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The electron wave spin shows a multi-vortex topology in the excited states that is holographic
in nature. The wave spin can interact with a magnetic field smaller in size than the electron wave,
and fractional spin effect can be observed. The anomalous Zeeman splitting shows a finer structure
determined by the geometric factors and quantum numbers of the states.

I. ELECTRON SPIN DESCRIBED BY
CURRENT DENSITY

Spin is a quantum mechanical property of an electron
that represents the electron’s internal angular momen-
tum. However, what actually spins remains an open
question, since the particle spin interpretation would re-
quire the electron to spin faster than the speed of light.
Without a tangible physical explanation, spin is mostly
accepted as an abstract two-valuedness property of the
electron. Yet in electromagnetism, all charge behavior
is fully described by the Lorentz covariant four-current
j = (cp,3), where p and j stand for the charge and cur-
rent densities that are responsible for both the genera-
tion and interaction of an electromagnetic field. Then
in quantum mechanics, the electron charge is described
by the charge density calculated from the wavefunction,
could the spin be described by the current density calcu-
lated by the same wavefunction?

In a recent paper [1], we have shown that a stable cir-
culating current density exists for a Dirac electron in a
quantum well without a magnetic field. We calculated
the four current j = (¢p,j) from the wavefunction solu-
tion ¢ (z) of the Dirac equation by

p(z) = ed(x)y 9 ()

i(@) = ect(z)yy(x), (1)

where 7°, 4 are y—matrix operators. The current density
is shown to form a spinning vortex around the center of
the charge density, often referred to as an electron cloud.
In other words, the entire electron wave, or the electron
cloud, spins.

Essentially, this is the wave spin interpretation that
was first proposed by Belinfante [2, 3] who argued that
spin should be regarded as a circulating flow of energy of
the electron field. Ohanian [4] further elaborated the con-
nection between the circulating momentum density and
current density with the electron spin and the magnetic
moment. Gao [1] showed that a confined electron has a
stable circulating current density, but the wave packet
of a free electron discussed by Ohanian is not stable and
de-coherences quickly because the wavepacket is not con-
structed by a pure state.
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In essence the wave spin picture argues that the elec-
tron spin is not a local property pertaining to the particle
electron, but a global property of the electron wave that
has a tangible physical explanation in the spinning cur-
rent density. To show that the electron wave spins intrin-
sically, we derive explicit expressions for the momentum
and current densities of an electron in an eigenstate wave-
function ¥ of the Dirac equation, where ih%\I! =&V and
£ is the eigen energy,

j= egﬁ {v x (\IJTZE\IJ) - zg [(Voh) o — ol (V\If)]} ,

G= {;v X (\Iﬂgzxp) + zg [(VIh) o — of (v\p)]} :
(2)

The above equations show that both the current density
j and the momentum density G contain the spin term
%2 with the spin operator ¥ and the translation term
with the momentum operator —iAV. It is worth not-
ing that these expressions are derived from separate ori-
gins. The momentum density is derived from a symmet-
rical energy-momentum tensor known as the Belinfante-
Rosenfeld tensor [5]. This symmetrical tensor is con-
structed to serve as a source for the gravitational field as
required by general relativity. The current density, on the
other hand, is derived by using the Gordon decomposi-
tion and current density definition j(z) = ec¥(2)a¥(x)
that ensures the conservation of charge. Here a is the
a—matrix used in the Dirac equation. The momentum
and current densities thus independently describe the me-
chanical and electrical spinning nature of the wave, with
a factor of % in the momentum expression that accounts
for the gyromagnetic ratio g = 2 for the Dirac field.

We choose to focus our attention on the current den-
sity, because the wave spin manifests itself by the in-
teraction of the current density with an electromagnetic
field

JA=pp+j-A (3)

The above equation accounts for all electromagnetic in-
teractions for both classical and quantum electrodynam-
ics. In this work, we will show that the current-field
interaction jA not only recovers the conventional spin-
field interaction, but also reveals geometric and topolog-
ical effects that are absent in the particle spin picture, in
particular for the electron in the excited states.



II. WAVE SPIN IN EXCITED STATES

To investigate the wave spin in the excited states of a
confined electron, we first seek the exact solution of the
Dirac equation

ihﬁllf(r,t) = [ca - (—ihV) +~4mc® + U(r)] ¥(r, 1),

ot
(4)

in a two-dimensional quantum well

0,—Ly << Ly,~L, <y <L
U U _ ) x ) y y
*) (z,9) {oo, elsewhere.
(5)

The four-component spinor wavefunction is expressed
by the separation of the temporal and z-coordinate vari-
ables

—1 iP,z &€,
- neanarn (eR). o

where £ is the energy, P, is the momentum along z-
direction, and pa(z,y) and pp(z,y) are two-component
spinor wavefunctions.

We now plug Eq. 6 into the Dirac equation Eq. 4 and
set P, = 0 to obtain the coupled equations

) 0 0
(€ =) paten) = =it (g + 0,5 ) unlis)

. 0 0
—ihe (O’xax + Jyay) wa(z,y),
(7)

(8 +me?) un(ay) =

where o, and o, are the Pauli matrixes.

Eqgs. 7 is combined to obtain a second-order differential

J

equation for pa(z,y)

2 2.4 2o O A
(&2 —=m*c*) pa(z,y) = —h’c (6‘x2 + <9y2> pa(z,y),
(8)
whose eigensolution for the spin-up electron is found

) = sinll (o + Lo)lsnli (-4 2] () (9)

where k, = Z7=:k, = 57 are the wave vectors and
E y
Ng, Ny = 1,2,3... are the quantum numbers of the eigen

states. The eigen energy

E=mc*\/1+n? (10)

is quantized by n, and n, according to the expression of
a dimensionless geometric factor
A\’
11
<4Ly) )

e \?
()

that measures the dimensions of the quantum well
(L, Ly) against the Compton wavelength \. = % at
different states (na,n,).

The wavefunction ppg(z,y) is subsequently derived via
Eq. 7 as derivative of p4(z,y), where it can be observed
that up(z,y) does not vanish at the walls. The same dis-
continuity of the wavefunction derivative occurs for the
Schroedinger electron in the infinite quantum well. This
is a consequence of using the unrealistic infinite potential
and enforcing a total collapse of wavefunction outside the
well. A more realistic potential and inclusion of the tun-
nelling wavefunction outside the well will fix the deriva-
tive discontinuity, and here the infinite quantum well is
adopted to offer clear analytical expressions and insights
for our discussions. Moreover, it can be shown that the
basic law of charge conservation is obeyed everywhere in
the well by combining Eqgs. 7 and 1 to give,

) .
5P +V i =0. (12)

The complete four-component spinor wavefunction is
then obtained

sin(kg(z + L)) sin[ky, (y + Ly)]

U(r,t) = Ne *€/h
p—E—
14++/m2+1

, fik . .
where 1, = = p = 2% are dimensionless factors along
me 'Y mc

x and y directions. The normalization factor of the wave-

0
0

£ cos[ky(z + L) sin[k, (y + Ly)] + H_nﬁ sin[k, (z + Ly )] cos[ky (y + Ly)]

(

function is found

1+ /1472
N=|——. 14
N ()



The wavefunction in Eq. 13 is used to calculate stable
charge density and current density by Eq. 1

ple,y) = eN?sin [k, ( + Ly)] sin’[k, (y + L,)]

+eN?—— = cos®[k,(x + Ly)]sin [k, (y + Ly)

TRy s Jsin?[k, (y+ L)
;s

+eN?——2 sin®[k,(z + L)) cos® [k, (y + Ly)],

L+ 1t 7)2 y y
2

Jo = ec—2W__ gin? (ke (z + Lg)] sin[2k, (y + Ly)],

V1I+n?

21y

Jy = —ecﬁ

sin? [ky(y + Ly)] sin[2k; (x + L))

(15)

Both the charge density and the current density ex-
hibit properties of a standing wave, characterized by the
quantum numbers (ng,n,). As an example, we choose
an excited state (n, = 2,n, = 2) of a quantum well
(Ly = 10 nm, L, = 10 nm). Fig. 1 is the density plot
of the charge expected for the behavior of an electron
cloud. Fig. 2 is the density plot of the current density
of the same electron, showing multiple vortices around
the peaks of the electron cloud. The wave spin picture
is further illustrated by the vector plot of the current
in Fig. 3, which shows the circulation of each vortex in
the same direction. It is clear that the wave spin in the
excited state is distributed among multiple vortices that
are holographic to each other. This topology suggests
that each wave spin vortex represents a part or fraction
of the total spin that can be studied and observed by
interaction with an external field, as we will elaborate
later.

In Fig. 3 it can also be seen that the current flows con-
tinuously along the edge of the quantum well. A similar
behavior of the edge current is observed and studied in
the quantum Hall effect [6] when a strong magnetic field
is applied to topological insulator materials. The intrin-
sic edge current shown here suggests that topological spin
effects can be observed even without the presence of any
internal or external magnetic field.

III. TOPOLOGICAL CURRENT-FIELD
INTERACTION

The electron spin is usually studied by its interaction
with a magnetic field <235 B. Such expression excludes
all geometrical and topological effects since ¥ depicts a
dimensionless point. Let us study the gauge-invariant
interaction in Eq. 3,

j-A=V(r t)eca - A(r)¥(r,t), (16)

with the current density found in Egs. 15 and a vector
potential
Az,y) =

2 (ym0) (1)
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FIG. 1. Visualization of the electron charge by the charge
density plot for a spin-up Dirac electron in the excited state
nge = 2 and ny = 2 inside a quantum well of L, = 10 nm and
L, = 10 nm. The z-axis represents the charge density of the
relative unit.
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FIG. 2. Visualization of the electron spin by the current den-
sity plot for a spin-up Dirac electron in the excited state
ny = 2 and ny = 2 inside a quantum well of L, = 10 nm
and L, = 10 nm.

representing a uniform magnetic field in the z-direction
V x A(z,y) = (0,0, B). Here we choose the symmetric
gauge to describe the magnetic field. It can be verified
that other gauges, such as the Landau gauge, yield the
same result.

The interaction of Eq. 16 can now be evaluated by
integrating over the entire quantum well to give the first-
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FIG. 3. Visualization of the electron spin by the current
vector plot for a spin-up Dirac electron in the excited state
ngy = 2 and ny = 2 inside a quantum well of L, = 10 nm and
L, =10 nm.

order energy shift by assuming a weak A field

gn - 1 " Az, y)ded
= o 2L / J Az, y)dxdy
hB B
_ € _ _HMB (18)
2m\/1—|—772 \/1—1—7]

where pup = % is the Bohr magneton. Thus, the dif-
ference between the spin-up and spin-down energy shifts

becomes
- QILLBB
\/1+ 7727

which largely recovers the expression of the anomalous
Zeeman splitting 2up B, but modifies the expression by
additional geometric factors and quantum numbers via
Eq. 11. This indicates a finer structure of the anomalous
Zeeman effect dependent on the geometric and topologi-
cal properties of the current densities at different states.

Since spin is a wave property, its dimensions can be
larger than that of the field, therefore its topological fea-
tures can be probed by a confined field such as

AE =280 (19)

—L,/2<z—a<L;/2,
g(7y+bax7aao), / v ¢ /

Alr) = —Ly/2<y—b<Ly/2

0, elsewhere,

(20)
which is centred at (a,b) and only a quarter of the quan-
tum well in size. The vector potential of Eq. 20 pro-
duces the same uniform magnetic field within the con-
fined area. Fig. 4 shows the vector plot of such a field
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FIG. 4. Visualization of the electron spin interacting with
an electromagnetic field confined to be smaller than the spin
itself. The upper figure shows the magnetic potential (blue)
of Eq. 20 overlapping with the upper left current vortex (red)
at a = —L;/2,b = L, /2, producing a quarter spin-field inter-
action. The lower figure shows that the magnetic potential
(blue) of Eq. 20 lies in the middle of the quantum well at
a = 0,b =0, producing a zero spin-field interaction.

superimposed on the electron current distribution. We
now perform the same integration over the quantum well
as in Eq. 18. We find that the current-field interaction
depends on their relative positions. The interaction en-
ergy for (n, = 2,n, = 2) is now

5(51) = / / K A:v ,y)dzdy
/b 2L 2L, L,

1 usB o — 4 /2 b=+L,/2
_ 4\/@’“ 2/2,b y/ (21)
0, a=0,b=0,

which is only % of the spin and magnetic field interaction



in Eq. 18 when the field overlaps with one of the current
vortices. The fractional spin effect is due to the partial
participation of the wave spin represented by the current
density. A special situation arises when the field lies at
the center of the quantum well. Then a zero interaction
is observed, because equal fractions of the current flowing
in different directions are exactly cancelled out.

In practice, such a minuscule magnetic field can be gen-
erated by a nano-sized current loop processed by modern
lithography technologies but with a more realistic field
potential without the sharp cut-off, but the fractional
spin effect shall still be observable. It is also possible to
generate vortex optical fields [7] that can be focused on a
smaller region than the quantum well. The electron spin
can thus be studied and manipulated partially in order
to gain knowledge and control over the entire wave spin.

IV. DISCUSSIONS AND CONCLUSIONS

In summary:

1. We argue that spin is not an abstract two-valued
property of the electron particle but a property of
the electron wave that can be fully described by its
momentum and current densities.

2. We show that in the excited state, the current den-
sity of an electron forms multiple vortices in a mag-
netic field-free quantum well. The topology of these
vortices depends on the quantum numbers of the
states and is holographic in nature.

3. We investigate the anomalous Zeeman effect of the
wave spin and show that the anomalous Zeeman
splitting contains finer structures than those of the
conventional particle spin picture.

4. We show that the geometrical and topological prop-
erties of the wave spin can be observed and stud-
ied through its interaction with an electromagnetic
field comparable in size to the wave spin, where
fractional spin effects can be observed.

Evidently, the discussion of wave spin could have impli-
cations in many areas, but each requires in-depth study.
Here we offer some preliminary discussions.

1. In the field of quantum technology, the electron
spin has been proposed as a candidate for use as
a quantum bit (qubit), which is a superposition of

5

the spin-up and spin-down states « < (1) )—i—ﬁ ( (1) ) ,
where o and § are complex numbers. In the wave

spin picture, the spin states < (1)) and < ? ) are

replaced by the spinor wave functions, as in Eq. 13,
where the spatial wave function serves as the spinor
component. Therefore, we have argued that the
spin cannot be completely isolated from the phys-
ical environment in which it resides. Any change
of the boundary conditions alters the wave func-
tions, and hence the spin states. We further argue
that the spin cannot be completely isolated from
the Hilbert space of the electron either. Any tran-
sition to or from other spatial states alters the orig-
inal spin state, leading to decoherence of the pre-
pared qubit and loss of the quantum information.
This means that additional protection and correc-
tion mechanisms need to be implemented to protect
and preserve the spin qubit.

2. The multi-vortex wave spin topology and its par-
tial interaction with electromagnetic fields show
that the spin-field interaction is not dimensionless,
suggesting novel schemes for parallel information
processing using spin. Each vortex of the current
is a holographic part of the entire spin and can
interact simultaneously with multiple electromag-
netic fields, potentially enabling parallel comput-
ing. Building such parallel computers shall benefit
from the advancement of both spintronics and op-
tics.

3. It is conceivable that the holographic spin interac-
tions could already exist in nature. It is suggested
that the electron spin could play a role in bio-
homochirality [8], which makes the wave spin per-
spective interesting for this biological topic [9] and
the general spin effects in molecules. The wave spin
could interact holographically with all atoms within
the molecule via the shared electron cloud, leaving
a coherent spin footprint on the entire molecular
structure.
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