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Black hole solutions in general scalar-tensor theories are known to permit hair, i.e. non-trivial scalar pro�les and/or

metric solutions different from the ones of General Relativity (GR). Imposing that some such solutions—e.g.

Schwarzschild or de Sitter solutions motivated in the context of black hole physics or cosmology—should exist, the

space of scalar-tensor theories is strongly restricted. Here we investigate precisely what these restrictions are within

general quadratic/cubic higher-order scalar-tensor theories for stealth solutions, whose metric is given by that in GR,

supporting time-dependent scalar hair with a constant kinetic term. We derive, in a fully covariant approach, the

conditions under which the Euler-Lagrange equations admit all (or a speci�c set of) exact GR solutions, as the �rst

step toward our understanding of a wider class of theories that admit approximately stealth solutions. Focusing on

static and spherically symmetric black hole spacetimes, we study the dynamics of linear odd-parity perturbations

and discuss possible deviations from GR. Importantly, we �nd that requiring the existence of all stealth solutions

prevents any deviations from GR in the odd-parity sector. In less restrictive scenarios, in particular for theories only

requiring the existence of Schwarzschild(-de Sitter) black holes, we identify allowed deviations from GR, derive the

stability conditions for the odd modes, and investigate the generic deviation of a non-trivial speed of gravitational

waves. All calculations performed in this paper are reproducible via companion Mathematica notebooks[1].

Corresponding author: Sergi Sirera, sergi.sirera-lahoz@port.ac.uk

1. Introduction

The study of black hole solutions has been pivotal in advancing our understanding of gravity, offering a fertile testing

ground for General Relativity (GR) and alternative theories of gravity. Among these alternatives, scalar-tensor (ST)

theories have attracted signi�cant attention due to their capacity to modify GR (potentially addressing some of the

challenges in describing e.g.  dark energy, dark matter, or in�ation) while maintaining a predictive and well-posed

theoretical structure. In particular, the degenerate higher-order scalar-tensor (DHOST) theories[2][3][4], which generalise
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the Horndeski framework[5][6][7], provide one of the richest known and well-de�ned landscapes for exploring deviations

from GR.1 The theories explored in this paper therefore represent some of the most comprehensive and general ST

frameworks developed to date2.

In the context of such ST theories, a number of no-hair theorems exist, showing that (for large classes of ST theories) the

presence of the extra scalar degree of freedom does not alter the background black hole solutions in the theory with

respect to GR—see e.g.[8][9][10][11]. Black holes therefore retain their remarkable simplicity in these ST extensions of GR

and (at the background level) are still fully speci�ed by their mass and spin (and, if present, charge). However, in general

ST theories so-called ‘hairy’ black hole solutions exist, where the scalar has a non-trivial pro�le and, importantly, black

hole solutions for the metric can also be affected by the presence of the scalar �eld. As such, general ST theories may

also contain (some or all) no-hair black hole solutions as present in GR, as well as other solutions with hair. It is then

interesting to turn the spirit of no-hair theorems on its head and ask the reverse question: If we require the presence of

all, or some given speci�c, black hole solutions we are familiar with from GR, then 1) to what extent does this restrict the

theories in question, and 2)  how do the resulting restrictions affect the black hole dynamics, especially also the

behaviour of perturbations around black holes as e.g. observable via black hole ringdown? In this paper we will address

these questions within the framework of cubic (and quadratic) (HOST) theories. The motivation for focusing on theories

that admit stealth solutions is threefold. First, from a phenomenological perspective, stealth solutions provide a

compelling mechanism to evade current observational constraints on deviations from GR in strong-gravity regimes. By

construction, these solutions allow for non-trivial scalar �eld con�gurations that leave the metric unchanged, making

them compatible with existing observations while still allowing for novel scalar dynamics. Second, from a theoretical

standpoint, the requirement that a theory admits stealth solutions acts as a non-trivial structural constraint on its

operator content. This makes it a useful tool for carving out physically interesting subspaces within the larger theory

space. In particular, some of the ST theories studied for cosmology can also admit stealth con�gurations, potentially

linking late-time scalar �eld dynamics to the strong-�eld regime in a coherent framework. Furthermore, as we shall

explain below, one needs to go beyond DHOST by introducing so-called scordatura terms in order to avoid strong

coupling of perturbations. This promotes a stealth solution to an approximately stealth one that behaves as stealth for

any practical purposes at the level of the background and that is free from the strong coupling issue for perturbations.

Since scordatura terms are of order unity (and not necessarily small) in the unit of the cutoff of the theory, it is expected

that the space of scalar-tensor theories admitting approximately stealth solutions is signi�cantly broader than that

admitting exact stealth ones. The present paper should be considered as the �rst step towards the important problem of

�nding such a broader theory space.

Black hole solutions in theories beyond GR that describe spacetimes indistinguishable from their GR counterparts (at

the level of the background metric, but may be accompanied by a non-trivial scalar �eld pro�le, i.e. they may still have

‘scalar hair’) are typically referred to as ‘stealth’ black hole solutions. For example, a shift-symmetric k-essence

described by the action  , coupled to GR, admits stealth solutions if    has a non-

trivial root  , where    and    is the determinant of the metric. Indeed, for  , the

∫ x P (X)d4 −g−−−√ (X) ≡ dP (X)/dXP ′

X = ≠ 0X0 X ≡ − ϕ ϕ/2gμν ∂μ ∂ν g X = X0
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stress-energy tensor    is equivalent to that of an effective cosmological

constant   (with   denoting the reduced Planck mass) which can be adjusted to any desired value

by adding a bare cosmological constant to the k-essence action, meaning that any GR solution with or without the

cosmological constant can be promoted to a stealth solution as far as the spacetime geometry admits a scalar pro�le

with  . Actually, any regular spacetime locally admits a scalar pro�le with  : for   (or  ) one

only needs to specify a spacelike (or timelike) hypersurface, to construct a congruence of geodesics orthogonal to the

hypersurface and then identify   up to a constant shift, where   is the proper time (or distance) along each

geodesic3. The stealth Schwarzschild solution of this type based on the Lemaître coordinates was �rst found in[12] and

then later generalised to the stealth Schwarzschild-de Sitter (SdS) solution in Horndeski theory[13][14]  and in DHOST

theory[15][16][17][18][19]. It is even possible to obtain a stealth Kerr solution in DHOST theories[19][20]. While perturbations

around those stealth solutions suffer from strong coupling in the scalar sector[21], one can easily solve this problem and

render those perturbations weakly coupled by taking into account higher derivative terms as in the effective �eld theory

of ghost condensate[22], if and only if the scalar pro�le is timelike. This mechanism dubbed scordatura[23] was already

taken into account in[12] and the stealth Schwarzschild solution in k-essence was promoted to the approximately stealth

solution in ghost condensate that behaves as stealth for any practical purposes in astrophysical scales at the level of the

background[24] and is free from the strong coupling issue for perturbations. For approximately stealth solutions in more

general quadratic HOST with scordatura terms, see[25]. In this way, once a stealth solution with a timelike scalar pro�le is

found, one can easily promote it to an approximately stealth solution without the strong coupling issue. The timelike

nature of such scalar pro�les also offers the intriguing possibility that the associated time-dependence connects with

cosmological dynamics driven by the scalar in the long distance limit, although it is of course non-trivial to have the

same scalar yield leading order effects at long and short distance scales, see e.g.[26][27].

Cast in the above language, we are here investigating the effect of requiring the presence of stealth solutions in general

ST theories. More concretely, we consider solutions in ST theories that satisfy the Einstein equation in GR: 

. Here,   is the Einstein tensor,   is the stress-energy tensor of matter �eld(s), and   is the

(effective) cosmological constant. Speci�cally, we will consider the effects of requiring the following stealth solutions:

�. General stealth GR with matter: Any metric satisfying   is a solution.

�. General stealth GR in vacuum: Any metric satisfying   is a solution.

�. Stealth SdS: The SdS metric   (3.6) is a solution for any  .

�. Stealth Schwarzschild: The Schwarzschild metric   (3.5) is a solution.

Solutions listed earlier include all of the later conditions listed—e.g. requiring SdS solutions clearly includes requiring

the presence of Schwarzschild solutions—so demanding the presence of the �rst set of solutions is a stronger

requirement than for the second, which is stronger than for the third.

Outline: This work focuses on investigating the above stealth solutions in the context of HOST theories up to cubic order

in double scalar derivatives (henceforth referred to as cubic HOST) with a linearly time dependent scalar �eld whose

= (X) ϕ ϕ + P (X) = P ( )Tμν P ′ ∂μ ∂ν gμν X0 gμν

= −P ( )/Λeff X0 M 2
Pl MPl

X = X0 X = X0 > 0X0 < 0X0

ϕ = τ2| |X0
− −−−−

√ τ

= − ΛGμν M −2
Pl Tμν gμν Gμν Tμν Λ

= − ΛGμν M −2
Pl Tμν gμν

= −ΛGμν gμν

gSdS
μν Λ

gSchw
μν

qeios.com doi.org/10.32388/E4K7XF.2 3

https://www.qeios.com/
https://doi.org/10.32388/E4K7XF.2


kinetic term is constant. We summarise the main �ndings in Table 1. The paper is organised as follows. In Section 2 we

introduce the cubic HOST action and derive the covariant equations of motion, showing how such equations of motion

get simpli�ed as we weaken the requirements on the form of the background metric. We then derive the conditions that

HOST functions need to satisfy in order to admit the existence of each class of exact stealth solutions. In Section 3 we

study the dynamics of odd-parity perturbations on a static and spherically symmetric background under the existence

conditions. We construct a second-order covariant Lagrangian collecting all possible contributions from HOST

functions, and show which of them contribute in our setup. In order to diagnose potential departures from GR, we

inspect the component form of the quadratic Lagrangian on S(dS) black holes. In Section  4 we determine stability

conditions for perturbations and discuss the speeds of gravitational waves (GWs). In Section  5 we discuss an issue in

deriving the master equation for odd-parity perturbations in non-shift-symmetric theories. Finally, we summarise the

paper and discuss several future directions in Section 6. All calculations performed in this paper are reproducible via 2

companion Mathematica notebooks[1], with calculations of Section 2 appearing in ‘Inverting-no-hair-theorems-I.nb’,

and those of Sections 3 and 4 in ‘Inverting-no-hair-theorems-II.nb’. These notebooks construct an adaptable general

formalism for the study of cubic HOST theories at the background and perturbative levels, which can be tuned to speci�c

models.
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HOST theory Stealth metric Existence conditions GR-deviations in odd modes on S(dS) Stability conditions

Cubic

General GR with matter this work (2.14) ✗ (this work) (3.13) ✓

General GR vacuum this work (2.15) ✓1 (this work) (3.14) (4.6)

SdS this work (2.16) ✓2 (this work) (3.15) (4.8)

Schwarzschild this work (2.17) ✓3 (this work) (3.17) (4.10)

Shift-sym cubic

General GR with matter this work (A.1) ✗ 
[28][29] (3.13) ✓

General GR vacuum this work (A.4) ✗ 
[28][29] (C.1) (4.7)

SdS [18] (A.7) ✓1[28][29] (C.2) (4.9)

Schwarzschild [18] (A.10) ✓2[28][29] (C.3) (4.11)

Quadratic

General GR with matter [19] (A.2) ✗ (this work) (3.13) ✓

General GR vacuum [19] (A.5) ✓1 (this work) (C.1) (4.7)

SdS this work (A.8) ✓2 (this work) (C.2) (4.9)

Schwarzschild this work (A.11) ✓2 (this work) (C.2) (4.9)

Shift-sym quadratic

General GR with matter [19] (A.3) ✗ 
[17][30] (3.13) ✓

General GR vacuum [19] (A.6) ✗ 
[17][30] (C.1) (4.7)

SdS [16] (A.9) ✓1
[17][30] (C.2) (4.9)

Schwarzschild [16] (A.12) ✓1
[17][30] (C.2) (4.9)

Table 1. This table organises the main results of this paper as well as previous literature. We classify different combinations of

theories and stealth metric solutions. The third column collects the works where the conditions ensuring the existence of the

corresponding stealth solutions were �rst derived. The fourth column indicates whether GR deviations are present in each

case in linear odd-parity perturbations on stealth S(dS) solution, and the subscript in   counts the number of independent

combinations of beyond-GR parameters present. (See Table 2 for a summary of the beyond-GR parameters for each case.) The

�nal column refers to the stability conditions of each case, with a   denoting that stability conditions are automatically

satis�ed under the existence conditions. In the main body of the paper we use a simpli�ed nomenclature for the different

cases, namely symmetryTheorysolution required, so e.g., SSCubicSdS for shift-symmetric cubic HOST theories where we impose

the conditions requiring the existence of stealth SdS solutions.

✓

✓
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2. Field equations and existence conditions for stealth GR solutions

2.1. Quadratic/cubic HOST theories

We examine the following action composed of the metric   and the scalar �eld  [2][3][4]: 

where    is the matter Lagrangian (assumed to be minimally coupled to gravity)4,  ,  , and 

.    and    are the four-dimensional Ricci scalar and the Einstein tensor, respectively.    and 

 comprise all possible terms built from   and   which are quadratic and cubic in  , respectively, and are written

explicitly as 

The action introduced above encompasses both standard Horndeski[5][6][7] and beyond-Horndeski/DHOST[2][3][4][31][32]

[33] theories as particular limits. For instance, the Horndeski action in the standard form with the Galileon functions can

be recovered with the choices: 

and    for    and  . The full classi�cation of quadratic/cubic DHOST theories can be

found in[4], and there are a large number of subclasses distinguished by different sets of degeneracy conditions. Among

these subclasses, there is one that can be obtained from the Horndeski class via invertible conformal/disformal

transformation, which was called “disformal Horndeski” class in[34].5 (Note that an invertible conformal/disformal

transformation preserves the number of physical degrees of freedom[35][36].) In the terminology of[4], this class

corresponds to a sum of the quadratic DHOST of class  N-I and the cubic DHOST of class  N-I. For the quadratic part

(characterised by   and  ’s), the degeneracy conditions are given by6

where  ,  , and    are free functions and the condition    is assumed. For the cubic HOST

characterised by   and  ’s, we have 

gμν ϕ

= ∫ x [Sgrav d4 −g
−−−√ (ϕ, X) + (ϕ, X)□ϕ + (ϕ, X)R + (ϕ, X)F0 F1 F2 ∑

I=1

5

AI L(2)
I

+ (ϕ, X) + (ϕ, X) ]+ ∫ x ,F3 Gμνϕμν ∑
J=1

10

BJ L(3)
J d4 −g

−−−√ Lm

(2.1)

Lm X ≡ − /2ϕμϕμ ≡ ϕϕμ ∇μ

≡ ϕϕμν ∇ν∇μ R Gμν L
(2)
I

L
(3)
J ϕμ ϕμν ϕμν

= ,L(2)
1 ϕμνϕμν

= (□ϕ ,L(2)
2 )2

= (□ϕ) ,L(2)
3 ϕμϕμνϕν

= ,L(2)
4 ϕμϕμρϕρν ϕν

= ( ,L(2)
5 ϕμϕμνϕν )2

= (□ϕ ,L(3)
1 )3

= ,L(3)
3 ϕμνϕνρ ϕμ

ρ

= □ϕ ,L(3)
5 ϕμϕμνϕνρ ϕρ

= ,L(3)
7 ϕμϕμνϕνρ ϕρσϕσ

= □ϕ( ,L(3)
9 ϕμϕμνϕν )2

= (□ϕ) ,L(3)
2 ϕμνϕμν

= (□ϕ ,L(3)
4 )2ϕμϕμνϕν

= ,L(3)
6 ϕμνϕμνϕρϕρσϕσ

= ,L(3)
8 ϕμϕμνϕνρ ϕρϕσϕσλ ϕλ

= ( .L(3)
10 ϕμϕμνϕν )3

(2.2)

= , = , = , = , = − = − ,F0 G2 F1 G3 F2 G4 F3 G5 A1 A2 G4X

6 = −2 = 3 = − ,B1 B2 B3 G5X

(2.3)

= = 0AI BJ I = 3, 4, 5 J = 4, ⋯ , 10

2 3

F2 AI

A2

A4

A5

= − ,A1

= ,
(3 + 8X + 2 )( + X + − 2 (3X + + + XF2 A1 X 2A3 A1 A3 F2X)2 A3 A1 X 2A3 F2 F2X)2

2( + 2XF2 A1)2

= ,
( + X + ) [ ( − 3X + ) − 2 ]A1 A3 F2X A1 A1 A3 F2X A3F2

2( + 2XF2 A1)2

(2.4)

(≠ 0)F2 A1 A3 + 2X ≠ 0F2 A1

F3 BJ
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where  ,  , and   are arbitrary functions. Moreover, when both the quadratic and cubic parts are present, one

has to impose the following conditions on top of Eqs. (2.4) and (2.5): 

Having said that, in what follows, we do not necessarily impose the degeneracy conditions for the following reason.

When we consider perturbations about stealth solutions (i.e., those with the metric of GR solutions) with a timelike

scalar pro�le, the perturbations would be strongly coupled in the asymptotic Minkowski/de Sitter region[23]. Therefore,

in order to render those perturbations weakly coupled, one has to take into account deviation from the degeneracy

conditions, which is known as the scordatura mechanism[23]. Of course, any deviation from the degeneracy conditions

leads to the appearance of an Ostrogradsky ghost in general, and therefore we assume the deviation is tiny so that the

mass of the Ostrogradsky ghost is heavy enough. (An exception is U-DHOST, where the scordatura mechanism is

implemented by default while the Ostrogradsky ghost is intrinsically absent[37].) Note that we will mainly focus on odd-

parity perturbations about static and spherically symmetric background, where the problems of the strong coupling and

Ostrogradsky ghost are irrelevant.7 The above comment on the breaking of the degeneracy conditions and the

scordatura mechanism applies when we investigate even-parity perturbations, which we leave for future study.

2.2. Background �eld equations

Now we assume a stealth solution with  , which captures aspects of a broad range of known solutions.

For instance, a de Sitter attractor with constant   was found in[38]. Also, there have been extensive studies on stealth

S(dS) solutions[12][13][14][15][16][17][18][19] as well as stealth Kerr solutions[19][20]  in the context of Horndeski and (D)HOST

theories. As such, constant-  solutions are motivated due to their link to exact stealth solutions while still having non-

trivial scalar dynamics, therefore offering a controlled and simpli�ed way to explore departures from GR. However, exact

stealth solutions have also been found with non-constant   in [39] and their stability and effect on quasinormal modes

have been quanti�ed in  [17][40]. Hence, looking forward, non-constant-   solutions offer yet a richer and promising

avenue to explore further viable GR departures. Under the condition that    is a constant, one can express higher-

derivative terms of   as8

Then, the Euler-Lagrange (EL) equation for the metric is given by  , with 

−
B2

3

B6

= = , = − = , = ,
B3

2
B1 B5 B7

4X − (6 +B4F3X B1 F3X)2

12XB1
B8

(4X − 6 − )B5 B4 B1 F3X

12XB1

= − , = , = ,B4 B9

(4X − 6 − )B4 B4 B1 F3X

6XB1
B10

(4X − 6 −B4 B4 B1 F3X)2

24X 2B2
1

(2.5)

F3 (≠ 0)B1 B4

A3

B4

= + − ,
(4X − 3 )A1 F2X F2

XF2

X −F2X F2

X 2

( + 2XF3X F2 A1)2

6X 2F2B1

= .
6 ( − X ) + ( + X )B1 F2 F2X F3X F2 A1

2XF2

(2.6)

X = = const.X0

X

X

X

X

X

ϕ

ϕμϕμν

ϕλ∇λϕμν

= 0 , = − , □ = − ,ϕλ∇μϕνλ ϕλ
μϕνλ ϕλ ϕλ ϕ

β
α ϕα

β

= − − , □ϕ = − − .Rμλνσϕλϕσ ϕλ
μϕλν ϕλ∇λ Rλσϕλϕσ ϕ

β
α ϕα

β

(2.7)

= 0Eμν
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where the coupling functions and their derivatives are evaluated at the background solution with    (not

necessarily a constant) and  . Here, subscripts   and   denote derivatives with respect to   and   respectively.

The stress-energy tensor for the matter sector is given by  . It should be noted that, unless 

, the EL equation for the scalar �eld, which we denote by  , is automatically satis�ed for any

con�guration    that satis�es    and the equations of motion for the matter �eld thanks to the Noether

identity associated with general covariance, i.e.    (see[41]  for related discussions). In other words, 

 can be reproduced from other EL equations and hence is a redundant equation. Note also that the terms with  , 

,  ,  ,  ,  , and    do not contribute to the EL equations under the condition  . Because nothing

about the metric background structure is assumed in Eq. (2.8), this is our main equation that we will use to derive the

existence conditions for general GR metrics, either with minimally coupled matter �eld(s) or in vacuum.

Equation (2.8) is the master �eld equation derived in this work. From it, by taking different limits, one can recover the

relevant �eld equations for the different cases collected in Table  1. More concretely, one can easily restrict Eq.  (2.8) to

shift-symmetric cubic HOST by rewriting all the functions as  , and therefore setting their   derivatives

to zero, i.e.  . It is also straightforward to restrict to quadratic HOST theories by setting the cubic functions

to zero, i.e.  . In the latter case, Eq. (2.8) recovers the expressions derived in[19].

Let us see now how the equation of motion gets simpli�ed as we progressively weaken the requirement on background

solutions and only require the presence of subsets of the previous solutions. Assuming that  , Eq. (2.8)

reduces to 

=Eμν ( − )F2 X0F3ϕ Gμν

− { + 2 ( + 2 ) + ( + + 2 ) − 2 [ + ( − 2 )] □ϕ
1

2
F0 X0 F1ϕ F2ϕϕ A1 A2 X0B2ϕ ϕ

β
α ϕα

β
F2ϕ X0 F3ϕϕ A2ϕ

+ ( − ) [(□ϕ − − 2 ]− 2 □ϕ [(□ϕ − 3 − 3 ]F3ϕ A2 )2 ϕ
β
α ϕα

β
ϕα ϕβRαβ B1 )2 ϕ

β
α ϕα

β
ϕα ϕβRαβ

+ 6 (□ϕ + (2 + ) + 2 }X0B1ϕ )2 B2 B3 ϕ
β
α ϕ

γ

β
ϕα

γ B2ϕλϕσϕαβRλασβ gμν

− { + 2( + ) + ( − )R +( − − R + 4 − 2 )□ϕ
1

2
F0X F1ϕ F2ϕϕ F2X F3ϕ F1X F3ϕϕ

1

2
F3X A2ϕ X0A3ϕ

+ [ + 2( − )] + [ + 2(3 − )] (□ϕ + ( + )(□ϕA1X B2ϕ X0B6ϕ ϕ
β
α ϕα

β
A2X B1ϕ X0B4ϕ )2 B1X B4 )3

+ + [(□ϕ − − ]+ ( − 2 )F3XϕαβRαβ A3 )2 ϕ
β
α ϕα

β
ϕα ϕβRαβ B3X B6 ϕ

β
α ϕ

γ

β
ϕα

γ

+ ( − 2 + )□ϕ − 2 □ϕ − 2 }B2X B4 B6 ϕ
β
α ϕα

β
B4 ϕα ϕβRαβ B6ϕλϕσϕαβRλασβ ϕμϕν

−{ + ( + 2 ) − ( + − 2 )□ϕ − [(□ϕ − − ]}F2ϕ X0 F3ϕϕ A1ϕ F3ϕ A1 X0B2ϕ B2 )2 ϕ
β
α ϕα

β
Rαβϕα ϕβ ϕμν

− [2( + + 3 ) + (2 − 3 )□ϕ] − (2 + 3 )□
1

2
F3ϕ A1 X0B3ϕ B2 B3 ϕμλϕλ

ν B2 B3 ϕλϕ(μϕλ
ν)

− ( + + □ϕ) + 2 − 2( − − 3 □ϕ)F3ϕ A1 B2 ϕλϕσRμλνσ B2ϕλRλσϕ(μϕσ
ν) F3ϕ A2 B1 ϕλϕ(μRν)λ

− 2 [ + + (3 + )□ϕ] □ − 3 − (2 + 3 )A1 A2 B1 B2 ϕ(μ ϕν) B3ϕλσ ϕλ
μϕσ

ν B2 B3 ϕλσ ϕ(μϕν)λσ

+ 3 + 2 − ,B3ϕλϕσϕ
ρ

(μ
Rν)λσρ B2ϕλϕσρϕ(μRν)σλρ Tμν

(2.8)

ϕ = ϕ0

X = X0 ϕ X ϕ X

≡ −Tμν
2

−g√

δ( )−g√ Lm

δgμν

ϕ = const. = 0Eϕ

( , ϕ)gμν = 0Eμν

∝∇μEμν ϕνEϕ

= 0Eϕ A4

A5 B5 B7 B8 B9 B10 X = const

F(ϕ, X) = F(X) ϕ

= = 0Fϕ Fϕϕ

= = 0BJ F3

= −ΛGμν gμν
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where we have used the identities 

Notice that the above identities hold true in the case of the S(dS) spacetime with a linearly time-dependent scalar �eld 

9, so that  . Here   has a mass dimension two for a scalar with mass dimension one.10 Having

more simpli�ed equations of motion then leads to less restrictive existence conditions, and hence the case  ,

where only SdS solutions are required to exist, will generally allow a bigger region of theory space than in case 

. In the limit of including only shift-symmetric quadratic terms (i.e.  ), Eq.  (2.9) above

reduces to Eq. (2.9) in[19].

We can further weaken the requirement on the background geometry to be that of a Schwarzschild black hole, i.e. if we

are interested in vacuum solutions where   (hence with  ), then Eq. (2.9) is further simpli�ed to

where we have used the following identities: 

=Eμν − { + 2Λ + 2 [ + 2 + 2Λ( − − 2 + 6 )]
1

2
F0 F2 X0 F1ϕ F2ϕϕ

1

2
F3ϕ A1 A2 X0B1ϕ

− 2 [ + ( − 2 + 2Λ(5 + 2 ))] □ϕ +F2ϕϕ X0 F3ϕϕ A2ϕ B1 B2 B3ϕ
β
α ϕ

γ

β
ϕα

γ

+ [ + + 2 (3 + ) + 2(2 + )□ϕ] }A1 A2 X0 B1ϕ B2ϕ B1 B2 ϕ
β
α ϕα

β
gμν

− { + 2 + 2 + 2Λ[2 − − − 2 + (2 + 3 + 4(3 − ))]
1

2
F0X F1ϕ F2ϕϕ F2X F3ϕ A1 A2 X0 A2X A3 B1ϕ X0B4ϕ

+ [ − + 4 − 2 − Λ( + 12 + 2 − 4 ( + 2 + ))] □ϕF1X F3ϕϕ A2ϕ X0A3ϕ F3X B1 B2 X0 B1X B4 B6

+ [ + + 2(3 + − ( + )) + ( + − − )□ϕ]A1X A2X B1ϕ B2ϕ X0 B4ϕ B6ϕ B1X B2X B4 B6 ϕ
β
α ϕα

β

+ }B3Xϕ
β
α ϕ

γ

β
ϕα

γ ϕμϕν

− [ + ( + 2 − 2Λ ) + + 2 □ϕ] − 3( − □ϕ)F2ϕ X0 F3ϕϕ A1ϕ B2 B2ϕ
β
α ϕα

β
X0B2ϕ ϕμν X0B3ϕ

1

2
B3 ϕμλϕλ

ν

− 2[ + + (3 + )□ϕ] □ − 3 ( + − )A1 A2 B1 B2 ϕ(μ ϕν) B3 ϕλσ ϕλ
μϕσ

ν ϕ(μϕν)λσ ϕλσ ϕλϕσϕ
ρ

(μ
Rν)λσρ

− ( − ) − (2 + 3 ) □ ,B2 ϕ(μϕν)λσ ϕλσ ϕλϕσρϕ(μRν)σλρ B2 B3 ϕλϕ(μϕλ
ν)

(2.9)

(□ϕ) − − = Λ (2 + ) , (□ϕ −ϕμν ϕλ
μϕλν Rμλνσϕλϕσ X0gμν ϕμϕν )2 ϕ

β
α ϕα

β
= 4Λ .X0 (2.10)

ϕ = qt + ψ(r) = /2X0 q2 q

CubicSdS

CubicGR-mat
SSQuadraticSdS

= 0Gμν Λ = 0

=Eμν − { + 2 ( + 2 ) − 2 [ + ( − 2 )] □ϕ
1

2
F0 X0 F1ϕ F2ϕϕ F2ϕ X0 F3ϕϕ A2ϕ

+ [ + + 2 (3 + ) + 2(2 + + )□ϕ] }A1 A2 X0 B1ϕ B2ϕ B1 B2
11

18
B3 ϕ

β
α ϕα

β
gμν

− { + 2 + 2 + ( − + 4 − 2 ) □ϕ
1

2
F0X F1ϕ F2ϕϕ F1X F3ϕϕ A2ϕ X0A3ϕ

+ [ + + 2(3 + − ( + ))A1X A2X B1ϕ B2ϕ X0 B4ϕ B6ϕ

+( + + − − − )□ϕ] }B1X B2X
5

9
B3X

1

3
B3 B4 B6 ϕ

β
α ϕα

β
ϕμϕν

− [ + ( + 2 ) + (2 + ) + 2 □ϕ] − 3 □ϕF2ϕ X0 F3ϕϕ A1ϕ
1

2
B2 B3 ϕ

β
α ϕα

β
X0B2ϕ ϕμν X0B3ϕ ϕμλϕλ

ν

− 2[ + +(3 + 2 + )□ϕ] □ − (2 + )□ ,A1 A2 B1 B2
7

6
B3 ϕ(μ ϕν) B2 B3 ϕλϕ(μϕλ

ν)

(2.11)

= □ϕ , = [ □ − (□ϕ ]□ϕ ,ϕ
β
α ϕ

γ

β
ϕα

γ
5

9
ϕ

β
α ϕα

β
X0ϕσλ ϕμσλ X0 ϕμ

2

9
)2ϕμ

= − , = (−□ϕ + ) ,X0Rμσλρϕσρϕλ 2

5
ϕ

β
α ϕ

γ

β
ϕα

γ ϕμ Rμσλρϕσϕλϕ
ρ
ν ϕσ

μ ϕνσ ϕ
ρ
ν ϕσρ

[9□ϕ + 4 (□ϕ□ + 3 □ )] = (□ϕ [3 + □ϕ (2 + 3 )] ,X0 ϕσ
μϕνσ ϕ(μ ϕν) ϕσ

ν) ϕσ )2 X0ϕμν X0gμν ϕμϕν

(2.12)
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which are valid for the stealth Schwarzschild background. Indeed, Eq.  (2.11) can be used to derive the existence

conditions for Schwarzschild black holes. We will see that weakening of the nature of the background allows more

freedom in the remaining valid theory space, and hence also in the potential number of GR deviations, as can be seen in

Table 1 and Figure 1c.

Finally, for completeness, let us also comment on the trivial case where  , and hence all derivatives of   vanish.

The equations of motion for the metric and scalar are given by 

which coincide with the expressions in[19] for quadratic HOST. Note that the equation of motion of   cannot be derived

from that of the metric in this case. In what follows, we only consider the case where the scalar �eld has a non-trivial

gradient and therefore   automatically follows from  .

2.3. Existence conditions for stealth GR solutions

We can now obtain the conditions that need to be satis�ed for each class of stealth solutions to exist. We will show here

the conditions for general cubic theories (i.e.  cases  ), while an exhaustive list of existence

conditions for shift-symmetric and/or quadratic theories can be found in Appendix A.

Note that we obtain the existence conditions for stealth solutions in such a way that the covariant equations of motion

are trivially satis�ed when the Einstein equation in GR (i.e.  ) is imposed. Once we assume such

existence conditions, the metric is determined by solving the Einstein equation under the spacetime symmetry of

interest, and then the scalar �eld pro�le is �xed via  [19][20]. It should also be noted that the

existence conditions are written in terms of the functions of HOST theories evaluated at the background solution with 

 and  . Since we are focusing on solutions with  , even if the existence conditions impose, e.g. 

, this does not necessarily mean  . However, the condition    implies 

 when   is a non-trivial function of spacetime. (Recall that we do not impose the shift symmetry from

the outset, and therefore the functions can depend on    explicitly.) This property has been used to simplify the

conditions.

2.3.1. General stealth GR with minimally coupled matter

Let us begin by investigating the case  , in which Eq.  (2.8) is required to allow general GR solutions

(i.e. which satisfy  ). If the following conditions, 

are satis�ed at  ,11 this ensures that Eq.  (2.8) is satis�ed for any stealth GR solution with arbitrary time-

dependent scalar background with constant  , and any minimally coupled matter �eld—this is visualised in

ϕ = const. ϕ

Eμν

Eϕ

= − − = 0 ,F2Gμν
1

2
F0gμν Tμν

= + R = 0 ,F0ϕ F2ϕ

(2.13)

ϕ

= 0Eϕ = 0Eμν

CubicGR-mat/GR-vac/SdS/Schw

= − ΛGμν M −2
Pl Tμν gμν

= − /2X0 gμν ∂μϕ0∂ν ϕ0

ϕ = ϕ0 X = X0 = const.X0

( , ) = 0A1 ϕ0 X0 ( , ) = 0A1X ϕ0 X0 ( , ) = 0A1 ϕ0 X0

( , ) = 0A1ϕ ϕ0 X0 ϕ0

ϕ

CubicGR-mat

= − ΛGμν M −2
Pl Tμν gμν

+ 2Λ = −2 ( + 2 ) = ( − 2 ) ,F0 M 2
Pl X0 F1ϕ F2ϕϕ X0 F0X F2ϕϕ

= −3 = −3 , ( − ) = = = − = ,X0F1X F2ϕ X0F3ϕϕ X −1
0 F2 M 2

Pl F2X F3ϕ A1 A2

= = = = = = = = = = = = 0 ,F3X A1X A2X A3 B1 B1X B2 B2X B3 B3X B4 B6

(2.14)

X = X0

X0

qeios.com doi.org/10.32388/E4K7XF.2 10

https://www.qeios.com/
https://doi.org/10.32388/E4K7XF.2


Figure  1a.12 In that sense, they are the most restrictive set of existence conditions presented in this paper. The

conditions  (A.1) for    can be obtained from Eq.  (2.14) by imposing shift symmetry on all the functions.

Additionally, the conditions  (A.2) for    can be obtained by removing all cubic-order interactions, and

then similarly the conditions  (A.3) for    can be obtained by then taking the shift-symmetric limit,

recovering the expressions in[19].

2.3.2. General stealth GR in vacuum

In the case of stealth GR metric solutions in vacuum, i.e. if we focus on  , the existence conditions for cubic

HOST theories now read 

From the above conditions, we see that less functions are required to be set to zero, therefore allowing a bigger region in

the theory parameter space. Similarly as before, the conditions for    (A.4),    (A.5), and 

  (A.6) can be obtained from Eq.  (2.15) in the appropriate limits. The results we have obtained for 

 and   coincide with those found in[19].

2.3.3. Schwarzschild-de Sitter

Here we focus on extracting the existence conditions for SdS background solutions in cubic HOST theories, i.e. 

. From Eq. (2.9) we obtain 

These conditions are displayed in Figure  1b. When shift-symmetry is imposed, i.e.  , the above conditions

reduce to those derived in[18]. We can also obtain the conditions up to quadratic interactions, i.e.  , from

the equation above by setting all   as well as   [see (A.8)]. Finally, in the case of shift-symmetric quadratic

theories, i.e.  , Eq. (2.16) recovers Eq. (42) of[16] [see (A.9)].

2.3.4. Schwarzschild

Here we consider the conditions that HOST functions are required to satisfy in order to admit the existence of stealth

Schwarzschild solutions ( ). From Eq. (2.11) we obtain 

These conditions are shown in Figure  1c. In this case, it is important to clarify why certain functions—such as  —

appear uncoloured and unshaded in Figure 1c, in contrast to their coloured or shaded appearance in Figures 1a and 1b.

SSCubicGR-mat

QuadraticGR-mat

SSQuadraticGr-mat

CubicGR-vac

+ 2Λ( − ) = −2 ( + 2 ) , = −2[ + + Λ(2 − 2 + )] ,F0 F2 X0F3ϕ X0 F1ϕ F2ϕϕ F0X F1ϕ F2ϕϕ F2X F3ϕ X0A1X

3 + ( − Λ ) = 2 ( − 2Λ ) , = , = − = ,F2ϕ X0 F1X F3X X 2
0 A3ϕ B4 F2ϕ X0F3ϕϕ F3ϕ A1 A2

= = − + 2 , 2 = −2 = , = = = = = 0 .A3 A1X A2X X0B4ϕ B4 B1X B2X B1 B2 B3 B3X B6

(2.15)

SSCubicGR-vac QuadraticGR-vac

SSQuadraticGR-vac

QuadraticGR-vac
SSQuadraticGR-vac

CubicSdS

+ 2Λ = −2 ( + 2 + Λ + 2Λ ) , = − ( − 2 ) ,F0 F2 X0 F1ϕ F2ϕϕ F3ϕ A1 F2ϕ X0 F3ϕϕ A2ϕ

+ 4Λ = −2{ + − Λ[ − − (2 + 3 − 4 )]} , = − ,F0X F2X F1ϕ F2ϕϕ F3ϕ A1 X0 A2X A3 X0B4ϕ A1 A2

+ = 2 ( + ) , − Λ = − 4 + 2 − 4Λ (2 + + ) ,A1X A2X X0 B4ϕ B6ϕ F1X F3X F3ϕϕ A2ϕ X0A3ϕ X0 B4 B6 B1X

= = = = 0 , + = + .B1 B2 B3 B3X B4 B6 B1X B2X

(2.16)

SSCubicSdS

QuadraticSdS

= 0BJ = 0F3

SSQuadraticSdS

CubicSchw

= −2 ( + 2 ) , = − ( − 2 ) , = −2( + ) , = − ,F0 X0 F1ϕ F2ϕϕ F2ϕ X0 F3ϕϕ A2ϕ F0X F1ϕ F2ϕϕ A1 A2

+ = 2 ( + ) , = − 4 + 2 , 18 = 2 = − ,A1X A2X X0 B4ϕ B6ϕ F1X F3ϕϕ A2ϕ X0A3ϕ B1 B2 B3

3 = [9( + − − ) + 5 ] , = = = 0 .B3 X0 B1X B2X B4 B6 B3X B1ϕ B2ϕ B3ϕ

(2.17)

F2
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Taking   as an example, we note that in a Ricci-�at geometry like Schwarzschild, its contribution becomes redundant,

since    automatically holds in Eq. (2.8). This does not imply that    is inadmissible in this case; rather, it

means that    is unconstrained by the imposition of the existence of a Schwarzschild background and is therefore

allowed complete freedom. Similarly to the previous case, in the shift-symmetric limit, corresponding to  ,

these conditions exactly reproduce the results in[18] and given in (A.10). For quadratic theories, i.e.  , the

existence conditions can also be obtained from the equation above by setting all   as well as   [see (A.11)].

Finally, in the case of shift-symmetric quadratic theories, i.e.  , Eq. (2.16) recovers the results of Eq. (23)

in[16] and given in (A.12).

At this point, it is interesting to inspect the existence conditions obtained so far, speci�cally in regards to the degeneracy

conditions summarised in section  2.1. One notices that the existence conditions  (2.14), (2.15), and (2.16) impose 

  when evaluated at the background. Also, the existence condition  (2.17) for the stealth Schwarzschild solution

imposes  , which implies   when the degeneracy condition (2.5) for cubic DHOST of class  N-I

is assumed. Recall that for cubic DHOST of class  N-I, one requires that   [see (2.5) and (2.6), where   appears in

the denominator]. This means that, if we work within DHOST theories of class N-I and require the existence of stealth

solutions with constant  , the cubic DHOST part is prohibited, and we are left with quadratic DHOST of class  N-I (see

also[18]).13 Regarding the degeneracy condition  (2.4) for quadratic DHOST, one easily sees the compatibility with the

existence conditions. Indeed, all the existence conditions  (2.14)–(2.17) satisfy  , and the functions    and 

  are irrelevant to the existence conditions. In the remaining of the paper, however, and as motivated in the

introduction, we will not be requiring the satisfaction of degeneracy conditions.

3. Quadratic Lagrangian in the odd sector

In the previous section we have investigated the background evolution in cubic HOST theories as well as in a number of

speci�c subcases, with a particular focus on understanding the constraints imposed by requiring stealth GR solutions.

Having done so, we arrived at a reduced set of cubic HOST theories and in this section we now consider perturbations

about the stealth solutions to ultimately understand how restrictions imposed by requiring GR stealth solutions affect

the behaviour of perturbations (and ultimately observable quasinormal modes). Speci�cally, we here investigate the

dynamics of linear odd-parity perturbations about a static and spherically symmetric background given by 

accompanied by a spherical and (linearly) time-dependent scalar �eld  . In this section, we will focus on

S(dS) solutions, i.e. the unique static and spherically symmetric vacuum solutions of GR, therefore satisfying  . We,

however, choose to keep    and    independent for now, as the equations we derive can also be applied to study the

dynamics of perturbations for non-stealth metrics with  , e.g. those corresponding to hairy black holes[13][14][42].

We begin by studying the dynamics of odd-parity perturbations as an initial step toward identifying stable models

F2

= 0F2Gμν F2

F2

SSCubicSchw

QuadraticSchw

= 0BJ = 0F3

SSQuadraticSchw

= 0B1

18 = 2 = −B1 B2 B3 = 0B1
3

3 ≠ 0B1 B1

X 2

= −A2 A1 A4

A5

d = −A(r)d + + (d + θ) ,s2 t2 dr2

B(r)
r2 θ2 sin2 (3.1)

ϕ = qt + ψ(r)

A = B

A B

A ≠ B
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within the broad spectrum of theories explored in this work, reserving a more comprehensive analysis of the more

complex even-parity modes for future investigation.14
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Figure 1. Here we display the theory space of cubic HOST theories which allow the existence of different stealth solutions.

(Rows) columns represent (derivatives of) cubic HOST functions, e.g.  -row and  -column refers to  . In coloured boxes,

we show (combinations of) free functions that remain independent after the imposition of the corresponding existence

conditions. When a single box is split into regions of different colours, this indicates that such term can be rewritten as a

distinct combination of functions corresponding to such colours. The shaded region is either not allowed due to the constant-

 nature of our background (dark grey), or due to the existence conditions (light grey). Finally, uncoloured and unshaded

regions simply do not contribute to the equations of motion. Note that the allowed theory-space region increases as the

assumptions on the background geometry are weakened.

ϕϕ F0 F0ϕϕ

X
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In the so-called Lemaître coordinates, the line element (3.1) can be written as: 

where   and   are de�ned so that 

We then see that the coordinate   is a function of  , satisfying 

where a dot denotes the derivative with respect to  . As a reminder, recall that in the previous sections we have

distinguished four different cases in relation to the nature of the background solution: 1)  general GR solutions in the

presence of matter, 2) general GR solutions in vacuum, 3) SdS, and 4) Schwarzschild black holes. As a result, for cases 1)

and 2) one can in principle study the dynamics of perturbations for metrics other than S(dS), e.g. Kerr for cases 1) and 2)

and Reissner-Nordström for case 1). However, in this section we will focus on static and spherically symmetric stealth

GR solutions in vacuum, i.e., stealth S(dS) solutions. Written explicitly, the metric functions for these solutions are as

follows: 

where    is a constant of length dimension (corresponding to the horizon radius for the Schwarzschild metric).

Note that for the S(dS) metric, the following relation applies: 

We now introduce metric perturbations   as 

where   is the background metric given by Eq. (3.2). As we are considering the odd-parity sector and hence no scalar

perturbations will be present in our analysis, we will (in an abuse of notation) use the same symbol for the scalar �eld 

 and its background value, i.e.  . Note that, if we assume that the Lemaître coordinate    is compatible with the

time coordinate in the unitary gauge (i.e.,  ), then   is a constant.

The odd-parity metric perturbations are usually decomposed in terms of the spherical harmonics  . Note that

one can set   without loss of generality thanks to the spherical symmetry of the background15, and hence one can

employ the Legendre polynomials    instead. In the Regge-Wheeler gauge, the odd-parity metric perturbations

look like 

d = −d + (1 − A)d + (d + θ d ) ,s2 τ 2 ρ2 r2 θ2 sin2 φ2 (3.2)

τ ρ

dτ = dt +  dr , dρ = dt + .
1 − A

AB

− −−−−
√

dr

AB(1 − A)
− −−−−−−−−

√
(3.3)

r ρ − τ

r = − = ,∂ρ ṙ
B(1 − A)

A

− −−−−−−−

√ (3.4)

τ

Schwarzschild:

SdS:

A = B = 1 − ,
rs

r

A = B = 1 − − Λ ,
rs

r

1

3
r2

(3.5)

(3.6)

(> 0)rs

− = −Λr .A′ 1 − A

r
(3.7)

hμν

hμν ≡ − ,gμν ḡμν (3.8)

ḡμν

ϕ = ϕϕ0 τ

ϕ ∝ τ X0

(θ, φ)Yℓm

m = 0

(cos θ)Pℓ

= sin θ (cos θ) ,hodd
μν

⎛

⎝

⎜⎜
⎜

0

0

0

h0

0

0

0

h1

0

0

0

0

h0

h1

0

0

⎞

⎠

⎟⎟
⎟

r2 ∂θPℓ (3.9)
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where the  -dependence of    and    has been suppressed as modes with different    evolve independently. Note in

passing that the Regge-Wheeler gauge can be achieved by a complete gauge �xing, and therefore one can impose it at

the level of Lagrangian[41]. Here,   and   are functions of  , and it should be pointed out that, as can be seen above,

they differ from de�nitions used in other works (e.g. [17][28][43][44]) by an overall factor of   which has been included for

later convenience. It should also be noted that we focus on generic higher multipoles with  , where one expects to

have one propagating degree of freedom in the odd sector. For  , the odd-parity perturbations are non-dynamical

and correspond to a slow rotation of the black hole.

We write the perturbed covariant action up to quadratic order in metric perturbations as: 

where we have introduced the new notation    denoting the different  - and  -derivatives,

with    referring to a lack of derivatives. This notation enables one to easily identify which terms contribute at

perturbative level and also directly con�rm which features of the background solution cause the other terms to vanish.

For the setup considered here with linear odd-parity perturbations with  , out of the potential 114

contributions to (3.10), only 23 are non-zero, which we collect in Appendix B. As summarised in Figure 2, the rest of the

terms vanish upon employing constant-  identities Eq. (2.7) and/or other simplifying relations that hold true for odd-

parity perturbations about spherical background (such as    or  ) which are collected in full in

Eq. (B.26) of Appendix B.

Figure 2. Coef�cients in the quadratic Lagrangian in covariant form (3.10). In green we show the terms that provide non-zero

contributions to the covariant quadratic Lagrangian for odd-parity perturbations, Eq. ((3.10)). In blue we show terms that

contribute to the quadratic action only if the corresponding functions are not constants, i.e.  . Otherwise, they

vanish up to total derivatives. The remaining coef�cients are not present due to the reasons shown in the legend.

ℓ h0 h1 ℓ

h0 h1 (τ, ρ)

r2

ℓ ≥ 2

ℓ = 1

= ∫ x [S
(2)
grav

1

4
d4 −g

−−−
√ ∑

a

δ + δ + δ ] ,∑
K=0

3

LFKa
FKa ∑

I=1

5

LAIa
AIa ∑

J=1

10

LBJa
BJa (3.10)

a = {∅, ϕ, X, ϕϕ, XX, ϕX} ϕ X

∅

X = const.

X

= 0h
μ
μ = 0ϕμϕν hμν

, ≠ constF1 F3
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The quadratic Lagrangian for odd-parity perturbations (3.10) can be written in component form by substituting in the

expressions for the background metric (3.2), the background scalar, and metric perturbations (3.9). Written explicitly in

terms of   and  , we have 

where  . Note that the background equations of motion have not been used at this stage, and we have

adopted the notation in[45]. Analytic expressions for the  -coef�cients in terms of cubic HOST functions are very

extensive and are therefore not included here. They can be found and used, however, in the corresponding Mathematica

notebook in[1]. Figure 3 summarises the cubic HOST functions (in green) that contribute to the   coef�cients. The fact

that the green coef�cients appear differently in Figures  2 and 3 is due to the use of integration by parts to write the

quadratic Lagrangian in component form as in Eq. (3.11), which necessarily rearranges the function content.

Figure 3. Contribution from all cubic HOST functions to the different  -coef�cients. We show in green when a speci�c HOST

function appears in a given   and we leave in blank the cases where they do not, e.g.   appears in the full expression for 

 and  , but not in the one for   and  . The full expressions can be found in the companion repository in[1].

It is interesting to highlight that in our general setup without assuming shift and re�ection symmetries and even

without using the background equations of motion we �nd that 

In other words, for a static and spherically symmetric metric background (not necessarily stealth) with a linearly time-

dependent scalar �eld, the speci�c combination of    and    associated with    does not appear in cubic

HOST theories even without imposing the degeneracy conditions. This happens presumably due to the speci�c structure

of the cubic HOST Lagrangian. Indeed, the   term is present in general in the context of EFT of BH perturbations with a

timelike scalar pro�le[45], which encompasses HOST theories in principle. It was also shown in[45] that the presence of 

 forbids the existence of slowly rotating BH solutions (or otherwise leads to a diverging sound speed). In this sense, the

vanishing of   in cubic HOST is phenomenologically desirable.

In the following Subsections, we will explicitly show expressions for the    coef�cients under several existence

conditions, and identify the presence of any potential deviations from GR. We will show here the expressions for the 

h0 h1

= + + [( − + 2 ] + ,
2ℓ + 1

2πj2
L2 p1h2

0 p2h2
1 p3 ḣ1 ∂ρ h0)2 p4h1∂ρ h0 p5h0h1 (3.11)

≡ ℓ(ℓ + 1)j2

p
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p

pi F0

p1 p2 p3 p4
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  coef�cients for general cubic theories (i.e.  ), and an exhaustive list for shift-symmetric

and/or quadratic theories can be found in Appendix  C. Moreover, the beyond-GR parameter(s) for all models will be

summarised in Table 2.

3.1. General stealth GR with minimally coupled matter

Let us �rst consider the case where all GR solutions in the presence of matter are required to exist. Upon employing the

conditions (2.14) and specifying a SdS background, the coef�cients  ’s are given by 

These expressions for the   coef�cients are precisely the ones obtained in GR. Therefore, in this case the dynamics of

the odd-parity perturbations are the same as in GR, implying that ringdown observables associated with such

perturbations, like the quasinormal mode frequencies, will be indistinguishable between the two cases.

3.2. General stealth GR in vacuum

Upon employing the conditions for the existence of stealth solutions  (2.15) and specifying an SdS background, the  -

coef�cients for the case   are simpli�ed to 

From Eq. (3.14) we see that the presence of   shifts the value of   in the same way for all non-zero coef�cients  , 

  and  . In this sense, we here conclude that there is one independent combination of functions for the case 

  corresponding to    controlling the behaviour of odd-parity perturbations. We can now

distinguish two cases. First, for non-shift-symmetric models, these functions (and hence also their one independent

combination) can be non-trivial functions of spacetime and, as a result, deviations from GR can appear. Because of this,

we use the symbol   in Table 1 to denote that there is one independent combination of HOST functions which governs

the dynamics of odd modes in a way that might differ from GR. As will be discussed in Section  5, this actually

complicates the de�nition of quasinormal mode frequencies. Second, if   is a constant when evaluated on the

background (note that this does not entail shift-symmetry, as it is possible that both    and    are non-trivial

functions of spacetime but    is a constant), then all ringdown phenomenology in the odd sector will be

indistinguishable from GR, albeit from a constant shift in the effective Planck mass [c.f. (3.14) with (3.13)]. In this case, for

instance, quasinormal mode frequencies will have the same numerical values as in standard GR. In the shift-symmetric

and/or quadratic limit, i.e.  for the cases  ,  , and  , the contribution from

the coef�cient   disappears and   is the only contributing function [see (C.1)]. In these cases, if   is shift-symmetric

we also recover GR predictions (therefore represented with a    in Table  1). However, for the case  , 

pi CubicGR-mat/GR-vac/SdS/Schw

pi

p1 = ( − 2) ,r2 1 − A
− −−−−√ j2

M 2
Pl

p2 = − ( − 2) ,
r2

1 − A
− −−−−√

j2
M 2

Pl
p3 = ,

M 2
Plr

4

1 − A
− −−−−√

p5 = 0 . (3.13)

pi

p

CubicGR-vac

p1

p3

= ( − 2)( − ) ,r2 1 − A
− −−−−√ j2 F2 X0F3ϕ

= ( − ) ,
r4

1 − A
− −−−−√

F2 X0F3ϕ

p2

p5

= − ( − 2)( − ) ,
r2

1 − A
− −−−−√

j2 F2 X0F3ϕ

= 0 .

(3.14)

F3ϕ F2 p1
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 can generally be a non-trivial function of spacetime, hence potentially sourcing deviations from GR. Because of this,

this case is represented with the symbol   in Table 1.

3.3. Schwarzschild-de Sitter

As we have seen, requiring the existence of SdS solutions as opposed to requiring general stealth GR solutions leads to a

broader allowed region of theory space. Imposing the existence conditions (2.16) for SdS spacetimes on cubic theories

leads to the following   coef�cients: 

Inspecting Eq. (3.15) we see that 2 independent combinations of HOST functions fully characterise the all   coef�cients,

corresponding to 

Note that   and   are proportional to a linear combination of these two quantities.

In the shift-symmetric limit, all contributions from cubic functions disappear and hence for    and 

, and actually also  , we obtain the coef�cients given by (C.2), which are equivalent to

Eq. (3.6) in[30] for shift-symmetric quadratic theories. In those cases, only   survives as an additional contribution on

top of  . When   and   are shift-symmetric (and therefore time-independent when evaluated on the background),

the corresponding odd-parity quasinormal mode frequencies can be obtained by simple rescaling of those in GR[46][47].

Written explicitly, for stealth Schwarzschild solutions, the relation is given by  .

As mentioned before, when the shift-symmetry is not imposed, we recall that HOST functions can in principle contain

explicit time dependences, which, as stated before, and discussed in more detail in Section 5, makes deriving the master

equation in the odd-parity sector more challenging.

3.4. Schwarzschild

In this Subsection we express the   coef�cients after imposing the existence conditions for Schwarzschild black hole

solutions [Eq. (2.17)]. They are given by 

In this case,  , we �nd the following    independent combinations of HOST functions as fully characterising

the   coef�cients: 

F2

✓1

pi

p1

p3

= ( − 2)[ + ( + 2 )] ,r2 1 − A
− −−−−√ j2 F2 X0 F3ϕ A1

= [ + ( + 2 )] ,
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j2 F2 X0F3ϕ
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pi
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Interestingly, one cubic function,  , survives in the shift-symmetric limit. Hence,    contains    potential

beyond-GR parameters (note that, as explained before, in shift-symmetric models    is a constant and therefore not

regarded as a beyond-GR parameter) in the evolution of odd-parity perturbations corresponding to    and  . The

presence of    here leads to a non-trivial  -dependent radial speed for GWs, something which will be discussed in

Section 4 together with the corresponding stability conditions. In[28] odd-parity perturbations for Schwarzschild black

holes in shift-symmetric cubic HOST theories were studied and, in particular, the contribution from    to the

fundamental quasinormal mode was calculated (while setting  ). In Section 4 we show how a non-zero   affects

the radial speed of GWs.

Both   contain only   as an additional function and do in fact also fall into the same category where 

 coef�cients are given by (C.2) (i.e. Eq. (3.6) in[30], which was found for shift-symmetric quadratic HOST). As such, the

same discussion below Eq. (3.15) related to the relation between quasinormal mode frequencies in this case and the ones

for Schwarzschild black holes in GR also applies here. As mentioned in the previous cases, when HOST functions above

contain an implicit time dependence, the master equation for odd-parity perturbations cannot be converted to an ODE,

and as a PDE, it makes the de�nition of quasinormal modes ambiguous. This will be discussed in more detail in

Section 5.

To conclude this Section, we have obtained the    coef�cients in the quadratic Lagrangian  (3.11) for odd-parity

perturbations in general cubic theories under the existence conditions for stealth solutions, i.e. 

. As mentioned earlier, an exhaustive list of the   coef�cients for the remaining cases can

be found in Appendix C. The beyond-GR parameter(s) for each case are summarised in Table 2.

B1
SSCubicSchw 2

F2

A1 B1

B1 r

B1

= 0A1 B1

(SS)QuadraticSchw A1

pi

pi

CubicGR-mat/GR-vac/SdS/Schw pi
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Model Beyond-GR parameter(s) Symbol

None

 at 

,   at 

,  ,   at 

 at 

,   at 

 at 

,   at 

Table 2. Here we collect the number of independent combinations of beyond-GR parameters for all different models (i.e. for

each set of  ). The last column shows the symbol we use to condense this information in

Table 1. Note how the interpretation for   differs for shift- vs. non-shift-symmetric models, where in the former, as a

constant, does not count as a potential deviation from GR while in the latter, as potentially depending non-trivially on

spacetime coordinates, is included as a beyond-GR parameter.

4. Stability and speeds of odd-parity perturbations

In the previous sections we have derived the conditions under which different stealth black hole solutions with time-

dependent scalar hair exist for cubic HOST theories (Section 2) and obtained the quadratic Lagrangian for odd-parity

perturbations (Section 3). These kinds of solutions are known to exist for several large classes of ST theories (see e.g. [13]

[14][15][16][19][20][42][48][49][50][51][39]). Note in passing that stealth solutions in DHOST theories have been shown to

generically suffer from instability or strong coupling issues when the even sector is taken into account[21][30][52]  (see

Table I in[40] for a more comprehensive summary). In this section, as a �rst step towards evaluating the overall stability

of the different models considered, we derive the conditions that HOST functions need to satisfy in order for linear odd-

perturbations to remain stable. In the EFT context, as an initial step towards deriving generalised master equations for

the even sector without strong coupling issues, the dynamics of monopole ( ) even perturbations have been studied

with the inclusion of the scordatura term, whose presence allows for the avoidance of strong coupling issues [53].

,(SS)CubicGR-mat

,(SS)QuadraticGR-mat

,SSCubicGR-vac

SSQuadraticGR-vac

×

CubicGR-vac −F2 X0 F3ϕ (ϕ, X) = ( , )ϕ0 X0 ✓1

CubicSdS −F2 X0 F3ϕ +A1 F3ϕ (ϕ, X) = ( , )ϕ0 X0 ✓2

CubicSchw −F2 X0 F3ϕ +A1 F3ϕ B1 (ϕ, X) = ( , )ϕ0 X0 ✓3

QuadraticGR-vac F2 (ϕ, X) = ( , )ϕ0 X0 ✓1

,QuadraticSdS

QuadraticSchw

F2 A1 (ϕ, X) = ( , )ϕ0 X0 ✓2

,SSCubicSdS

,SSQuadraticSds
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A1 X = X0 ✓1
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4.1. Stability conditions

In order to rewrite the quadratic Lagrangian  (3.11) in terms of one variable, we introduce an auxiliary �eld    and

integrate out the variables   and  . For a detailed description of the procedure, see, e.g. [30][45]. We have seen in the

previous section that   in cubic HOST under the existence conditions for stealth solutions, and therefore the

corresponding terms in Eq.  (3.11) will be ignored in what follows. After some manipulations, we obtain the quadratic

Lagrangian for   as16

where the parameters  ’s are de�ned as 

Note that these expressions apply for the case when the  -coef�cients are generic functions of    and  , and hence

generalise the expressions in[30][45][52]  which were derived under the condition that  ’s are functions only of 

.

The variable   now represents the propagating degree of freedom in the odd-parity sector. As usual, we de�ne the sound

speed squared of GWs (i.e. the speed of GWs) in the radial and angular directions as17

The absence of ghost and gradient instabilities requires that  ,  , and   are positive de�nite: 

Using the following parametrisation to characterise deviations from unity (i.e.  the GR prediction) in the propagation

speeds, 

the stability requirements   are equivalent to   and the GR result is obtained when  .

We can now assess what these stability conditions imply for all the different cases in Table 1. As we have seen, the cases 

 and   recover GR results at the level of linear odd-parity perturbations and hence

stability conditions are automatically satis�ed.

For general GR solutions in vacuum, more concretely for  , we obtain the following stability criterion:

From the above we see that in the cases   and   the stability condition becomes

For the case  , the stability of perturbations requires that

χ
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Similarly, the stability conditions for cases   and   can be straightforwardly obtained from

the condition above. In fact, the same conditions also apply for cases  , and these are given by 

This leaves us with two remaining cases. First, we have  , from which we obtain the following stability

conditions: 

where the last condition was derived from requiring  . Second, the stability conditions for    can be

straightforwardly obtained by imposing shift symmetry to the condition (4.10), 

From the above expressions, one sees that setting the cubic HOST function to zero one recovers the condition (4.9) for

cases  .

4.2. Speed of gravity

In this Subsection, for illustrative purposes, we analyse the speed of GWs in the odd-parity sector. Let us focus on the

cases   since they contain non-trivial deviations from GR in the   coef�cients. Using Eqs. (3.17) and (4.2) in

Eq. (4.3), the parameters   de�ned in Eq. (4.5) are given by 

From the expressions for the    parameters above, it is interesting to understand how they are related to current

observational constraints, most notably from the GW event GW170817 and the gamma-ray burst 170817A emitted from a

binary neutron star merger, which constrained   at the frequency scales probed by LIGO-Virgo-KAGRA

(LVK) [54][55][56][57][58].

The implication of the bound on GW speed on HOST theories in the context of cosmology is as follows. On a

homogeneous and isotropic cosmological background described by the Friedmann-Lemaître-Robertson-Walker metric,

the deviation of   from unity is given by [59]

where   denotes the Hubble parameter. In order for   to vanish irrespective of the matter content of the Universe

(i.e. irrespective of how   evolves), one requires that 

Having said that, note that non-trivial   is not ruled out for theories whose cutoff scale is lower than (or close to) the

frequencies probed by LVK observations. More speci�cally, higher-order operators suppressed by the scale 
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  (chosen so that these operators give    contributions to cosmological dynamics), with    being

the present Hubble parameter, lead to a cutoff close to or below the LVK frequency band (see[60]  for theoretical

background and[44][61][62][63][64] for related GW phenomenology and constraints).

We can in principle also apply the bound on GW speed in our context, provided that the spacetime is described by the

stealth Schwarzschild solution throughout the propagation of GWs. As previously discussed in, e.g.  [27][46], while

applying the GW170817 constraint suggests that    must approach zero at large distances, it may nonetheless have

non-trivial con�gurations at short distances (i.e. in the black hole environment). In order to provide tangible results, we

now assume that the relevant HOST functions are constant when evaluated at the background, i.e.  ,  ,  ,   are all

constant.18 Then, requiring    to vanish at large    imposes  .19 In that case, we can rewrite the 

 parameter in (4.12) in the following form: 

where, in the absence of  , the dimensionless quantity   exactly matches that introduced in Eq. (59) of[28], from which

we adopt the nomenclature. We plot    as a function of    for some (negative) values of    in Figure  4, where 

 corresponds to the graviton horizon (i.e. the horizon for the odd modes). Note that, for  ,   is different than

the radius of the photon horizon   (i.e. the horizon for particles travelling at the speed of light).20 Following the same

discussion as in[27][46], one can show that   satis�es 

Speci�cally, on a Schwarzschild background where  , the two horizons are related via 

In Figure 4 we see that    transitions smoothly from    as    and to zero as  . In other words, as we

approach the singularity ( ) the odd modes ‘freeze’, i.e.  , while at spatial in�nity we recover the GR

prediction, i.e.  . As a �rst approximation, assuming the constraint on GW speed from the

event  GW170817 applies to black holes, and taking them to imply that    at  ,21 then we can

conclude that roughly  , suggesting that such a measurement is not really effective for constraining this

theoretical setup.
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Figure 4. Speed of GWs in the radial direction as a function of distance for different values of the beyond-GR parameter 

 (4.15). The distance is plotted relative to the graviton horizon radius  , with the region inside   shaded in grey (note that 

 for  ). Shaded in red is the region where stability conditions are violated. In dashed orange we show the GR

prediction (i.e.  ).

5. Master equation for odd-parity perturbations

In order to further connect the models investigated here with actual ringdown GW observables (e.g. quasinormal mode

frequencies), one �rst needs to derive a master equation for odd modes from the quadratic Lagrangian  (4.1). In this

Section, we discuss how this derivation becomes more subtle once HOST functions are allowed to carry explicit time

dependencies, as is the case for non-shift-symmetric models.

In order to clarify the subtlety, let us follow the derivation of such a master equation in e.g.  [30][45][46]  until some

dif�culty arises. First, let us rewrite the quadratic Lagrangian (4.1) in terms of the Schwarzschild coordinates  .

After some manipulations, we obtain 

with 

As mentioned earlier, though we mainly focus on the S(dS) background in the present paper, here we have kept the

metric functions   and    independent for generality. Note that we have taken into account the Jacobian determinant

associated with the coordinate transformation:  .
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(1 − A) −s2 s1

A
a4

A

B(1 − A)

− −−−−−−−

√ s3

(5.2)

A B

≡ |∂(τ, ρ)/∂(t, r)|L
~

2 L2
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Notice that the Lagrangian  (5.1) contains the cross term  . In the case where all the    coef�cients de�ned

above are static with respect to the Killing time    for the background metric, one can remove the cross term by

performing a transformation of the time coordinate, and it is straightforward to de�ne a tortoise coordinate associated

with the effective metric for odd modes. Note that this is the case for all shift-symmetric theories, but can also be

applied in non-shift-symmetric cases as long as all HOST functions appearing in these coef�cients do not carry an

implicit  -dependence. In this case, the master equation in the form of a wave equation (i.e., the generalised Regge-

Wheeler equation) was obtained in[45][46] in the context of EFT of BH perturbations.

However, the situation changes for non-shift-symmetric models, where the   coef�cients in (5.2) are generic functions

of   and  . In these cases, these coef�cients in Schwarzschild coordinates are no longer independent of  , and therefore a

rede�nition of   that removes the cross term does not exist in general. Moreover, the position of the graviton horizon

would also be  -dependent, which would make the de�nition of the tortoise coordinate subtle. As a result, it is not

possible to write the master equation in the standard form of the generalised Regge-Wheeler equation as in[45][46]. In

other words, the master equation cannot be converted from a PDE to a simple ODE for a mode with a �xed frequency

when the coef�cients are allowed to depend on  . Consequently, we lose a clear de�nition for quasinormal mode

frequencies. This implies that in order to solve the PDE one would need to resort to a numerical approach. Let us also

point out, nonetheless, that when the timescale of the change of the coef�cients is long enough compared to that of

perturbations, those coef�cients in Eq. (5.1) can be effectively regarded as constant and the effect of the time dependence

may be treated perturbatively. This is a reasonable assumption as the time dependence of the coef�cients appears only

through the explicit dependence on  , which evolves in a cosmological time scale if, e.g., the scalar �eld is responsible

for dark energy. In this case, we expect that the effect of the time dependence can be treated in a perturbative manner. A

more in-depth exploration in this direction is left for future work.

6. Conclusions

In this paper, we have explored the landscape of stealth black hole solutions—i.e., solutions that remain identical to

those in General Relativity (GR) despite the presence of a non-trivial scalar �eld—in the framework of general

quadratic/cubic higher-order scalar-tensor (HOST) theories. We have considered con�gurations where the scalar �eld

exhibits time-dependent hair while maintaining a constant background kinetic term. Our analysis has focused on

deriving the precise conditions required for either all, or some given speci�c (Schwarzschild and Schwarzschild-de

Sitter), stealth solutions to exist. Furthermore, we have examined the behaviour of odd-parity perturbations in all

different cases and derived the conditions that ensure such perturbations remain stable. Table 1 collects the existence

conditions, the nature of odd-parity perturbations, and the stability conditions for all combinations of theory setups

with different classes of stealth solutions. Our key �ndings are:

Requiring all GR solutions to exist in the presence of generic matter leads to odd modes that display the same

behaviour as in GR. Within the context of general cubic HOST theories, in order to encounter departures from GR one

therefore requires one of the following: a) non-stealth metric solutions (see e.g. [13][14][42][50]), b) scalars with a non-

( χ)( χ)∂t ∂r ai

t

t

ai

τ ρ t

t

t

t

ϕ
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constant kinetic term (see e.g.  [39][40][65]), c)  study the even sector (see[30]), or d)  relax the requirement of the

existence of all GR solutions in the presence of matter and employing less restrictive conditions (this leads to the

conclusions in the following 2 bullet points). We leave detailed further explorations on these directions as future

work.

Requiring all GR solutions to exist in vacuum also leads to similar results. In the generic case of cubic HOST, we have

found one potential beyond-GR parameter in the odd sector. However, imposing shift-symmetry and/or restricting to

quadratic interactions recovers the standard GR form for the evolution of odd-parity perturbations. In these cases,

departures from GR can also only appear if one takes any of the options a)–c) spelled out in the previous bullet point.

When requiring speci�c (Schwarzschild and Schwarzschild-de Sitter) stealth solutions to exist, we have found that a

large plethora of the (theory + stealth solution) combinations considered in this paper results in a reduced set of

potential deviations from GR in the odd modes, as described in Table 1. In most cases, odd-parity quasinormal mode

frequencies can be obtained from those in GR via a simple rescaling, in the same fashion as in[46][47].

We have identi�ed a unique deviation from GR that does not fall in the previous category for Schwarzschild black

holes in cubic HOST (shift-symmetric or otherwise). We have shown how this deviation, denoted by the parameter  ,

modi�es the propagation speed of odd modes in a non-trivial way, in particular with an  -dependent   parameter.

We have shown that the speed of gravity is modi�ed in the black hole environment (while still satisfying stability

conditions) and approaches the speed of light at cosmological distances, hence making this an interesting healthy

model in light of the constraint on the propagation speed of gravitational waves (GWs) from the event GW170817. The

fundamental quasinormal mode frequency for a shift-symmetric version of this model was investigated in[28]. Given

the uniqueness of the   signature in the large class of models we studied, a further investigation of the quasinormal

mode spectrum with contributions from  , as well as an assessment of the observability of   by current and future

GW detectors constitute interesting directions for future research.

We have established that    in the quadratic Lagrangian  (3.11) for odd-parity perturbations about static and

spherically symmetric background in general cubic HOST theories. In general, non-zero   appears in the context of

EFT of BH perturbations with a timelike scalar pro�le [46]. We have shown here that in covariant cubic HOST theories,

contributions to   from individual terms cancel out in a non-trivial manner. The relevance of this result is that the

presence of    is associated with the exclusion of slowly rotating black hole solutions (or otherwise the

divergence of the radial sound speed at spatial in�nity) [46], and so we show that cubic HOST theories do not suffer

from this problem.

In the context of non-shift-symmetric theories, we have shown how the master equation for odd-parity

perturbations cannot be written in the standard ODE form of the generalised Regge-Wheeler equation due to the

time-dependence of its coef�cients. We have argued that solving the corresponding PDE would require numerical

methods and/or further approximations. We leave a more detailed analysis for future work.

When we require the degeneracy conditions (2.4), (2.5), and (2.6) for quadratic/cubic DHOST theories of class N-I [4] as

well as the existence conditions derived in this work, we have concluded that the cubic DHOST part of the theory is

not allowed. (The authors of[18] already pointed out that the existence conditions for stealth Schwarzschild(-de Sitter)

B

r αT

B

B B

= 0p4

p4

p4

≠ 0p4

qeios.com doi.org/10.32388/E4K7XF.2 27

https://www.qeios.com/
https://doi.org/10.32388/E4K7XF.2


solutions are not compatible with cubic DHOST.) In this case, we are left with the quadratic DHOST of class  N-I, for

which the compatibility between the degeneracy and existence conditions is guaranteed.

In the present paper we have shown how restrictive it is to require the existence of exact stealth solutions with timelike

scalar pro�le in the space of scalar-tensor theories. On the other hand, as brie�y reviewed in the introduction, one needs

to introduce so-called scordatura terms in order to avoid strong coupling of perturbations, promoting the background

solution to an approximately stealth one that behaves as stealth for any practical purposes at the level of the background

and that is free from the strong coupling issue for perturbations. Since scordatura terms are of order unity (and not

necessarily small) in the unit of the cutoff of the theory, it is expected that relaxing the existence condition of exact

stealth solutions to that of approximately stealth ones should signi�cantly broaden the space of scalar-tensor theories.

We leave detailed investigations of this important problem for future work.

Appendix A. Exhaustive list of existence conditions

In the main text we have explicitly included the existence conditions for the following cases:    (2.14), 

  (2.15),    (2.16), and    (2.17). As the most general cases, these are the most interesting

expressions to show, also because the conditions for simpler theories can be directly obtained from them in the

appropriate limits as explained in the main text. Here, with the aim of providing a comprehensive review, we list the

conditions for the remaining cases in Table 4.

Some of the expressions shown in the Table have already been obtained in previous work. The conditions for 

  and    can be obtained from Eq.  (2.6) in[19]. In addition, the conditions for 

  and    correspond to Eq.  (21) and Eq.  (18) respectively in[18]. Similarly, the conditions for 

 and   correspond respectively to Eqs. (42) and (23) in[16]. Note that when comparing

these expressions with the corresponding ones in the literature one needs to take into account different conventions for 

, which is often de�ned without the factor of  .

2

CubicGR-mat

CubicGR-vac CubicSdS CubicSchw

(SS)QuadraticGR-mat
(SS)QuadraticGR-vac

SSCubicSdS
SSCubicSchw

SSQuadraticSdS
SSQuadraticSchw

X −1/2
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Table 4. Here we collect an exhaustive list of existence conditions for all models not shown in the main text.

Appendix B. Terms in covariant quadratic Lagrangian

Writing the perturbed action to quadratic order in metric perturbations as 

where    corresponding to the different  - and  -derivatives, the only non-zero terms for

odd-parity perturbations in theories where the scalar has a constant kinetic term are given below.22 These expressions

can be found and directly used in the provided Mathematica �les[1]. 

= ∫ x [S
(2)
grav

1

4
d4 −g

−−−
√ ∑

a

δ + δ + δ ] ,∑
K=0

3

LFKa
FKa ∑

I=1

5

LAIa
AIa ∑

J=1

10

LBJa
BJa (B.1)

a = {∅, ϕ, X, ϕϕ, XX, ϕX} ϕ X
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where the indices of the perturbed metric are raised/lowered by the background metric, and  ,  ,  , and the

covariant derivatives are evaluated on the background. Also, we have used the standard de�nition of symmetric and

antisymmetric tensors, 

All other contributions are shown to be zero if one assumes    [i.e.  by employing the relations in Eq.  (2.7)]

and/or restricts to odd-parity modes, as described in Figure 2. Here we include the simplifying relations valid for odd-

parity modes about a spherically symmetric background with the component form of Eq. (3.9). These relations (as well

as derivatives of some of them) have also been used to simplify the expressions in Eqs. (B.2)–(B.24). 

Appendix C. Exhaustive list of  -coef�cients

In the main text we have explicitly shown the expressions for the  -coef�cients in the quadratic Lagrangian (3.11) for

the following cases:    (3.13),    (3.14),    (3.15), and    (3.17). For the cases 

  and  , it is trivial that the  -coef�cients are given by (3.13). Here we collect the

expressions for the remaining cases in Table  1. Recalling that we found    to be generically true in cubic HOST

theories (as one would expect for theories admitting slowly-rotating black hole solutions[45]), here we show expressions

for the remaining  ,  ,  , and  .

R Rμν Gμν

A(μν) ≡ ( + ) , ≡ ( − ) .
1

2
Aμν Aνμ A[μν]

1

2
Aμν Aνμ (B.25)

X = const.

= = = = = = = 0 .h
μ
μ ϕμϕν hμν ϕμνhμν ϕμ∇νhν

μ ϕμϕν ∇σhσ
μ∇ρh

ρ
ν ϕμϕν ϕσ∇σhμν ϕμνϕσ∇νhσμ (B.26)

p

p

CubicGR-mat CubicGR-vac CubicSdS CubicSchw

SSCubicGR-mat
(SS)QuadraticGR-mat p

= 0p4

p1 p2 p3 p5
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Table 6. List of  -coef�cients in the quadratic Lagrangian (3.11) for odd-parity perturbations.
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Footnotes

1 There have been extensive studies on further generalisation of the extension of the DHOST framework. One of them is

to assume that the scalar �eld has a timelike gradient and to impose the degeneracy conditions only in the unitary

gauge, which was dubbed U-DHOST[67][68][37]. Another is to perform a higher-derivative generalisation of invertible

disformal transformations on Horndeski/U-DHOST theories[69][34][70][71], utilising the fact that an invertible

transformation preserves the number of physical degrees of freedom[35][36].

p
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2 In this paper, we do not necessarily impose the degeneracy conditions; instead, we primarily work with generic

higher-order ST theories. The rationale for this choice is explained below.

3 This ensures the relation between the scalar pro�le and the proper time (or distance) coordinate of any Gaussian

normal coordinate system in any spacetime geometry. While the construction of the Gaussian normal coordinate system

is local as usual, a constant-  pro�le is easily obtained everywhere in the spacetime region in which a Gaussian normal

coordinate system is de�ned. Once a Gaussian normal coordinate system is globally speci�ed in a spacetime region of

interest, the corresponding constant-  pro�le of the scalar �eld is obtained globally in the same spacetime region.

4 Theories where freely falling bodies follow geodesics of a (symmetric) metric are sometimes referred to as ‘metric

theories’[72], which is the case in our setup.

5 It was shown in[59]  that in the context of cosmology the disformal Horndeski class is phenomenologically favoured,

unlike other subclasses of DHOST theories.

6 Note that degeneracy conditions can be imposed at the level of Lagrangian (i.e. before specifying a background).

7 Note also that there is a special class of ST theories where the scalar �eld does not propagate, e.g.  (extended)

cuscutons[73][74], and the odd-parity perturbations are insensitive to the absence the scalar degree of freedom.

8 At this point, we note that different notation conventions exist in the literature to rewrite combinations of derivatives

acting on the scalar. In this work, we will not be using such conventions, but we refer to them here to facilitate the

comparison of results. First, one can rewrite    and    (more generally 

), like it is done in e.g. [19]. A second convention which was introduced in[31] rewrites the same

terms as   and   (more generally  ).

9 The coordinates   and   here are static and spherically symmetric coordinates as de�ned in Eq. (3.1).

10 Note that sometimes   is used instead of   to denote the time-dependence in the scalar.

11 In writing the conditions in (2.14), we have also employed the relation  , where   is the trace of

the stress-energy tensor.

12 Note that the speci�c colour chosen for the boxes in Figure 1a is not important. Instead, the number of different

colours indicates the number of independent combinations of HOST functions after the imposition of existence

conditions. In the present case, we see that after the imposition of the conditions (2.14), all non-zero HOST functions can

be rewritten in terms of four independent functions, e.g.  .

13 Here, we have assumed that the theory is valid all the way from the black hole scale to the cosmological scale. Recall

that, as mentioned in section 2.1, the class N-I (i.e., a sum of quadratic DHOST of class  N-I and cubic DHOST of class  N-

I) is the only subclass of DHOST that allows for viable cosmology.

14 The additional complexity arises from the higher number of even-parity functions as well as their coupling to the

scalar mode.

X
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15 This is because in spherically symmetric backgrounds all  -modes are degenerate in frequency and decouple from

each other at linear level.

16 The �eld   is an effective combination of   and  , capturing the one-degree-of-freedom nature of perturbations in

the odd-parity sector. More concretely, for  , we have  .

17 Precisely speaking, the quantities    and    correspond to the sound speed of GWs in unit of the speed of photons

which are assumed to be minimally coupled to gravity.

18 Recall that we consider here non-shift-symmetric theories in general, and therefore time dependence can show up

through the explicit  -dependence. However, even if the HOST functions are not strictly constant, assuming that the

scalar �eld is responsible for dark energy for instance, one would expect their timescale of evolution to be much longer

than the timescale associated with ringdown observables here, making the HOST functions effectively constant in such

an environment.

19 Note that this coincides with the �rst condition in Eq.  (4.14). If we adopt the second condition    in our

context, this can be understood as    as the existence condition  (2.17) for    imposes 

.

20 As discussed in[28], for  , Eq.  (4.17) has only one positive solution for  , which satis�es  . For 

 with  , there exist two positive solutions to (4.17), of which the larger one is identi�ed as 

 and in this case we have  . Finally, for  , the solution for (4.17) ceases to exist.

21 The event  GW170817 was observed at a distance of    Mpc and the total mass of the binary neutron stars was

approximately  [58], with   being the mass of the Sun, i.e.   kg. The distance in units of   (evaluated

with the total mass of the system) is given by  .

22 Precisely speaking, the coef�cients presented here are those that we see just after expanding (the gravitational part

of) the Lagrangian (2.1) for cubic HOST theories up to the quadratic order in odd-parity perturbations. The explicit form

of the Lagrangian changes when one performs integration by parts.
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