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1. Motivations and main results

On 21 March 2023, via the Tencent QQ, Professor Chao-Ping Chen (Henan Polytechnic University, China)

claimed that the polynomial

is positive on  .

In this paper, we prove the following propositions.

Proposition 1. The polynomial
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is negative on the interval   and  .

Proposition 2. The polynomial

is decreasing on  , totally has four real zeros on  : a negative zero on  , a positive zero

on  , the zero  , and another positive zero on  , while it totally has two minimums 

 and

and a maximum

on  .

The polynomial   totally has two real zeros on  : a double zero   and a single zero on  , while

it totally has four extreme values on  : a maximum on  , two minimums on    and 

 respectively, and a maximum  .

The polynomial

has only one real zero on  , which locates on the open interval  .

The polynomial

totally has three single zeros on  ,  , and   respectively.
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2. Proofs of Propositions 1 and 2

In this section, we give two proofs of Proposition 1 and a proof of Proposition 2.

First proof of Proposition 1. The polynomial   can be factorized as  . The derivatives

of   for   are

and

where an empty sum is understood as   and the falling factorial   for   and   is defined by

The values at   of these derivatives are

and
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These long computations imply that,

1. the derivative    is increasing on   and only has one real zero which locates on the

unit interval  ,

2. the derivatives    for    only have one minimum and only have one real zero on 

,

3. the polynomials   for   are all negative on  ,

4. the polynomial   is decreasing on  .

From   and  , it follows that   is negative on  . Hence, the polynomial 

 is negative on   and   clearly.

The first proof of Proposition 1 is complete.

Second proof of Proposition 1. Descartes' rule of signs [[1], p. 22] states that,

1. if the nonzero terms of a single-variable polynomial with real coefficients are ordered by

descending variable exponent, then the number of positive zeros of the polynomial is either equal to

the number of sign changes between consecutive (nonzero) coefficients, or is less than it by an even

number. A zero of multiplicity   is counted as   zeros.
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2. the number of negative zeros is the number of sign changes after multiplying the coefficients of

odd-power terms by  , or fewer than it by an even number.

Consequently, the polynomial   has at most one positive zero. From

we easily see that there exists a real zero on  .

Therefore, the polynomial   is negative on  . Accordingly, the polynomial   is

negative on   and  . The second proof of Proposition 1 is complete. 

Remark 1. The first proof of Proposition 1 is long, but it is elementary. The second proof of Proposition 1 is

short, but it uses advanced knowledge.

Remark 2. The negativity and its second proof of Proposition 1 were recited in [[2], Lemma 2.4] to refine the

Shafer—Fink type inequalities for arcsinx, arctanx, and arctanhx. This type of inequalities have been

investigated in the papers [3][4][5][6][7][8], for example.

Remark 3. Since

by Descartes' rule of signs, it follows that the polynomials   has either two negative single zeros, or a

unique double zero, or no negative zero. Since  , the polynomial   has either two

negative single-zeros, or a unique double zero, or no negative zero. As done in [[9], Remark 4], if   and 

 had any negative zero(s), then it (they) must locate between

and  .

The graph of   on  , see Figure 1 
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Figure 1. The graph of   on 

plotted by WOLFRAM MATHEMATICA 12, demonstrates that, the unique maximum of   on   is

negative and the maximum point locates on  . This means that,

1. the polynomials   and   have no negative zero,

2. the polynomial   is increasing on   and has a unique negative zero.

In what follows, we will analytically consider the functions  ,  ,  ,  , their zeros, and

extreme values in details.

Proof of Proposition 2. By Descartes' rule of signs, the polynomial   has at most one negative zero and

at most three positive zeros. Since

we easily see that the polynomial    totally has four zeros which locate on the intervals  , 

,  , and   respectively.
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has three real zeros

on the whole  , we can immediately write out three extreme values of   on  , which

are listed in Proposition 2.

It is easy to see that    and    is decreasing on  . By Descartes' rule of signs, the

polynomial    has at most one negative zero. Since    and    as  , the

polynomial    has a unique negative zero. Therefore, the polynomial    has a unique zero on 

 and   has a unique maximum on  .

Directly differentiating and factorizing yield  .

This means that the derivative   has five real single zeros  ,  , and another three ones which locate

on  ,  , and  . Since
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Then the derivative   has only one negative zero

which is a maximum point such that

Hence, the polynomials    and    are negative on  . Accordingly, the

polynomial   and   has no negative zero.

Since  , the polynomial   has a unique real zero on  , which locates on the

open interval  .

Since  , considering extreme values of  , the polynomial    totally has

three single zeros on  ,  , and   respectively. 

Remark 4. Simple numerical computation by the WOLFRAM MATHEMATICA 12 shows that the unique

real zero of    on    is  . Can one write out an accurate closed-form

expression of the unique positive zero of the polynomial   on  ?

Remark 5. This is a revised version of the electronic preprint [10].
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