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1 Abstract

We use supersymmetry to enlarge the dimension of the Hilbert space on which
the unitary evolution of the state of the quantum fields acts. We discuss how
to control the unitary evolution or TPCP maps generated by the quantum
evolution of the fields by controlling the vacuum expectations of other fields in
the theory. This amounts to breaking supersymmetry using controlled vacuum
expectation values of the other fields. The evolution of the wave functional or
TPCP maps obtained by tracing out over other fields is based on the Feynman
path integral formula for the fields. By using the methods of quantum stochastic
filtering, we estimate the evolving state of the fields from non-demolition noise
measurements and then design a family of TPCP maps evolving in time whose
outputs match the estimated evolving state. In this way, we are able to simulate
the evolution of the state of the quantum noisy fields. Direct matching of the
designed TPCP map to output the evolving system state is not possible since
there is no way by which we can determine the exact evolving state; we can
only estimate it using non-demolition measurements. The family of designed
TPCP maps can be based on using a simulated master equation with unknown
parameters incorporated into the Hamiltonian and the other Lindblad operators,
chosen so as to match the state outputted by the quantum filter.
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2 Problem formulation and discussion

By assuming that the laws of nature are inherently supersymmetric in nature,
i.e., invariant under Boson-Fermion exchange, we are able to introduce addi-
tional quantum fields into the action, leading to more degrees of freedom in
the corresponding Hamiltonian, i.e., an enlargement of the dimension of the un-
derlying Hilbert space obtained by truncation of the Boson and Fermion Fock
spaces. This amounts to setting up a supersymmetric action and hence a su-
persymmetric Hamiltonian using Chiral superfields for describing matter and
non-Abelian gauge superfields for describing the particles exchanged in the in-
teraction of the matter superfields. The total Lagrangian density thus has the
form [®*.exp(t.V).®|p + Re[f(®)]r + Re[WL e W] . Here, ® is the left Chiral
matter superfield whose components are the scalar field, the left Chiral Dirac
field, and an auxiliary F-field. V is the non-Abelian gauge superfield whose com-
ponents in the Wess-Zumino gauge are the Yang-Mills gauge field, the gaugino
field, and an auxiliary D field. The first term in the above Lagrangian is the
supersymmetric generalization of the standard Lagrangian of the Klein-Gordon
scalar field plus the Lagrangian of the massless Dirac field plus the interaction
between the Dirac field and the non-Abelian Yang-Mills gauge field. The second
term is a superpotential term that, after eliminating the auxiliary F and D fields
using Gaussian path integration, contains a term that corresponds to a mass
term of the Dirac field whose mass depends on the vacuum expectation value of
the scalar field via the superpotential, and the last term is the supersymmetric
generalization of the Lagrangian density of the Yang-Mills non-Abelian gauge
field. Now, the crucial step here is to introduce control parameters § into the
superpotential f(®) and hence, eventhough these parameters can be varied, su-
persymmetry of the total Lagrangian will not be broken, and hence the laws
of nature will remain preserved. By varying these parameters, we can there-
fore hope to control the unitary evolution of the wave functional of the fields
(/),1/1,VHA, A\ starting from t = —oo and going uptot = 400 in the scattering
process. Here, ¢, ), VMA7 A4 are respectively the scalar field, the Dirac field, the
non-Abelian gauge field, and the gaugino field. We call 1 the Higgsino field,
i.e., the Fermionic superpartner of the Bosonic Higgs field ¢ because under an
infinitesimal supersymmetry transformation defined by the Salam-Strathdhee
supervector field
oL L= ~¥46.0,, + e 0y

Applied to the left chiral superfield @, it becomes clear that the variation of ¢
is proportional to v and that the variation of i is proportional to ¢, plus the
auxiliary F field. Likewise, the gaugino field A? is the fermionic superpartner
of the bosonic gauge field V#A, since these are exchanged under the action of the
above supervector field. The variation of the parameters of the superpotential
amounts, after eliminating the auxiliary fields, to controlling the mass of the
Dirac field via the scalar field. There are two ways to design the quantum gate:
as either a unitary map or a TPCP map, one based on Feynman’s path integral
method and the other based on Hamiltonian quantum mechanics using creation



and annihilation operators. Here, we discuss both of these methods.
After eliminating the auxiliary F and D fields, the total Lagrangian density
has the form

L&, .\ V) = (Dud)" (D) +0"1  (1.(10, 9V, t.4) =G (9) )~ (1/4) F A Fp,
k(1) X (¥ (i0,, + gV, ad(t4))A

+F1(w7>‘a¢)) + F2(¢)

, where in the second term, G(¢), the Dirac mass matrix is proportional to f”/(¢)
and where the second last term Fj is trilinear in (¢, ¥*), (A, A*), (¢, ¢*). The
last term Fy is proportional to |f’(¢)|?. It comes mainly from the observation
that [®*®]4 contains a term F*F, while Re[f(®)]2 contains a term Re(f'(¢)F),
so by eliminating F', setting the variation of the action w.r.t. it to zero, we get
F = —f'(¢)*/2 and substituting this back into the same expressions, we get a
contribution

F*F + Re(f'(9)F) = ~|f'(¢)* /4

It easily follows that the effective potential of the supersymmetric action is
|f/(#)]?/2 so that for the vacuum to be supersymmetric, we require that f/(¢g) =
0 where ¢¢ is the vacuum expected value of the scalar field. Therefore, if we
do not wish to break supersymmetry but simultaneously require control of the
superpotential via the parameters (3, we must then move on the p-dimensional
surface f'(¢o|f1, ..., Bp) = 0 in the parameter space. Usually, the superpotential
is gauge invariant, i.e., f'(¢).t4¢ = 0 forall ¢ where t4 runs over the gauge group
generators. If d is the dimension of the gauge group, this equation imposes d
constraints on the superpotential. Therefore, the effective number of constraints
in the equation f/(¢o|8) = 0 is n — d where n is the number of ¢-components.
This means that the allowable dimension of the parameter manifold for varying
B is p — (n — d) for designing the optimally controlled gate.

In this expression,
D¢ = (9, — gV, 'ta)¢

Note that ¢ transforms according to the vector representation of the gauge
group while A = A\t transforms according to the adjoint representation of
the gauge group. Now, from this Lagrangian, we can write down the equations
of motion and obtain the free wave (unperturbed) solution components for the
fields ¢, 1, A4, Vf in terms of Bosonic and Fermionic creation and annihilation
operators. Specifically, the unperturbed equations are

"0 = 0,79, = 0,49 A" = 0,
(010" 0, — 0"0,)V,* =0,

The solutions to these equations are plane waves with coefficients being Bosonic
and Fermionic creation and annihilation operators in momentum space. We



denote these unperturbed solutions by ¢, 19, \04, V#AO. These solutions repre-
sent the evolving observables in Dirac’s interaction picture, wherein observables
evolve according to the unperturbed Hamiltonian while states evolve according
to the perturbation in the Hamiltonian, followed by a rotation using the adjoint
representation of the unperturbed Hamiltonian.

3 Unitary gate and TPCP map design based on
the Feynman path integral

We write down the total action functional for the chiral and gauge superfields
interacting with each other as

S[e, 0, V, Al = So1(6]8) + So2(¥) + Soz(V') + Soa(N)
+511(¢, V) + 81200, V) + S14(A, V) + S15(¢, 01 5) + S16(b, 1, A|B)

with obvious meanings for the various terms. The superpotential terms are
present in Sp1, and also in S15, and S16. These terms arise when we eliminate the
auxiliary F' and D by setting the variational derivative of the action w.r.t. these
to zero. This is justified because the auxiliary fields enter into the Lagrangian
linearly and quadratically, so the effective action obtained by path integrating
the exponential of the total action w.r.t. these fields is a Gaussian functional
integral and hence can be evaluated by setting these fields to their values at
which the action is stationary w.r.t them.

Now, suppose that we have detected the superpartners A and ¢ of the stan-
dard fields V),, 1, namely the superpartners of the fields used in standard quan-
tum electrodynanics. Then, we should, using path integrals, be able to write
down the unitary evolution kernel for the three fields simply by path integrating
exp(iS) over all the fields from time ¢ = —oo to t = 400 with specified spatial
values of these fields at times t = —+00. On the other hand, if, as is the present
case, we have not detected the superpartners A, ¢ of the standard QED fields
Vi, 4, then, by path integrating the evolution kernel in the adjoint domain over
these superpartners, we would get a non-unitary TPCP map that transforms
an initial pure or mixed state of the fields (1, V;‘) to a mixed state of the same
fields. In both cases, we can control the [ parameters to design either a unitary
gate or a TPCP gate that is as close as possible w.r.t. some distance measure
to a given unitary or TPCP gate. Of course, the TPCP gate acts in a lower
dimensional Fock space as compared to the original unitary gate because it is
obtained by path integrating, which amounts to partial tracing over the scalar
and gaugino fields.



4 Fermionic Filter in the Formalism of John Gough
et al.

Let A(t) be the Bosonic annihilation process and J(t) the Fermionic annihilation
process. Let A4(t) be the associated Bosonic counting process and A;(t) the
associated Fermionic counting process. The system Hilbert space ( is assumed
to be Zo graded:

h=bo®h

Let Py denote the projection onto (; and h; the projection onto h;. It is clear
that for describing unitary evolution, Bosonic noise must be coupled to the
even system operators while Fermionic noise must be coupled to odd system
operators. Note that X is an even system operator iff

X(ho) C h07X(h1) C hla

and it is an odd system operator iff

X(bo) C b1, X(b1) C ho

Also note that Py + P, = I and that if X is any system operator, then
X=Xo+X3

where Xy and X; are respectively even and odd system operators. They are
given by
Xo=P XPy+ P XP, X, =P XP,+PXPF,

Define the linear map 7 on the space of system operators by the equation
T(X)=Xo—-X1=(Ph—P)X(Ph—P)=0.X0

where
0=Py— P,

5 Z, graded tensor product between two Z, graded
Hilbert spaces

In order to describe the Fermionic filter, we must first learn how to add Fermionic
quantum noise to the Hudson-Parthasarathy noisy Schrédinger evolution. To do
so, we must note that the noise terms in the evolution must always be Bosonic
because the unitary evolution operator is overall Bosonic. Thus, we must have
even and odd system operators just as we have even and odd noise operators
in the form of Bosonic and Fermionic noise, respectively. Thus, if we have an
odd system operator M and Fermionic noise differential d.J(t), then their tensor
product MdJ = M ®dJ is even and should satisfy the anticommutation relation

M@dl =—-dJ @M



In other words, we must use a graded tensor product between the system and
noise Hilbert spaces. To this end, we consider two Zs graded Hilbert spaces
Hi = Hie ® Hio and Ho = Hoe @ Hopo. Define 0y = Py, — Po, and for X7, X5
operators in H; and Hs respectively, we define their graded tensor product to
be

X1 Qg Xo=(X1)e ® Xo + (X1)o ® 02X

To verify that this is indeed a graded tensor product of operators, we must
verify that if X5, Y7 are operators in Ho and H; of definite parity, then

(X1 ®g X2)(Y1 ®y Y2) = (—1)PX2)P(0) x v, ®qg XaYo
Indeed, we have
(X1 ®g X2)(Y1 ®g Y2)
(X1)e ® Xo + (X1)o ® 02X2).((Y1)e ® Yo 4 (Y1)o ® 62Y2)
and by expanding this and using

(XlYl)e = (XI)E(Yl)e + (Xl)O(Yl)m

(XlYl)O = (Xl)e(yl)o + (Xl)o(yl)e

and the fact that
02 = Iy, 02 X205 = (—1)PX2 Xy,

Xoby = 02X50, = (—1)PX2)0, X,

the required property can be easily verified.

6 Quantum Noise analysis of Schrodinger evo-
lution equation for the supersymmetric fields

A, A*, A4 are the Bosonic annihilation, creation, and number processes, J, J*, A
are the Fermionic annihilation, creation, and number processes. The HPS equa-
tion is then

AU (t) = (—(iH + P)dt+ Lyd A+ Lyd A* + SydA o + My dJ + MadJ* + SadA ;U (t)

where L1, Lo, S7, S5 are even system operators while M7, M5 are odd system op-
erators. H is the system Hamiltonian taking into account all the interactions.
Let cy (k), cy (k)* denote the free non-interacting Bosonic annihilation and cre-
ation operators of the gauge field Vf defined by the plane wave expansion of
the solution to the linearized Yang- Mills equation for V;f These satisfy the
Bosonic canonical commutation relations. Let ¢y (k), cx(k)* denote the free non-
interacting Fermionic annihilation and creation operators of the gaugino field
M. These satisfy the canonical anticommutation relations. Let ¢y (k), ¢y (k)*
denote the free non-interacting Fermionic annihilation and creation operators



of the Fermionic field . They also satisfy the canonical anticommutation rela-
tions. Finally, let c4(k), cy(k)* denote the annihilation and creation operators
of the Bosonic scalar field ¢. They also satisfy the canonical commutation rela-
tions. Taking into account interactions, the interaction Hamiltonian can, using
standard plane wave Fourier analysis, be expressed as

Hy1(¢, V) 4+ Hia(¥, V) + Hia(N, V) + Hi5(¢, 6| 8) + Hig(), 1, A|B)

= Hii(cy, ch,cv, cy) + Hia(cy, ¢y, cv, cyy)
+Hy(en, ey, cv, )+
His(cy, ey ch,c518)
+Hi6(Cg, Chs Cyps s Cx, X B)

where bilinearity is understood in Hi1, H12, H14, H15 and trilinearity in Hig.
Note that Hys is quadratic in (¢,4) and linear in f”(¢), i.e., it is trilinear in
(¥, 1, f"(4)). Tt is precisely this term that gives mass to the Dirac field when the
Higgs field acquires vacuum expectation values. The mass matrix of the Dirac
field is therefore f”(¢) = f”(¢4|B), and this mass can be controlled by altering
the superpotential parameters 5. The Hyg term is trilinear in ¢, 1, A. It comes
from the Lagrangian component [®*.exp(t.V)®]p, on noting that the [.]3 term
in V is proportional to A with ® contributing the [.]o term, namely ¢, and ®*
contributing the [.]; term, namely 1, we get a [.]4 term from the product of these
three terms which is therefore trilinear in ¢, and A. Of course, each term can
accordingly be replaced by its conjugate. It should be noted that this trilinear
term cannot be controlled since it does not depend on the superpotential. Its
occurrence in physics is a purely supersymmetric effect which is not present in
conventional quantum field theory, and it is hoped that by designing gates that
take this supersymmetric effect into account, we can detect supersymmetry in
nature and also exploit its presence in technology.

The non-interacting components of the Hamiltonian are derived from the
following components of the action:

So1(¢|B) + So2(1) 4 So3(V) + Soa(N)

In the absence of the superpotential term f(®), So1, So2, Sos4 yield the quadratic
self terms, but Sp3 yields, apart from quadratic self terms, cubic and fourth
degree self terms because it corresponds to the Yang-Mills gauge field Vf. In
the presence of the superpotential, the corresponding Hamiltonians can thus be
expressed as

Hor =) ws(k)es (k) co(k) + Gorlcg, ¢;l5)
k

where Gy is derived from the superpotential term Fy = —|f’(¢)|?, which came
by path integrating w.r.t. the auxiliary F field, resulting in replacing F by f’(¢)

as explained earlier. Likewise,

Hoz () = Y wy(k)ey (k) ey (k)
K



contains no control term,

Ho(V) = Y wy(k)ev (k) ey (k) + Gos(ev, cf)
k

also contains no control term, but Gp3 contains the cubic and fourth degree
Yang-Mills gauge terms, i.e., cubic and fourth degree in cy, cj, .

Hos = 3" wa(k)ea(k)*ea(k)
k

also does not contain any control term, and neither does it contain any nonlinear
self interactions.

7 Some general remarks on noise analysis and
noise removal from the quantum gates using
the Fermionic quantum filter

We set up the HPS equation for U(t) with the system Hamiltonian being the
sum of all the non-interacting components:

H=> wy(k)ev (k) ev(k) + Y wolk)es (k) co(k)
k k

+ > wy(k)ey (k) ep(k) + > walk)en(k) ea(k)
k k

The characteristic frequencies of oscillations wy (k), wg(k), wy(k),wr(k) of the
Bosonic and Fermionic fields are obtained by solving the free field equations,
namely the D’Alembert wave equations for the Bosonic components and Dirac’s
equation for the Fermionic components, with the appropriate boundary condi-
tions on the fields at the cavity boundary. The Lindblad noise coupling operators
of the cavity fields to the bath noise are obtained by superposing the system
and noise fields, calculating the quadratic form of this superposed field corre-
sponding to the second quantized Hamiltonian, and then extracting the cross
terms from this Hamiltonian between the system and the noise fields. As an
example, let 1(x) and 1 (z) denote the system and noise wave operator fields
corresponding to the Dirac particles. The energy operator corresponding to the
superposition of these two fields is

/ ) (@) + ¥ ()" (0, =iV) + Bm) (Y (@) + Yy (2))d’x

() is built out of the operators ¢y (k), ¢y (k)* linearly, while ¢ (z) is built out

of the Fermionic annihilation and creation white noise processes dJy, n(t)/dt, dJy n(t)*/dt
again linearly. The cross term in the above energy gives the Lindblad term in

the HPS as:

2Re / () Hpn (2)d%s — — — (a)
cavity



where
HD = (Oé, —’LV) + ,Bm

is the first quantized Dirac Hamiltonian. The noise self term here is

/ o (2) Hpn (2)d3z — — — (b)

(a) gives rise to the term Ly (¢)dJ(t) + Ly2dJ(t)* while (b) gives rise to the
Fermion counting term: Sy (t)dA;(t).

The goal is to design a one-parameter family of TPCPmapsT¢,t > 0 acting
on mixed system states so that the state T{(ps(0)) is as close as possible to the
true system state ps(t) defined by

ps(t) = Tra(U(t)(ps(0) @ [p(u) >< ¢(u) YU (1)")
where U (t) satisfies the QSDE
dU(t) = (=(iH + P)dt+ L1dA+ Lod A" 4+ S1dA o + MydJ + MadJ™ + S2dA 7)U ()

We need to determine the evolution law of p4(t). To this end, let X = X, + X,
be a system operator and define 7(X) = X, — X, = 6.X.0 where § = P, — P,,.
Then define

Ji(X) = U@ XU()

We get by application of quantum Ito’s formula,
dj(X) =dUt)* XU (t) + U(t)* XdU (t) + dU (t)* XdU (t)
= ji(Oo(z))dt + je (61 (X))dA(t) + jr (02(X))dA(L)"
+5¢(05(X))dJ (t) + je (04(X))d I ()" + j(05(X))dAA(T)
+(06(X))dA 5 (t)

It should be noted that 0,k = 0,1,2,5,6 are even maps on the space of system
operators while 6y, k = 3,4 are odd maps on the same space. Thus,

T(0k(X)) = 0k (7(X)), k =0,1,2,5,6,

T(0k(X)) = —0k(7(X)), k= 3,4

We therefore obviously have from properties of the Z, graded tensor product,

Ji(01(X))dA(t) = dA(t)j:(01(X)),
Je(02(X))dA(t)" = dA(t)" ji (02(X)),
Je(05(X))dJ (t) = —dJ () e (05(7(X))),
Je(04(X))dJ ()" = —dJ ()" je (04(7(X))),



Je(05(X))dAA(t) = dA4(#)]:(05(X)),
Ji(06(X))dA s (t) = dA s (1)j:(06(X)),

Note that if X is a system observable, then the parity of j;(X) is the same as
that of X and that if W is a noise operator, then

XW = (Xe + XO)(We + WO) =WeXe + WoXe + WX, — Wi X,

= WX + W,r(X) = (W)X, + WX,

where by product, we mean graded tensor product on both the sides. Using
these formulas, we can compute

dTr(5:(X)(ps (0) @ [$(u) >< d(u)]))

where |¢(u) > is the tensor product of a Bosonic coherent state and a Fermionic
coherent state, i.e.,

|¢(u) >= |p(up) > ®|p(ur) >

This computation makes use of the formulas
dA(t)|¢(u) >=up(t)dt|¢(u) >,

dJ(t)|p(u) >= up(t)dt|p(u) >
and

Tr(dA(t)"|p(u) >< d(u)]) < (u)|dA(t)"|d(u) >= up(t)dt,
Tr(dJ()*|p(u) >< d(u)]) < ¢(u)|dJ(t)"[p(u) >= u,(t)dt,

By equating the above to
dT'r(ps(t)X)

where
ps(t) = Tra(U(t)(ps(0) ® [¢(u) >< d(w))U(t)")

we can derive the master equation for the system state p;(t) in the form

dps (t)/dt = X(ps (t)v up (t)v uF(t)dt

where x is a linear map on the space of operators in the system Hilbert space
depending upon the Boson and Fermion sub-parameters upg(t),ur(t) of the
coherent parameter u(t). Now we are in a position to formulate the quantum
filter equations. We start with non-demolition noise

Yo (t) = U YO (), Ya(t) = e(1)A(t) + e(D)A(D)" + e(3)Aa(t) + c(4)As (1)

It is easy to prove that Y, satisfies the non-demolition property using the fact
that for T' > ¢,
dU(T)"Yi(t)U(T)) =0

because of the unitarity condition on U(T') and the fact that Y;(¢t) commutes
with dA(T),dA(T)*,dJ(T),dJ(T)*,dAs(T),dA;(T). Note that this would not

10



be the case if we included a J(t) or J(t)* term in Y;(¢) since dJ(T) anticommutes
with J(t) etc. Then we define the measurement algebra up to time ¢ as

No(t) = o(Yo(s) : s <)
and construct the conditional expectation of an evolving system observable X:

m(X) = E(5:(X)1,(t))

satisfying the orthogonality principle (in the language of J.Gough et.al, the
reference probability method)

E[(j:(X) — m(X))C(t)] =0
where
dC(t) = F(HC(HAY,(t),t > 0,C(0) = 1

Applying quantum Ito’s formula to this and using the arbitrariness of the func-
tion f(t) gives us the two equations

E[(dji(X) = dmi(X))Ino(t)] = 0,
E[(dje(X) — dmi (X)) dYo(t)|no(1)]
FE[(G:(X) — m(X))dYo(8)[no(1)] = 0
Using quantum Ito’s formula to write
dY,(t) = dY;(t) + dU(t)*dY; (1)U (t) + U(t)*dY;(t)dU (t)

= jt(Qo)dt + ji(Q1)dA(t) + jr(Q2)dA()" + je(Q3)d I (t) + ji(Qa)dJ ()
+5t(Qs)dAA(t) + 51 (Qe)dA s (1)

where Qq, Q1, @2, Qs, Qs are even system operators and @3, Q4 are odd system
operators, and also expressing the filter differential as

dmy(X) = Fy(X)dt + Y G (X)dY,(t)*
E>1

where Fy(X), G (X) are elements of the Abelian algebra n,(t), we can apply
the above equations of the orthogonality principle to calculate the filter coeffi-
cients Fy(X), Gi+(X) and hence derive the Fermionic filter. In the special case
when only the Fermionic counting A is present in the measurement process or
only Bosonic noise cA + ¢A* is present, the relevant filter equations have been
derived by J.Gough et.al.

11



8 A brief look at the simplest super-gravity ac-
tion

The simplest super-gravity action contains just two fields: the graviton of spin
two, which is a Boson, and its super-partner, the Gravitino of spin 3/2, which is
a Fermion. Its action has local supersymmetry, apart from being invariant under
local Lorentz transformations and diffeomorphism. To define it, we require first
to cast the Einstein-Hilbert action for the gravitational field in terms of its
curvature but expressed in spinorial language. Specifically, we start with a
tetrad e, satisfying
nnmezegb = 9uv

mn

L so that the covariant derivative of the

and define the spinor connection w
tetrad vanishes:

— n__n _Tp ,n

0= Dueu =€, FWep

+w,™Mem, =0

Solving this equation, we get

w)™ = fem“(ezw - FﬁyeZ)
= _emltez:u - (C)

The curvature of the spinor connection is given by

mn __ mn mn mn
RMV =Wy T W + [wu,wu]

Here, it should be noted that wy;"™" should be regarded as the element w;"" vy, /4
of the Lie algebra of the spinor representation of the Lorentz group where v,,,, =
[Ym,Vn]- Note that vm,n/4,0 < m < n < 3 are the standard elements of the
spinor representation of the Lie algebra of the Lorentz group and as such, they
satisfy the Lorentz algebra commutation relations. The covariant derivative of
the Dirac spinor field ¢ w.r.t. the spinor connection is defined by

Db = (0, + anVTan/4)¢

This covariant derivative satisfies, under the spinor representation of local Lorentz
transformations, the standard transformation properties that the connection
should satisfy under local gauge transformations:

S(g(«))D,uS(9(x)) ™" = D,

where )
D}, = 0y +w,"" Yrn /4

where

" () Yo /4 = " S (@)Y S(9(2)) 7! /4 + S(9(2))8uS (9(x))

12



where g(z) is a local Lorentz transformation and S(.) is the spinor represen-
tation of the Lorentz group. It should be noted that by using the standard
anticommutation relations of the Dirac matrices and the fact that the matrices
Ymn /4 are generators of the spinor representation S of the Lorentz group, that
for any element g of the Lorentz group,

S(g)%ns(g)il = gmYm

and therefore, o
S(9)vmnS(9) ™" = g an Ymens

Alternately, if
g(x) =1+ 0™ (z)ymn/4

is an infinitesimal local element of the spinor representation of the Lorentz
group, then under this transformation, the spinor connection transforms as

5w:¢nn7mn/4 = (wﬂmn - len)’ymn/Zl =

[eab’Yab/47 W,Tn’)’mn/4] - aﬂeabvab/él

By expressing the commutator [yas/4, Ymn/4] once again as a linear combina-
tion of the 7/ ;s/4 using the standard commutation relations of the Lorentz Lie
algebra, we can eliminate the gamma matrices in the above relation, thereby
reducing it to a direct formula for dw;"" in terms of wj,* and 6% and 8u0“b. That
this transformation law of the spinor connection required for the invariance of
the Dirac equation in curved space-time under local Lorentz transformations
can be counterverified by using the formula formula (c) for the connection in
terms of the tetrad by making use of the transformation law of the tetrad under
local Lorentz transformations:

ep(x) = g(z)ne ()

or equivalently, under infinitesimal local Lorentz transformations defined by
1+ gab(x)ﬁab,

dei(x) = 0°° () (€an) e (x)
where
e(ab)y, = 84 0Mbm — NamSy

(Note that e(ab),0 < a < b < 3 are the standard generators of the Lorentz Lie
algebra). In the simplest super-gravity Lagrangian, we have a graviton with the
Einstein-Hilbert Lagrangian e.R};"el; e, where e = det((e};)) and a gravitino x,
which is a Fermion but unlike the Dirac Fermion 1), it transforms according to
the adjoint representation of the spinor group. Specifically, the Lagrangian of
the gravitino is

eXp- " ad(Dy)xy
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where
X=X (@) = e ()
and yP*¥ is obtained by complete antisymmetrization of yP~#~¥.

It can be shown that the total supergravity Lagrangian, namely the sum
of the Einstein-Hilbert action and that of the gravitino, is invariant under an
appropriate local supersymmetry transformation of the graviton field ej; and
the gravitino field x,, provided that the spinor connection w;"" that appears in
the covariant derivative D)) = (0, + W] Vmn/4) is defined by its equation of
motion, i.e., that obtained by setting the variational derivative w.r.t. it of the
supergravity action to zero. (It should be noted that the gravitino is a spin 3/2
particle which can be realized as the tensor product of a spin-one vector and
a spin 1/2 spinor. Thus the gravitino has a vector index p and a spinor index
a. Note that unlike the Fermion in super-Yang-Mills theory, which transforms
according to the adjoint representation of the spin group, the gravitino will
transform according to the tensor product of the vector representation of the
Lorentz group with the spinor representation of the Lorentz group). It is easily
seen then that the resulting spinor connection will be a modification of the earlier
purely Bosonic case, i.e., it will also contain a gravitino bilinear component apart
from the graviton bilinear component defined in (c). In other words, the spinor
connection in this simplest model of supergravity described by the Lagrangian
density

L= e.R el + Ke X (@ + @) Ghnn/A)x0) = = = (@)

will be given by setting its variational derivative w.r.t wj™ to zero, recalling
that

Ryt = wpi = wpty + [wp, w]™"
It is clear from the fact that if the gravitino term were absent, then the field
equations would give the original answer, and hence, when the gravitino term is
present so that the total Lagrangian becomes locally supersymmetric, then the

spinor connection will have the form

wi'" = —e™el, + Ko Xuy," (0" [4) X0

= —e"ep, + Koxb Y (pe /D0 (V" [H)xp — — — (e)
Note that we can represent the gravitino, which belongs and transforms accord-
ing to the tensor product of the vector representation of the Lorentz group with
the diffeomorphism group of space-time, as

Xu = X Va
Using the identity
S(9)7aS(9) ™" = gaw
where g is a Lorentz transformation of space-time and S(.) is the spinor repre-
sentation of the Lorentz group, it follows that

S(9)xuS(9) " = X-97a9~"
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b
= X907
It follows that the spinor index a in the graviton components xj, transforms
according to the vector representation of the Lorentz group under the adjoint
action, ie,
b
X, = GaXy
and under space-time diffeomorphisms,
ox¥

ozH

X () = x5 (x)

In the above expression, 7,7 is obtained by complete antisymmetrization of
v/y*~yP followed by lowering the space-time index u using the metric g, =
Nmn€,, €, . Apparently, in this locally supersymmetric theory, there is no scope
for adding any control parameters, but if supergravity is correct, then we would
observe both gravitons and gravitinos, and by controlling the gravitino vacuum
expectations so that it has a non-zero value, we would be able to change the
dynamics of the gravitons. In this case, supersymmetry is broken because super-
symmetry is broken whenever Fermions acquire non-zero vacuum expectation
values. Let < x* > denote the vacuum expectation value of the gravitino. Then,
the effective Lagrangian of the graviton is given by (d), where we replace x* by
its vacuum expected value < x™*(z) > and also w;""(x) by (e), with x* in that
expression also replaced by < x*(z) >. The dynamics of the graviton can thus
be controlled by controlling the vacuum expected value of the gravitino. This
is a classical analysis. If we wish to do a purely quantum mechanical analysis,
then we start with the supergravity action Slej;, x§] and apply classical Grav-
itino fields Xﬂ“(x) and calculate the path integral over one-loop diagrams w.r.t.
the quantum fluctuations in the gravitino field. In this way, we would be able
to calculate the scattered state of the gravitons at time ¢ = 400 starting from
an initial state at ¢ = —in fty in the presence of an external c-number gravitino
field. This amounts to replacing xj; by X?ﬁ(x) + 6xj,(z) in the action and car-
rying out the path integrals w.r.t. e} and dxj,. To one-loop order, we retain
terms that are at the most quadratic in the dxj; in the action and evaluate the
path integral w.r.t it as a Fermionic Gaussian integral. This is analogous to
the one loop calculation of the quantum corrections to the Yang-Mills matter
and gauge field action performed in [Steven Weinberg, The Quantum Theory of
Fields, Vol.II, Cambridge University Press].

This is the simplest model of super-symmetry breaking in supergravity by
allowing the gravitino to acquire vacuum expected values. However, in con-
ventional global supersymmetric theories of matter and gauge fields, not in-
volving gravity, supersymmetry is broken when the f’(¢g) # 0 with ¢¢ being
the vacuum expected value of the scalar field. To connect this idea with the
present theory of supersymmetry breaking when the Fermionic gravitino ac-
quires vacuum expected values, we have to only note that in the former the-
ory, we obtained by path integrating over the auxiliary fields F, D, the value
F = f'(¢),D = K¢*¢ + £ and according to the standard supersymmetry trans-
formations, v is proportional to F' in the left Chiral multiplet while J\ is
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proportional to D in the gauge superfield VA(xz,0)t4. Thus, vanishing of the
vacuum expectations of the Fermion change §v is equivalent, after path inte-
grating over the auxiliary field F, to the vanishing of f’(¢¢) which is simply
the condition that the vacuum has zero energy and is therefore supersymmet-
ric. Likewise, vanishing of the Fermion change d\ is, equivalent, after path
integrating over the auxiliary field D, to the vanishing of K¢j¢o + & which
amounts to saying that the vacuum expectation of the scalar field is a constant
in space-time. It should be noted that when the vacuum has finite positive
energy, then by applying a supersymmetry transformation to it using one of the
supersymmetry generators (), we can transform a Bosonic state to a Fermionic
state of the same energy and vice versa. However, the condition for broken
supersymmetry is that the vacuum has nonzero positive energy. Thus, broken
super-symmetry means that the vacuum state has positive energy and hence
that a Bosonic vacuum state can be paired with a Fermionic vacuum state and
vice versa. Therefore, unbroken supersymmetry, which implies that the vacuum
energy is zero, also means that the vacuum cannot be paired with any other
state and is therefore invariant under the supersymmetry generators (). A nice
discussion of this account of unbroken and broken supersymmetry can be found
in [Steven Weinberg, vol. III, Supersymmetry], where it is also mentioned that
if F' is the operator that has eigenvalue zero on a Bosonic state and eigenvalue
one on a Fermionic state, so that (—1)f has eigenvalue 1 on Bosonic states
and eigenvalue —1 on Fermionic states, then, the Witten index Tr((—1)%) will
get contributions only from zero energy states, because positive energy states
of Bosons and Fermions pair up, leading to an equal number of Bosonic and
Fermionic states at any fixed positive energy. It follows that Tr((—1)%") is non-
zero and equal to the number of Bosons minus the number of Fermions in the
vacuum. In particular, supersymmetry is unbroken iff the vacuum has zero en-
ergy, iff Bosonic and Fermionic states in the vacuum cannot be perfectly paired.
This amounts to saying that if supersymmetry is unbroken, then we can have
a vacuum state that is either purely Bosonic without any Fermion to pair up
with these Bosons or vice versa.

Now, based on this discussion of super-gravity and general global supersym-
metry breaking, we can formulate a more complex super-gravity theory having,
apart from the gravity and gravitino, matter and gauge superfields in addition,
so that the total Lagrangian of gravity and these fields is the sum of a simple su-
pergravity component discussed above, comprising the graviton ej;, the gravitino
Xu, chiral matter fields ¢, (i.e., Higgs and Higgsino), and gauge fields Vlf‘, A
(gauge and gaugino). This enlarged super-gravity Lagrangian is now invariant
under local supersymmetry transformations, apart from being diffeomorphism
invariant. The space-time derivatives that are used in defining the infinitesimal
supersymmetry transformations are now replaced by covariant derivatives with
the connection being the spinor connection built out of graviton bilinears and
gravitino bilinears, as discussed above. The metric of gravity now naturally
enters into the picture just as it enters into conventional (non-supersymmetric)
theories of gravitation, such as the scalar field and gauge field interacting with
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gravity described by the Lagrangian,
L =c(1).RV/=g + 9" (2)Dud(x)" Dy (d(x)) v —g(x)
—(1/F (@) Fy () —g(x)

where
Dy (x) = (0 +ie.V ta)d(x),
ieFs, = [Dy, D)

An even simpler non-supersymmetric situation in which we have just another
field, the scalar field, will be based on the Lagrangian

L= Ry/—g(x) + ¢"" () —9(2) 0, ()0, ¢ (x)
—V(g)V—yg

Here, we replace ¢(x) by ¢ + d¢(x) and evaluate the path integral w.r.t d¢ up
to second order in d¢ (i.e., up to one loop correction terms). Writing

Q(d, x) = / 9" /90,60, x.d*z

we get

/ exp(Q(do + 66, do + 56) — V(do + 66))Dds
— cap(Q(do, do)— / V(60)v/"9). / exp(2Q(0, 66)+Q(56,66) / V' (o)~ 506—(1/2) / V" (60)V"5(56)°)1
— cap(Q(do, do) — V(d0)). / exp(Q(66.56))

1-(1/2) / V" (o) =g (66)? + (1/2)( / V' (60)v/—566)?
+2(Q(o, 66)*] D
— cap(Q(do. do) — / V(d0) +55(0,9))

where §.5(¢o, g) is obtained by evaluating the zeroth and second moments of a
Gaussian density functional. The effective gravitational action, after interacting
with a quantum scalar field controlled by a classical control scalar field ¢g, is
therefore given by

Serr(gleo) =

/ Ry/=gd*z + 55(¢0, g) + Q(¢0, dolg)

and, by controlling the classical field ¢g(x), we can therefore control the metric
and also quantum gates based on the evolution of the wave function of the
metric field. Remark Q(¢o, ¢olg) is the same as Q(¢o, ¢9) with the dependence
on the metric g being emphasized.
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9 Simulation Results

Super Yang-Mills theory is the simplest supersymmetric field model having just
one gauge boson and one gaugino field, which are super-partners of each other.
This can be derived from the discussion at the beginning of this article by
deleting the scalar Higgs field ¢ and its super-partner, the Dirac Higgsino field
1. Thus, there are only two component fields, namely the gauge field V#A and
the gaugino field A*. This theory can be derived from the super-symmetric
Lagrangian [W71eW4]s where Wy is the left chiral spinor superfield defined by

Wa = DheDrexp(—t.V)(Dpexp(t.V))

with
V(z,0) = VA(x,0)ta

VA4 being the gauge superfield. This Lagrangian contains a D? term which can
be eliminated by setting it, by noting that path integration sets it to zero, its
value at which the Lagrangian is stationary. More generally, we can add to
this Lagrangian a supersymmetric term &4 D4 linear in the D, and then path
integration sets D4 to a constant.

Here, we simulate a quantum unitary gate and a TPCP map based on super
Yang-Mills theory. The Lagrangian in this theory is

L= (~1/4)F"Ej + (M) ey [Dy, A1

where

D, =0, +ig.Vita

[ta,tg] = —iC(ABC)tc

and

igF:‘u = [D#,DV]A
or equivalently,

Fh, =V -V +9.C(ABC)VPVY

It is easily seen that by adopting the gauge condition VOA = 0, with the canonical
position fields as QAV,A, r = 1,2,3, so that the canonical momentum fields for
the gauge part of the action become

P =9L/OVy, = Fgh

we can express the corresponding Hamiltonian by applying the Legendre trans-
formation in the form (1/2)F§l Fgt +(1/4)FAFA, or equivalently in abbreviated
notation as

Hgge = Cl (TS)PTPS + CQ(TS)QTQS + CS(rSk)QrQSQk + C4(T8km)QrQstQm

Here, Q.., P, are abbreviated notations for the canonical position and momen-
tum variables of the gauge part of the action. The Hamiltonian of the gaug-
ino part of the action, on the other hand, is the sum of a free gaugino part
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i(A)T~2ey" 9, A4 and an interaction part with the gauge potential C(ABC)(A4)Tv%ey"V.EXC.
Denoting by g, p.- the canonical position and momentum variables of this gaug-

ino part of the action, we can express the gaugino Hamiltonian along with its

interaction with the gauge part as

Hgino = D1(r8)prqs + Da(rsk)prqiQs

Note that @Q’s are built from VA, P's from V;j‘o, gr from A4, and finally, p,
from (A4)*7? = (A)T~%¢ using the fact that the \* are Majorana Fermions.
Now comes the crucial supersymmetry breaking argument: When the gaugino
fields acquire vacuum expectation values, the second term in Hg;pn, gets re-
placed by Da(rsk) < p, >< qr > Qs, which can be expressed as a(s)Qs, where
a(s) = Da(rsk) < p, >< qr > are parameters dependent upon the vacuum
expectations of the gaugino field, and this amounts to the following effective
Hamiltonian for the gauge field:

Hgge,eff(Qa P) = Cl (TS)PTPSJV_CQ(TS)QTQ5+C3(TSk>QTQst+C4(T5km)Q7‘QSQka+a<S)QS

We shall base our simulation studies on this model.

To simplify matters further, we shall assume that there is just one position
variable for the gauge field, and therefore the controlled Hamiltonian can be
expressed as

H(Q, Pla(t)) = (P? + Q%) /2 + c(1)Q® + ¢(2)Q" + b()Q

where we have allowed the parameter b = b(t) to depend on time. This looks like
the Hamiltonian of a one-dimensional harmonic oscillator with cubic and fourth-
degree anharmonic terms plus a control electric field interaction term, assuming
that the harmonic oscillator particle carries charge. Thus, the control parameter
b(t) can be interpreted as a time-varying control electric field. Introduce Using
time-independent perturbation theory and the quantum theory of the harmonic
oscillator, we can compute the approximate eigenfunctions |u, >,n > 0 and
corresponding energy eigenvalues F,,n > 0 of the harmonic oscillator with
anharmonic perturbations described by the Hamiltonian

Ho = (P*+@Q%)/2+ c(1)Q® + ¢(2)Q*

Then, using time-dependent perturbation theory, we can compute the approxi-
mate evolution operator of the perturbed system as

T
U(T) ~ Uy(T) — i /0 b(t)Uo(T — t)QUy (¢)dt

where
Uo(t) = exp(—itHy) = Zexp(fitEnﬂun >< Up)

Truncation to N + 1 dimensions gives the NV + 1 x N 4 1 dimensional unitary
gate

N T
Un(T) = Uon(T)—~i > / b(t)exp(—iEy(T—t)—iEpt) < Un|QW [thy, > |ty >< Uy
0

n,m=0
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N T
= Z [5[n—m}7/0 b(t)exp(i(Ep—FEm)t)dt)exp(—iE,T) < un|Qlum >]|tn >< tp|

n,m=0

and we can control the function b(t) or, better still, its truncated Fourier trans-
form br(w) = fOT b(t)exp(iwt)dt evaluated at E, — E,, so that the gate Un(T)
having matrix elements

< un|UN(T)|um >=

T
d[n —m] — /0 b(t)exp(i(E, — Ep)t)dt)exp(—iE,T) < tun|Qlum >

(n,m = 0,1,...,N) is as close as possible to a desired N + 1 x N + 1 unitary
gate w.r.t. the Frobenius norm.
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