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We consider the torsional completion of the theory of gravity in which the torsion is a propagating
axial-vector field interacting with spinor fields: we show how this changes the energy conditions,

leading to singularity formation being avoided.
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1. Introduction

In Einstein gravity, the HP theorem is a powerful result stating that when some energy conditions are
satisfied, then singularity formation is unavoidable. To avoid these singularities, one must have such
energy conditions violated. For this purpose, we will employ the torsion tensor of a general connection on

differentiable manifolds.

When torsion, that is, the non-symmetric part of a general connection, is allowed to take its place beside
the metric of the space-time, the ensuing physical theory has one more field equation, coupling torsion to
the spin of matter (called Sciama-Kibble equationsﬂl@l), beside the usual field equation, coupling the
curvature to the energy of matter (the usual Einstein equations). In such a torsional extension of
gravitation, the field equation coupling torsion to spin might change the structure of the field equation

coupling curvature to energy, eventually changing the energy conditions.

In this paper, we will consider the most general torsional extension, in which the torsion field, being
equivalent to an axial-vector, is required to have the dynamics of a Proca Lagrangian. And because a form
of matter having both energy and spin is given by the spinor field, our goal is to have also spinors allowed

in the model.
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2. Torsion-Gravity with Spinors and Energy Conditions

In the present work, we will have the most general connection designated by I',, and decomposable
according to Fgﬂ = A;‘;ﬂ + Qgﬂ /2 where A7, is the (unique) symmetric (and metric-compatible)
connection written in terms of the partial derivatives of the metric, called the Levi-Civita connection,
and Qgp is the antisymmetric part of the connection, known as the torsion tensor: we will take it to be

completely antisymmetric, and thus writable as the Hodge dual Q,,.,e*** = W* of an axial-vector.

We notice that because of this decomposition, a similar decomposition can be done for every object
defined in terms of the connection. So if we define the covariant derivative with respect to the most

general torsionfull connection

D, V* =0,V* +Tg,V° (1)
and the covariant derivative with respect to the torsionless connection

V. V* =0,V +Ag,V? (2)

then we have the decomposition
o « 1 o s
DV =V, V" + 2Q5V (3)

showing that the torsionfull covariant derivative can be written as the torsionless covariant derivative
plus torsional contributions. An analogous decomposition exists for the curvature of the space-time.
Because the Lagrangian of the model shall be written in terms of covariant derivatives and curvatures,
the above decomposition means that any Lagrangian written with torsionfull quantities is equivalent to
the Lagrangian written with torsionless quantities as long as explicit torsional contributions are added as
extra terms. And because torsion is the dual of an axial-vector, these extra contributions shall be those

pertaining to an axial-vector field.

The dynamics of axial-vector fields, or vector fields more in general, is determined by the Proca
Lagrangian. With some insight, it is helpful to introduce the curl

(W) oy = 8, W,) = VW, — V, W, for acompact writing of dynamical terms.

The gravitational field will be encoded by the Riemann curvature R{,,, from which R%,, = R, and

R% = R are known as the Ricci curvature tensor and scalar.

As a last element, we introduce the spinor field. We define the Clifford matrices 4 such that

{+%,~47} = 2Ip% and from which ¢;;, = [yi,7x]/4 are the generators of the complex Lorentz algebra.
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Identity 2o = eqcamo® implicitly defines 7 as the parity-odd matrix. After exponentiation of the
generators, one can form the complex Lorentz group, and any object ¢ transforming according to such a

transformation is a spinor field. Upon introduction of the adjoint procedure 1) = t{7° one can define
S'=vy'mp U =4y"Y (4)
O=igmp &=y, (5)

all of which are real tensors. They are such that

UU" = -8,8° = 0 + &* (6)
U.8* =0, (7)
known as Fierz re-arrangements.
It is always possible to re-parametrize
O =2¢4*sinf & =2¢4°cosfB (8)

in terms of 5 and ¢ called the chiral angle and density. Calling
S8 =2¢4%s* U = 2¢*u” (9)

the normalized spin and velocity, the identities (6-7) reduce to
Uu® = —5,8" =1 (10)
u,8* =0 (11)
showing that the velocity has 3 independent components, the 3 spatial rapidities, whereas the spin has
only 2 independent components, the 2 angles that, in the rest frame, its spatial part forms with one given

axis. It is possible to demonstrate that one can always define a real tensor R;;, = —Rj;, such that the

covariant derivatives of spin and velocity are proportional to spin and velocity themselves according to

Vs, = s Rawy Vit = u*Rayy (12)

the tensor R;;, is called the tensorial connection. As a last element, we introduce
2Y, =V, B+ %EWQ,,R”‘”’ (13)
2Z,=V,In¢* + RS, (14)

for our future convenience. The existence of the R;;, tensor and the properties (12) can be proven in the

formalism called polar formulation!3l.

The Lagrangian of our model is given by
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1 p _
L=——(aW) + §M2W2 “R+ %(w‘vﬂw — V") — XW, 8" — m® (15)

1
4
where M and m are the masses of torsion and the spinor and X is the torsion-spinor coupling constant:

the above is the most general Lagrangian that is compatible with the requirement that torsion be a

propagating axial-vector Proca field/2l[21[6]

Its variation gives

V, (OW)H + M2WH = XS* (16)
R — %Rgp” = % i(angW — (W) *(OW)o + M*(WPW° — %Wzg””)Jr
|~ — — - 1
5 VY = VU Yy VI — V) — S X(WS? - WPS) (17)
WV tp — XWor"mp —map =0 (18)

as torsional, gravitational and material field equations.
In polar variables, the gravitational field equations become

1 11
R — —Rg" = — | =
29 T 3|1

1
(OW)*g"” — (OW) ™ (OW)s + MWW 7 — ZW?g*)+
+¢? [2mcos fufu’ + 2XW, s uPu’ — XW,ut (sPu’ + s7u”) — XWPs" — XW 5P —
=2V, s"ufu’ + Y, u' (sPu” + s7uf) + Y 7 + Y 7s” + Zurs (e uf + e Pu7)—

1
_Z (Ramgpawrgcm + Rawgaawgpn + ngspam + Rguaaam)sn]} . (19)

In effective approximation, all mass terms become dominant compared to the dynamical terms. When

this occurs, the torsion field equations reduce to
M>WH = XS* . (20)

because of this, it is now possible to have torsion substituted in terms of the spin axial-vector in the

gravitational field equations.

When this is done, the gravitational field equations become
1 1
R — ERg"” = 54)2 [2(mcos B — ¢° X2/ M?)ufu’ + 2¢°X> /M*(g” — u’u’)—
=2V, s"ufu” + Y,ut (sPu” + s7u”) + Y s+ Y7s” + Zups (e uf + e TPu7) -

1
o Z (Rawapawgan + Raweaawrgpn + ngepawi + ]%legtmzwc)sN . (21)
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Once the dynamics is assigned, the problem of singularity formation is addressed by computing the

energy conditions. The strongest is given by R*°u,u, > 0 and so
1
mecos B — 4¢° X%/ M? — 2Y, s + ERaWu"sﬁupsa”""’ > 0. (22)

In the last expression, we have no control over the terms in Y, and R,,, but we do not need to. Because
they are both linear in the spin axial-vector, they cancel for every statistical average of randomly
distributed spins, such as the case of the Big Bang or Black Holes (in addition, the Gordon decomposition
V., 8" = 2m0O allows us to see that for average spin equal to zero, also ©® must vanish and therefore

B — 0): this leaves us with the simple
m—44*X?/M* > 0. (23)
This condition, for larger and larger densities, is violatedZ,

In propagating torsion gravity, in the effective approximation, singularities are avoided because the
contribution that dominates the energy condition is a pressure with a negative sign. Its sign is negative
because the positivity of the energy fixes the relative sign between R and (8W)2 while the reality of the

mass fixes the relative sign between (0W) % and M2W 2 and, as a consequence, all signs are locked.

3. Conclusion

In this work, we considered Einstein gravity completed with an axial-vector torsion whose propagation

was restricted to follow the dynamics of a Proca field.
The most general dynamics had spinors re-formulated in polar form.

We have seen that when torsion is in effective approximation, and spinors are distributed to allow spin

averaging off, the strong energy condition is no longer valid.

The reason for this fact is that the torsion tensor generates a negative pressure in the gravitational field
equations: such a pressure is always negative because, as torsion is a propagating field, it must have real

and positive mass and energy.

Because of this, all relative signs in the Lagrangian were fixed, and those signs remain fixed also in
effective approximation, where the torsionally-induced spin-spin interaction results in a pressure. As a
consequence, such a pressure is always negative, the energy conditions are violated, and singularities no

longer occur.
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