Constructing a Set of Kronecker-Pauli Matrices
Christian RAKOTONIRINA

Institut Supérieur de Technologie d’Antananarivo, IST-T
and
Laboratoire de la Dynamique de I’Atmosphere, du Climat et des Océans, DyACO,
Université d’Antananarivo,
Madagascar

E-mail address: rakotonirinachristianpierre@Qgmail.com
https://orcid.org/0000-0003-0123-4813

ABSTRACT. In quantum physics, the choice of basis is crucial for formula-
tion. The generalization of the Pauli matrices via Kronecker product, called
Kronecker-Pauli matrices, is typically restricted to for 2™ dimensional systems.
This paper explores extending this generalization to N-dimensional systems,
where N is a prime integer, in order to construct N x N-Kronecker-Pauli matri-
ces. We begin by examining the specific cases of 3x 3 and 5 x 5 Kronecker-Pauli
matrices, with the goal of the purpose constructing a set of N x N-Kronecker-
Pauli matrices for any prime integer N.

Keywords:Pauli matrices, Kronecker-Pauli matrices, Swap operator, unitary basis,
qutrit, qudit, Weyl operator basis.

1. INTRODUCTION

In quantum physics the choice of basis for formulation is important. For higher-
level system, it is normal the generalization of the Pauli matrices by tensor or
Kronecker product

(05, @04, @ 05,); 50 01,23
where o is the 2 x 2-unit matrix. However, the generalization in this sense applies
only to 2" level systems, These matrices are referred to as 2" x 2"-KPMs (Kronecker-
Pauli matrices). The work in [1] extended these matrices’ properties [2] to three-
dimensional systems, leading to the 3 x 3-KPMs and offering a path to generalizing
this for any dimension. In this road to generalization it is demonstrated that the
tensor product of two sets of KPMs is a set of KPMs.
The set K3 of 3 x3-KPMs which are not traceless, even up to phases factor, does not
form a group which excludes it from being considered as a Pauli group. Neverthless,
the set of traceless matrices K3 x K3 ® {1,w,w2} =73 ® {1,w,w2}, for 7 € K3
with w = 3 and w? = e'5 does form a group. This group corresponds to the
Weyl-Heisenberg group for the three-dimensional case, according to its definition
in [3].
The objective of this paper is to demonstrate that the method for constructing a
set of 5 x 5-KPMs described in [1] can be extended to produce a set of N x N-KPMs
for any prime integer V. In other words, we aim to define a set of N2 matrices that
satisfy the following properties.
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2 SET OF KRONECKER-PAULI MATRICES

Definition 1. We define the set of N x N-KPMs as set of N x N-matrices, denoted
as K = (X)g<i<nz_q that satisfy the following conditions:

1) Syen = % Zij\io_l ¥ ® %, (the swap operator relation);

ii) E;r =Y, foranyie {O, 1, ..., N? - 1} (hermiticity);
iii) X2 = Iy, forany i€ {0, 1, ..., N? — 1} (square root of unit);
iv) TT(Z;Z;@) = Noji, for any j, k € {O, 1, ..., N> — 1} (orthogonality).

In this definition, an analogous of the relationship i) of the swap operator or
tensor commutation matrix with the KPMs is satisfied by the generalized Gell-
Mann matrices and the unit matrix [4].

The KPMs are hermitians and according to ii) and iii), they are unitaries. Like the
set of the generalized Gell-Mann matrices and the identity, the N x N-KPMs are
generators of the unitary group U(N).

It is straightforward to show that for X € Cxr

i) the basis ¥/ is an unitary basis, containing the identity matrix I, and all
elements, except the identity, are traceless

ii) the elements of X/Cpr are mutually orthogonals.
Thus, the elements of X/Cxr satisfy the general properties required to be a matrix
basis which is used for the Bloch vector decomposition of qudits [5].
As unitary matrices, the KPMs could serve as quantum gates in 1-qudit quantum
circuit. For instance, three gates are defined as elementary gates [6,7] for 1-qutrit
quantum circuit:

1 00 00 1 010
X =10 0 1], x@=(0 1 0], X2=(10 0
010 100 00 1

These are among the 3 x 3-KPMs.

Given these considerations, it is clear that N x N-KPMs merit further study..
The paper is organized as the following. In the second section we will give the def-
inition of what we call an inverse-symmetric matrices and some of their properties,
which we need for constructing a set of KPMs. In the second section a study of
the 3 x 3-KPMs is given in comparing them with the matrices of the Weyl operator
basis. The last section is for the way of constructing a set of KPMs, in starting at
first the 5-dimensional case.

2. INVERSE-SYMMETRIC MATRICES

To construct Kronecker-Pauli matrices, we first introduce the concept of inverse-
symmetric matrices and some of their properties [1].

Definition 2. Let us call inverse-symmetric an invertible complex matrix A = (A;)

such that i
Al = o if A;» #0
J

If a permutation matrix is symmetric, then it is inverse-symmetric.

Proposition 1. The Kronecker product of two inverse-symmetric matrices is itself
inverse-symmetric.

Proposition 2. For any n x n inverse-symmetric matrixz A, with only n non zero
elements, A2 = 1,,.
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3. 3 X 3-KRONECKER-PAULI MATRICES

3.1. Weyl Operator Basis. In this subsection, we present what is Weyl operator
basis (See for example, [8-10]) in order to show its relationship with the 3 x 3-KPMs
in the case of 3-dimension, the qutrit case.

Definition 3. The following d> operators

d—1
Unm :Ze%’rk"\ k) (k4+m)modd|, nom=1,,2,...,d—1
k=0

are called Weyl operators.

For the case of 3-dimension the matrices of the Weyl operators are the following

1 0 0
Up=10 1 0
0 0 1
01 0 0 0 1 1 0 0 0 1 0
7[]()1: 0 0 1 ,U()QZ 1 0 0 ,Uw: 0 w 0 ,U11— 0 0 w s
1 0 0 0 1 0 0 0 w w 0 1
0 0 1 1 0 O 0 1 0 0 0 1
U12 = | w 0 0 y UQO = 0 (JJ2 0 s U21 = 0 O OJ2 s U22 = w 0 O
0 w? 0 0 0 w w 0 0 0 w 0

3.2. 3x3-KPMs and the Weyl Operator Basis. In this subsection we compare
the 3x3-Kronecker-Pauli matrices, formed by the cubic roots of unit and are inverse-
symmetric matrices with the matrices of the Weyl operator basis.

1 0 0 1 0 0 1 0 0
T = 0 0 1 , T2 = 0 0 wl, T3 = 0 0 w2 ,
0 1 0 0 w? 0 0 w O
0 0 1 0 0 w 0 0 w?
mw=\|0 1 0], =0 1 0], s«=10 1 0|,
1 0 0 w2 0 0 w 0 0
0 1 0 0 w 0 0 w? 0
T7 = 1 0 0 , T§g = w2 0 0 , T9 = | W 0 0
0 0 1 0 0 1 0 0 1
For 7, kK = 1,2,...,9, we can check that the set 7,3 contains the unit matrix

and is equal to the set of the matrices the Weyl operator basis up to the phases
w=e"" and w? = "% . For example,

7171 = Ugo, 7172 = Uag, 7173 = U, 1174 = Uz, 1175 = wlUi2, 1176 = wlUag

77 = Uy, i7s = w?U1, 1179 = w?Upy

4. CONSTRUCTING THE N x N-KRONECKER PAULI MATRICES FOR N PRIME
INTEGER

Proposition 3. If Ky and K are sets of KPMs, then Kar ® Kaq is also a set of
KPMs.

According to this proposition, it remains for us to construct the N x N-KPMs, for
N prime integer. After that, we will, by Kronecker product, have set of n x n-KPMs
for any integer n.
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pose at first 5 X 5-ones matrix as sum of five symmetric permutation matrices with

Example 1. For constructing a set of 5 x 5-Kronecker-Pauli matrices, we decom-
only one one in the diagonal, as the following

1
0
0 0|+

0 0

0 1

1
01 0 00O
100 00

0 0
0 0
+10 0

1

, in keeping the only one in the diagonal
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Then, for each term of this sum by replacing the ones by the quintic roots of unit 1,
and in order that the matrices are inverse-symmetric matrices, we have additional
four matrices i.e five matrices with the matrix taken from the sum. Thus, we have

n=es,n
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00100 0 05 0 0 0 0 2 0
01 0 0 O 0O 1.0 0 O 0 1 0 O
is=11 000 0], xeo=|n* 00 0 0, xis=|n* 0 0 0
00 0 0 1 0 0 0 0 n? 0 0 0 O
00010 0 00 n 0 00 0 nt
0 0 7% 0 0 00 44 0 0
0 1 0 0 O 01 0 0 O
xio=|n" 0 0 0 0, xoo=|n 0 0 0 0],
00 0 0 nt 00 0 0 1
00 0 5 0 00 0 2 0
000 10 0 0 0 7 0 0 0 0 o
00100 0 0 72 0 0 0 0 5 0
x21=[0 1.0 0 0|, x2=[0 »* 0 0 0|, xa3=|0 #n* 0 0
1000 0 0 0 00 7?0 0 0
00 0 0 1 0O 0 0 01 0 0 0 O
00 0 75 0 00 0 5o
0 0 7t 0 0 00 7 0 0
xX24=10 17 0 0 0], xs=[0 »* 0 0 0
20 0 0 0 n 0 0 0 0
0 0 0 0 1 0 0 0 0 1

We have verified, with the help of SCILAB software [1], that the set of these
twenty five matrices constitute a set of 5 x 5-KPMs. But we can have another de-
composition of the 5 x 5-ones matrix as sum of five symmetric permutation matrices
with only one ”"one” in the diagonal, namely

111 11 10 0 00 0 0 0 01 0 00 1O
111 11 0 01 0O 01 0 0O 0 0 0 01
111 11f{=10 1 00 O0O+]J0 O O 1 O]+|f0 O 1 0 Of+
11 1 11 0 00 01 001 00 100 00
11 1 11 00 010 100 00 01 0 00O
01 0 0O 0 01 0O
1.0 0 0 0 0 00 1O
0 00 0O I1If+f1 0 O0 OO
0 0010 01 0 0O
0 01 0O 0 0 0 01

If we replace the ones in these symmetric permutations matrices by the quintic
roots of unit in order to have inverse symmetric matrices. It is obvious that the
properties ii) and iii) of hermiticity and of square root of unit of a set of KPMs
are satisfied by the twenty five obtained matrices. It remains for us to study the
properties i) and iv) of the relationship with the swap operator and the orthogo-
nality. But for studying it, let us consider the general case for any N dimension,
with N a prime integer and instead of swap matrices let us study the relationship of
the swap operator with the operators whose matrices with respect to the standard
basis (| 0),] 1),...,| N — 1)) are the N? inverse symmetric matrices with N ma-
trices among them are symmetric permutation matrices only one one in the diagonal
whose sum is the N x N ones matrix and the rest are the N2 — N inverse-symmetric
matrices obtained in replacing the ones in the N first permutation matrices by the
N-th roots of unit.

o33 ©O O O

— o O O O
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The following lemma for the swap operator Sygn should be helpful for this study.

Lemma 1.

SN®N—Z| (Glelhl

In order to make presentation of the following theorem more shorter we take
that the matrices of the operators are their matrices with respect to the standard
basis (| 0),] 1),...,| N2 —1)).

Theorem 1. Let Py, Ps, ..., Py be N x N operators whose matrices are symmetric
permutation matrices with only one one in the diagonal.

Yo = P and ¥, ¥o, ..., X¥n_1 are operators whose matrices are obtained in
replacing the ones in g = Py by the N-th roots of unit in order to have N — 1
inverse-symetric matrices. We do the same to the operators Ps, ..., Py in order to
have the operators

EN :P2 and EN+1, EN+2, ceey EQNfl

ZN27N = PN and ZN27N+1; ZN27N+27 ceey ZN271

whose matrices are inverse-symmetric matrices

If

(1) the sum Py + P> + ...,+Pn is equal to the operator whose matrices is the
N x N ones matriz and

(2) for anyl € {0, 1, ...,N —1}, for any k,j € {IN+1, ...,IN+ N —1},
for any two places in a N x N-matriz, non symmetrics with respect to the

247 24T
diagonal if the elements of ¥y, in these two places are e " gnd e~ , the

217rp 217”]

elements of 3; in these two places are e ™~ and e ™~

2im(ry+ps) 2im(rj+p;)
e N e N
then
1 N?-1
SN®N = N ZO Ej X Zj and T’/‘(E]Zk) = Néjk
j=

Proof. Let us take the operator ¥;, with j € {0,1,2,...,N —1}. X; can be de-
composed as sum of elementary operators, a non zero term in this sum is of the

form
21 Tp

N[ R) (]

with p € {0,1,2,..., N — 1}. Thus a non zero term of the sum giving ¥, ® X; is of

the form
2im(ptr)
N

e k) {1 m)(n|
with r € {0,1,2,...,N —1}. If k = n and | = m, then
2“\'(p+r)
[ Ry {f@m)n| =]k E]
due to the inverse-symmetries. A non zero term of the sum Z AR Z ® X; is

N-1
2im(ptr)

e VR (@[m)n|=Nk{[e]|]) k]
§=0
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Ifk#norl+#m,
for the case where k = [, then p = 0, because only one one on the diagonale, and
2“\'(p+r) 2mr

k) (@ m){n]|=eN|Rk){[@[m)(n]
and in the sum Y7 j:_() Y, ® X;, there is the following sum

>

r=0

)@ m){n]=0

according to the hypothesis (2) and as the sum of the five quintic roots of unit is
equal to zero.
For the case where m = n, then r =0

[k {f@m){n|=ex" k) {|@]m)(n]

and in the sum Zj:(; X ® E]—, there is the following sum

2171'(p+7‘) 21‘”?

27,1rp

MZ

k) {[@]m){n|=0

for the case where k # [ and m # n, a term of the sum giving ¥; ® 3; is of the

form
(PJ +75)

¢ [k @m)(n|
then in the sum Z 0 ', ® %, there is the following sum

Z Ky ® | m)(n

which equal to the nul operator 0, according to the hypothesis (2) of the theorem.
Then we can conclude that only the elementary operator non nul operators in the

decomposition of the sum Z E ® 3, are the elementary operators of the form
N k){|®|1l){k|. Hence, Accordlng to the lemma the first part of the conclusion
is demonstrated.

Now, let us move on to the second part. For j,k € {0,1,2,. — 1} with
J ;é k, for p # r, p,r € {0,1,2,..., N}, the operator % Zk contalns two terms

2im

¥ @i tP)| p) (p | and ¥
matrix of ¥;. Suppose

(rj+me)| r> (r |, with e’¥? and e *¥'J are elements of the

e A (pitpr) — oHF (ry+rs)

Then,

277r

(re—pk)

However, the elements e’¥Pi and e~ (=7) of the matrix of Y, are respectively in
the same places as the elements e’ ¥ (=Px) and e*¥ ™ of the matrix of ¥;. That
is in contradiction with the hypothesis (2) of the theorem. Thus, the diagonal
of the matrix of ;¥ is formed by the N-th roots of units. Hence, for j # &,

Tr(S;55) = 0.
For [y, Iy € {O, 1, ...,N—l}, with [q 75 lo, for j € {Z1N+1, oy TN+ N — 1},
ke {loN+1,...,I5N+ N — 1} it is obvious that all elements in the diagonale of

¥,;X are equals to zero. Thus, Tr(X;X;) = 0. O
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We can remark that the theorem help us how to build a set of N x N-Kronecker-
Pauli matrices, for N a prime integer. Let us take as an example the continuation
of the construction of 5 x 5-KPMs above.

Example 2. Tuaking one by one the permutation matrices, terms of the decomposi-
tion of the 5 X 5-ones matrix above. For each term, we add four inverse-symmetric
matrices obtained in replacing the ones by the quintic roots of unit, but according
to the hypothesis (2) of the theorem above.

1 0 0 0 O 1 0 0 0 O
0 01 0 O 0 0 n 0 O
Si=|o 100 0],%=|0 4 0 0 o],
0000 1 00 0 0 7
00010 00 0 7% 0
1 0 0 0 O 1 0 0 0 O 1 0 0 0 O
00 2 0 0 00 7 0 0 00 7t 0 0
Ss=|o 2 0 0 0, %=]0722 0 0 o|l,su=|0n 0 0 o0
00 0 0 00 0 0 g 00 0 0 o
00 0 nn O 00 0 n*t o0 00 0 72 0
1 0 0 0 O 1 0 0 0 O
00 1 00 0 0 n 0 O
Counter-example 1. ¥, =0 1 0 0 0],%=]0 »* 0 0 0 [,
0000 1 00 0 0
00010 00 0 7 0
1 0 0 0 O
00 72 0 0
Ss=|o 2 0 o0 o,
00 0 0 7
00 0 n* 0

are forbidden to be elements of a set of 5 x 5-KPMs, because they does not satisfy
the hypothesis (2) of the theorem above, even though they are inverse-symmetric
matrices. Actually, the property iv) of the definition of a set of KPMs is not satisfied
because Tr(¥3X3) # 0.

5. CONCLUSION

In conclusion, we have shown that for any given element of the 3 x 3-Kronecker-
Pauli matrices, its products with other elements generate a basis equivalent to
the Weyl operator basis, up to phase factors w = e and w? = ¢*5". For any
prime integer IV, we have demonstrated a method for constructing a set of N x N-
Kronecker-Pauli matrices. Our study of the NV = 5 case indicates that the set of
N x N-Kronecker-Pauli matrices is not unique.
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