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In this work, I study the finite temperature Casimir effect due to a massless fermion field that violates
Lorentz invariance according to the Horava-Lifshitz theory. I investigate a fermion field that obeys MIT
bag boundary conditions on a pair of parallel plates. I carry out this study using the generalized zeta
function technique that enables me to obtain the Helmholtz free energy and the Casimir pressure when
the Casimir plates are in thermal equilibrium with a heat reservoir at finite temperature. I investigate the
cases when the parameter associated with the violation of Lorentz invariance is even or odd and the
limits of low and high temperature relative to the inverse of plate distance, examining all possible
combinations of the above quantities. In all scenarios studied, I obtain simple and accurate analytic

expressions of the free energy and the temperature-dependent Casimir pressure.

I. Introduction

The theoretical prediction of the Casimir effect was made 75 years agom. In Casimir’s initial view,
quantum field theory effects produced an attraction between two uncharged conducting plates that face
each other. The first experimental verifications of the effectl2! came ten years after Casimir published his
work and were loosely consistent with the predictions of his theoretical work. The Casimir effect has now
been confirmed by many experiments of increasing accuracyl34] Casimir’s original paper studied
quantum fluctuations of the electromagnetic field in a vacuum and he discovered they produce an
attraction of the plates. Later, it was understood that quantum fluctuations of other fields also produce
Casimir forces, which depend strongly on the boundary conditions and shape of the plates[31] Dirichlet,
Neumann or mixed boundary conditions have been extensively investigated when studying the Casimir
effect due to scalar or vector fields, but cannot be used for fermion fieldslZl. For fermionic fields within the
context of the Casimir effect, one must use bag boundary conditions, that have been initially studied to

find a solution to confinement.[81L91

geios.com doi.org/10.32388/G659CZ


https://www.qeios.com/
https://doi.org/10.32388/G659CZ

The breaking of Lorentz symmetry has been the subject of vigorous theoretical investigations in the last
two decades, with proposals of many models that cause a space-time anisotropyl@l1Ll12] within the
larger context of seeking a quantum gravity theory. These models break Lorentz invariance at the Planck
scale, with repercussions of the space-time anisotropy that are observable at much lower energy through
the Casimir effect. Both scalar fields[23114] and fermion fields23! that break Lorentz symmetry have been
investigated within the context of modifications to the standard Casimir effect. In Ref.13l the authors
undertake a detailed analysis of the Casimir effect caused by a massless fermion field that violates Lorentz

symmetry according to the Horava-Lifshitz model.

Throughout the years, authors have examined thermal effects on the Casimir effect caused by charged
scalar fieldsl26117118] and by Majorana fermion fields2229] in Lorentz-symmetric space-time, and
thermal corrections to the Casimir effect caused by a charged scalar field that breaks Lorentz
invariancel2Ll. However, no one has studied the finite temperature Casimir effect caused by a fermion field
that breaks Lorentz invariance. In this paper, [ will investigate the Casimir effect at finite temperature due
to a massless fermion field that violates Lorentz invariance according to the Horava-Lifshitz model. I will
take this fermion field to satisfy MIT bag boundary conditions on two identical parallel plates facing each

other.

In Sec. II of this article, I briefly present the model of a fermion field that breaks Lorentz invariance
according to the theory of Horava-Lifshitz, discuss how this field will satisfy bag boundary conditions on
the Casimir plates and then derive the generalized zeta function for the system when it is in contact with a
heat reservoir at finite temperature. In Sec. III, I use the zeta function regularization to obtain the free
energy of this system and the temperature-dependent Casimir pressure it causes on the plates, and
examine the limits of low and high temperature. The Horava-Lifshitz theory associates a parameter with
the Lorentz symmetry breaking mechanism, and this parameter is a positive integer called critical
exponent. In this section, two separate calculations are needed for even and odd values of the critical

exponent, and they are presented in two subsections. I summarize and discuss my results in Sec. IV.

I1. The model and its zeta function

In this investigation I use i = ¢ = 1 and study the Casimir effect of a massless fermion field v that violates
Lorentz symmetry as described by the Horava-Lifshitz model, presented by Horava in Ref.[22]. The Lorentz

symmetry violating Lagrangian for the field 1511221231 jg

L= [iy’8 + i (v 8)°] o, (IL.1)
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where &, the critical exponent, is a positive integer that describes the violation of Lorentz symmetry, while
the length parameter Z is introduced to keep the correct dimensionality of L. It is obvious that, when ¢ = 1,
the above Lagrangian is the standard Dirac Lagrangian for a massless fermion which does not violate
Lorentz symmetry. Ref.13] derives the equation of motion of the fermion field ¢ from £:

[in°0 + 45 (v &) ]y =0, (I1.2)
which represents a ”Lorentz violating” Dirac equation for £ > 1, and its authors obtain all the solutions
that obey MIT bag boundary conditions on two identical parallel plates of area L?, one located at z = 0 and
the other at z = a, with L > a. They show that all real values of the momentum components k, and k, are

allowed, while only discrete values of k, are allowed. When £ is an odd number, k, can only take the

following values

h — (n—l— %) T (IL3)

a

withn = 0,1,2,---. If £ is even, k, can only take the values below
k, = — (IL.4)

withn = 1,2,3,---.

I will assume the Casimir plates to be in thermal equilibrium with a heat reservoir at temperature 7' and
will calculate thermal effects on their Casimir energy caused by the Lorentz-violating fermion field. For
this system the imaginary time formalism of finite temperature field theory is convenient, and it allows

only fermionic field configurations satisfying the following anti-periodic condition:

¢($,y7 Z7T) = _1/1(:1:7:'/’ Z,T+ﬂ) (115)
for any value of the Euclidean time 7, where 8 = T ~! is the anti-periodic length in the Euclidean time axis.

The Helmholtz free energy of the fermion field is
F = —B tlogdet(Dg|F,), (IL.6)
where Dy is the square of the ”Lorentz violating” Dirac operator in Euclidean time
Dp = —82 — 2y (IL7)

and the symbol F, indicates the set of eigenfunctions of Dy which satisfy the condition of Eq. (IL.5), and
have discrete values of k, given by either Eq. (IL.3) or Eq. (I1.4). Notice that logdet(Dg|F,) of Eq. (11.6) is

related to the partition function Z of the fermion field-Casimir plates system by the following

log Z = logdet(Dg|F,), (IL.8)
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and, according to the generalized zeta function techniquel24l, the partition function is related to the zeta

function ¢(s) of the operator D by the following
log Z = —¢'(0). (11.9)

To construct this zeta function I need the eigenvalues of the operator Dy that satisfy the anti-periodic
condition of Eq. (IL.5). The eigenvalues are listed below

4m? 1)? 2(6-1 ¢

5 (m + 5) + 2D (R +R2)S, (11.10)
where m = 0,£1,+2,---, K} = k2 + kJ with k., k, € R, and k, is given by Eq. (II.3) when ¢ is odd and by
Eq. (I1.4) when £ is even. With these eigenvalues, I obtain the following zeta function of D

—S

(s) = 2s Z r a2k 4_7r2 m -+ l ’ 4 g2 (kQ + kQ)g (IL.11)
I — (271_)2 L ,32 9 1 z ) .

where, as it is done routinely when applying the zeta function technique, I use the parameter p with

dimension of mass[24] to keep ¢(s) dimensionless for all values of s. Using the following identity,

1 o0
278 — 1"( ) / dttsflefza (II.IZ)
s) Jo
I write the zeta function as
2 2 L R AT
(&) = lf(s) > (2L ' /Oodttsfle P (m+1) t/d2kLe*’52“’”(ki+k§)5t (11.13)
s m,n T 0

and, once I do the integration over &, , obtain

2s

(6-1+2s) 2 poo 3 &y A ly
)= - T L—_/ Q3 o TR R (IL.14)
L(s) T(s —&/2) 7m VT Jo

While it is not possible to evaluate this zeta function exactly by analytical means, it is possible to obtain
simple analytic expressions in the asymptotic regimes of high temperature and small plate distance (i.e.

low temperature).

III. Free energy and Casimir pressure

I find the free energy using Egs. (11.6), (IL.8), and (I1.9) and write

F=p371¢(0). (IIL.1)
I will now evaluate the zeta function in closed form for the asymptotic cases of small plate distance (low

temperature), a < 3, and high temperature, g > 8.
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In the low temperature approximation, I do a Poisson resummation of the sum over the index m in Eq.

(I1.14),
S et B 1y,
m;ooe E = §+m;( Dme ™ (I1.2)
and find
(s) = ¢o(s) + ¢r(s), (II1.3)
where
Y A 5L2 (-2-%) 2 1114
Co(s) = T(s) (8—5/2 Z/ dtt (II1.4)

is the vacuum part of the zeta function, and

B ﬂ2s €(§—1+23) BLZ
I(s) T(s—¢/2) =

— > - / R (IIL5)
m,n

is the temperature correction to the zeta function. I integrate over the variable ¢ in Eq. (IIL.4) and find

st f(=1+25) ﬁL2

“O) =T Te e 2

—¢/2— Z g% (IIL.6)

while, in Eq. (IIL.5), I change the integration variable, t — 3 B t and obtain

25 p(e-1+25) B2 (s—1-¢/2) poo € m
Cr(s) = — ¢ AL Z(_ <m5 > / At e D) (L)
T(s) T(s—£/2) = 0

In order to proceed, I need to insert into Egs. (I11.6) and (II1.7) the explicit form of k., which is different for
odd and even values of £ I will do that in the next two subsections, one dedicated to investigating even

values of £, and one dedicated to odd values of &.

When studying the high temperature limit, I Poisson-resumm the summation over the index n in Eq.

(I1.14) and find
00 72 9 o0 2
— %t 1 a 1 —a?
e @& =—=4—|=+4+ e t |, II1.8
o s
for £ even, and
0 _ﬁ ntly2 00 n2
>t ¥ +Z<1>"e“27], (1mL.9)
n=0 2 n=1

for odd values of £. I will continue the high temperature calculation in the next two subsections, one for

even ¢ and one for odd &.
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A. Free energy and Casimir pressure for even &

I start here by investigating the low temperature limit of the free energy for even values of £&. When k, takes

the form shown in Eq. (I1.4), I evaluate the infinite sum of Eq. (II1.6) in terms of the Riemann zeta function

Cr(2)

S (5 a2 o) o
n=1
and, using the following
23F(S—§/2—1) 5 N_CR(_2_£) 2
A —I‘(s)F(s ) Cr(2s—2—-¢) ~ EFYTR 2 s+ O(s%), (II1.11)

valid for s < 1, where A is a constant independent of s, I find

C() (8) ~

@ 1 (71'

42 ,
2 14¢/2 ) Cr(=2—¢§)s+ O(s), (II1.12)

a
for s < 1. According to Eq. (IIL.1), the contribution of (, to the free energy, i.e. the vacuum Casimir energy
Fy,is

Fy = 87¢)(0), (IL.13)
and, since (g (—2 — &) = 0 for any even &, I find that F;, = 0 for any even ¢, in agreement with Refs. [131[25]

Next I evaluate {r using Eq. (IIL.7). In the double sum, only the term with the lowest values of m and n,

m = n = 1, contributes significantly, so I write

25 E—1+2s 2 s—1-¢/2 poo £ pr
sy = A BL (fa At 5 D), 10114
¢
() Ts—¢/2) = \2r :

Using the saddle point method I evaluate the integral and obtain

2s E—1+2s 2 s—1/2-€/2 5
O A R a <5_> e (ITL15)
[(s) T'(s—¢&/2) /7 \ 27
Using the following identity, valid for even £ and for s < 1
AQs
~ (~1)¥2(¢/2)!s* + O(s%), (IL.16)

T(s)D(s —€/2)
I find that the temperature correction to the free energy Fr = 3714 (0) also vanishes in the low
temperature limit for even . Therefore, for any even value of the critical exponent, the free energy and the

Casimir pressure vanish in the low temperature limit.

I will examine next the high temperature limit of the free energy for even values of £. I start by inserting

Eq. (II1.8) into Eq. (I1I.14) and find
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(s) = Cr(8) + ¢ or(s)s (II1.17)
where I neglected the fé term of Eq. (II1.8) because it is independent of a and thus will not contribute to

the Casimir pressure, and where

B 25 pe-142s 2, O oo ¢ _ani 1y
(e = -2~ L. > / der e o) (IIL.18)
I(s) T(s —¢/2) 27 == Jo

whose a-dependence is only through a multiplicative factor of a, and

- 2s (6-1+42s) _ 2,
s V4 / s 2,_ 2 ( += ) nZ

s) = E dt ¢ B8 I11.19

Ca,T( ) I‘(s) (s — /2) . 6 ( )

where the dependence on the plate distance a is more involved. Following steps that are very similar to

those used in the low temperature case, I find

- 2 £-1) (&+2)
Cr(s) ~ % 1£+ 2 (%) Cr(—2—&)s + O(s?), (IT1.20)

and

- 25 p(&-1+429) 2 (s=1/2-€/2) _ 2ma
Car(s) = 2 z_g(@) e 7. (II1.21)
’ I'(s) T(s—¢&/2) =

™

Once I use 5 7 and f o7 to calculate the free energy, I find that F vanishes in the high temperature limit
because (g (—2 — &) = 0 for even values of &, and because of the identity of Eq. (II.16). Clearly, the Casimir

pressure also vanishes for even values of ¢ in the high temperature limit.

B. Free energy and Casimir pressure for odd £

I begin here by examining the low temperature limit. When £ is odd, &, takes the form shown in Eq. (IL.3),

and I obtain the following result for the infinite sum of Eq. (II1.6)

> 2-2s
SO - (g)w e (23 P %) ’ (IT1.22)
n=0

where (g (7, w) is the Hurwitz zeta function defined as

w0 =Y (IIL.23)
n=0
Next, [ use
5 L(s—¢/2—-1) P N,CH(727§’%)8 )
Tare g 2783 g Ol (IIL.24)

valid for small s, and find
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N g (€= (£>(5+2)

PSP )
O Cr(-2 -6 2)s +O(s?), (IIL25)

a
for s < 1. Therefore, the vacuum Casimir energy, i.e. the contribution of (, to the free energy, is

I A
T 2r1+¢)2

(Z) en(-2-52), (11.26)
a 2

which can be written in a simpler form that contains (g and not (g

[1—27ED)¢p(—2—¢). (I11.27)

0= ——

2 pe-1)
- i)

a
This result fully agrees with Refs. [131125] for all odd values of £.

In order to evaluate (r, I start from Eq. (IIL.7) and proceed as I did in the previous subsection. I retain only
the term of the double sum with the lowest values of m and n and then use the saddle point method to

integrate over ¢, to find

¢r(s)

™

2s (6-1+25) 2 (s=1/2-¢/2)  4x
et 22 (5" > e (II1.28)
I(s) T(s —¢/2) v

To find the temperature correction to the free energy, Fr, I use Eq. (II.1) and take advantage of the

following approximation for s <« 1,

2s
F(S)Pj(élsfw) - r(fsg/z) +0(s"), (IIL.29)
to obtain
9 IRV [ x\T
m iCema) < o

which, using the explicit form of I'(—¢/2) for odd £, can be written as

&+1

L2(M)eEn) 5
ppo 2EEDET L m T e, (IT1.31)
T B 20a
where I used the standard notation £!'=1-3-5-.--. &. This temperature correction, for £ = 1, agrees

with the result obtained, for example, in Ref. I&l, apart from containing an extra factor of two due to the
fact that this paper examines Dirac fermions, while the reference deals with Majorana fermions.
The Casimir pressure is obtained immediately using

1 OF

Po=-—Z
¢ 12 da’

(IT1.32)

where F' = Fy + Fr.1obtain
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(6-1) =
1-— 27(&2)]@(,2 — &) — w <,£> : e 2T, (I11.33)
a? 2a

Po—— Zi;l) (g)(&s)

which shows the Casimir pressure in the low temperature limit for odd values of the critical exponent.
Notice that I wrote the temperature correction piece in terms of the temperature 7', instead of its inverse 3.
Since ¢(—3), ¢(-7), - - - are all positive, while {(—5), {((—9), - - - are all negative, the pressure is attractive
for ¢ =1,5,9,--- and repulsive for £ = 3,7,11,---. Notice also how the temperature correction weakens
the vacuum pressure for all values of ¢, since the correction and the leading vacuum term always have

opposite sign.

When investigating the high temperature limit, I proceed as in the previous subsection and identify two
parts of the zeta function. One part, f r(s), contains a as a simple multiplicative factor and is given by Eq.
(I11.20). A second part, g: o7 (8), with a more involved dependence on g, is given by Eq. (II1.21) without the
overall negative sign. With this zeta function, I obtain the high temperature limit of the free energy for odd
values of £

&

I’ PE-1) 7 9\ (EF3) ) 9 L2(§!!)Z(5*1) r\ 5 m
P s <7) [1—27 R (-2 - + ;T<_2_/3a> e 7, (IL34)

where the leading term has a linear dependence on the plate distance and represents a uniform energy
density, present for all odd values of £. This term, when £ = 1, is the well known Stefan-Boltzmann term
proportional to 4. The high temperature free energy for ¢ = 1 is in full agreement with the literature, for

example Ref. [29] (apart from the already mentioned factor of two).

I take the derivative of the free energy with respect to a and find the high temperature Casimir pressure,
which I write in terms of the temperature 7" rather than its inverse 38

£+1
(¢-1)
Pc= ﬂl : - (27T)€"? [1—245”)] CR(—2—£)+4(£!!)12<5*”T2< ) " el (IIL35)

B 7T
2a

L
[\
A}

where the leading term is repulsive for £ = 1,5,9, ... and attractive for £ = 3,7,11,.. .. Notice that the sign
of the a-dependent correction is always opposite to that of the leading term and thus the correction

weakens the pressure for all odd values of £.

IV. Discussion and conclusions

In this work, I use the generalized zeta function technique to study the finite temperature Casimir effect of
a Lorentz violating massless fermion field that satisfies bag boundary conditions at the plates. I obtained
an integral expression for the zeta function at finite temperature (II.14) and used it to find simple analytic

expressions of the Helmholtz free energy and Casimir pressure in the case of low temperature, T < a™!,
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and high temperature, T > a~!, for even values of the critical exponent, in Sec. ITL.A, and for odd values of

&, in Sec. I11.B.

I find that, when the critical exponent is even, the temperature correction Fr to the vacuum Casimir
energy is zero for all values of £, and confirm that, for even values of the critical exponent, the vacuum
Casimir energy vanishes as reported in Ref. [131 T find that the high temperature free energy is zero for all
even values of £ The Casimir pressure is also zero for all even values of £, and for low and high
temperature. Interestingly, for even values of the critical exponent, the vacuum Casimir energy
vanishes 13l the weak magnetic field correction to the Casimir energy and the strong magnetic field
Casimir energy vanish {231 and the low temperature correction to the Casimir energy and the high

temperature Helmholtz free energy also vanish, as I show in this work.

I find that, when the critical exponent is odd and temperature is low, the value of the vacuum Casimir
energy I report in Eq. (I11.27), agrees with Refs. [131125] for all odd values of ¢, and I obtain its temperature
correction, Frr, which I report in Eq. (II1.31). The Casimir pressure I obtain for low temperature is attractive
for £ = 1,5,9,..., and repulsive for £ = 3,7,11,..., as shown in Eq. (II.33). The temperature correction I
obtained decreases the vacuum attractive or repulsive pressure for all odd values of the critical exponent.

Below are the free energy and Casimir pressure in the low temperature limit for the first three odd values

of &
° 5 = ]_
2 2 22 .
F:—L(Z)L_— LT € 2Ta, (IV.].)
360 \ 8 ) 43 a
2 T
pC:_”_<Z>i+££e*m. (IV.2)
120\ 8/ a* 2 a3
. g: 3
4 292 2923 -
- _(1- *5)]” smPOT o (IV.3)
1260 a® 2 a
wt £2 3r2 272 _ _«
Po=—(1-27° e IV.4
¢ 256( )a6 FEEVERS V-4
« (=5
6 294 2 12p44 .
F—_ ™ (1_2,7)L£ o 157 L@T 67E7 (IV5)
1680 a’ 4 g3
6 4 3 pAm3 .
Po= X (1-on) L BT T o (IV.6)

a8 8 a°
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For odd values of the critical exponent in the high temperature limit, the free energy and pressure I obtain
are reported in Egs. (II1.34) and (II1.35) respectively. Below are F' and P in the high temperature limit for

the first three odd values of &:

.« £=1
2 22
Fe 724% (%) rrart — L1 2ema, (Iv.7)
a
2 3
Po = 24L5 (%) 74— 9n L onTa (IV.8)
a
. €: 3
4 2923
=2 95y p2apre 3T LT o (IV.9)
315 2 a
].671'4 —5\ 26 2 £2T4 —2nTa
_ B £ _ V.10
Po= -2 (1-27) T 4+ 3 ——e (IV.10)
[} 5: 5
6 2 2 pdm4
p_ 167 (1-277) Pat'T® - 157 L*°T ¢ 2Ta (IV.11)
105 3
a
6 3 pAmn5
Po = 167> (1-277) T8 - 157° K_Tefz’TTa. (Iv.12)
105 2 a

Notice how the numerical factor that determines the leading term of the Casimir pressure increases as

¢ increases, from 0.384 to 4.79 to 145.35.

Notes

PACS numbers: 03.70.+k, 11.10.-z, 11.10.Wx, 11.30.Cp.
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