presence of any potential deviations from GR. We will show here the expressions for the
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p; coefficients for general cubic theories (i.e. Cubicgr.mat/GR-vac/sds/schw), aNd an exhaustive list for shift-symmetric
and/or quadratic theories can be found in Appendix C. Moreover, the beyond-GR parameter(s) for all models will be

summarised in Table 2.

3.1. General stealth GR with minimally coupled matter

Let us first consider the case where all GR solutions in the presence of matter are required to exist. Upon employing the

conditions (2.14) and specifying a SdS background, the coefficients p;’s are given by

2 M2

r P Pl
p =1 /1— A(5 -2)M}, p=-——— _,
JVI—4 JVI—A4

These expressions for the p; coefficients are precisely the ones obtained in GR. Therefore, in this case the dynamics of

4
ps=0. (3.13)

)MP21 ) b3 =

the odd-parity perturbations are the same as in GR, implying that ringdown observables associated with such

perturbations, like the quasinormal mode frequencies, will be indistinguishable between the two cases.

3.2. General stealth GR in vacuum

Upon employing the conditions for the existence of stealth solutions (2.15) and specifying an SdS background, the p-

coefficients for the case Cubicgr.vac are simplified to

pr =1 y/1— A - 2)(F — XoF34), p2= —ﬂr—j(f —2)(Fy — XoF3y) ,
. B (3.14)
'
= (P XFy), ~0.
D3 \/m( P 0F34) Ps

From Eg. (3.14) we see that the presence of F3, shifts the value of F; in the same way for all non-zero coefficients p;,
p2 and p;. In this sense, we here conclude that there is one independent combination of functions for the case
Cubicgr.vac corresponding to Fy — X(F34 controlling the behaviour of odd-parity perturbations. We can now
distinguish two cases. First, for non-shift-symmetric models, these functions (and hence also their one independent
combination) can be non-trivial functions of spacetime and, as a result, deviations from GR can appear. Because of this,
we use the symbol v'; in Table 1 to denote that there is one independent combination of HOST functions which governs
the dynamics of odd modes in a way that might differ from GR. As will be discussed in Section 5, this actually
complicates the definition of quasinormal mode frequencies. Second, if F5 — XF3; is a constant when evaluated on the
background (note that this does not entail shift-symmetry, as it is possible that both F, and F34 are non-trivial
functions of spacetime but F> — X(F34 is a constant), then all ringdown phenomenology in the odd sector will be
indistinguishable from GR, albeit from a constant shift in the effective Planck mass [c.f. (3.14) with (3.13)]. In this case, for
instance, quasinormal mode frequencies will have the same numerical values as in standard GR. In the shift-symmetric
and/or quadratic limit, i.e. for the cases Cubicgy, .., Quadraticty, ..., and Quadraticgg.yac, the contribution from
the coefficient F34 disappears and F is the only contributing function [see (C.1)]. In these cases, if F} is shift-symmetric

we also recover GR predictions (therefore represented with a x in Table 1). However, for the case Quadraticgg_yac,
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F) can generally be a non-trivial function of spacetime, hence potentially sourcing deviations from GR. Because of this,

this case is represented with the symbol v'; in Table 1.

3.3. Schwarzschild-de Sitter

As we have seen, requiring the existence of SdS solutions as opposed to requiring general stealth GR solutions leads to a
broader allowed region of theory space. Imposing the existence conditions (2.16) for SAS spacetimes on cubic theories

leads to the following p; coefficients:

2
p =P VT=AG = 2) [t Xo(Fys +241)| , po = ————( ~ (B2 — XoFhy) ,
\ vi-4 (3.15)
p3 = \ﬂT—_[Fz +X0(F3¢+2A1)] ) ps=0.

Inspecting Eq. (3.15) we see that 2 independent combinations of HOST functions fully characterise the all p; coefficients,
corresponding to

Fy,— XoFsy, A +Fy. (3.16)
Note that p; and ps are proportional to a linear combination of these two quantities.
In the shift-symmetric limit, all contributions from cubic functions disappear and hence for SSCubicgqs and
$8Quadraticg,g, and actually also Quadraticg,g, we obtain the coefficients given by (C.2), which are equivalent to
Eq. (3.6) in2Y for shift-symmetric quadratic theories. In those cases, only A; survives as an additional contribution on
top of F>. When F» and A; are shift-symmetric (and therefore time-independent when evaluated on the background),
the corresponding odd-parity quasinormal mode frequencies can be obtained by simple rescaling of those in GRI&OLIAT].

Written explicitly, for stealth Schwarzschild solutions, the relation is given by w = wgr [Fa/(F2 + 2X04: )]3/ 2,

As mentioned before, when the shift-symmetry is not imposed, we recall that HOST functions can in principle contain
explicit time dependences, which, as stated before, and discussed in more detail in Section 5, makes deriving the master

equation in the odd-parity sector more challenging.

3.4. Schwarzschild

In this Subsection we express the p; coefficients after imposing the existence conditions for Schwarzschild black hole

solutions [Eq. (2.17)]. They are given by

P =/ T=AG = D{rlF + Xo(Fyy + 241)] - 81,/2X3(1 - A) B }
2

™ 2
p2 = ————(§" — 2)(F2 — XoF3y) ,
JVI—4 (3.17)
A
p3 = \/—_ [Fz + Xo(Fsg + 2A1)] )
ps=0.

In this case, Cubicgcny, we find the following 3 independent combinations of HOST functions as fully characterising

the p; coefficients:

Fy — X0F3¢ s A+ F3¢ y B; . (3.18)
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Interestingly, one cubic function, By, survives in the shift-symmetric limit. Hence, 5% Cubics,,y contains 2 potential
beyond-GR parameters (note that, as explained before, in shift-symmetric models F; is a constant and therefore not
regarded as a beyond-GR parameter) in the evolution of odd-parity perturbations corresponding to A; and B;. The
presence of B; here leads to a non-trivial 7-dependent radial speed for GWs, something which will be discussed in
Section 4 together with the corresponding stability conditions. Inl28l odd-parity perturbations for Schwarzschild black
holes in shift-symmetric cubic HOST theories were studied and, in particular, the contribution from B; to the
fundamental quasinormal mode was calculated (while setting A; = 0). In Section 4 we show how a non-zero B; affects

the radial speed of GWs.

Both %) Quadraticg,, contain only A; as an additional function and do in fact also fall into the same category where
p; coefficients are given by (C.2) (i.e. Eq. (3.6) inm, which was found for shift-symmetric quadratic HOST). As such, the
same discussion below Eq. (3.15) related to the relation between quasinormal mode frequencies in this case and the ones
for Schwarzschild black holes in GR also applies here. As mentioned in the previous cases, when HOST functions above
contain an implicit time dependence, the master equation for odd-parity perturbations cannot be converted to an ODE,
and as a PDE, it makes the definition of quasinormal modes ambiguous. This will be discussed in more detail in

Section 5.

To conclude this Section, we have obtained the p; coefficients in the quadratic Lagrangian (3.11) for odd-parity
perturbations in general cubic theories under the existence conditions for stealth solutions, ie.
CubicgR, mat/GR-vac/sds/Schw- AS mentioned earlier, an exhaustive list of the p; coefficients for the remaining cases can

be found in Appendix C. The beyond-GR parameter(s) for each case are summarised in Table 2.
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Model Beyond-GR parameter(s) Symbol
%) Cubicap.mat,
(5%) Quadraticgg ;) None y
8 CUbicGR-vam
$SQuadraticgy .

CubicgR_yac F, — X F3q at (¢, X) = (¢, Xo0) V1
Cubicggs Fy — XoFsy, A1 + Fy at (¢, X) = (o, Xo) Vs
Cubicgpy F, — XoF34, Ay + F34, By at (¢, X) = (¢, Xo) V'3

QuadraticGR-vac F2 at (¢7 X) = (¢0 ) XO) ‘/1
Quadraticss, Fy, A at (9, X) = (40, Xo) Vs
Quadraticg,,,

S8 Cl.lbiCSdS7

S Quadraticg,,, A at X =X, e

S Quadraticg,,,

55 Cubicgey A, BiatX =X, V2

Table 2. Here we collect the number of independent combinations of beyond-GR parameters for all different models (i.e. for

each set of { symmetry, theory, stealth solution}). The last column shows the symbol we use to condense this information in

Table 1. Note how the interpretation for F; differs for shift- vs. non-shift-symmetric models, where in the former, as a

constant, does not count as a potential deviation from GR while in the latter, as potentially depending non-trivially on

spacetime coordinates, is included as a beyond-GR parameter.

4. Stability and speeds of odd-parity perturbations

In the previous sections we have derived the conditions under which different stealth black hole solutions with time-

dependent scalar hair exist for cubic HOST theories (Section 2) and obtained the quadratic Lagrangian for odd-parity

perturbations (Section 3). These kinds of solutions are known to exist for several large classes of ST theories (see e.g. 131

[4105106]191(201[421[481[491[50151[391) Note in passing that stealth solutions in DHOST theories have been shown to

generically suffer from instability or strong coupling issues when the even sector is taken into account[2H301[52] (see

Table I in%% for a more comprehensive summary). In this section, as a first step towards evaluating the overall stability

of the different models considered, we derive the conditions that HOST functions need to satisfy in order for linear odd-

perturbations to remain stable. In the EFT context, as an initial step towards deriving generalised master equations for

the even sector without strong coupling issues, the dynamics of monopole (¢ = 0) even perturbations have been studied

with the inclusion of the scordatura term, whose presence allows for the avoidance of strong coupling issues [531
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4.1. Stability conditions

In order to rewrite the quadratic Lagrangian (3.11) in terms of one variable, we introduce an auxiliary field x and
integrate out the variables hy and h;. For a detailed description of the procedure, see, e.g. (3045, e have seen in the
previous section that p, = p; = 0 in cubic HOST under the existence conditions for stealth solutions, and therefore the
corresponding terms in Eq. (3.11) will be ignored in what follows. After some manipulations, we obtain the quadratic

Lagrangian for  as!®

(7> —2)(20+1) .
—,252 = 81X2 - 52(8pX)2 - 33X2 s (4'1)
27y
where the parameters s;’s are defined as
9 2 ) 2 .o
J—2)p J°—2)p )
O C ik SR k) B —2>p3[1— (p—) —6p( "”ﬂ - (4.2)
D2 n D2 P

Note that these expressions apply for the case when the p;-coefficients are generic functions of 7 and p, and hence
generalise the expressions in20451521 which were derived under the condition that p;’s are functions only of
r=r(p—71).

The variable x now represents the propagating degree of freedom in the odd-parity sector. As usual, we define the sound

speed squared of GWs (i.e. the speed of GWs) in the radial and angular directions as'’
g 2
= _ppﬂ, c2 = lim _r 5—3 (4.3)
‘gTT‘ S1 £ ‘grr‘ J231
The absence of ghost and gradient instabilities requires that s, c,Z,, and cf) are positive definite:
51>0, >0, c2>0. (4.4)

Using the following parametrisation to characterise deviations from unity (i.e. the GR prediction) in the propagation

speeds,
G-l4af, G-1+al, (45)
the stability requirements cZ i 0 are equivalent to a¥) /9 > _1 and the GR result is obtained when a¥’ 9 _ 9.

We can now assess what these stability conditions imply for all the different cases in Table 1. As we have seen, the cases

(55) Cubicgr mat and 55 Quadraticgy ., recover GR results at the level of linear odd-parity perturbations and hence
stability conditions are automatically satisfied.
For general GR solutions in vacuum, more concretely for Cubicgg.vac, We obtain the following stability criterion:
Fy — XoFyy > 0. (4.6)
From the above we see that in the cases 5% Cubicgg.vac and %) Quadraticgg . the stability condition becomes
F>0. (4.7)

For the case Cubicggs, the stability of perturbations requires that

Fy — XOF3¢ >0, Fy + Xo(F3¢ + 2A1) >0. (48)
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Similarly, the stability conditions for cases 55 Cubicggs and 55 Quadraticg,g can be straightforwardly obtained from
the condition above. In fact, the same conditions also apply for cases (88) Quadraticg,,, and these are given by

F, >0, Fy +2X0A; >0. (49)
This leaves us with two remaining cases. First, we have Cubicgcny, from which we obtain the following stability

conditions:

Fy — X0F3¢ >0, Fs + X()(F3¢ + 2A1) >0,

— 410
r[Fy + Xo(Fss + 241)] — 81\/2X§’(1 —A)B; >0, (4.10)

where the last condition was derived from requiring c,% > 0. Second, the stability conditions for 55 Cubicg,, can be

straightforwardly obtained by imposing shift symmetry to the condition (4.10),

F, >0, Fy +2XyA; >0, T(F2+2X0A1)*811/2X3(1*A)B1 >0. (411)

From the above expressions, one sees that setting the cubic HOST function to zero one recovers the condition (4.9) for

cases (8%) Quadraticg,,.

4.2. Speed of gravity

In this Subsection, for illustrative purposes, we analyse the speed of GWs in the odd-parity sector. Let us focus on the
cases 58 Cubicgay since they contain non-trivial deviations from GR in the p; coefficients. Using Egs. (3.17) and (4.2) in

Eq. (4.3), the parameters agf’ /) defined in Eq. (4.5) are given by

—2rXo(41 + F34) +81,/2X3(1— A) B
o) rXo(A1 + Fp) + 814 /2X5( ) B1 T 2Xo(4i + Fyy) (4.12)
r[Fy + Xo(24; + Fay)] — 81\/2X3(1 —A)B; Fy + Xo(241 + Fiy)

From the expressions for the agf’ /9) parameters above, it is interesting to understand how they are related to current

observational constraints, most notably from the GW event GW170817 and the gamma-ray burst 170817A emitted from a
binary neutron star merger, which constrained |cgw — 1| < 10719 at the frequency scales probed by LIGO-Virgo-KAGRA

(LVK) 54][551(561(571[58]

The implication of the bound on GW speed on HOST theories in the context of cosmology is as follows. On a

homogeneous and isotropic cosmological background described by the Friedmann-Lemaitre-Robertson-Walker metric,

the deviation of C%}W from unity is given by 59

- 2X[A; + F3y — 6HX(B; + B3)] (4.13)
F2+X[2A1+F3¢—12HX(B2+B3)] ’ '

cosm

where H denotes the Hubble parameter. In order for o™ to vanish irrespective of the matter content of the Universe

(i.e. irrespective of how H evolves), one requires that
A+ Fy =0, By+B3=0. (4.14)

Having said that, note that non-trivial a5**™ is not ruled out for theories whose cutoff scale is lower than (or close to) the

frequencies probed by LVK observations. More specifically, higher-order operators suppressed by the scale
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As = (Mleg)l/ 3 (chosen so that these operators give O(1) contributions to cosmological dynamics), with Hy being
the present Hubble parameter, lead to a cutoff close to or below the LVK frequency band (seel®d for theoretical

background and[44161[621(63](64] o related GW phenomenology and constraints).

We can in principle also apply the bound on GW speed in our context, provided that the spacetime is described by the

stealth Schwarzschild solution throughout the propagation of GWs. As previously discussed in, e.g. [271[46]  while

applying the GW170817 constraint suggests that a¥ ) must approach zero at large distances, it may nonetheless have

non-trivial configurations at short distances (i.e. in the black hole environment). In order to provide tangible results, we

now assume that the relevant HOST functions are constant when evaluated at the background, i.e. F3, F34, A;, B; areall

constant.’¥ Then, requiring aéf” to vanish at large r imposes A; + F34 = 0.9 In that case, we can rewrite the

a¥' ) parameter in (4.12) in the following form:

(2)3/23 81,/2X3 By
o) — _\r/ = B
T rs\3/24,
1- ()8

S (4.15)
s (Fy — XoF34)

where, in the absence of F34, the dimensionless quantity B exactly matches that introduced in Eq. (59) ofl28] from which
we adopt the nomenclature. We plot agf’) as a function of r/r, for some (negative) values of B in Figure 4, where
rq corresponds to the graviton horizon (i.e. the horizon for the odd modes). Note that, for a(T” ) # 0, r, is different than

the radius of the photon horizon 7, (i.e. the horizon for particles travelling at the speed of light).20 Following the same

discussion as inl2Zl46] one can show that r, satisfies

A(ry) + a(T”) (rg) =0. (4.16)

Specifically, on a Schwarzschild background where A(r) = 1 — r, /r, the two horizons are related via

ry =1 +a(Tp) (rg)]ry - (4.17)

In Figure 4 we see that agf’ ) transitions smoothly from —1 as » — 0 and to zero as r — oo. In other words, as we

approach the singularity (r — 0) the odd modes ‘freeze’, i.e. ¢, = 0, while at spatial infinity we recover the GR
prediction, ie. c, = clignt (=1). As a first approximation, assuming the constraint on GW speed from the
event GW170817 applies to black holes, and taking them to imply that |a(T” )| <1071 at r ~ 102, 2! then we can
conclude that roughly |B| < 10'%, suggesting that such a measurement is not really effective for constraining this

theoretical setup.
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unstable region
. . ; : -10
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logy7/7g

Figure 4. Speed of GWs in the radial direction as a function of distance for different values of the beyond-GR parameter
B (4.15). The distance is plotted relative to the graviton horizon radius r,4, with the region inside r, shaded in grey (note that

rq > 1 for B < 0). Shaded in red is the region where stability conditions are violated. In dashed orange we show the GR

prediction (i.e. a;f’ ) 0).

5. Master equation for odd-parity perturbations

In order to further connect the models investigated here with actual ringdown GW observables (e.g. quasinormal mode
frequencies), one first needs to derive a master equation for odd modes from the quadratic Lagrangian (4.1). In this
Section, we discuss how this derivation becomes more subtle once HOST functions are allowed to carry explicit time
dependencies, as is the case for non-shift-symmetric models.

In order to clarify the subtlety, let us follow the derivation of such a master equation in e.g. [ZOUIA6] ynti] some

difficulty arises. First, let us rewrite the quadratic Lagrangian (4.1) in terms of the Schwarzschild coordinates {¢,r, 6, ¢}.

After some manipulations, we obtain

2
77 —2)(20+1)
+(j2)£2 = al(atX)Z — GZ(arX)z + 2a3(8:x) (B x) — ax? (5.1)
with
s1—(1— A)?sy B(1— A)
N el a = (s2—s1),

VABI-A4) A (5.2)

a_(l—A)sz—sl . — A .
e 4= —B(I—A)S.

As mentioned earlier, though we mainly focus on the S(dS) background in the present paper, here we have kept the
metric functions A and B independent for generality. Note that we have taken into account the Jacobian determinant

associated with the coordinate transformation: £, = |8(r, p)/8(t, )| L.
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Notice that the Lagrangian (5.1) contains the cross term (9;x)(8,x). In the case where all the a; coefficients defined
above are static with respect to the Killing time ¢ for the background metric, one can remove the cross term by
performing a transformation of the time coordinate, and it is straightforward to define a tortoise coordinate associated
with the effective metric for odd modes. Note that this is the case for all shift-symmetric theories, but can also be
applied in non-shift-symmetric cases as long as all HOST functions appearing in these coefficients do not carry an
implicit ¢-dependence. In this case, the master equation in the form of a wave equation (i.e., the generalised Regge-

Wheeler equation) was obtained inf42l46l in the context of EFT of BH perturbations.

However, the situation changes for non-shift-symmetric models, where the a; coefficients in (5.2) are generic functions
of 7and p. In these cases, these coefficients in Schwarzschild coordinates are no longer independent of ¢, and therefore a
redefinition of ¢ that removes the cross term does not exist in general. Moreover, the position of the graviton horizon
would also be t-dependent, which would make the definition of the tortoise coordinate subtle. As a result, it is not
possible to write the master equation in the standard form of the generalised Regge-Wheeler equation as in42146l 1
other words, the master equation cannot be converted from a PDE to a simple ODE for a mode with a fixed frequency
when the coefficients are allowed to depend on ¢. Consequently, we lose a clear definition for quasinormal mode
frequencies. This implies that in order to solve the PDE one would need to resort to a numerical approach. Let us also
point out, nonetheless, that when the timescale of the change of the coefficients is long enough compared to that of
perturbations, those coefficients in Eq. (5.1) can be effectively regarded as constant and the effect of the time dependence
may be treated perturbatively. This is a reasonable assumption as the time dependence of the coefficients appears only
through the explicit dependence on ¢, which evolves in a cosmological time scale if, e.g., the scalar field is responsible
for dark energy. In this case, we expect that the effect of the time dependence can be treated in a perturbative manner. A

more in-depth exploration in this direction is left for future work.

6. Conclusions

In this paper, we have explored the landscape of stealth black hole solutions—i.e., solutions that remain identical to
those in General Relativity (GR) despite the presence of a non-trivial scalar field—in the framework of general
quadratic/cubic higher-order scalar-tensor (HOST) theories. We have considered configurations where the scalar field
exhibits time-dependent hair while maintaining a constant background kinetic term. Our analysis has focused on
deriving the precise conditions required for either all, or some given specific (Schwarzschild and Schwarzschild-de
Sitter), stealth solutions to exist. Furthermore, we have examined the behaviour of odd-parity perturbations in all
different cases and derived the conditions that ensure such perturbations remain stable. Table 1 collects the existence
conditions, the nature of odd-parity perturbations, and the stability conditions for all combinations of theory setups

with different classes of stealth solutions. Our key findings are:

¢ Requiring all GR solutions to exist in the presence of generic matter leads to odd modes that display the same
behaviour as in GR. Within the context of general cubic HOST theories, in order to encounter departures from GR one

therefore requires one of the following: a) non-stealth metric solutions (see e.g. W), b) scalars with a non-
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constant kinetic term (see e.g. Iﬁ”ﬂnﬁl), ¢) study the even sector (see[ﬂ), or d) relax the requirement of the
existence of all GR solutions in the presence of matter and employing less restrictive conditions (this leads to the
conclusions in the following 2 bullet points). We leave detailed further explorations on these directions as future
work.

Requiring all GR solutions to exist in vacuum also leads to similar results. In the generic case of cubic HOST, we have
found one potential beyond-GR parameter in the odd sector. However, imposing shift-symmetry and/or restricting to
quadratic interactions recovers the standard GR form for the evolution of odd-parity perturbations. In these cases,
departures from GR can also only appear if one takes any of the options a)—c) spelled out in the previous bullet point.
When requiring specific (Schwarzschild and Schwarzschild-de Sitter) stealth solutions to exist, we have found that a
large plethora of the (theory + stealth solution) combinations considered in this paper results in a reduced set of
potential deviations from GR in the odd modes, as described in Table 1. In most cases, odd-parity quasinormal mode
frequencies can be obtained from those in GR via a simple rescaling, in the same fashion as in[461471,

We have identified a unique deviation from GR that does not fall in the previous category for Schwarzschild black
holes in cubic HOST (shift-symmetric or otherwise). We have shown how this deviation, denoted by the parameter 5,
modifies the propagation speed of odd modes in a non-trivial way, in particular with an r-dependent ar parameter.
We have shown that the speed of gravity is modified in the black hole environment (while still satisfying stability
conditions) and approaches the speed of light at cosmological distances, hence making this an interesting healthy
model in light of the constraint on the propagation speed of gravitational waves (GWs) from the event GW170817. The
fundamental quasinormal mode frequency for a shift-symmetric version of this model was investigated inl28l. Given
the uniqueness of the B signature in the large class of models we studied, a further investigation of the quasinormal
mode spectrum with contributions from 8, as well as an assessment of the observability of B by current and future
GW detectors constitute interesting directions for future research.

We have established that p; = 0 in the quadratic Lagrangian (3.11) for odd-parity perturbations about static and
spherically symmetric background in general cubic HOST theories. In general, non-zero p4 appears in the context of
EFT of BH perturbations with a timelike scalar profile 28l We have shown here that in covariant cubic HOST theories,
contributions to p4 from individual terms cancel out in a non-trivial manner. The relevance of this result is that the
presence of ps # 0 is associated with the exclusion of slowly rotating black hole solutions (or otherwise the
divergence of the radial sound speed at spatial infinity) [46] and so we show that cubic HOST theories do not suffer
from this problem.

In the context of non-shift-symmetric theories, we have shown how the master equation for odd-parity
perturbations cannot be written in the standard ODE form of the generalised Regge-Wheeler equation due to the
time-dependence of its coefficients. We have argued that solving the corresponding PDE would require numerical
methods and/or further approximations. We leave a more detailed analysis for future work.

When we require the degeneracy conditions (2.4), (2.5), and (2.6) for quadratic/cubic DHOST theories of class N-I [4] 55
well as the existence conditions derived in this work, we have concluded that the cubic DHOST part of the theory is

not allowed. (The authors ofl28l already pointed out that the existence conditions for stealth Schwarzschild(-de Sitter)
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solutions are not compatible with cubic DHOST,) In this case, we are left with the quadratic DHOST of class 2N-I, for

which the compatibility between the degeneracy and existence conditions is guaranteed.

In the present paper we have shown how restrictive it is to require the existence of exact stealth solutions with timelike
scalar profile in the space of scalar-tensor theories. On the other hand, as briefly reviewed in the introduction, one needs
to introduce so-called scordatura terms in order to avoid strong coupling of perturbations, promoting the background
solution to an approximately stealth one that behaves as stealth for any practical purposes at the level of the background
and that is free from the strong coupling issue for perturbations. Since scordatura terms are of order unity (and not
necessarily small) in the unit of the cutoff of the theory, it is expected that relaxing the existence condition of exact
stealth solutions to that of approximately stealth ones should significantly broaden the space of scalar-tensor theories.

We leave detailed investigations of this important problem for future work.

Appendix A. Exhaustive list of existence conditions

In the main text we have explicitly included the existence conditions for the following cases: Cubicgr.mat (2.14),
Cubicgg.vac (2.15), Cubicggs (2.16), and Cubicgehy (2.17). As the most general cases, these are the most interesting
expressions to show, also because the conditions for simpler theories can be directly obtained from them in the
appropriate limits as explained in the main text. Here, with the aim of providing a comprehensive review, we list the
conditions for the remaining cases in Table 4.

Some of the expressions shown in the Table have already been obtained in previous work. The conditions for
(5%) Quadraticgg .. and ) Quadraticgg .., can be obtained from Eq. (2.6) inl22l. In addition, the conditions for
58 Cubicggs and 5 Cubicgey, correspond to Eq. (21) and Eq. (18) respectively inl8l. Similarly, the conditions for
8 Quadraticgyg and 5 Quadratics,,, correspond respectively to Eqs. (42) and (23) inl8l. Note that when comparing

these expressions with the corresponding ones in the literature one needs to take into account different conventions for

X, which is often defined without the factor of —1/2.
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Model Existence conditions
Fy —0—2AM1:2,l =0, F-— Mlgl =0, Fox=Fix=Fx=F;x=0
SSCubicgr.mat A=Ay = Ajx = Agx = A3 =0, (A1)
By =Bix = By = Byx = B3 = B3x = By = Bg = 0.
Fy + 2AME) = —2Xo(Fig + 2Fa4) = Xo(Fox — 2F24¢) (A2)
Fy— M3 =0, Fix="Foyy=Fyx=A;=A=A1x = Agx = A3 =0.
Fy+2AM3 =0, F,— M =0,
Fox =Fix =Fox = A1 = Ay = A1x = Ayx = A3 = 0.
Fy+2AF, =0, Fyx = —2A(2F>x + XoA1x), Fix — AFsx = —4AX(By,
SSCubicqR.vac A3 = Aix = —Asx, 2By= —2Bix = Byx, (A.4)
A1:A2231:BQZB;3:B3X:B(;:0.
Fo+ 2AF; = —2Xo(Fig + 2Fags),
Quadraticgg_yac Fox = —2[F1p + Fagy + A(2F>x + XoA1x)), (A.5)
3Fyy + XoFix = 2X3A3s, Foy=A1=A=0, A3=A;x=—Asx.
Fo+20F, =0, Fox = —2A(2Fax + XoA1x),
Fix =0, A3=A1x =—-Asx, A1 =Ay=0.
Fy+2AFy = —4AXgA,, Fox +4AFyx = —2A[A1 + Xo(245x + 3A3)],
55 Cubicgas Ay =—Ay, Aix =—Asx, Bi=By=B3=Bsx =0, (A7)
Fix — AF3x = —4AXo(2Bs + Bs + B1x), Bi+ Bs = Bix + Bax.
Fo+ 20F, = —2Xo(Fiy + 2Fopp + 2AA;),  Fyy = 2XoAsg,
Quadraticgyg Fox +4AFx = —Q[qug + Fopy — A1 — Xo(QAQX + 3A3)], (A.8)
Ay =—Ay, Aix =—-Agx, Fix =—4A4+ 2XoA34.
Fo + 2AF, = —4AXpA;,
SSQuadraticggg Fox +4AFax = —2A[A1 + Xo(242x + 3A43)), (A.9)
Ay =—4s, Aix =-Ax, Fix=0.
Fo=Fyx =Fx =0, A =-43, Ax=-4Ax,

Quadraticgy_ .

SSQuadraticar.mat (A.3)

58 Quadraticep.vac (A.6)

5SCubicggy (A.10)
18B1 = 2By = —B3, 3B3= Xo[g(le + Box — By — Bﬁ) + 533)(].
Fy= —2X0(F1¢ + 2F2¢¢,), F2¢ = 2X0A2¢,

Quadraticg,, Fox = —2(F14 + Fagg), (A.11)
Ay =—Ay, Aix =—-Asx, Fix =442+ 2XoA3¢.

SSQuadraticschw FO = FOX = le = 0, A1 = —Az, AlX = —Azx. (A12)

Table 4. Here we collect an exhaustive list of existence conditions for all models not shown in the main text.

Appendix B. Terms in covariant quadratic Lagrangian

Writing the perturbed action to quadratic order in metric perturbations as

1

3 5 10
58 = 1 / EENEDD L;acpm Fia + ;JL:AMAM +3° 5cBJaBJa} ; (B.1)

a J=1
where a = {0, ¢, X, ¢, XX, X} corresponding to the different ¢- and X-derivatives, the only non-zero terms for
odd-parity perturbations in theories where the scalar has a constant kinetic term are given below.22 These expressions

can be found and directly used in the provided Mathematica fileslL
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6Lp, = —hihE (B.2)
0Lpx = —2¢"¢"hihuo (B.3)
SLr, = huo(4¢" hS, — Oph*) + 2¢* 20V o hg — B (Vuhe — 2V ohyw)] (B.4)
0LFx = —2¢"¢"Ophhuo (B.5)
6Lp, = 4R, W hy — Rhihly + V7R 2V, e — Vohyw) (B.6)
6Lp,, = 40" B (Vohu — Vuhoo) + hVoh]] (B.7)
0L,y = —2¢" RPN hye + (8"V T hyy, + 2R, 87 )V 05 (B.8)

6Lr, = ¢H{2G"7 (R (2Vohup — Vphuo) + 2RE(Vohyp + Vphue — Vihep)| — 4V"hZVpV(,,h§)

+ Vuh'? 2V, Vo hf — Ohuo) + 2V,h5V Vo h? + 2V by Ohyo

— ¥ [R(Vhyo — 2Vohy) + 2R,6 V ,h0) }
+ ¢ 4G hyohup + 8Gohohgp — Gl B — 2R phyuh”? + ARR hyo

+ Vuh(AV phye — Vihep) — 2(V7 by V o8 + Y phyg VPR, — Vo h,, ,VPRT)|
+ 20" [RE(2V uhup — YV ohy) + 288 (Vohgp — Vohyy + Vphie) — hy Vb8

1
+0¢ {(2%% - vc,hyp) VPh*® — 2R, ,hoh"°

+ 46 hPV Ry — 26,47 (h7PY yhye + hEV ,RE) (B.9)

6LE,, = 20" { @721 (Vohpp + Vphue — Vuhap) + b5, (2Vhep — Vo))

+0¢[h7(Vuhap — Vohyp) — RoVh3]} (B.10)

SLE = {20, [0107PCo o + ¢ PN (Vo hpr — 2Vahg,) + Dod" YV ,hE]

+ ¢V [0 N (Vohpr — 2V ahpe) + 06V ,0E] ), (B.11)

5['15;1 = ¢M¢V[Vuhop(vyhap - 4Vphucr) + 4Vphzv(ahp)u]

0La,, =

geios.com

+ ¢ [hop(BNLD] — 7P du) + Ahpohuypd ")
+ 499" (M (Vohyp + Vohuy — Vohug) + 208 (V ol — Vihuy + Vihy) (B.12)
—2¢" 9" hhuo $300 | (B.13)
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LA, = Op{ by [-OIphH + 8hY ¢ — 4¢° (Voh — 2V*hi4)] + 8¢7hEV b} (B.14)
0L ayx = —201¢"(0¢)*hhue (B.15)
6L, = 2¢"¢" 00 [¢° 1) (2V phuo + Vohup) + 2huohu,d”?] (B.16)
6Lp, = (O¢)* W [~Ohy, + 12V, ($.h7) — 667 (Vohyw — 2V, hay)] (B.17)
0Ly, = —2¢"¢"(00) KA (B.18)

§Lp, = 0pd"¢" [V ,h7PV hep + AV (V (o Ry — Viha))]
+ 40¢¢" ¢ (1) (4 yhjp + Vphay) + 205V by, |
+ 2¢g¢§¢“ (2h5V b + 2R N yhgy — RV o)

+ by [~C@FSAR" + 4RY (20681 e + ¢565¢7") + 40 ¢ hyp) (B.19)
0L By = —20" ¢ DG dahghva | (B.20)
1
6Lp, = 3¢W{ gqbghp,\(lmbghﬁ — GophP) + 465" hyrhop + 26° 3 hyn (Vahup + Vihop + Vphe)
+ 207 L[5 (Vo + Vohyx — Vi) + 2k (= Vishos + Vhor + Vaha,)]
+ 070 2V, hya(Viuhy + 2V o) + 2V hn Vi hy) + Vahy Vg, } , (B.21)
Ly = —20"D" FA5 LN huo | (B.22)
3Lp, = 2¢"9" (D) [¢° 5 (2V phuo + Vo) + 2hyuhyp67°] (B.23)
5'636 = 2¢M¢’V¢%¢£ |:¢'ph’z,(2vphuo' + Va'hup) + 2huahup¢0p] 3 (B.24)

where the indices of the perturbed metric are raised/lowered by the background metric, and R, R, G, and the
covariant derivatives are evaluated on the background. Also, we have used the standard definition of symmetric and

antisymmetric tensors,

A

(A +An) s Ay = 5 (A = Ans) - (B.25)

nv)

N | =
N | =

All other contributions are shown to be zero if one assumes X = const. [i.e. by employing the relations in Eq. (2.7)]
and/or restricts to odd-parity modes, as described in Figure 2. Here we include the simplifying relations valid for odd-
parity modes about a spherically symmetric background with the component form of Eq. (3.9). These relations (as well

as derivatives of some of them) have also been used to simplify the expressions in Egs. (B.2)—(B.24).

hﬁ = ¢H¢Vh,uv = ¢Hyh,uu = #vuhz = ¢#¢Vvahzvphg = ¢H¢V¢gvah,uu = ¢HV¢Uvuhau =0. (B~26)

Appendix C. Exhaustive list of p-coefficients

In the main text we have explicitly shown the expressions for the p-coefficients in the quadratic Lagrangian (3.11) for
the following cases: Cubicgr-mat (3.13), Cubicgr.vac (3.14), Cubicggs (3.15), and Cubicgey, (3.17). For the cases
55 Cubicgr.ma; and %) Quadraticgp_pmas, it is trivial that the p-coefficients are given by (3.13). Here we collect the
expressions for the remaining cases in Table 1. Recalling that we found ps = 0 to be generically true in cubic HOST
theories (as one would expect for theories admitting slowly-rotating black hole solutions!#2l), here we show expressions

for the remaining p;, ps, ps, and ps.
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Model p-coefficients

p1 =r3/1 - A% - 2) R,

2

S Cubicgr.vac, p2=— {L—A(f —2)F, 1)
(SS)QuadraticGR_v%. p3 = \/ﬁFQ,
Ps = 0.
S p1 = r2V/1 — A(5% — 2)(F2 + 2X041),
CublCSds, P2 = — r2 (]2 _ 2)F
(59) Quadraticggs, ? _ ’"V41_Z4F +oX j’) (C.2)
(59) Quadraticgpy- Ps = =2\ 2 0
ps = 0.
p1=rvVI—A(2-2) [T(FQ +2X0A1) — 811/2X3(1 — A) Bl],
pr = — (- OBy
SSCubicgchy VI-A ’ (C.3)
T
Ps = 71— (F2 +2X0A1),

p5:0.

Table 6. List of p-coefficients in the quadratic Lagrangian (3.11) for odd-parity perturbations.
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Footnotes

1 There have been extensive studies on further generalisation of the extension of the DHOST framework. One of them is
to assume that the scalar field has a timelike gradient and to impose the degeneracy conditions only in the unitary
gauge, which was dubbed U-DHOSTIZI68I3T] Another is to perform a higher-derivative generalisation of invertible

34](70](71)

disformal transformations on Horndeski/U-DHOST theories/@l , utilising the fact that an invertible

transformation preserves the number of physical degrees of freedom{321(36),
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2 In this paper, we do not necessarily impose the degeneracy conditions; instead, we primarily work with generic

higher-order ST theories. The rationale for this choice is explained below.

3 This ensures the relation between the scalar profile and the proper time (or distance) coordinate of any Gaussian
normal coordinate system in any spacetime geometry. While the construction of the Gaussian normal coordinate system
is local as usual, a constant-X profile is easily obtained everywhere in the spacetime region in which a Gaussian normal
coordinate system is defined. Once a Gaussian normal coordinate system is globally specified in a spacetime region of

interest, the corresponding constant- X profile of the scalar field is obtained globally in the same spacetime region.

% Theories where freely falling bodies follow geodesics of a (symmetric) metric are sometimes referred to as ‘metric

s[72

theories’<! which is the case in our setup.

5 It was shown inl22l that in the context of cosmology the disformal Horndeski class is phenomenologically favoured,

unlike other subclasses of DHOST theories.
6 Note that degeneracy conditions can be imposed at the level of Lagrangian (i.e. before specifying a background).

7 Note also that there is a special class of ST theories where the scalar field does not propagate, e.g. (extended)

cuscutonstBl74l and the odd-parity perturbations are insensitive to the absence the scalar degree of freedom.

8 At this point, we note that different notation conventions exist in the literature to rewrite combinations of derivatives
acting on the scalar. In this work, we will not be using such conventions, but we refer to them here to facilitate the
comparison of results. First, one can rewrite ¢ 5= o ¢3 and i 5= o ¢y45 (more generally
Qn a1

" 5 = o Pas -+ Pt dat ), like it is done in e.g. 191 A second convention which was introduced in2 rewrites the same

terms as [®%] = ¢l ¢% and [8°] = ol ¢y (more generally ("] = ¢o} ¢o) - -~ #G7_, Fan)-
9 The coordinates ¢ and r here are static and spherically symmetric coordinates as defined in Eq. (3.1).

10 Note that sometimes y is used instead of g to denote the time-dependence in the scalar.

'n writing the conditions in (2.14), we have also employed the relation R = 4A — M,*T, where T = T}/' is the trace of

the stress-energy tensor.

12 Note that the specific colour chosen for the boxes in Figure 1a is not important. Instead, the number of different
colours indicates the number of independent combinations of HOST functions after the imposition of existence
conditions. In the present case, we see that after the imposition of the conditions (2.14), all non-zero HOST functions can

be rewritten in terms of four independent functions, e.g. { Fy, F14, F2, Fa4 }.

13 Here, we have assumed that the theory is valid all the way from the black hole scale to the cosmological scale. Recall
that, as mentioned in section 2.1, the class N-I (i.e., a sum of quadratic DHOST of class 2N-I and cubic DHOST of class ®N-

I) is the only subclass of DHOST that allows for viable cosmology.

14 The additional complexity arises from the higher number of even-parity functions as well as their coupling to the

scalar mode.
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15 This is because in spherically symmetric backgrounds all m-modes are degenerate in frequency and decouple from

each other at linear level.

16 The field y is an effective combination of hy and k;, capturing the one-degree-of-freedom nature of perturbations in

the odd-parity sector. More concretely, for p;, = 0, we have x = Hl — Ophyg.

17 precisely speaking, the quantities ¢ and cg correspond to the sound speed of GWs in unit of the speed of photons

which are assumed to be minimally coupled to gravity.

18 Recall that we consider here non-shift-symmetric theories in general, and therefore time dependence can show up
through the explicit ¢-dependence. However, even if the HOST functions are not strictly constant, assuming that the
scalar field is responsible for dark energy for instance, one would expect their timescale of evolution to be much longer
than the timescale associated with ringdown observables here, making the HOST functions effectively constant in such

an environment.

19 Note that this coincides with the first condition in Eq. (4.14). If we adopt the second condition By + B3 = 0 in our
context, this can be understood as B; =0 as the existence condition (2.17) for (ss)Cubicschw imposes

18B; = 2By = —Bs.

20 As discussed inl28l for B < 0, Eq. (4.17) has only one positive solution for ry, Which satisfies r4 > r,. For
0 < B < B, with B, = ,/108/3125, there exist two positive solutions to (4.17), of which the larger one is identified as

ry and in this case we have r, < 7. Finally, for B > B,, the solution for (4.17) ceases to exist.

21 The event GW170817 was observed at a distance of 40f§4 Mpc and the total mass of the binary neutron stars was

approximately 2.8 M, B8] with M being the mass of the Sun, i.e. 1.99 x 103° kg. The distance in units of r, (evaluated

with the total mass of the system) is given by r ~ 1.5 x 10%°r,.

22 precisely speaking, the coefficients presented here are those that we see just after expanding (the gravitational part
of) the Lagrangian (2.1) for cubic HOST theories up to the quadratic order in odd-parity perturbations. The explicit form

of the Lagrangian changes when one performs integration by parts.
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