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ABSTRACT: It is shown that all simple modules of the symmetric groups 𝑆! and the finite groups of Lie type can be 
realized as invariant spaces of some Hecke algebras with respect to certain mul=plica=ve characters. We ask whether 
this phenomenon is true for all finite groups. 
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INTRODUCTION 
We present and discuss a phenomenon on the structure of the simple modules for two (important 
and large) classes of finite groups; namely the symmetric groups and the finite groups of Lie type. 
The simple modules of those classes of groups turn out to be invariant spaces for certain Hecke 
algebras of the finite groups with respect to certain mul.plica.ve characters of the Hecke algebra. 
This gives an indica.on and raise a ques.on whether the simple modules of all finite groups can 
be realized this way. 
 
 
PRELEMINARIES 
Let 𝐴 be a finite dimensional unitary 𝑘-algebra with a unit element 1! over a field 𝑘. A leN 𝐴-
module 𝑌 is an Abelian group (𝑌,+) with a leN 𝐴-ac.on 𝐴 × 𝑌 → 𝑌;	(𝑎, 𝑦) ⟼ 𝑎𝑦 of 𝐴 on 𝑌. 
Every 𝐴-module 𝑌 can be regarded as a 𝑘-module (vector space over 𝑘) as follows: 𝜆𝑦 ≔
(𝜆. 1!)𝑦;	∀𝜆 ∈ 𝑘, 𝑦 ∈ 𝑌. We write 𝑇 ≤! 𝑌 when 𝑇 is an 𝐴-submodule of 𝑌. For two 𝐴-modules 
𝑋, 𝑌, write (𝑋, 𝑌) for the 𝐴-homomorphism space 𝐻𝑜𝑚!(𝑋, 𝑌), 𝐸𝑛𝑑!(𝑌) for the 𝐴-
endomorphism algebra of 𝑌 and 𝑟(𝑋, 𝑌) = {𝑓 ∈ (𝑋, 𝑌)|	𝑓𝑔 ∈ 𝐽(𝐸𝑛𝑑!(𝑌);	∀𝑔 ∈ (𝑌, 𝑋)} for the 
radical subspace of (𝑋, 𝑌), where 𝐽(𝐸𝑛𝑑!(𝑌) is the Jacobson radical of the algebra 𝐸𝑛𝑑!(𝑌). 
Clearly,	(𝑋, 𝑌) can naturally be regarded as a leN 𝐸𝑛𝑑!(𝑌)-module via the ac.on defined by the 
composi.on ∘ of 𝐴-maps as follows: 𝛼𝛽 ≔ 𝛼 ∘ 𝛽;	∀𝛼 ∈ 𝐸𝑛𝑑!(𝑌), 𝛽 ∈ (𝑋, 𝑌), and also 
𝑟(𝑋, 𝑌) ≤"#$"(&) (𝑋, 𝑌). If 𝜓:𝐴 → 𝑘× is a mul.plica.ve character of 𝐴 (i.e. a one-dimensional 
representa.on of 𝐴), then the subspace 𝐼)(𝑌) = {𝑦 ∈ 𝑌|	𝑎𝑦 = 𝜓(𝑎)𝑦;	∀𝑎 ∈ 𝐴} of 𝑌 is called the 
invariant subspace of 𝑌 rela6ve to 𝜓 (or the (𝐴, 𝜓)-invariant space of 𝑌). 
 
 
PERMUTAION MODULES - HECKE ALGEBRA 
Let 𝐺 be a finite group. We take 𝐴 = 𝑘𝐺; the group algebra of 𝐺 over 𝑘. There is a well-known 
equivalence of categories between the category of matrix representa.ons of 𝐺 over 𝑘 and the 
category of 𝑘𝐺-modules so studying 𝑘𝐺-modules is equivalent to studying matrix representa.ons. 
If 𝐻 ≤ 𝐺 then the induced 𝑘𝐺-module 𝑌 = 𝐼𝑛𝑑*+(𝑘*) = 𝑘𝐺⨂,*𝑘* of the trivial 𝑘𝐻-module 𝑘* 
(i.e. the abelian group (𝑘, +) of 𝑘 together with the trivial 𝑘𝐻-ac.on; i.e. 𝑎𝜆 ≔ 𝜆, ∀𝑎 ∈ 𝑘𝐻, 𝜆 ∈
𝑘) is known to be a permuta.on 𝑘𝐺-module isomorphic to the leN ideal 𝑘𝐺[𝐻] generated by the 
group algebra element [𝐻] = ∑ ℎ-∈* ∈ 𝑘𝐺 regarded as leN 𝑘𝐺-module. The endomorphism 
algebra 𝐸𝑛𝑑,+(𝑌) =𝑯(𝐺,𝐻) is called the Hecke algebra of 𝑮 by 𝑯. If 𝑇 is a transversal for the 
(𝐻,𝐻)-double cosets of 𝐺 then 𝑯(𝐺,𝐻) has a 𝑘-basis {𝑎/|𝑡 ∈ 𝑇} indexed by the elements of 𝑇, 
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where 𝑎/ ∈ 𝑯(𝐺,𝐻) is defined by: 𝑎/([𝐻]) = ∑ 𝑥0∈*0* , and, as we saw previously, 𝑌 has a 
natural structure of 𝑯(𝐺,𝐻)-module. Let 𝑌 = ∑ 𝑚1𝑌1⨁

34145  be a decomposi.on of 𝑌 into a direct 
sum of non-isomorphic indecomposable 𝑘𝐺-modules where 𝑚1 ∈ ℕ is the mul.plicity of 𝑌1  in that 
decomposi.on. Then, (𝑌1 , 𝑌) is a projec.ve indecomposable 𝐸𝑛𝑑,+(𝑌)-module and the quo.ent 
module 𝑆1: = (𝑌1 , 𝑌)/𝑟(𝑌1 , 𝑌) is simple 𝐸𝑛𝑑,+(𝑌)-module. The Brauer-Fi?ng correspondence 

𝑌1 ←→ 𝑆1: = (𝑌1 , 𝑌)/𝑟(𝑌1 , 𝑌) (1) 
defines a bijec.on between the set 𝐼𝑛𝑑𝑠(𝑌) of all indecomposable direct 𝑘𝐺-summands of 𝑌 and 
the set 𝐼𝑟𝑟(𝑯(𝐺,𝐻)) of all simple 𝑯(𝐺,𝐻)-modules (see [PL], 1.4). If 𝜓:𝑯(𝐺,𝐻) → 𝑘× is a one-
dimensional (hence obviously simple) representa.on of 𝑯(𝐺,𝐻), then the corresponding 
indecomposable direct summand 𝑌) of 𝑌 appears with mul.plicity 1. Green [JG1] defined an 
𝑯(𝐺,𝐻)-invariant subspace 𝐼)(𝑌) = {𝑦 ∈ 𝑌|𝑎𝑦 = 𝜓(𝑎)𝑦; ∀𝑎 ∈ 𝑯(𝐺,𝐻)} of 𝑌 with respect to 𝝍 
[(𝑯(𝐺,𝐻),𝝍)-invariant subspace] and also proved that 

𝐼)(𝑌) ≤,+ 𝑌) (2) 
We shall show below that every simple 𝑘𝐺-module for the finite groups 𝐺 under considera.on is 
contained in a certain (𝑯(𝐺,𝐻),𝝍)-invariant space and as such it is an invariant space for some 
Hecke algebra. 
 
 
A MOTIVATION EXAMPLE (THE TRIVIAL 𝑘𝐺-MODULE) 
If 𝐺 is a finite group and 𝐻 ≤ 𝐺 then the Hecke algebra 𝑯(𝐺,𝐻) has a mul.plica.ve character 
𝐼𝑁𝐷 (from index) given by: 𝐼𝑁𝐷(𝑎/) = ^𝐻:𝐻 ∩ 𝐻⬚

/ ^; 	 𝐻⬚
/ = 𝑡𝐻𝑡73. The corresponding direct 𝑘𝐺-

summand 𝑌89: of 𝑌 = 𝐼𝑛𝑑*+(𝑘*) is the known Alperin-ScoH module 𝑺(𝐺,𝐻) which is, by 
defini.on, the unique 𝑘𝐺-summand of 𝑌 having the trivial 𝑘𝐺-module 𝑘+  in its head 𝐻𝑑(𝑌) (the 
maximal completely reducible quo.ent 𝑘𝐺-module) and its socle 𝑆𝑜𝑐(𝑌) (the maximal 
completely reducible 𝑘𝐺-submodule) (cf. [JG2],§4). Since 𝐼89:(𝑌) ≤,+ 𝑌89: (by (2)), and 
𝑘+ ≤,+ 𝑆𝑜𝑐𝑙(𝑌89:), (as 𝑌89: = 𝑺(𝐺,𝐻)), it follows that 𝑘+ ≤,+ 𝐼89:(𝑌). Therefore, we have 
 
LEMMA1: If 𝐺 is any finite group and 𝐻 ≤ 𝐺, then the trivial 𝑘𝐺-module 𝑘+  is an (𝑯(𝐺,𝐻), 𝐼𝑁𝐷)-
invariant space for the Hecke algebra 𝑯(𝐺,𝐻). ■ 
 
 
SIMPLE 𝒌𝑺𝒏-MODULES 
Let 𝐺 = 𝑆#; the symmetric group on n leWers. It is known that the isomorphism classes of simple 
𝑘𝑆#-modules are indexed by par..ons of n [GJ]. If 𝜆 = (𝜆3, 𝜆;, . . . ) is a par..on of	𝑛, we follow 
[GJ] in wri.ng 𝐷< for the corresponding simple 𝑘𝑆#-module. Let 𝐻 = ℜ< (𝐾 = 𝑪<) be the row 
(column) stabilizer subgroup for the par..on 𝜆 and take 𝑌 = 𝑘𝐺[𝐻]. Green[JG1] proved the 
existence of a mul.plica.ve character 𝜓<: 𝑯(𝐺,𝐻) → 𝑘× for the Hecke (Schur) algebra 𝑯(𝐺,𝐻) 
given by 𝜓<(𝑎/) = ∑ 𝜀(𝛼)=∈*/*∩? , where 𝜀 is the sign character of 𝑆# defined by: 𝜀(𝛼) =
(−1)ℓ(=) and ℓ(𝛼) is the length of 𝛼 (the minimal number of the simple generators of 𝑆# of which	
𝛼 is a product). It was also proved in [JG1] that 𝑆< ≤,+ 𝐼)#(𝑌), where 𝑆< is the Specht module 
of type 𝜆 [GJ]. The corresponding component 𝑌)#  of 𝑌 is the Young module 𝑌< (see [GJ]). It follows 
that 𝑆< ≤,+ 𝐼)#(𝑌) ≤,+ 𝑌

<. As 𝐷< ≤,+ 𝑆< 	≤,+ 𝐼)#(𝑌), we then have 
 
THEOREM1: The simple 𝑘𝑆#-module 𝐷< is an (𝑯(𝐺,𝐻), 𝜓<)-invariant space for the Hecke (Schur) 
algebra 𝑯(𝐺,𝐻). ■ 
 
Note that when 𝑐ℎ𝑎𝑟𝑘 = 0, we have 𝑆< ≅ 𝐼)#(𝑌) ≅ 𝑌<. 
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THE SIMPLE MODULES FOR THE FINITE GROUPS OF LIE TYPE 
Let 𝐺 = (𝐺, 𝐵, 𝑁, 𝑅,𝑊) be a finite group with BN-pair. Let 𝑌 = 𝑘𝐺[𝐵], then the (Iwahori) Hecke 
algebra 𝑯(𝐺, 𝐵) has a 𝑘-basis {𝑎A|𝑤 ∈ 𝑊} indexed by the elements of the Weyl group 𝑊 of	𝐺.	
𝑯(𝐺, 𝐵) has a 1-dimensional representa.on 𝜓:𝑯(𝐺, 𝐵) → 𝑘× given by 𝑎A ↦ (−1)ℓ(A); where 
ℓ(𝑤) is the length of 𝑤 ∈ 𝑊. Write 𝑆𝑡+  for the Steinberg representa6on of 𝐺, then, according to 
[AK1], 𝑆𝑡+ ≤,+ 𝐼)(𝑌) ≅ 𝐻#73(𝛥) ≤,+ 𝑌), where 𝛥 is the Tit's simplicial complex associated 
with 𝐺; this holds in any characteris.c of 𝑘. Therefore, we have 
 
THEOREM2([AK2]): 𝑆𝑡+ ≅ 𝐼)(𝑌) = ⋂ 𝐾𝑒𝑟(𝑎A + 𝟏)𝒘∈𝑹  is an (𝑯(𝐺, 𝐵), 𝜓)-invariant space for the 
Iwahori Hecke algebra 𝑯(𝐺, 𝐵). ■ 
 
Now, if 𝐺 = (𝐺, 𝐵 = 𝑈𝐻,𝑁, 𝑅,𝑊) has a split BN-pair (e.g. finite groups of Lie type) of 
characteris.c 𝑝 = 𝑐ℎ𝑎𝑟𝑘, and if we take 𝑌 = 𝑘𝐺[𝑈], then; as the elements of 𝑁 index the (𝑈, 𝑈)-
double cosets of 𝐺, we have 𝐻(𝐺, 𝑈) = 𝐸𝑛𝑑,+(𝑌) =≺ 𝑎#|𝑛 ∈ 𝑁 ≻. The permuta.on 𝑘𝐺-
module 𝑌 = 𝑘𝐺[𝑈] plays an essen.al role in studying modular representa.on theory of 𝐺 in the 
natural characteris.c. In fact, according to [SA], 𝑌 = 𝑘𝐺[𝑈] is known to have a mul.plicity-free 
decomposi.on 𝑌 = ∑ 𝑌(𝜒, 𝐽)⊕

(E,G)  as a sum of indecomposable 𝑘𝐺-modules, where the sum is 
taken over all admissible pairs (𝜒, 𝐽). Each indecomposable summand 𝑌(𝜒, 𝐽) is known to have a 
simple head and a simple socle (denoted by 𝑀(𝜒, 𝐽)) and those heads (and socles) give all simple 
𝑘𝐺-modules {𝑀(𝜒, 𝐽)|(𝜒, 𝐽)} [C1]. If 𝜓(𝜒, 𝐽):𝑯(𝐺, 𝑈) → 𝑘× is the mul.plica.ve character of the 
Hecke algebra 𝐻(𝐺, 𝑈) which corresponds to the indecomposable 𝑘𝐺-summand 𝑌(𝜒, 𝐽) of 𝑌, 
then, as 𝑀(𝜒, 𝐽) is the socle of 𝑌(𝜒, 𝐽), (2) implies that 𝑀(𝜒, 𝐽) ≤,+ 𝐼)(E,G)(𝑌) ≤,+ 𝑌(𝜒, 𝐽), hence 
we have 
 
THEOREM3: If 𝐺 = (𝐺, 𝐵 = 𝑈𝐻,𝑁, 𝑅,𝑊) is a finite group of Lie type of characteris.c 𝑝 and 𝑘 is a 
field having the same characteris.c. Then, the simple 𝑘𝐺-module 𝑀(𝜒, 𝐽) of 𝐺 is an 
(𝑯(𝐺, 𝑈), 𝜓(𝜒, 𝐽))-invariant space for the Hecke algebra 𝑯(𝐺, 𝑈). ■ 
 
Mo.vated by the cases discussed above, we may raise the following ques.on 
 
QUESTION: Can every simple module for any finite group 𝐺 be realized as an invariant space for 
some Hecke algebra 𝑯(𝐺,𝐻); 𝐻 ≤ 𝐺?. 
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