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In the paper, in light of the generating function of the complete Bell polynomials and other

techniques, the author discovers several evaluations of complete Bell polynomials for quadruple-

indexed Bernoulli numbers in terms of the Stirling numbers and generalized Bernoulli polynomials.

These findings are related to multiple zeta functions, correct an error in previous work, and generalize

some known results.
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1. Introduction

1.1. Hoffman’s formula

In 1992, Hoffman  [1]  introduced and investigated the multiple harmonic series (now known as the

multiple zeta functions)

ζ∗ (z1, z2, …, zk) = ∑
n1 ≥n2 ≥ ⋯ ≥nk≥ 1

1

nz1
1 n

z2
2 ⋯nzkk

and

ζ(z1, z2, …, zk) = ∑
n1 > n2 > ⋯ > nk≥ 1

1

nz1
1 n

z2
2 ⋯nzkk

for k ∈ N = {1, 2, …} and ℜ(zk) > 1. This is a natural generalization of the classical Riemann zeta function
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ζ(z) =
∞

∑
n= 1

1

nz
,ℜ(z) > 1.

For more information about ζ(z) and its recent properties, please refer to [2] and the review article [3]. The

multiple zeta function  ζ(z1, z2, …, zk)  plays an important role in quantum physics and in knot theory,

please refer to the monographs [4][5].

In order to derive

ζ(2, 2, …, 2
⏟
k

) =
π2k

(2k + 1)!
, k ∈ N

in [1], Hoffman established in [1] the following elegant formula.

Theorem 1.1 ([1]). For k ∈ N,

∑
∑k
i= 1iℓi= k

ℓ1 , ℓ2 , … , ℓk∈N0

k

∏
i= 1

1
ℓi !

B2i

(2i)(2i) !

ℓi
=

1

22k(2k + 1)!
,

where B2i denotes the Bernoulli numbers generated [2] by

z

ez − 1
=

∞

∑
i= 0

Bi
zi

i !
= 1 −

1
2
z +

∞

∑
k= 1

B2i
z2i

(2i) !
, | z | < 2π.

1.2. Genčev’s extensions of Hoffman’s formula

In 2024, three decades later, among other things, Genčev [6] extended the formula (1.2) in Theorem 1.1 via

specific zeta-like series in terms of the Bernoulli numbers B2k, the Euler numbers E2k, and the Catalan

numbers Ck as follows.

Theorem 1.2 ([6]). For k ∈ N0 = {0, 1, 2, …}, we have

∑
∑k
j= 1jℓj= k

ℓ1 , ℓ2 , … , ℓk∈N0

1

∏k
j= 1ℓj !

k

∏
j= 1

ϵB2j

(2j)(2j) !

ℓj
=

1

2k+ 1

1

( 4k ) ! ! , ϵ = 1;

2 − 22k

( 4k ) ! ! B2k, ϵ = −1.

Theorem 1.3 ([6]). For k ∈ N0, we have

∑
∑k
j= 1jℓj= k

ℓ1 , ℓ2 , … , ℓk∈N0

1

∏k
j= 1ℓj !

k

∏
j= 1

4j − 1
ϵB2j

(2j)(2j) !

ℓj
=

1

( 4k ) ! ! , ϵ = 1;
1

( 4k ) ! ! E2k, ϵ = −1,

[ ]

[ ] {
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where E2k denotes the Euler numbers generated [7] by

2

ez + e − z =
∞

∑
k= 0

Ek
zk

k !
=

∞

∑
k= 0

E2k
z2k

(2k) !
, | z | <

π
2

.

Theorem 1.4 ([6]). For k ∈ N, we have

∑
∑k
j= 1jℓj= k

ℓ1 , ℓ2 , … , ℓk∈N0

1

∏k
j= 1ℓj !

k

∏
j= 1

ϵ
2j

2j

j

ℓj
=

Ck, ϵ = 1;

−Ck− 1, ϵ = −1,

where Ck =
1

k+ 1 (
2k

k ) for k ∈ N0 denotes the Catalan numbers generated [8][9][10] by

2

1 + √1 − 4x
=

∞

∑
k= 0

Ckx
k = 1 + x + 2x2 + 5x3 + ⋯, | x | <

1
4

.

1.3. He–Qi’s reformulations of Genčev’s formulas

In [11], the Bell polynomials of the second kind, also known as the partial Bell polynomials, are defined by

Bk , j(a1, a2, …, ak− j+ 1)

k !
= ∑

∑k− j+ 1
i= 1 iℓi= k

∑k− j+ 1
i= 1 ℓi= j

ℓ1 , ℓ2 , … , ℓk− j+ 1∈N0

k− j+ 1

∏
i= 1

1
ℓi !

ai
i !

ℓi

for j, k ∈ N0 satisfying k ≥ j, with the special cases B0 , 0(a1) = 1 and

Bk , 0(a1, a2, …, ak+ 1) = 0, k ∈ N.

In [11] and [12], the complete Bell polynomials, denoted by Bk(a1, a2, …, ak), are defined by B0 = 1 and

Bk(a1, a2, …, ak) =
k

∑
j= 1

Bk , j(a1, a2, …, ak− j+ 1), k ∈ N.

For more information on the partial and complete Bell polynomials, please refer to [11]. Directly from the

relation (1.8), it follows that

Bk(a1, a2, …, ak)

k !
= ∑

∑k
i= 1iℓi= k

ℓ1 , ℓ2 , … , ℓk∈N0

k

∏
i= 1

1
ℓi !

ai
i !

ℓi
, k ∈ N.

The complete Bell polynomials Bk(a1, a2, …, ak) have an exponential generating function

exp
∞

∑
k= 1

ak
zk

k !
=

∞

∑
k= 0

Bk(a1, a2, …, ak)
zk

k !
,

[ ( )] {

[ ( ) ]

[ ( ) ]
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which can be found in [11] and [12].

In 2024, observing and comparing the expressions on the left-hand sides of the identities  (1.2)

through  (1.6) with the expression on the right-hand side of  (1.9), He and Qi  [13]  reformulated and

alternatively proved the formulas (1.4), (1.5), and (1.6) in Theorems 1.2, 1.3, and 1.4 in terms of the complete

Bell polynomials Bk as follows.

Theorem 1.5 ([13]). For k ∈ N0 and ϵ = ±1, we have

Bk
ϵ
2

B2

2!
,
ϵ
2

B4

4!
, …,

ϵ
2

(k − 1)!B2k

(2k) !
=

1

2k+ 1

k !

( 4k ) ! ! , ϵ = 1;

k ! 2 − 22k

( 4k ) ! ! B2k, ϵ = −1.

Theorem 1.6 ([13]). For k ∈ N0 and ϵ = ±1, we have

Bk
3ϵ
2

B2

2!
,

15ϵ
2

B4

4!
, …,

22k − 1 ϵ

2

(k − 1)!B2k

(2k) !
=

k !

( 4k ) ! ! , ϵ = 1;

k !

( 4k ) ! ! E2k, ϵ = −1.

Theorem 1.7 ([13]). For k ∈ N and ϵ = ±1, we have

Bk ϵ, 3ϵ, 20ϵ, …,
ϵ(k − 1)!

2
2k
k

=
k !Ck, ϵ = 1;

−k !Ck− 1, ϵ = −1.

1.4. He–Qi’s generalizations of Genčev’s formulas

In light of the generating function  (1.10) and other intricate techniques, He and Qi  [13]  not only

alternatively proved Theorems  1.5 through  1.7, but also generalized Theorems  1.5 through  1.7 from the

specific cases ϵ = ±1 to the general case ϵ ∈ R. We now recite these generalizations as follows.

Theorem 1.8 ([13]). For k ∈ N and ϵ ∈ R, we have

Bk ϵ
B2

2 ! , ϵ
B4

4 ! , …, ϵ
( k− 1 ) !B2k

( 2k ) !

=
k !

( 2k ) !

2k
∑
ℓ= 1

( − 2ϵ ) ℓ

ℓ !

ℓ
∑
j= 1

(−1)j(
ℓ

j )
T ( 2k+ j , j )

(
2k+ j

j )
,

where the rising factorial (z)ℓ for z ∈ C is defined [7] by

( ) { ( )

( ( ) ) {
( ( )) {

( )
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(z)ℓ =
ℓ− 1

∏
ℓ= 0

(z + ℓ) =
z(z + 1)⋯(z + ℓ − 1), ℓ ≥ 1
1, ℓ = 0

and the central factorial numbers of the second kind T(p, q) for p, q ∈ N0 can be computed [14] by

T(p, q) =
1
q !

q

∑
k= 0

(−1)k
q
k

q
2

− k
p
, p, q ∈ N0

with T(q, q) = 1 for q ∈ N0 and T(p, 0) = 0 for p ∈ N.

Theorem 1.9 ([13]). For k ∈ N0 and ϵ ∈ R, we have

Bk 3ϵ
B2

2 ! , 15ϵ
B4

4 ! , …, 22k − 1 (k − 1)!ϵ
B2k

( 2k ) !

=
k !

22k ( 2k ) !

2k
∑
ℓ= 0

( − 2ϵ ) ℓ

ℓ !

ℓ
∑

m= 0

( − 1 ) m

2m (
ℓ

m )
m
∑
q= 0

(
m

q )(2q − m)2k,

where 00 is understood as 1.

Theorem 1.10 ([13]). For k ∈ N0 and ϵ ∈ R, we have

Bk 2ϵ, 6ϵ, 40ϵ, …, ϵ(k − 1)!
2k
k

=
k

∑
ℓ= 0

(2ϵ)k− ℓ
k + ℓ − 1

2ℓ
2ℓ(2ℓ − 1)! !.

1.5. Xu’s concise forms for He–Qi’s formulas

In early 2026, using the concept of the complete Bell polynomials Bk(a1, a2, …, ak) and the equation (1.10)

again, Xu [15] presented concise forms for the formulas (1.11), (1.12), and (1.13) in Theorems 1.8, 1.9, and 1.10.

We recite his results as follows.

Theorem 1.11 ([15]). For k ∈ N0 and ϵ ∈ R, we have

Bk ϵ
B2

2!
, ϵ

B4

4!
, …, ϵ

(k − 1)!B2k

(2k) !
=

k !
(2k) !

B ( − 2ϵ )
2k (−ϵ),

where the generalized Bernoulli polynomials B ( σ )
2k  for σ ∈ C are generated [2] by

z

ez − 1

σ
exz =

∞

∑
k= 0

B ( σ )
k (x)

zk

k !
, | z | < 2π.

Remark 1.1. It is easy to see that the generalized Bernoulli polynomials B ( σ )
k (x) generated by (1.15) satisfy

B ( 1 )
k (0) = Bk and B ( 1 )

k (x) = Bk(x),

where the Bernoulli numbers Bk are generated by (1.3) and Bk(x) denotes the Bernoulli polynomials.

{

( ) ( )

( ( ) )

( ( )) ( )

( )

( )
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Theorem 1.12 ([15]). For k ∈ N0 and ϵ ∈ R, we have

Bk 3ϵ
B2

2!
, 15ϵ

B4

4!
, …, 22k − 1 ϵ

(k − 1)!B2k

(2k) !
=

k !
(2k) !

E ( − 2ϵ )
2k (−ϵ),

where the generalized Euler polynomials E ( σ )
2k  for σ ∈ C are generated [2] by

2

ez + 1

σ
exz =

∞

∑
k= 0

E ( σ )
k (x)

zk

k !
, | z | < π.

Theorem 1.13 ([15]). For k ∈ N and ϵ ∈ R, we have

Bk 2ϵ, 6ϵ, 40ϵ, …, ϵ(k − 1)!
2k
k

= 2ϵ(k − 1)!
2k − 1 + 2ϵ

k − 1
,

where the generalized binomial coefficient (
z

k ) for z ∈ C and k ∈ N0 is defined by

z

k
=

( − 1 ) k ( − z ) k

k ! , k ≥ 0;

0, k < 0.

1.6. Alternative proofs of Xu’s concise formulas

In the recent paper [16], by establishing the formulas

B2m , k 0,
1

3 , 0,
1

5 , …,
1 + ( − 1 ) 2m− k+ 1

2

1

2m− k+ 2

= (−1)k
22m

k !

k
∑
ℓ= 0

(−1)ℓ(
k

ℓ )
T ( 2m+ ℓ , ℓ )

(
2m+ ℓ

ℓ )

and

B2m+ 1 , k 0,
1
3

, 0,
1
5

, …,
1 + (−1)2m− k+ 2

2
1

2m − k + 3
= 0

for m ≥ k ∈ N0, where Bm , k is defined by (1.7), verifying the identity

j

∑
m= 0

(−1)m

2m
j
m

m

∑
q= 0

m
q

(2q − m)k =
(−1)j

2j

2j

∑
ℓ= 0

(−1)ℓ
2j
ℓ

(j − ℓ)k

( ( ) )

( )

( ( )) ( )

( ) {

( )

[ ]
( )

( ) ( ) ( )
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for  k ∈ N  and  j ∈ N0, and making use of the well-known Faà di Bruno formula, the author proved the

formulas

B ( ϵ )
2k

ϵ
2

=
2k

∑
ℓ= 1

(ϵ)ℓ
ℓ !

ℓ

∑
j= 1

(−1)j
ℓ

j
T(2k + j, j)

(
2k+ j

j )
,

E ( ϵ )
2k

ϵ
2

=
1

4k

2k

∑
ℓ= 0

(ϵ)ℓ
ℓ !

ℓ

∑
m= 0

(−1)m

2m
ℓ
m

m

∑
q= 0

m
q

(2q − m)2k,

and

ϵ(k − 1)!
2k − 1 + ϵ

k − 1
=

k

∑
ℓ= 0

(ϵ)k− ℓ
k + ℓ − 1

2ℓ
2ℓ(2ℓ − 1)! !

for k ∈ N and ϵ ∈ R, and then deduced Theorems 1.11 through 1.13.

1.7. Concise and elegant proofs of Xu’s concise formulas

In  [17], the author presented concise and elegant proofs of Theorems  1.5 through  1.7 and Theorems  1.11

through  1.13. In particular, the proofs of Theorems  1.11 through  1.13 are especially streamlined and

elegant.

1.8. Two aims of this paper

The aims of this paper can be stated as follows.

1.8.1. First aim

Lemma 3.2 in [6] reads that the identity

k

∏
i= 0

(x − i) =
k

∑
i= 0

ci , k

i

∏
j= 0

(2x − j)

is true for k ∈ N0 and x ∈ R, where

ci , k =
(−1)i+ k

22k− i+ 1i !

i+ k− 1

∏
j= i

(2k − j), 0 ≤ i ≤ k ∈ N0.

Applying (1.16), Genčev established in [6] that the formula

∑
n1 > n2 > ⋯ > nk≥ 1

k

∏
j= 1

1
nj(nj + 1)

=
1

k + 1

⌊ k / 2 ⌋

∑
j= 0

(−1)j
2k − 2j

k
π2j

(2j) !

( ) ( )

( ) ( ) ( )

( ) ( )

( )
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is true for k ∈ N, where ⌊λ⌋ denotes the floor function whose value is the largest integer less than or equal

to λ ∈ R.

In this paper, we will give a more concise and more meaningful form for the quantity ci , k in (1.17) in terms

of the product of the Stirling numbers of the first and second kinds  s(n, k)  and  S(n, k), which can be

analytically generated by [(see [18])]

ln(1 + x)
x

n
=

∞

∑
k= 0

s(k + n, n)

(
k+ n

n )

xk

k !
, | x | < 1

and [(see [11])]

ex − 1
x

n
=

∞

∑
k= 0

S(k + n, n)

(
k+ n

n )

xk

k !
, | x | < ∞

for n ∈ N0, respectively.

Making use of the new form for the quantity ci , k in (1.17), we will rewrite the formula (1.18) and give a new

formula for ∑n1 > n2 > ⋯ > nk≥ 1∏k
j= 1

1

nj ( nj+ 1 ) .

1.8.2. Second aim

In  [6], Genčev pointed out in a concluding remark that Hoffman’s formula  (1.2) in Theorem  1.1 can be

generalized in light of the known formulas for the multiple zeta functions

ζ(2n, …, 2n
⏟
k

) = (−1)k ( n+ 1 ) (2π)2nk ∑
∑k
i= 1iℓi= k

ℓ1 , ℓ2 , … , ℓk∈N0

k

∏
i= 1

1
ℓi !

1
2i

B2in

(2in) !

ℓi

and

ζ∗ (2n, …, 2n
⏟
k

) = (−1)nk(2π)2nk ∑
∑k
i= 1iℓi= k

ℓ1 , ℓ2 , … , ℓk∈N0

k

∏
i= 1

(−1)ℓi

ℓi !
1
2i

B2in

(2in) !

ℓi

for n, k ∈ N; see  [19]. For more closed-form evaluations of these functions, please refer to the papers  [19]

[20]. Concretely, Genčev claimed that

∑
∑k
i= 1iℓi= k

ℓ1 , ℓ2 , … , ℓk∈N0

k

∏
i= 1

1
ℓi !

B4i

(2i)(4i) !

ℓi
= (−1)k

22k+ 1

(4k + 2)!
, k ∈ N.

[ ]

( )

[ ]

[ ]

[ ]
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The formula (1.23) is of a slightly different structure from the forms in Theorem 1.1 and Theorem 1.2 for 

ϵ = 1.

As done in the paper [13], applying the definition in (1.9) for the complete Bell polynomials Bk(a1, a2, …, ak),

we can reformulate the formulas (1.21), (1.22), and (1.23) as

ζ(2n, …, 2n
⏟
k

) =
(−1)k ( n+ 1 ) (2π)2nk

k !
Bk

0!
2

B2n

(2n) !
,

1 !
2

B4n

(4n) !
, …,

(k − 1)!
2

B2kn

(2kn) !
,

ζ∗ (2n, …, 2n
⏟
k

) =
(−1)nk(2π)2nk

k !
Bk −

0!
2

B2n

(2n) !
, −

1!
2

B4n

(4n) !
, …, −

(k − 1)!
2

B2kn

(2kn) !
,

and

Bk
0!
2

B4

4!
,

1!
2

B8

8!
, …,

(k − 1)!
2

B4k

(4k) !
= (−1)k

22k+ 1k !
(4k + 2)!

for k, n ∈ N.

From (1.8), it follows that

B1(a1) = B1 , 1(a1) = a1.

Therefore, the formula (1.26) for k = 1 becomes

B1
0!
2

B4

4!
= −

23

6!
⟺

0!
2

B4

4!
= −

23

6!
⟺ −

1
1440

= −
1

90
.

This contradiction shows that the formulas (1.23) and (1.26) are incorrect.

The second aim of this paper is to correct the formulas  (1.23) and  (1.26) and generalize them to more

general cases.

2. Achievement of the first aim

We now start out to achieve the first aim of this paper.

Theorem 2.1. For 0 ≤ i ≤ k ∈ N0, the sequence ci , k in (1.17) can be alternatively expressed as

ci , k =
k

∑
j= i

s(k + 1, j + 1)S(j + 1, i + 1)

2j+ 1 ,

( )
( )

( )

( )
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where  s(k, i)  and  S(k, i)  for  0 ≤ i ≤ k ∈ N0  denote the Stirling numbers of the first and second kinds generated

by (1.19) and (1.20).

Proof. It is known that the Stirling numbers of the first kind s(k, i) for k ≥ i ∈ N0 can also be generalized by

⟨x⟩k =
k

∑
i= 0

s(k, i)xi, k ∈ N0,

where the falling factorial ⟨z⟩n for z ∈ C and n ∈ N0 is defined [11] by

⟨z⟩n =
n− 1

∏
k= 0

(z − k) =
z(z − 1)⋯(z − n + 1), n ∈ N;
1, n = 0.

For details on (2.2), please refer to [2], [7], and [11]. Accordingly, due to s(i, 0) = 0 for i ∈ N, we obtain

⟨x⟩k+ 1 =
k

∏
i= 0

(x − i) =
k+ 1

∑
i= 0

s(k + 1, i)xi =
k

∑
i= 0

s(k + 1, i + 1)xi+ 1, k ∈ N0,

⟨2x⟩i+ 1 =
i

∏
j= 0

(2x − j) =
i+ 1

∑
j= 0

s(i + 1, j)(2x)j =
i

∑
j= 0

s(i + 1, j + 1)(2x)j+ 1, i ∈ N0,

and, by interchanging the order of summations,

k

∑
i= 0

ci , k

i

∏
j= 0

(2x − j) =
k

∑
i= 0

ci , k

i

∑
j= 0

s(i + 1, j + 1)(2x)j+ 1

=
k

∑
j= 0

k

∑
i= j

ci , ks(i + 1, j + 1)(2x)j+ 1

=
k

∑
i= 0

k

∑
ℓ= i

cℓ , ks(ℓ + 1, i + 1) (2x)i+ 1.

Consequently, equating the coefficients of xi in the equation

k

∑
i= 0

s(k + 1, i + 1)xi+ 1 =
k

∑
i= 0

k

∑
ℓ= i

cℓ , ks(ℓ + 1, i + 1) (2x)i+ 1

results in

k

∑
ℓ= i

cℓ , ks(ℓ + 1, i + 1) =
s(k + 1, i + 1)

2i+ 1 , 0 ≤ i ≤ k ∈ N0.

These equations can be written as a matrix equation

{

[ ]

[ ]
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s(1, 1) s(2, 1) s(3, 1) ⋯ s(k + 1, 1)
0 s(2, 2) s(3, 2) ⋯ s(k + 1, 2)
0 0 s(3, 3) ⋯ s(k + 1, 3)
⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 ⋯ s(k + 1, k + 1)

c0 , k

c1 , k

c2 , k

⋮

ck , k

=

s ( k+ 1 , 1 )

21

s ( k+ 1 , 2 )

22

s ( k+ 1 , 3 )

23

⋮

s ( k+ 1 , k+ 1 )

2k+ 1

.

Therefore, since s(k, k) = 1 for k ∈ N0, we arrive at

c0 , k

c1 , k

c2 , k

⋮

ck , k

=

s(1, 1) s(2, 1) s(3, 1) ⋯ s(k + 1, 1)
0 s(2, 2) s(3, 2) ⋯ s(k + 1, 2)
0 0 s(3, 3) ⋯ s(k + 1, 3)
⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 ⋯ s(k + 1, k + 1)

− 1

s ( k+ 1 , 1 )

21

s ( k+ 1 , 2 )

22

s ( k+ 1 , 3 )

23

⋮

s ( k+ 1 , k+ 1 )

2k+ 1

.

From the relation

n

∑
j= 0

s(n, j)S(j, k) =
0

n − k
or

n

∑
j= 0

S(n, j)s(j, k) =
0

n − k

for n ≥ k ∈ N0, see [21] and [22], we deduce

s(1, 1) s(2, 1) s(3, 1) ⋯ s(k + 1, 1)
0 s(2, 2) s(3, 2) ⋯ s(k + 1, 2)
0 0 s(3, 3) ⋯ s(k + 1, 3)
⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 ⋯ s(k + 1, k + 1)

− 1

=

S(1, 1) S(2, 1) S(3, 1) ⋯ S(k + 1, 1)
0 S(2, 2) S(3, 2) ⋯ S(k + 1, 2)

0 0 S(3, 3) ⋯ S(k + 1, 3)
⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 ⋯ S(k + 1, k + 1)

.

( )( ) ( )
( ) ( ) ( )

( ) ( )

( )
( )
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Consequently, we obtain

c0 , k

c1 , k

c2 , k

⋮

ck , k

=

S(1, 1) S(2, 1) S(3, 1) ⋯ S(k + 1, 1)
0 S(2, 2) S(3, 2) ⋯ S(k + 1, 2)
0 0 S(3, 3) ⋯ S(k + 1, 3)
⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 ⋯ S(k + 1, k + 1)

s ( k+ 1 , 1 )

21

s ( k+ 1 , 2 )

22

s ( k+ 1 , 3 )

23

⋮

s ( k+ 1 , k+ 1 )

2k+ 1

.

This means that

ci , k =
k

∑
j= i

S(j + 1, i + 1)
s(k + 1, j + 1)

2j+ 1 =
k

∑
j= i

s(k + 1, j + 1)S(j + 1, i + 1)

2j+ 1

for 0 ≤ i ≤ k. The proof of Theorem 2.1 is complete. ◻

Making use of the new form (2.1), we now start off to rewrite the formula (1.18) and give a new formula for

the quantity ∑n1 > n2 > ⋯ > nk≥ 1∏k
j= 1

1

nj ( nj+ 1 ) .

Theorem 2.2. For n ∈ N, we have

∑
n1 > n2 > ⋯ > nk≥ 1

k
∏
j= 1

1

nj ( nj+ 1 )

= (−1)k
22k

( k+ 1 ) !

⌊ k / 2 ⌋
∑
i= 0

(−1)i
π

2

2i k
∑
j= 2i

s ( k+ 1 , j+ 1 ) S ( j+ 1 , 2i+ 1 )

2j
.

Proof. Let

φk(an) = ∑
n1 > n2 > ⋯ > nk≥ 1

1
an1

an2
⋯ank

, k ∈ N.

In [23], it was proved that

∞

∏
n= 1

1 −
x
an

= 1 +
∞

∑
k= 1

(−x)kφk(an).

For an = n(n + 1), it is not difficult to see that

( ) ( )( )

( )

( )
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∞

∏
n= 1

1 −
x

n(n + 1)
=

∞

∏
n= 1

n +
1

2 − x +
1

4 n +
1

2 + x +
1

4

n(n + 1)

= lim
m→ ∞

m

∏
n= 1

n +
1

2 − x +
1

4 n +
1

2 + x +
1

4

n(n + 1)

= lim
m→ ∞

Γ m+
3

2 − x+
1

4

Γ
3

2 − x+
1

4

Γ m+
3

2 + x+
1

4

Γ
3

2 + x+
1

4

Γ(m + 1)Γ(m + 2)

=
1

Γ
3

2 − x +
1

4 Γ
3

2 + x +
1

4

× lim
m→ ∞

Γ m +
3

2 − x +
1

4 Γ m +
3

2 + x +
1

4

Γ(m + 1)Γ(m + 2)

for  | x | <
1

4 .

In [7], we find the asymptotic relation

zb− aΓ(z + a)
Γ(z + b)

∼ 1 +
(a − b)(a + b − 1)

2z
+

1
12

a − b
2

3(a + b − 1)2 − a + b − 1

z2 + ⋯

as z → ∞ along any curve joint z = 0 and z = ∞, providing z ≠ −a, −a − 1, −a − 2, … and z ≠ −b, −b − 1, −b − 2, …

. This implies that

lim
m→ ∞

Γ m +
3

2 − x +
1

4 Γ m +
3

2 + x +
1

4

Γ(m + 1)Γ(m + 2)

= lim
m→ ∞

Γ m +
3

2 − x +
1

4

Γ(m + 1)
m −

1

2 + x+
1

4

× lim
m→ ∞

Γ m +
3

2 + x +
1

4

Γ(m + 2)
m

1

2 − x+
1

4

= 1.

[ ]
( √ )( √ )

( √ )( √ )

( √ )
( √ )

( √ )
( √ )

( √ ) ( √ )
( √ ) ( √ )

( )

( √ ) ( √ )

[ ( √ )
√ ]

[ ( √ )
√ ]
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Therefore, we arrive at

∞

∏
n= 1

1 −
x

n(n + 1)
=

1

Γ
3

2 − x +
1

4 Γ
3

2 + x +
1

4

= −
1
xπ

sin
π
2

+
π
2√1 + 4x

= −
1
xπ

cos
π√1 + 4x

2

=
1
xπ

∞

∑
n= 0

(−1)n− 1

(2n) !
π
2

2n
(1 + 4x)n

=
1
xπ

∞

∑
n= 0

(−1)n− 1

(2n) !
π
2

2n
n

∑
k= 0

n
k

(4x)k

=
1
xπ

∞

∑
k= 0

(4x)k
∞

∑
n= 0

(−1)n− 1

(2n) !
π
2

2n n

k

=
1
xπ

∞

∑
k= 1

(4x)k

k !

∞

∑
n= 0

(−1)n− 1

(2n) !
π
2

2n
k− 1

∏
i= 0

(n − i),

where we used in the second equality the recursive formula Γ(z + 1) = zΓ(z) and the reflection formula

Γ(z)Γ(1 − z) =
π

sin(zπ)
, z ∉ Z

in [2] and considered in the last equality the facts that an empty product is understood to be 1 and that

∞

∑
n= 0

(−1)n

(2n) !
π
2

2n
= cos

π
2

= 0.

Further applying the identity (1.16) yields

∞

∏
n= 1

1 −
x

n(n + 1)
=

1
xπ

∞

∑
k= 1

(4x)k

k !

k− 1

∑
i= 0

ci , k− 1

∞

∑
n= 0

(−1)n− 1

(2n) !
π
2

2n
i

∏
j= 0

(2n − j)

≜

1
xπ

∞

∑
k= 1

(4x)k

k !

k− 1

∑
i= 0

ci , k− 1Ri,

where

[ ]
( √ ) ( √ )

( )

( )
( ) ( )

( ) ( )

( )

( )

[ ] [ ( ) ]
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Ri =
∞

∑
n= 0

(−1)n− 1

(2n) !
π
2

2n
i

∏
j= 0

(2n − j)

=
∞

∑
n= ⌈ ( i+ 1 ) / 2 ⌉

(−1)n− 1

(2n − i − 1)!
π
2

2n

=
∞

∑
n= 0

(−1)n+ ⌈ ( i+ 1 ) / 2 ⌉ − 1

[2(n + ⌈(i + 1) /2⌉) − i − 1]!
π
2

2 ( n+ ⌈ ( i+ 1 ) / 2 ⌉ )

= (−1) ⌈ ( i+ 1 ) / 2 ⌉ − 1 π
2

2 ⌈ ( i+ 1 ) / 2 ⌉ − δi
∞

∑
n= 0

(−1)n

(2n + δi) !
π
2

2n+ δi
,

the notation ⌈x⌉ stands for the ceiling function which gives the smallest integer not less than x, and

δi = 2
i + 1

2
− i − 1 =

1 + (−1)i

2
, i ∈ N0.

Accordingly, we have

Ri = (−1) ⌈ ( i+ 1 ) / 2 ⌉ − 1 π
2

i+ 1 sin
π

2 , i is even

cos
π

2 , i is odd

= (−1) ⌈ ( i+ 1 ) / 2 ⌉ − 1 π
2

i+ 1
δi.

As a result, in view of (2.1), it follows that

∞
∏
n= 1

1 −
x

n ( n+ 1 ) =
1

xπ

∞
∑
k= 1

( 4x ) k

k !

k− 1
∑
i= 0

ci , k− 1(−1) ⌈ ( i+ 1 ) / 2 ⌉ − 1 π

2

i+ 1
δi

=
1

xπ

∞
∑
k= 1

( 4x ) k

k !

⌊ ( k− 1 ) / 2 ⌋
∑

i= 0
c2i , k− 1(−1)i

π

2

2i+ 1

=
1

xπ

∞
∑
k= 1

( 4x ) k

k !

⌊ ( k− 1 ) / 2 ⌋
∑

i= 0
(−1)i

π

2

2i+ 1k− 1
∑
j= 2i

s ( k , j+ 1 ) S ( j+ 1 , 2i+ 1 )

2j+ 1

=
∞
∑
k= 0

⌊ k / 2 ⌋
∑

i= 0
(−1)i

π

2

2i k
∑
j= 2i

s ( k+ 1 , j+ 1 ) S ( j+ 1 , 2i+ 1 )

2j
22kxk

( k+ 1 ) ! .

Comparing this result with (2.5) for an = n(n + 1) leads to

φk(n(n + 1)) = (−1)k
22k

(k + 1)!

⌊ k / 2 ⌋

∑
i= 0

(−1)i
π
2

2i
k

∑
j= 2i

s(k + 1, j + 1)S(j + 1, 2i + 1)

2j

for k ∈ N. By the definition (2.4), it follows that

( )
( )

( )
( ) ( )

⌈ ⌉

( ) {
( )

[ ] ( )
( )

( )
[ ( ) ]

( )
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φk(n(n + 1)) = ∑
n1 > n2 > ⋯ > nk≥ 1

1
n1(n1 + 1)n2(n2 + 1)⋯nk(nk + 1)

= ∑
n1 > n2 > ⋯ > nk≥ 1

k

∏
j= 1

1
nj(nj + 1)

, k ∈ N.

Consequently, the equality (2.3) is thus proved. The proof of Theorem 2.2 is thus complete. ◻

By establishing a series expansion of the function cos a√1 + bx  for a, b ∈ R, we derive a new formula for

the quantity ∑n1 > n2 > ⋯ > nk≥ 1∏k
j= 1

1

nj ( nj+ 1 ) .

Theorem 2.3. For k ∈ N, we have

∑
n1 > n2 > ⋯ > nk≥ 1

k
∏
j= 1

1

nj ( nj+ 1 )

=
1

π

2k+ 1

( k+ 1 ) !

k+ 1
∑
j= 1

(−1)j
π

2

j
[2(k − j) + 1] ! !(

2k− j+ 1

2 ( k− j+ 1 ) )cos
( j+ 1 ) π

2 .

Proof. The famous Faà di Bruno formula reads that

[f(h(z))] ( k ) =
k

∑
j= 0

f ( j ) (h(z))Bk , j h
′(z), h′′(z), …, h ( k− j+ 1 ) (z)

for  k ∈ N0, where  f  is a  k-time differentiable function and  h  is a  (k + 1)-time differentiable function;

see [24] or [11]. Accordingly, we obtain

cos a√1 + bx ( n ) =
n

∑
k= 0

(cosu) ( k )Bn , k ab
1
2 1

(1 + bx)1 / 2 − 1,

ab2
1
2 2

(1 + bx)1 / 2 − 2, …, abn− k+ 1
1
2 n− k+ 1

(1 + bx)1 / 2 − ( k− i+ 1 )

→
n

∑
k= 0

cos a +
kπ
2

Bn , k ab
1
2 1

, ab2 1
2 2

, …, abn− k+ 1 1
2 n− k+ 1

, x → 0

=
n

∑
k= 0

cos a +
kπ
2

akbnBn , k
1
2 1

,
1
2 2

, …,
1
2 n− k+ 1

= (−1)n
b
2

n
n

∑
k= 0

(−1)kcos a +
kπ
2

ak[2(n − k) − 1] ! !
2n − k − 1
2(n − k)

for n ∈ N0, where u = u(x) = a√1 + bx → a as x → 0 and we used the identity

Bn , k αβx1, αβ2z2, …, αβn− k+ 1zn− k+ 1 = αkβnBn , k(z1, z2, …, zn− k+ 1)

for n ≥ k ≥ 0 and α, β ∈ C, in [11] and [12], and the formula

( )

( )

( )

[ ( )] ( ⟨ ⟩

⟨ ⟩ ⟨ ⟩ )
( ) ( ⟨ ⟩ ⟨ ⟩ ⟨ ⟩ )

( ) (⟨ ⟩ ⟨ ⟩ ⟨ ⟩ )
( ) ( ) ( )

( )
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Bn , k
1
2 1

,
1
2 2

, …,
1
2 n− k+ 1

= (−1)n+ k[2(n − k) − 1] ! !
1
2

n 2n − k − 1
2(n − k)

in [25] and [26]. As a result, we acquire a series expansion

cos a√1 + bx

=
∞
∑
n= 0

( − 1 ) n

n !

n
∑
k= 0

(−1)kak[2(n − k) − 1] ! !(
2n− k− 1

2 ( n− k ) )cos a +
kπ

2

bx

2

n

for a, b ∈ R. Taking a =
π

2  and b = 4 in (2.10) leads to

cos
π√1 + 4x

2

=
∞
∑
n= 1

(−1)n
n
∑
k= 1

(−1)k
π

2

k
[2(n − k) − 1] ! !(

2n− k− 1

2 ( n− k ) )cos
( k+ 1 ) π

2

( 2x ) n

n ! .

Substituting this series expansion into (2.6) yields

∞

∏
n= 1

1 −
x

n(n + 1)
= 1 +

1
π

∞

∑
n= 1

n+ 1

∑
k= 1

( − 1)kcos
(k + 1)π

2
π
2

k

×  [2(n − k) + 1] ! !
2n − k + 1

2(n − k + 1)
2n+ 1(−x)n

(n + 1)!
.

Comparing this with (2.5) for an = n(n + 1), we arrive at

φk(n(n + 1)) =
1
π

2k+ 1

(k + 1)!

k+ 1

∑
j= 1

(−1)jcos
(j + 1)π

2
π
2

j
[2(k − j) + 1] ! !

2k − j + 1
2(k − j + 1)

.

Combining this with (2.7) results in the formula (2.8). The proof of Theorem 2.3 is complete. ◻

3. Achievement of the second aim

In order to correct the formulas (1.23) and (1.26), we first present a lemma.

Lemma 3.1. For n ∈ N0, we have

n

∑
k= 0

(−1)k

(2k + 1)!(2n − 2k + 1)!
=

2n+ 1

(2n + 2)!
sin

(n + 1)π
2

.

Proof. Consider the series expansions

sinx =
∞

∑
k= 0

(−1)k
x2k+ 1

(2k + 1)!
and sinhx =

∞

∑
m= 0

x2m+ 1

(2m + 1)!
.

(⟨ ⟩ ⟨ ⟩ ⟨ ⟩ ) ( ) ( )

( )

[ ( )]( )

[ ( ) ]

[ ] [ ( )
( )]

( ) ( )
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Multiplying the two series gives

sinxsinhx =
∞

∑
n= 0

n

∑
k= 0

(−1)k

(2k + 1)!(2n − 2k + 1)!
x2n+ 2.

On the other hand, utilizing the exponential forms

sinx =
eix − e − ix

2i
and sinhx =

ex − e − x

2
,

where i = √−1 is the imaginary unit, we deduce

sinxsinhx =
1
4i

e ( 1 + i ) x − e ( − 1 + i ) x − e ( 1 − i ) x + e ( − 1 − i ) x

=
1
4i

∞

∑
m= 0

[(1 + i)m − (−1 + i)m − (1 − i)m + (−1 − i)m]
xm

m !
.

Since sinxsinhx is an even function, only even powers m = 2n + 2 for n ∈ N0 survive. The coefficient of x2n+ 2

 in sinxsinhx is

1
4i

(1 + i)2n+ 2 − (−1 + i)2n+ 2 − (1 − i)2n+ 2 + (−1 − i)2n+ 2

(2n + 2)!

=
1
2i

(1 + i)2n+ 2 − (1 − i)2n+ 2

(2n + 2)!

=
1
2i

√2eiπ / 4 2n+ 2
− √2e − iπ / 4 2n+ 2

(2n + 2)!

=
2n+ 1

2i
eiπ ( n+ 1 ) / 2 − e − iπ ( n+ 1 ) / 2

(2n + 2)!

=
2n+ 1

(2n + 2)!
sin

(n + 1)π
2

,

where we used 1 ± i = √2e ± iπ / 4. Consequently, we conclude

sinxsinhx =
∞

∑
n= 0

2n+ 1

(2n + 2)!
sin

(n + 1)π
2

x2n+ 2.

Combining (3.2) and (3.3) leads to the formula (3.1). The proof of Lemma 3.1 is thus complete. ◻

We now in a position to give and prove a corrected version of the formulas (1.23) and (1.26).

Theorem 3.1. For k ∈ N, we have

Bk
0!
2

B4

4!
,

1!
2

B8

8!
, …,

(k − 1)!
2

B4k

(4k) !
= (−1)k

k !

22k− 1(4k + 2)!

and

[ ]

[ ]

( ) ( )

( )
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ζ(4, …, 4
⏟
k

) =
22k+ 1π4k

(4k + 2)!
.

Proof. Making use of the generating function (1.10) yields

exp
1
2

∞

∑
k= 1

B4k

(4k) !
zk

k
=

∞

∑
k= 0

Bk
0!
2

B4

4!
,

1!
2

B8

8!
, …,

(k − 1)!
2

B4k

(4k) !
zk

k !
.

Therefore, it suffices to show that

exp
1
2

∞

∑
k= 1

B4k

(4k) !
zk

k
=

∞

∑
k= 0

(−1)k

22k− 1(4k + 2)!
zk.

From the series expansion

ln
sinx
x

= −
∞

∑
k= 1

|B2k |

2k
(2x)2k

(2k) !
, | x | < π,

see [13] and [27], and the relation

sinhx =
sin(ix)

i

in [27], it follows that

ln
sinhx
x

=
∞

∑
k= 1

(−1)k+ 1
|B2k |

2k
(2x)2k

(2k) !
, | x | < π.

Accordingly, we obtain

ln
sinx
x

sinhx
x

= ln
sinx
x

+ ln
sinhx
x

=
∞

∑
k= 1

(−1)k+ 1
|B2k |

2k
(2x)2k

(2k) !
−

∞

∑
k= 1

|B2k |

2k
(2x)2k

(2k) !

= −
∞

∑
k= 1

[(−1)k + 1]
|B2k |

2k
(2x)2k

(2k) !

=
∞

∑
k= 1

B4k

(4k) !
(2x)4k

2k
, | x | < π.

Replacing x by 

4√z
2  gives

( ) ( )

( )

( )
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ln
sin

4√z
2

4√z
2

sinh
4√z
2

4√z
2

=
1
2

∞

∑
k= 1

B4k

(4k) !
zk

k
.

Equivalently,

exp
1
2

∞

∑
k= 1

B4k

(4k) !
zk

k
=

sin

4√z
2

4√z
2

sinh

4√z
2

4√z
2

.

On the other hand, since

sin
4√z
2

4√z
2

=
∞

∑
n= 0

(−1)n

4√z
2

2n

(2n + 1)!
=

∞

∑
n= 0

(−1)n
√z n

22n(2n + 1)!

and

sinh

4√z
2

4√z
2

=
∞

∑
n= 0

4√z
2

2n

(2n + 1)!
=

∞

∑
n= 0

√z n

22n(2n + 1)!
,

straightforward computation results in

sin

4√z
2

4√z
2

sinh

4√z
2

4√z
2

=
∞

∑
n= 0

(−1)n
√z n

22n(2n + 1)!

∞

∑
n= 0

√z n

22n(2n + 1)!

=
∞

∑
n= 0

n

∑
k= 0

(−1)k

22k(2k + 1)!

1

22 ( n− k ) (2n − 2k + 1)!
√z n

=
∞

∑
n= 0

1

22n

n

∑
k= 0

(−1)k

(2k + 1)!(2n − 2k + 1)! √z n.

Further employing the formula (3.1) in Lemma 3.1 reveals

( )
( )

( ) ( )

( ) ( )

[ ( ) ][ ( ) ]
[ ]( )

[ ]( )
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sin

4√z
2

4√z
2

sinh

4√z
2

4√z
2

=
∞

∑
n= 0

1

24n

2n

∑
k= 0

(−1)k

(2k + 1)!(4n − 2k + 1)! √z 2n

=
∞

∑
n= 0

1

24n (−1)n
22n+ 1

(4n + 2)!
zn

=
∞

∑
n= 0

(−1)n
1

22n− 1(4n + 2)!
zn.

Combining this with (3.8) leads to (3.6). Consequently, the formula (3.4) follows.

Substituting the formula  (3.4) into  (1.24) and simplifying lead to  (3.5). The proof of Theorem  3.1 is

complete. ◻

In order to generalize Theorem 3.1, we need the following lemma.

Lemma 3.2. For k ∈ N0 and ϵ ∈ C, we have

2k+ 1

∑
j= 0

(−1)j
B ( 2ϵ )

2j (ϵ)

(2j) !

B ( 2ϵ )
4k− 2j+ 2(ϵ)

(4k − 2j + 2)!
= 0.

Proof. From the generating function (1.15), it follows that

z

ez − 1

2ϵ
eϵz =

∞

∑
k= 0

B ( 2ϵ )
k (ϵ)

zk

k !
, | z | < 2π.

Let

F(z) =
z

ez − 1

2ϵ
eϵz.

It is easy to verify that the generating function F(z) is even, that is, F(−z) = F(z). Thus, the equation (3.10)

becomes

F(z) =
z

ez − 1

2ϵ
eϵz =

∞

∑
k= 0

B ( 2ϵ )
2k (ϵ)

z2k

(2k) !

and this implies that

B ( 2ϵ )
2k+ 1(ϵ) = 0, k ∈ N0,

which was concluded in [17].

Straightforward computation gives

[ ]( )

( )

( )

( )
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F(zi)F(z) =
∞

∑
k= 0

(−1)kB ( 2ϵ )
2k (ϵ)

z2k

(2k) !

∞

∑
k= 0

B ( 2ϵ )
2k (ϵ)

z2k

(2k) !

=
∞

∑
k= 0

k

∑
j= 0

(−1)j
B ( 2ϵ )

2j (ϵ)

(2j) !

B ( 2ϵ )
2k− 2j(ϵ)

(2k − 2j) !
z2k

and

F(z)F(zi) =
∞

∑
k= 0

B ( 2ϵ )
2k (ϵ)

z2k

(2k) !

∞

∑
k= 0

(−1)kB ( 2ϵ )
2k (ϵ)

z2k

(2k) !

=
∞

∑
k= 0

k

∑
j= 0

B ( 2ϵ )
2j (ϵ)

(2j) !
(−1)k− j

B ( 2ϵ )
2k− 2j(ϵ)

(2k − 2j) !
z2k

=
∞

∑
k= 0

(−1)k
k

∑
j= 0

(−1)j
B ( 2ϵ )

2j (ϵ)

(2j) !

B ( 2ϵ )
2k− 2j(ϵ)

(2k − 2j) !
z2k.

Since F(zi)F(z) = F(z)F(zi), equating the coefficient of z2k, we derive

k

∑
j= 0

(−1)j
B ( 2ϵ )

2j (ϵ)

(2j) !

B ( 2ϵ )
2k− 2j(ϵ)

(2k − 2j) !
= (−1)k

k

∑
j= 0

(−1)j
B ( 2ϵ )

2j (ϵ)

(2j) !

B ( 2ϵ )
2k− 2j(ϵ)

(2k − 2j) !
, k ∈ N0.

Replacing k by 2k + 1 yields

2k+ 1

∑
j= 0

(−1)j
B ( 2ϵ )

2j (ϵ)

(2j) !

B ( 2ϵ )
4k− 2j+ 2(ϵ)

(4k − 2j + 2)!
= −

2k+ 1

∑
j= 0

(−1)j
B ( 2ϵ )

2j (ϵ)

(2j) !

B ( 2ϵ )
4k− 2j+ 2(ϵ)

(4k − 2j + 2)!
, k ∈ N0.

The identity (3.9) is thus proved. The proof of Lemma 3.2 is complete. ◻

We now in a position to generalize Theorem 3.1 by the ideas, methods, and techniques in the papers[13][15]

[16][17].

Theorem 3.2. For k ∈ N and ϵ ∈ R, we have

Bk ϵ0!
B4

4!
, ϵ1!

B8

8!
, …, ϵ(k − 1)!

B4k

(4k) !
= k !

2k

∑
j= 0

(−1)j
B ( − 2ϵ )

2j (−ϵ)

(2j) !

B ( − 2ϵ )
2 ( 2k− j ) (−ϵ)

[2(2k − j)] !
.

For k ∈ N, the multiple zeta functions satisfy

ζ(4, …, 4
⏟
k

) = (−1)3k(2π)4k
2k

∑
j= 0

(−1)j
B ( − 1 )

2j −
1

2

(2j) !

B ( − 1 )
2 ( 2k− j ) −

1

2

[2(2k − j)] !

[ ][ ]
[ ]

[ ][ ]
[ ]
[ ]

( )

( ) ( )
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and

ζ∗ (4, …, 4
⏟
k

) = (2π)4k
2k

∑
j= 0

(−1)j
B2j

1

2

(2j) !

B2 ( 2k− j )
1

2

[2(2k − j)] !
,

where the generalized Bernoulli polynomials B ( σ )
2k (x) for σ ∈ C and k ∈ N0 are generated by (1.15).

Proof. Making use of the generating function (1.10) yields

exp ϵ
∞

∑
k= 1

B4k

(4k) !
zk

k
=

∞

∑
k= 0

Bk ϵ0!
B4

4!
, ϵ1!

B8

8!
, …, ϵ(k − 1)!

B4k

(4k) !
zk

k !
.

From (3.8), it follows that

exp ϵ
∞

∑
k= 1

B4k

(4k) !
zk

k
= exp

1
2

∞

∑
k= 1

B4k

(4k) !
zk

k

2ϵ
=

sin

4√z
2

4√z
2

sinh

4√z
2

4√z
2

2ϵ

.

In [17], we established the series expansion

sinx
x

r
=

∞

∑
k= 0

(−1)kB ( − r )
2k −

r
2

(2x)2k

(2k) !
, r ∈ R.

Utilizing the relation (3.7) and replacing x by ix in (3.16) results in

sinhx
x

r
=

∞

∑
k= 0

B ( − r )
2k −

r
2

(2x)2k

(2k) !
, r ∈ R.

Multiplying (3.16) and (3.17) reveals

sinx
x

sinhx
x

r
=

∞

∑
k= 0

(−1)kB ( − r )
2k −

r
2

(2x)2k

(2k) !

∞

∑
k= 0

B ( − r )
2k −

r
2

(2x)2k

(2k) !

=
∞

∑
k= 0

k

∑
j= 0

(−1)j
B ( − r )

2j −
r

2

(2j) !

B ( − r )
2 ( k− j ) −

r

2

[2(k − j)] !
(2x)2k.

Further replacing x by 

4√z
2  and r by 2ϵ leads to

( ) ( )

( ) ( )

( ) [ ( )] ( )
( ) ( )

( ) ( )

( ) [ ( ) ][ ( ) ]

[ ( ) ( ) ]
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sin
4√z
2

4√z
2

sinh
4√z
2

4√z
2

2ϵ

=
∞

∑
k= 0

k

∑
j= 0

(−1)j
B ( − 2ϵ )

2j (−ϵ)

(2j) !

B ( − 2ϵ )
2 ( k− j ) (−ϵ)

[2(k − j)] !
zk / 2

=
∞

∑
k= 0

2k

∑
j= 0

(−1)j
B ( − 2ϵ )

2j (−ϵ)

(2j) !

B ( − 2ϵ )
2 ( 2k− j ) (−ϵ)

[2(2k − j)] !
zk,

where we used the identity (3.9) in Lemma 3.2. Combining (3.18) with (3.15) yields

exp ϵ
∞

∑
k= 1

B4k

(4k) !
zk

k
=

∞

∑
k= 0

2k

∑
j= 0

(−1)j
B ( − 2ϵ )

2j (−ϵ)

(2j) !

B ( − 2ϵ )
2 ( 2k− j ) (−ϵ)

[2(2k − j)] !
zk.

Comparing this with (3.14) produces the formula (3.11).

Substituting (3.11) for ϵ = ±
1

2  into (1.24) and (1.25) respectively and simplifying yield (3.12) and (3.13). The

proof of Theorem 3.2 is complete. ◻

4. Remarks

In this section, from our main results and their proofs, we deduce several values for generalized Bernoulli

polynomials as by-products.

Remark 4.1. Comparing (3.12) with (3.5) results in

2k

∑
j= 0

(−1)j
B ( − 1 )

2j −
1

2

(2j) !

B ( − 1 )
2 ( 2k− j ) −

1

2

[2(2k − j)] !
=

(−1)3k

22k− 1(4k + 2)!
, k ∈ N0.

Remark 4.2. Combining the formulas (1.1) and (1.14) for ϵ =
1

2  with (1.24) for n = 1 gives

B ( − 1 )
2k −

1
2

=
1

22k(2k + 1)
, k ∈ N0.

Remark 4.3. In [6], we find the formula

ζ∗ (2, …, 2
⏟
k

) = (−1)k− 1 22k − 2
B2k

(2k) !
π2k, k ∈ N.

Combining this with (1.14) for ϵ = −
1

2  and (1.25) for n = 1 produces

B2k
1
2

=
2 − 22k

22k B2k, k ∈ N0,

( ) [ ]
[ ]

( ) [ ]

( ) ( )

( )

( )

( )
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which recovers [7].

5. Conclusions

In this paper, we presented the following main results.

1. In the first section, we reviewed and surveyed the history, especially those results obtained in the

papers[13][15][16][17].

2. We reformulated the multiple zeta values

ζ(2n, …, 2n
⏟
k

) and ζ∗ (2n, …, 2n
⏟
k

)

in (1.21) and (1.22) as (1.24) and (1.25) in terms of the complete Bell polynomials

Bk ±
0!
2

B2n

(2n) !
, ±

1!
2

B4n

(4n) !
, …, ±

(k − 1)!
2

B2kn

(2kn) !
, k, n ∈ N.

3. We derived the meaningful expression  (2.1) in terms of the Stirling numbers of the first kind and

second kinds s(n, k) and S(n, k), and rewrote the formula (1.18) as (2.3) in Theorem 2.2.

4. Using the Faà di Bruno formula  (2.9) and two properties of the partial Bell polynomials  Bn , k, we

established a series expansion  (2.10). By this nice series expansion, we derived in Theorem  2.3 a new

formula for the quantity

∑
n1 > n2 > ⋯ > nk≥ 1

k

∏
j= 1

1
nj(nj + 1)

.

5. By establishing the equality  (3.1) in Lemma  3.1, we corrected in Theorem  3.1 the formulas  (1.23)

and  (1.26). Most importantly, by establishing the identity  (3.9) in Lemma  3.2, we further nicely

generalized the evaluation (3.4) as (3.11) in Theorem 3.2.

6. Similar to the deduction of the series expansion (2.10), we can also obtain the series expansions

sin a√1 + bx

=
∞
∑
n= 0

( − 1 ) n

n !

n
∑
k= 0

(−1)kak[2(n − k) − 1] ! !(
2n− k− 1

2 ( n− k ) )sin a +
kπ

2

bx

2

n

and

( )

( )

[ ( )]( )
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ea√1 + bx = ea
∞

∑
n= 0

(−1)n

n !

n

∑
k= 0

(−1)kak[2(n − k) − 1] ! !
2n − k − 1
2(n − k)

bx
2

n
.

The ideas, methods, and techniques of this paper can be applied to discover more evaluations of the

complete Bell polynomials of the form in (5.1) and others.

Notes
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