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Evaluations of Complete Bell Polynomials
for Quadruple-Indexed Bernoulli
Numbers in Terms of Generalized
Bernoulli Polynomials

Feng Qil

1. Independent researcher

In the paper, in light of the generating function of the complete Bell polynomials and other
techniques, the author discovers several evaluations of complete Bell polynomials for quadruple-
indexed Bernoulli numbers in terms of the Stirling numbers and generalized Bernoulli polynomials.
These findings are related to multiple zeta functions, correct an error in previous work, and generalize

some known results.
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1. Introduction

11. Hoffman’s formula

In 1992, Hoffman W introduced and investigated the multiple harmonic series (now known as the

multiple zeta functions)

1
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C (21’22""’zk)7 Z
niin2--nik
nyzny> e zn2 1%y k
and
1
C(Zl,zz, ~~,Zk) = z 2
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fork € N = {1,2,...} and %(z,) > 1. This is a natural generalization of the classical Riemann zeta function
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&) = Z;,%(z» 1.
n=1

For more information about ((z) and its recent properties, please refer to 2! and the review article 31 The
multiple zeta function ¢(z,z,, ...,z;) plays an important role in quantum physics and in knot theory,

please refer to the monographs (4103,

In order to derive

22k

{2,2,..,2)= W,k EN

k
in 1), Hoffman established in [! the following elegant formula.

Theorem 1.1 ()). For € N,

Z ﬁ 1 2 1
2t i it <2’><2’>' 27Kk + 1)
1,6, ... ,LLEN,

where B, denotes the Bernoulli numbers generated (2! by

© i 1 ® 72
; Ez+g32i®, |z| <2m.

-1
1.2. Gencev’s extensions of Hoffman’s formula

In 2024, three decades later, among other things, Gencev [6] extended the formula (1.2) in Theorem 1.1 via
specific zeta-like series in terms of the Bernoulli numbers B,,, the Euler numbers E,,, and the Catalan

numbers C, as follows.

Theorem 1.2 ([(—’1). Fork € N, ={0,1,2, ...}, we have

1 1
3 1 ﬁ[ By 14 |mi@nr € b
Koprrl@ept| )22
Hoee izt (4k) 11

€.y, . L EN,

By e=-—1.

Theorem 1.3 ({91). For k € N, we have

1

LA By 14 (4’ €=
2z g,gH[(4/_1)(2j)(2j)z] ={

a1 B €=71
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where E,, denotes the Euler numbers generated [l by

Theorem 1.4 (¢)). For k € N, we have

Z 1 H[e 2i\1¢ Cp €=1;
k 2_()] ") G €=-1
zlel'[]:k szlfj!jzl J \J k=1

by, JGEN,

1 2k
where C, = - (, ) for k € N, denotes the Catalan numbers generated 1810910101 pyy,

o0

1
= ZCkxk=1+x+2x2+5x3+---, [x] <.

2
1++/1—4x =0 4
1.3. He—Qi’s reformulations of Gencev’s formulas

In [ the Bell polynomials of the second kind, also known as the partial Bell polynomials, are defined by

k—j+1
Bk,_/(al’ar-"’ak—jﬂ) J 1 (a;\&
o - . M=
. k—j+1, . it .
S el
R
€, b, ..., L EN

forj, k € N satisfying k > j, with the special cases B, ((a;) = 1 and

Bk,o(al’az’ s ) =0,k EN.

In W and [Q], the complete Bell polynomials, denoted by B(a,, a,, ..., a;), are defined by B, = 1 and

k

Ba,ay, ...,a) = ZBkJ(al,az, ...,ak_j+]),k € N.
j=1

For more information on the partial and complete Bell polynomials, please refer to ) Directly from the

relation (1.8), it follows that

Ba,a,, ....,a;) k 1 [a;\&
1 %20 o P i\
e Y § Y E R =
k! « el R WA
Sinit=k i=1] 1
€.y, o JLEN,

The complete Bell polynomials B,(a, a,, ..., a;) have an exponential generating function

k

o0 k o0
z z
exp(z akp) = ZBk(al,az, ‘“’ak)ﬁ’
! = !

k=1
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which can be found in [l and 121,

In 2024, observing and comparing the expressions on the left-hand sides of the identities (1.2)
through (1.6) with the expression on the right-hand side of (1.9), He and Qi 81 reformulated and
alternatively proved the formulas (1.4), (1.5), and (1.6) in Theorems 1.2, 1.3, and 1.4 in terms of the complete

Bell polynomials B, as follows.

Theorem 1.5 (@1). Fork € Njyand € = +1, we have

1 k!
LI -1
eB, eB, e(k—1)By, %+l €00
221240772 (k) K (2-2%)
@t B €=71
Theorem 1.6 (13)). For k € N, and € = +1,we have
% _ k! -
(3632 1584 (2 1)E(k—1)!32k YIL e=1;
220 2 a0 2 26! - k!
2k o Ewe €=71

Theorem 1.7 ([El). Fork € Nand € = +1,we have

etk—1)! 2k k1Cy €=1
Bk 6,36,205,..., P (k))i 7k!ck717 e=-—1.

14. He—Qi’s generalizations of Gencev’s formulas

In light of the generating function (1.10) and other intricate techniques, He and Qi B! not only
alternatively proved Theorems 1.5 through 1.7, but also generalized Theorems 1.5 through 1.7 from the

specific cases € = +1 to the general case € € R. We now recite these generalizations as follows.

Theorem 1.8 (‘[1—3]‘). For k € Nand € € R, we have

B, B, (k=1) By,
Ble- & Tanr
2k (-20), € -
k! ¢ o T(2k+j.j)
= -1 T
(2k)![§l & jgl( )1(]) (Zk;'/) ’

where the rising factorial (z),, for z € C s defined m by
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-1

@c=[le+o=

=0

2z+ D)z re—1), €>1
{ =0

and the central factorial numbers of the second kind T(p, q) for p, ¢ € N, can be computed 14! by

T(p. ) = ZH()( )p,qENO

with T(g, q) = 1 for ¢ € Ny and T(p, 0) = 0 for p € N.

Theorem 1.9 (@). For k € Nyand € € R, we have

By % By
B, 362,,1554—,,...,(2 k- Dlegny

! 2k (-26), (- 1)”’

¢
=22"(2k)![§‘0 0 Z: m ( )Z( )2q = m)*,

where 0° is understood as 1.

Theorem 1.10 (@). Fork € Nyand € € R, we have
k
2k k+e—1y ,
Bk(26,6€,406,...,6(k— 1)!( . )): Z(ze)k_(( » )2[(26—1)!!.
=0

1.5. Xu'’s concise forms for He—Qi’s formulas

In early 2026, using the concept of the complete Bell polynomials B,(a,, a,, ..., a;) and the equation (1.10)

again, Xu [15) presented concise forms for the formulas (1.11), (1.12), and (1.13) in Theorems 1.8, 1.9, and 1.10.

We recite his results as follows.

Theorem 1.11 (‘[ﬁ]-). For k € N, and € € R, we have

R 32 B, (k=1!By, - k! 526
N o |~ @B 9

where the generalized Bernoulli polynomials B, (") for ¢ € C are generated 2 by

-1

z
( ) Xz _ ZB(J)(x)kl" z| <2

Remark 1.1. 1t is easy to see that the generalized Bernoulli polynomials B,E"’ (x) generated by (1.15) satisfy
BV =B, and B{" ) =B,w),

where the Bernoulli numbers B, are generated by (1.3) and B,(x) denotes the Bernoulli polynomials.
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Theorem 1.12 (131, Fork € N,and € € R, we have

B, B, (k= 1)1By\ 11
4 2% -k _ ( 2€)
Bk(3€2|’1564|""’(2 I)E (Zk)' (2k)| 2k ( E)

where the generalized Euler polynomials E(") for ¢ € C are generated 21 by

e+1

2
( ) —ZE‘”)(x>k,,\z|<n.

Theorem 1.13 (!2)). Fork € Nand e € R, we have

2% 2k—1+2€
Bk(2€,66,406,...,€(k* 1)!( k )) = 2ek- ‘)’( k=1 )

where the generalized binomial coefficient (; )forz € Cand k € N, is defined by

(-Dk(-2),
(Z) — Y k>0
s = k!

0, k<o.

1.6. Alternative proofs of Xu’s concise formulas

In the recent paper 16l by establishing the formulas

1 1+(71)2m*k+1 1

1
Bom, |9 3.0 5 2 2m—k+2

2%m k_T(2m+¢,¢)
_ k ¢
= (i Z( DNOY =

4

and

11 1+(En2mk2 g
B 0,-,0,2,... =0
2mt 1k ™30 50 2 2m—k+3

form > k € Ny, where B, , is defined by (1.7), verifying the identity

S0 (e

m
m=0 2

o
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for k € N and j € N,,, and making use of the well-known Faa di Bruno formula, the author proved the

formulas
2% ¢
€ (&) N TRk, j)
o(£)- 2 Te((
2k \ 2 = !j:1 (]) (2k/+.1)
2% ¢
1208 —npm, ¢ m
EO[-)==Y — 2 — 2k,
(5) T TG (e
and

ek — 1)!(21{1:1+ E) = éo(e)k_f(H% : )25(25— i

for k € Nand € € R, and then deduced Theorems 1.11 through 1.13.

1.7. Concise and elegant proofs of Xu’s concise formulas

In 17 the author presented concise and elegant proofs of Theorems 1.5 through 1.7 and Theorems 1.11
through 1.13. In particular, the proofs of Theorems 1.11 through 1.13 are especially streamlined and

elegant.

1.8. Two aims of this paper

The aims of this paper can be stated as follows.

1.8.1. First aim

Lemma 3.2 in [ reads that the identity

k k i
[Te-n=2e Jlex-p
i=0

=0 j=0
is true for k € Njand x € R, where

+k-1
[] ck-jp.0<i<k €N,

J=

(— 1)tk i
Cik™ 5ok—i+1j

Applying (1.16), Gencev established in 0 that the formula

%

5 ﬁ 1 | ( 1)j<2k—2j) x
(. T kt1 - !
nl>n2>--->nk21j=ln./(n./+ 1) k+1 izo k 2!
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is true for k € N, where |1] denotes the floor function whose value is the largest integer less than or equal

tol €R.

In this paper, we will give a more concise and more meaningful form for the quantity c; ; in (117) in terms

of the product of the Stirling numbers of the first and second kinds s(, k) and S(», k), which can be

analytically generated by [(see [181y)

[x] <1

[1n(1+x)] i stk + n, m) xk
=0 k+n k1’

n

and [(see 1)

ef -1 OOS(k+nn)x
( ) 5 oy e

n
for n € N, respectively.

Making use of the new form for the quantity ¢ ;.51 (117), we will rewrite the formula (1.18) and give a new

1
ny>ny> >”k>1H =ln(n+1)°

formula for ¥

1.8.2. Second aim

In 6] Gencev pointed out in a concluding remark that Hoffman’s formula (1.2) in Theorem 1.1 can be

generalized in light of the known formulas for the multiple zeta functions

¢
{2n,...,2n) = (71)k(n+1)(2n-)2ﬂk Z H o Biin ]

21 2in)!
— Yijic=k  i=1 (2in)

k U1l . G ENG

and

c*@n, ., 2m) = CDRemk Y H

- sh =k i=1
0116, o GEN

-Dbf1 By 16
! 2i 2in)!

for n, k € N; see 22l For more closed-form evaluations of these functions, please refer to the papers 11

[20] concretely, Gencev claimed that

L. 22k+l
> H ] — - )f——— kEN
l | 1’
S ! (21)(41) @k +2)!
0.0, ... [LEN,
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The formula (1.23) is of a slightly different structure from the forms in Theorem 1.1 and Theorem 1.2 for

€=1.

As done in the paper 131 applying the definition in (1.9) for the complete Bell polynomials B,(a}, a,, ..., a),

we can reformulate the formulas (1.21), (1.22), and (1.23) as

DFEED o2k (01 By, 11 By, (k=11 Boy
2n, ...,2n) = 5 )
{@2n, ...,2n) x H2@n”2@n” " 2 Q)|
W
. (= 1)k(2z) 2k 0! By, 1! By, (k—1)! By
2n,...,2n) = ————— Yz s
{*(2n, ..., 2n) x N2 el 2@ 2 @) |
Tk
and
0184 118y (k1)1 By !
d2ar 25 "2 an | TV @
fork,n € N.

From (1.8), it follows that
B(a) = Bl,l(al) =a,.

Therefore, the formula (1.26) for £ = 1 becomes

0!8y 23 018y 23 1 1
2| s T 249" s T T1a0 oo
This contradiction shows that the formulas (1.23) and (1.26) are incorrect.

The second aim of this paper is to correct the formulas (1.23) and (1.26) and generalize them to more

general cases.

2. Achievement of the first aim
We now start out to achieve the first aim of this paper.
Theorem 2.1. For 0 < i < k € N, the sequence c; , in (117) can be alternatively expressed as

s+ 1,j+DSG+1,i+1)
2_/+1

s

k
Cik™ Z

J=1
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where s(k, i) and S(k, i) for 0 <i < k € N, denote the Stirling numbers of the first and second kinds generated

by (1.19) and (1.20).

Proof. It is known that the Stirling numbers of the first kind s(k, ;) for £ > i € N can also be generalized by

k
(x), = Zs(k, Lk € No,
i=0

where the falling factorial (z), for - € Cand n € N, is defined & by

zZz=1)(z—-n+1l), n€EN;
T

For details on (2.2), please refer to 2 [71 and 11, Accordingly, due to s(i, 0) = 0 for i € N, we obtain

k+1 k
(xX)yy = H(x D= Y s+ 10w = D sth+1,i+ "k €N,
i=0 i=0

i+1 i

(2x),,, = H(zx —j)= s+ L)Y = D s+ 1,j+ D2y i EN,,

Jj=0 Jj=0

and, by interchanging the order of summations,

Zakfhh‘n—chZﬂwwz+mnwl
i=0 j=0
k k

= Y e s+ 1, + 12x) !

Jj=0i=j

k
=y Zc[ S0+ 1)](2@!*1

i=0| (=i

Consequently, equating the coefficients of x in the equation

k k k
Doslk+ 1+ DT =Y N e, s+ 1L+ 1) @)
i=0 i=0| (=i
results in
: L stkrLity
zcg,kS(fﬂ,zH):T,OSszeNO.

=i

These equations can be written as a matrix equation
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0
0

Therefore, since s(k, k) = 1 for k € N, we arrive at

From the relation

€0,k
1k

N

s(1,1) s2,1) s(3,1) - stk+1,1) €0,k
52,2) s3,2) - s(kt+1,2) 1k
0 s(3,3) - s(k+1,3) G =
0 0 stk+1,k+1) Chk
S(LD) s@1) sGo) st 1)
0 s(2,2) s(3,2) - stk+1,2)
= 0 0 s(3,3) - stk+1,3)
0 0 0 e skt 1Lkt 1)

Ck.,k

n

Jj=0

Ssnsin= (")

forn >k € N, see [21] and [22], we deduce

geios.com

or Y. S(n,))s(, k) = (n
j=0

s(k+1,1)
21

s(k+1,2)
22

s(k+1,3)
23

s(k+1,k+1)
2k+]

s(k+1,1)
21

s(k+1,2)
22

s(k+1,3)
23

s(kt+1,k+1)
2k+]

%)

s(LD) s, 1) s@G, D) - st 1,1\
0 s2,2) s3,2) - s(k+1,2)
0 0 53,3 - s(k+1,3)
0 0 0 v skt 1L, k+ 1D
s, 1) 82,1 SG,1) - Sk+1,1)
0 82,2 53,2 - Sk+1,2)
0 0  SB3,3) - Sk+1,3)
0 0 0 o S+ 1,k+1)
doi.org/10.32388/GWG6XA
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Consequently, we obtain

s(k+1,1)
2]
€0,k S(1,1) 82,1) 8S3,1) - Sk+1,1) s(k+1,2)
1k 0 S22 S3,2) - Sk+1,2) T
G |= 0 0 53,3 - S(k+1,3) s(k+1,3)
: . . : .. : 23
Chk 0 0 0 e Skt 1,k+1) !
’ s(k+1,k+1)
2k+l

This means that

sk
k= ‘ZS(;+ it )= =
J=1 ;

K osk+1,j+DSG+1,i+1)
ZA 2j+1

J=1

for 0 < i < k. The proof of Theorem 2.1 is complete. 7

Making use of the new form (2.1), we now start off to rewrite the formula (1.18) and give a new formula for

k 1
ny>ny> e >n>1 J=1n(n;+1)"

the quantity Y,

Theorem 2.2. For n € N, we have

k 1
b3 I1
nl>n2>--->nk21j:1nj("j+1)
—(_l)kz_ulkéﬂ(_l)i(f)ﬁ Eos(h+1,+1)SG+1,2i+1)
(kD1 = 2) &, > .
Proof. Let
1
(pk(an) = Z — k € N.

a_a, - a
ny>ny> e >n>10 M Ny

In (23] it was proved that

H (1 B ai) =1+ z (_x)kqok(an)'
k=1

n=1 n

For a, = n(n + 1), it is not difficult to see that
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ﬂ[ln(nin]_ﬁ

it n(n+1)
1 1 1
. n+'L*\#r+Z n+5‘¥\fr+z
= tim [] nn+ 1)

3 1 3 1

r mEs Aty r m+ s tqlxt g
3 1 3 1
r{3-axt; O z+4x+3

C(m + DI(m +2)

= lim

m— 0

3 1 3 1
Clm+ 35—+ |T{m+ 5+ 4+

o T+ Dl +2)
1
for |x| < >
In [ we find the asymptotic relation
b I'z+a) (a=b)a+b—-1) 1 a-b 3(a+b*1)2*a+b*1
a ~1+ +— ( ) +
Tz + b) 2z 2\ 2 2

as z — «along any curve joint z = 0 and z = «, providing z # —a,~a~1,—-a—2,...andz # —b,~b—1,-b 2, ...

. This implies that

3 1 3 1
Clm+5 —qx+ 7 [0lm+ 5 +4/x+7

lim
o I'(m+ 1)[((m + 2)
3 1 .
r m+ s —qlx+y
1 1
—Z+Alx+ 7
lim T+ 1) m~ 2P\
m-—o0
3 1 i
T m4-5+ X+Z
1 1
X lim m2 \*"1
m—ow I'(m+2)
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Therefore, we arrive at

__Z(4x)kz((;31)' (2) (Z)

(4x>"

( l)ﬂ 1
- — Z oY (2) H(n

where we used in the second equality the recursive formula I'(z + 1) = zI'(z) and the reflection formula

T
Fer(-z=——:¢&2

sin(zz)

in 2l and considered in the last equality the facts that an empty product is understood to be 1 and that

z =D" (m\2n T
nzo(z”)!(z) =cos2=0.

Further applying the identity (1.16) yields

(4x)kk coy et
H n(n+1)] z - Oczk 1[2 (2}’!)' 2) j]i(!(2l’l])]
o kk 1
Z k! Z(’l k— lRl’

i=0

where

geios.com doi.org/10.32388/GWG6XA
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2y !
©e % o () e
o)

n= j=0

i 1! (7[)2n
:[(1+])/2](2n -2

oo ( 1)n+ (i+1)/21-1 2(n+1 (i+1)/21)
:Z::[z(n+[(z+1)/21)—l—1]'( )

T\2[ (i+1) /121 -6, (—=1)" W+,
PN Y G NEI ST bl z i
2 = @n+ 3! :

the notation [x] stands for the ceiling function which gives the smallest integer not less than x, and

i+l 1+ =1y
6,=2 —i-l=—5—iEN,

Accordingly, we have

T
n)zﬂ sin7, iiseven

R 7( 1) (l+1)/2]—1(2

cosi, iis odd

T\itl
7( 1) (l+1)/2‘|*1(2) §i~

As aresult, in view of (2.1), it follows that
0 x 1°0(4x)“‘1 NSIRTEAGS
Hl[lim] _—Z : Zc’kl( preeh] o
n=

| © (4x)k[(k—l)/2] 2i+1
:;TZ i OZ 521k1( 1)()

1 ®° 4okl (k=1)/2] 2i+ k=L g (k j+1)S(j+1,2i+1)
D 2 DEENC ) .Z S g
k=1 i=0 J=2i
w [lk/2] (a\2i Kk s(k+1,+1)S(G+1,2i+1) | 2%k
=X | Z (—1)’(') > ' - .
i=oli= 2 by 2 (k+1)!
Comparing this result with (2.5) for a, = n(n + 1) leads to
22 Lh2] 2\ & st 1+ DSG+1,2i+ 1)
— (—1\k _1il = ? ?
pyn(n = 1) = Ve 26D (2) 2 y
i=0 j=2i
for k € N. By the definition (2.4), it follows that
geios.com doi.org/10.32388/GWG6XA
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1
ny(ny+ Dny(ny + 1)ny(n, + 1)

P n(n+1) = Y

ny>ny> e >nk21
k
1

-y M——.ken
ny>ny> e >nk21j:| ni(ni+ 1)

Consequently, the equality (2.3) is thus proved. The proof of Theorem 2.2 is thus complete. 7
By establishing a series expansion of the function cos (ax/l + bx) for a, b € R, we derive a new formula for

k 1
ny>ny> e >n>1 J=1n(n;+1)"

the quantity Y,

Theorem 2.3. For k € N, we have

k 1

Z Hn(nfrl)

ny>ny> e > =lj=1"7

12kl kAl z\J 2k—j+1 G+Dr
=T 2 (—1)1(5) [2(k —j) + 1]! !(z(kij“) Jeos—5—.
j=1
Proof. The famous Faa di Bruno formula reads that
k
NS = XD GE)B, (K@ h @), h D)
j=0

for k € N, where fis a k-time differentiable function and # is a (k+ 1)-time differentiable function;

see [24 or [, Accordingly, we obtain

n

— 1
[COS(Q\/I +bx)](”) _ Z(COS”)(k)Bn,k(ab(E) a +bx)1/2*1,
k=0 1

1 1
2 =) (1 +p0)1/2-2 . gpn—k+1{=
ab (2>2( bx) s .., ab 2

n—k+1

n
km 1 1 1
— 2cos(a+—)3n t ab(—) ,abz(—) ,...,ab”*/ﬁl(_) ,x — 0
=0 2 ’ 21 2/, L
= cos|la+ — |a"b"B =), \=z],..,\=
o 2 w2 \2 ], 2 n—k+1

b\n k kel
:(71)"(5) Z(*l)kcos(a+;)ak[z(”fk)fl]”( 2(n—k) )
k=0

(1 +bx)1/2_(k_i+1))

for n € N, where u = u(x) = a1 + bx — a as x — 0 and we used the identity

2 —k+1 _ k
B”’k(aﬁxl, afzy, ..., of" Zn—kﬂ) =a ﬁan,k(Zl’ZZ’ v Zy i 1)

forn>k>0anda, g € C,in Wand 22l and the formula
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(1) (1) (1) . {1y k
s3] Az 5] ] - [2(n—k)—1].,(§)(2(’17k)>

in 251 and 1261, As a result, we acquire a series expansion

cos (ml 1+ bx)

(71)” o o ( : ) (bx)n
Deak[2(n — by - 1 )=
. [kzo( Yea'[2(n— k) —1]! (2( 5 )cos at s >

fora, » € R. Taking a = g and b = 4 in (2.10) leads to

1™ 8

n

71\/1 +4x
2

n 7 \k —k-1 (k+ Dz | (26)"
=z ey z<—1>k; 20~ k) - (2 b Jeos™5 :
Pt (n=

Ccos

8

2 n!
n=1

Substituting this series expansion into (2.6) yields

o fntl

* (k+ Dz (=
- k
I [ n(n+ 1) Z 2. (- feos (2)

n=1 n=1\]k=1

n—k+1 2n+l(_x)n
S R e
Comparing this with (2.5) for a,, = n(n + 1), we arrive at

pk+1 k+1

o (Gt Drfm\ ) 2k—j+1
¢k(n(n+1)):;—(“1)!/;(—1)/005 5 (5)/[2(k71)+1]1!(2(k_j+1)).

Combining this with (2.7) results in the formula (2.8). The proof of Theorem 2.3 is complete. 7

3. Achievement of the second aim

In order to correct the formulas (1.23) and (1.26), we first present a lemma.

Lemma 3.1. For n € N, we have

i (71)/( 2n+1 ' (n+Dx
~ Qk+ D1@n—2k+ 1! @u+2)"" 2

Proof. Consider the series expansions

* x2k+1 o 2m+l
S PN
sinx kz::o( 1) ETEETY and sinhx = z (2m O
geios.com doi.org/10.32388/GWG6XA
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Multiplying the two series gives

o0 n

inxsinhx = mt2,
SIS ZO kzo(zkﬂ)!(zn—zkﬂ)! *
n=0| k=

On the other hand, utilizing the exponential forms

sinx = T and sinhx = 5

where i = \/—_1 is the imaginary unit, we deduce

1
sinxsinhx = Z[e(1+i)x_e(—1+i)x_e(l—i)x+e(—1—i)x]
1

- O[(l "= (1+)" - (1 -)"+ (-1 71‘)’”]%.

| =

M s

m

Since sinxsinhx is an even function, only even powers m = 2n + 2 for n € N, survive. The coefficient of x** 2

in sinxsinhx is

1 (1 + i)2n+2 _ (_1 + l-)2n+2 _ (1 _ l-)2n+2 + (_1 _ i)2n+2

4i (2n+2)!

1(1+)>2— (1 -p2*?
S 2i (2n+2)!

| (\/Eem/4)2n+27 (\lze,[z/4)2n+2
T2 2n +2)!

2n+1 ein:(n+1)/2_e*i7r(n+l)/2
T (n+2)!

antl C(n+Dm

Ton+o™ 2
where we used 1 = i = \2¢*"'#. Consequently, we conclude

®© n+l
2 C(n+ 1)7rx2n

. +2
sin .
Zen+2)! 2

sinxsinhx =

Combining (3.2) and (3.3) leads to the formula (3.1). The proof of Lemma 3.1 is thus complete. /7
We now in a position to give and prove a corrected version of the formulas (1.23) and (1.26).

Theorem 3.1. For k € N, we have

0184 118y (k—1)! By .
Blaa 250 2 (4k)! -Ch 22514 4+ 2)1

and
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Q2k+1 4k
{@,...4) =

k

(4k+2)1°

Proof. Making use of the generating function (1.10) yields

1 & By 2t i 0184 11Bg (k-1 By \ZF
—_—— Bl=—. ——. .. —|=.
exp 2 e CO T R P TR N TR IR CToTS Y

Therefore, it suffices to show that

1Z By z > (— 1Dk "
ep(§;1(4k)'k) Z 2 gk )

From the series expansion

sinx i [ By ] (2x)2k
In— =-— — x| <
" TN YRR
k=1
see BBland 127 and the relation
sin(ix)
sinhx = -
l
in (27 it follows that
| sinhx i ‘1 | Byl (2x)2k
= - —_ <
t ( % @ ¥

Accordingly, we obtain

sinx sinhx sinx sinhx
In| —
X  x

i k+1\32k\(2x)2k 2| Bkl (2x)%
A 2% QhI 2T 2% @)

> [ Byl (2x)2k
— _ 11k = =
= 21D 2k (2k)!

k
i B4k (2x)4k
@k 2k 2 I

<.

4

Replacing x by — gives
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A&

1 sin; sinhT 12 By S
n =T ) .
£ 25 (40! k
2 2
Equivalently,
B
12 By K sin 3 smh7
xp 22(4k)'k A
2 2
On the other hand, since
{‘/; 2n
{: B
NE 5 o (&)
= 1 = _1 _
v AT e T A g
2
and
A\t/; 2n
L ) _
smh— (\/z)n

:Z:: +1)|:Z:: 2"(2n+1)'

n

straightforward computation results in

oAk
sin—~ sinh =~ ®
2 P 22”(2;1+1)v“Z 22"(2n+1)']

Q/; é/z n=0
2 2

) o — ]wz)"

ol =o2% @k + 11220 2p - 2k + 1)1

D ;
22,1 [Z Qk+1)12n—2k+1)! ](\/2) ’

n=0

Further employing the formula (3.1) in Lemma 3.1 reveals
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O

sin— smh 2n - l)k

2 2n
o Z (2 Z::O(zk+ 1)!(4n — 2k +1)! (\E)
2

ol %

© 22n+l
n

— — 71 n
2024" Vi

_2(7 )n N

a0 2% 1(4n +2)!
Combining this with (3.8) leads to (3.6). Consequently, the formula (3.4) follows.

Substituting the formula (3.4) into (1.24) and simplifying lead to (3.5). The proof of Theorem 3.1 is

complete. 7
In order to generalize Theorem 3.1, we need the following lemma.
Lemma 3.2. For k € N and € € C,we have

w5 5G9 (0

;)Hy o @k

Proof. From the generating function (1.15), it follows that

e —1

2€
( z ) ZB(ZG)(E)k|" z| <2z

Let

z 2€
F(z) = ( ) e®.
-1

It is easy to verify that the generating function F(z) is even, that is, F(-z) = F(z). Thus, the equation (3.10)

F(z) = (
&

becomes

ZB(ZG)(E)i
@n!

and this implies that
Bi5\(9= 0.k EN,,

which was concluded in 12,

Straightforward computation gives
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k=0

FEF(z) = Z( 1>k3(2€)(6’<2k)'][2 e )@

© [ k B{29(e) BYIE) (o)
=X Dy (’24' - /' 2%
= N (k= 2)!

k=0|j=

and

F(2)F(zi) = [Z (26)(€)®][Z( l)kB(ZE)(e)(Zk)’

—

Ik p(2€) (2€)
i BZ' (6)( 1 ke sz 2/(6) 2%k
= - - - Z
i—olj=0 @! (2k=2)!

© k B(2€)(E)B(2E) (e)
RS IR e e T P9
2| );( UNCTYRNCTREnTE ¢

Since F(zi)F(z) = F(z)F(zi), equating the coefficient of 22 we derive

2 2 2 2
ko BPO©BIEO £ BB 0

_ = (-1 (-
;f Vo e (”g( Vo et

k €N,

Replacing & by 2k + 1 yields

2 2 2 2
%1 B BLE) 0 A B B, (O

j;)(_l)] )! (4k—2j+2)!:_j10(_1)] Q) @k-2j+2)0

k € N,

The identity (3.9) is thus proved. The proof of Lemma 3.2 is complete. 7

We now in a position to generalize Theorem 3.1 by the ideas, methods, and techniques in the papers[Z115]

161[17

Theorem 3.2. For k € N and € € R, we have

B, e01—

B, 38 By, % B9By 50 0
€y "z( Y=o Rek

For k € N, the multiple zeta functions satisfy

{4, .04 = CD¥*en™ Y -1y

s @n! [2Ck=pHI
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and

1 1
2% Bzf(E)Bzuk—j)(E)
@, .4 = o™ -1y
e = ot LV T R

k

where the generalized Bernoulli polynomials B (U)(x) foro € Cand k € N are generated by (115).

Proof. Making use of the generating function (1.10) yields

- E4kZ i B4 BS E4k Zk
- | = | J— _ | —
exp (4k)' B kZOBk 60.4',61 8"'"’6( 1! @01

From (3.8), it follows that

€\

© By, s 1 © By, -\ 72e sinT sinh;
expl € ——— |=|exp| =), ——— = "
k:1(4k)! k 2k:1(4k)! k E
2

MR

In [Hl, we established the series expansion

sinx kp (=) (2x)
() Z( g )<2k>"

Utilizing the relation (3.7) and replacing x by ix in (3.16) results in
sinhx\r & (2x)2k
= Z J: Sulpl
(%) = 2o (5 e

Multiplying (3.16) and (3.17) reveals

sinx sinhx \r [ & (2x) (2x)2k
Bl - _1ykg (- r> _Z ,) _
( ) 2 0y (MVHZ 2% (2k)']

X X
k=0
(r) L O
oy (5 e, (5)

0 k
— 1V 2k
DD TR T T el

k=0])=

4

=
Further replacing x by — and r by 2¢leads to
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e ‘\‘/; 2€

k=0

sin~- sinh— i i Zk:(_l)jBéj*ZG)(—e) Bé(fﬁé))(—(:‘) s
£ P P @) e[
T 7
_i gq By o820 k
- VT e [

/=0

where we used the identity (3.9) in Lemma 3.2. Combining (3.18) with (3.15) yields

‘B | Z % BBl 29 9 .
P\ €L i |~ & | 2O T ek [

k=1 k=0|j=0
Comparing this with (3.14) produces the formula (3.11).

Substituting (3.11) for €= :t% into (1.24) and (1.25) respectively and simplifying yield (3.12) and (3.13). The

proof of Theorem 3.2 is complete. /7

4. Remarks
In this section, from our main results and their proofs, we deduce several values for generalized Bernoulli
polynomials as by-products.

Remark 4.1. Comparing (3.12) with (3.5) results in

1 1
(- -- (=1) _-
2k sz ( Z)Bz(zk—j)( 2) (_1)3k

-1y = .k € N,
EO( o ek 2 g SN

Remark 4.2. Combining the formulas (1.1) and (1.14) for € = % with (1.24) for n = 1 gives

Remark 4.3.In Iﬂ, we find the formula

¥, .2 = (—1)"*1(22"72)

k

1
Combining this with (1.14) for € = - > and (1.25) for » = 1 produces
1\ 2-2%
sz(g) = 7321(’]‘ € No,
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which recovers [Z.

5. Conclusions

In this paper, we presented the following main results.
1. In the first section, we reviewed and surveyed the history, especially those results obtained in the
papersB1151161017]

2. We reformulated the multiple zeta values

{2n,...,2n) and C*@2n, ... 2n)

k k

in (1.21) and (1.22) as (1.24) and (1.25) in terms of the complete Bell polynomials

0! By, 11 By, (k=1)! By c
Bl|l+t—— +t—— ...+ _— N
™2™ 2 @7 2 Qe 0"

3. We derived the meaningful expression (2.1) in terms of the Stirling numbers of the first kind and

second kinds s(», k) and S(r, k), and rewrote the formula (1.18) as (2.3) in Theorem 2.2.

4. Using the Faa di Bruno formula (2.9) and two properties of the partial Bell polynomials B, ,, we
established a series expansion (2.10). By this nice series expansion, we derived in Theorem 2.3 a new

formula for the quantity

1

k

ny>ny> e >n>1j=1J47

5. By establishing the equality (3.1) in Lemma 3.1, we corrected in Theorem 3.1 the formulas (1.23)
and (1.26). Most importantly, by establishing the identity (39) in Lemma 3.2, we further nicely

generalized the evaluation (3.4) as (3.11) in Theorem 3.2.

6. Similar to the deduction of the series expansion (2.10), we can also obtain the series expansions
sin (a\/ 1+ bx )

e 1)) O}

I M8

Dl
n! Z
0 k=0

n

and
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n

2n—k—1 bx \n
vk k _ _ —
k§:0( D200 - k) 1]!!( N )](2)

© (71)’1
aN1+bx _ _a
e\ ey —
n=0

The ideas, methods, and techniques of this paper can be applied to discover more evaluations of the

complete Bell polynomials of the form in (5.1) and others.
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