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We define a simple graph as compact if it lacks even cycles and satisfies the odd-cycle condition. Our focus is on classifying all compact graphs and
examining the characteristics of their edge rings. Let G be a compact graph and K[G] be its edge ring. Specifically, we demonstrate that the Cohen-Macaulay
type and the projective dimension of K[G] are both equal to the number of induced cycles of G minus one and that the regularity of K[G] is equal to the
matching number of G,. Here, G, is obtained from G by removing the vertices of degree one successively, resulting in a graph where every vertex has a

degree greater than 1.
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Introduction

Recently, many authors have investigated the algebraic properties of edge rings of simple graphs. Consider a simple graph G = (¥, E) with vertex set
V={x,,...,x,} and edge set £ = {e,, ..., ¢,}. The edge ring K[G] is defined to be the toric ring K[x,: ¢ € £(G)] < K[x,, ...,x,], wherex, = Meni forall e € E(G). Let
K[E(G)] (or K[E] for short) denote the polynomial ring K[e,, ..., ¢,] in variables e, ..., ¢,. Then, there is exactly one ring homomorphism ¢:K[£(G)] — K[V] such
that ¢; » X i =1 The kernel of the homomorphism map ¢ is called the toric ideal or the defining ideal of K[G] or G, which is denoted by 7;. It follows that
K[G] = K[E(G)]/1. The main focus of these studies is to establish connections between the combinatorial properties of simple graphs and the algebraic

properties of their edge rings, see e.g. [2, 3, 6, 7, 8, 9, 13, 14] for some developments in this area.

In 1999, Ohsugi and Hibi demonstrated in [14] that K[G] is a normal domain if and only if G satisfies the odd-cycle condition. Recall a simple graph is said to
satisfy the odd-cycle condition if, for every pair of cycles €, and C,, either C, and C, have at least one vertex in common or there is an edge that connects a
vertex of C, to a vertex of C,. We call a simple graph to be compact if it not only satisfies the odd-cycle condition but also contains no even cycles. In this paper,

we devote to investigating the properties of the edge rings of compact graphs.

Let G be a compact graph. The main results of this paper can be summarized as follows. Firstly, we demonstrate that the projective dimension and Cohen-

Macaulay type of K[G] are both equal to the number of the induced cycles of G minus one.

Additionally, we show that the regularity of K[G] coincides with the matching number of G,. Here, G, refers to the graph derived from G by successively
removing all vertices of degree one. This finding serves as an interesting complement to the result presented in [11, Theorem 1 (a)], which states if G is a non-
bipartite graph satisfying the odd-cycle condition, the regularity of K[G] does not exceed the matching number of G. Finally, we determine the top graded Betti
numbers of K[G]. Here, for a simple graph G, a matching of G is a subset M ¢ E(G) where e N ¢ = @ for any distinct edges e, ¢’ € M, and the matching number of G,

denoted by mat(G), is the maximal cardinality of matchings of G.

The paper is organized as follows. Let G be a compact graph. Section 1 provides a brief overview of toric ideals of graphs and canonical modules. Section 2
classifies the compact graphs up to the (essentially) same edge rings. In Section 3 we compute the universal Grobner bases for the toric ideals of compact
graphs and then obtain their initial ideals with respect to some suitable monomial order. In Section 4, we show that all initial ideals obtained in Section 3
possess a "good” E-K splitting, enabling us to present a simple formula for the total Betti numbers of such ideals. Consequently, the regularity, projection
dimension, and an upper bound for the Cohen-Macaulay type of K[G] are derived. Section 5 provides the top graded Betti numbers for K[G] by computing the

minimal generators of its canonical module. In Section 6, a question regarding the Betti numbers for K[G] is posed.

1. Preliminaries

In this section, we provide a brief review of the notation and fundamental facts that will be utilized later on.
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1.1 Betti numbers and Canonical modules
Let R:=K[x,, ..., x,] be the polynomial ring in variables x,, ..., x,, which is standard graded. For a finitely generated graded R — module M, there exists the minimal
graded free resolution of A that has the form:

®

0= @R s = o o @RI — @R P00 - 41— 0
Jj€Z Jj€Z j€Z

. Here, R[] is the cyclic free R-module generated in degree j. The number 4; JM):= dimKTorf(M, K), is called the (i, j)-th graded Betti number of M and
BiM):=3; e ,p; ;is called the i-th total Betti number of M. Many homological invariants of M can be defined in terms of its minimal graded free resolution. The

Castelnuovo-Mumford regularity and projective dimension of M are defined to be

reg(M):= max {j—i | §, (M) #0}

and

pdim(M):= max {i | B;, (M) # 0 for somej}.
Denote pdim(M) by p. Then, §,(M)and g, (M),j € Z are referred to as the top total Betti number and the top graded Betti numbers of M, respectively.
By applying the functor Hom z( -, R[ - n]) to the sequence (SS), we obtain the following complex:
0 — Homp(Fy, R[ — n]) — Homp(F, R[ —n]) — =+
— Homp(F,, R —n]) — Exth(M, R[ —n]) — 0.
Here, F, denotes the free module @ R[ —;1*/*". Assume further that M is Cohen-Macaulay. Then, it follows from the local duality (see [1]) that the above

JEZ

complex is exact and so it is a minimal free resolution of Extf(M, R[ - n]). The module Exti(M, R[ - n)), also denoted by w,, is called the canonical module of M. Note

that

Hom y(F,, R~ n]) = @ Hom(R[ — j1#1/ 0, R[ ~ n]) = @R[~ n + 1D
jEZ jEZ

Based on these discussions, we can derive the following well-known result.
Lemma 1.1. Let M be a Cohen-Macaulay graded R = K(x,, ..., x,]-module, and o, its canonical module. Assume p = pdim(M). Then f; (w,) = B,_; ,_ M) for all i, .
The Cohen-Macaulay type of a finitely generated Cohen-Macaulay R-module M is defined to be the number
type(M):=f,(M) = Bo(w,),
where p is the projective dimension of M. In the following, we will consider the case when M = K[G] as a K[£(G)]-module.

1.2. Toric ideals of graphs. Let G be a simple graph, i.e,, a finite graph without loops and multiple edges, with vertex set /(G) and edge set £(G). A matching of G is
a subset M < E(G) for which ¢ N ¢’ = @ for e # ¢ belonging to M. The matching number, denoted by mat(G), is the maximal cardinality of matchings of G. Recall
that a walk of G of length ¢ is a subgraph » of G such that E(W) = {{vg, v/}, {v, v5}, .. W1 vgh where v, v, ..., v, are vertices of G. Awalk W of G is even if ¢ is
even, and it is closed if v, = v A cycle is a special closed walk with edge set {{v,, v}, {v.v,}, g1V = Vo) such thatv, ..., v, are pairwise distinctand ¢ > 3. A
cycle is called even (resp. odd) if ¢ is even (resp. odd). For a subset ¥ of ¥(G), the induced subgraphG , is the graph with vertex set / and for every pair x,y € W,

they are adjacent in G, if and only if they are adjacent in G.
The generators of the toric ideal of /; are binomials which are tightly related to even closed walks in G. Given an even closed walk # of G with
EW) = {{vo, vids v vals oo vag 20 Vag—1h Ivag— 15 ot b

we associate /7 with the binomial defined by

q q
Jw= H"z/—l - 1_[32/’
J=1 j=1
where ¢, = {v;_, v} for 1 <j<2g~1and ey, = {v,, ,vy}. Abinomial /= u~v € I is called a primitive binomial if there is no binomial ¢ =u" ~v" € I; such that
u'|uand v'|v. An even closed walk W of G is a primitive even closed walk if its associated binomial /,, is a primitive binomial in /. It is known that the set

{f+ Wis a primitive even closed walks of G}

is the universal Grobner base of 7, by e.g. [16, Proposition 10.1.10] or [4, Proposition 5.19]. In particular, it is a Grébner base of 7, with respect to any monomial

order. The set of primitive even walks of a graph G was described in [12] explicitly.

Lemma 1.2. (12, Lemma 5.11] A primitive even closed walk I of G is one of the following:
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i. T is an even cycle of G;
ii.T = (C|, C,), where each of C, and C, is an odd cycle of G having exactly one common vertex;
iii. T = (C,. T}, C,, I'y), where each of C, and C, is an odd cycle of G with (C,) N V(C,) = © and where T', and T, are walks of G of the forms T = (e; .....¢; ) and
r, = (e,.‘l, ,..,e,.l“) such that ', combines j € e, N e N ¥(C,) with je e N e N K(C,) and T, combines /" with j. Furthermore, none of the vertices belonging to

V(C}) U V(C,) appears in each Ofe’] \ {3}, Cipni (/‘.r\ Ut e,‘l \ {3, ”i;”"'ez;.,,'”i;.\ U

We would like to note that in (iii) the sum of lengths of I', and I', must be even in order to ensure it is indeed an even closed walk.

1.3. Edge Cones and Canonical modules. Let G be a simple graph with vertex set /(G) = {1, ...,n} and edge set £(G). For any /= {i,j} € E(G) denote v,= ¢, + €

where e, is the ith unit vector of R". The edge cone of G, denoted by R , (G), is defined to be the cone of R” generated by {v, | / € E(G)}. In other words,

R.G)=1{ X ap/|a,€R, forallf € EG)).
fEE(G)

If G satisfies the odd-cycle condition, then the edge ring K[G] is normal, see [14], and particularly, K[G] is Cohen-Macaulay, see 1, Theorem 6.3.5]. It follows that

the ideal of K[G] generated all the monomials x* with « € Z" N relint(R , (G)) is the canonical module of K[G], see e.g. [1, section 6.3] for the details.

Let us describe the cone R , (G) in terms of linear inequalities. For the description, we need to introduce some more notions on graphs.

« Forasubset W c 1(G),let G \ Wbe the subgraph induced on ”(G) \ W.If W = {k}, then we write G \ kinstead of G \ {k}.
« Forj € NG),let Ny() = {i € V(G) | {i.j} € E(G)}, and for any subset W < V(G), let N () = AUE WNG(k).
« Anon-empty subset 7 c ¥(G) is called an independent set if {j, k} & E(G)forany,, k € T.
« We call a vertexj of G regular if each connected component of G \ j contains an odd cycle.
« We say that an independent set 7 of /(G) is a fundamental set if
— the bipartite graph on the vertex set 7 u N(7) with the edge set £(G) N {{j, k} | j € T.k € N(7)} is connected, and

— either T u N(T) = 1(G) or each of the connected components of the graph G \ (7' u N (7)) contains an odd cycle.

1t follows from [15, Theorem 3.2] or ([14, Theorem 17 (a)]) that R , (G) consists of the elements (x,, ..., x,) € R" satisfying all the following inequalities:

(&)

x, > 0 for any regular vertex u;

X, > Z x, forany fundamental set 7.
VENG(T) uET

1.4. E-K splitting. Based on the approach in [5], Eliahou and Kervaire introduced the notion of splitting a monomial ideal.

Definition 1.3. Let 7,/ and X be monomial ideals such that G(7), the unique set of minimal generators of / is the disjoint union of G(J) and G(X). Then /= J+K is

an Eliahou-Kervaire splitting (abbreviated as "E-K splitting") if there exists a splitting function
G N K) > G(J) x G(K)
sending w ~ (@(w), p(w)) such that

1. w = lem(¢(w), w(w)) for all w € G(J N K), and

2. for every subset @ # S © G(J N K), lem(¢(S)) and lem(y(S)) strictly divide lem(S).
Lemma 1.4. 5, Proposition 3.1] Let 7 = J + K be an E-K splitting. Then, for all i > 0,

(%)
B = B) + BAKY + B, (T OVK)L By (D = By (D) + B (KD + iy (N KD,

wheref_; MINK)=0 for all j by convention.

2. A classification of compact graphs
In this section, we aim to classify all the compact graphs up to the essentially same edge rings. We start by presenting the following straightforward
observation, which we will not provide a proof for.

Lemma 2.1. Let x, be a vertex of degree one in a simple graph G and let G' be the graph obtained from G by removing x,. Then I, and I ; have the same set of minimal
binomial generators. More precisely, if G has edge set {e|, ...,e,} with x, € e, then I; =15 - Kle,, ...,e,] and K[G] = K[G'] ®Kle,]. Here, both K[e, ..., e,] and K[e,] are

polynomial rings by definitions.
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This observation indicates that the removal of vertices with a degree of one does not essentially alter the edge ring. Given a simple graph G, by iteratively
removing all vertices of degree one, we obtain a new graph, denoted as G, where every remaining vertex has a degree greater than one. It is evident that G and
G, essentially share the same edge ring by Lemma 2.1. From this point forward, we will solely focus on simple graphs in which every vertex has a degree greater

than one.

Definition 2.2. Let G be a connected simple graph where every vertex has a degree greater than one. We call G to be a compact graph if it does not contain any

even cycles and satisfies the odd-cycle condition.
Proposition 2.3. Let G be a compact graph. Then there exist at most three vertices of degree > 3in G.

Proof: First, we observe the following easy but useful fact: Given distinct cycles C,, C, of G with 1(C,) N (C,) # @, one has ¥(C}) N I(C,) is a singleton. This is
because if /(C,) N 1(C,) contains more than one vertex then G must contain an even cycle. As a result, we see that every cycle of G is an induced cycle of G and

every edge of G belongs to at most one cycle of G. We label this as the first assertion.

Next, we will prove the second assertion, which states that every vertex of G belongs to at least one cycle. Assume on the contrary that there is a vertex v which
does not belong to any cycle. Then, since deg(v) > 2 for each v € 1(G), thereisapath v, - —--- = —v =v- - — -~ = — v such that v, and v, belong to the cycles C;
and C, respectively. It is clear that C, and C, are disjoint, for otherwise v belongs to a cycle. This implies there is an edge connecting C, and ¢, by the odd-cycle

condition, which is also a contradiction. This proves the second assertion.

For convenience, we say a cycle of G to be almost-isolated if it has exactly one vertex of degree > 3. We can then prove the third assertion, which states that if v is
a vertex with deg(v) > 3, then v belongs to at least one almost-isolated cycle C. For this, we let v, v,, ..., v, be all the vertices which are adjacent to v. Note that & > 3.
In view of the second assertion we have proved, we may assume

C:vlf TVT TV T U T T T T Sy, vy
is an odd cycle. If C is almost-isolated, we are done. Suppose now that C is not almost-isolated. In this case, we may assume C, is a cycle containing v, as a vertex
by the second assertion. We consider the following cases:
Case 1: deg(u;) > 3 for some i € {1,2,...,2¢}. Say i = 1 and that « & V(C) is a vertex adjacent to «,. Let C, be a cycle containing «. Then either there is an edge
connecting C, and C,, or C, and C, shares a common vertex. In both cases, there is a path that connects v, and v;, but does not pass through v. Thus, the edge
e = {,v,} not only belongs to C, but also to a cycle containing the vertex v,. This is impossible by the first assertion.
Case 2: deg(v;) > 3 for some i € {1,2}.Say i = 1 and that u & ¥(C) is a vertex adjacent to v,. Let C, be a cycle containing u. If v & C,, then e = {v, v} also belongs to a
cycle containing v, by the odd-cycle condition, a contradiction. So we only need to consider the case that v € C,. If C, is almost-isolated, we are also done. If C, is
not almost-isolated, we let w € 1(C,) other than v with degree > 3 and let w, be a vertex adjacent to w with w, & ¥(C)). By the second assertion, there is a cycle,
denoted by C,, which contains w,. Since C, and C, are connected by an edge, we see that ¢ = {v, v} belongs to an cycle containing w. This is impossible according
to the first assertion.
Thus, the third assertion has been proved. From this, it follows that if v, ..., v, are vertices of degree > 3, then the induced graph on the set {v,....,v;} isa
complete graph. Hence k < 3. 7
Classification and Notation: For the sake of simplicity, a vertex of a compact graph is called a big vertex if it has a degree greater than 2. According to
Proposition 2.3, compact graphs can be categorized into four classes, each determined by the number of big vertices. More specifically, we say a compact graph
falls into type i if it possesses i big vertices fori =0, 1,2, 3.

A compact graph of type 0 is simply an odd cycle.

A compact graph of type 1 is a finite collection of odd cycles that share a vertex.
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Figure 1 Thegraph4, , i,

A compact graph of type 2 consists of two disjoint compact graphs of type 1, where the two big vertices are connected either by an edge or by an edge as well as

a path of even length.

2

Figure2.ThegraphB‘2vl):(Z.”

A compact graph of type 3 consists of three disjoint compact graphs of type 1, where every pair of big vertices is connected by an edge.
Suppose p = (py,....p,), 4 =(q;.....q,) and r = (r,...,r)) are positive integral vectors with dimensions m, » and  respectively. We denote a compact graph of

type 1, where the odd cycles have lengths 2p, + 1,...2p,, + 1 respectively, as 4 ,0Cd,

0
By Bp 4

we mean a compact graph of type 2 where the two disjoint compact graphs of type 1 that compose it are 4, and 4, and where the two big vertices are
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Figure 3. The graph C 5 1) (1,1): (2.1

connected by an edge. Furthermore, if s > 0 is an even number, then B;_q represents the graph obtained by appending a path of length s connecting two big

vertices to B” .
Piq

A compact graph of type 3 is denoted by C,. .. if the three disjoint compact graphs of type 1 that make up itare 4, 4, and 4, respectively.

3. Universal grobner bases and initial ideals.

In this section, we will discuss the universal Grobner bases and initial ideals of toric ideals of compact graphs, with respect to a specific monomial order. The
main objective of this section is to identify suitable monomial orders that yield initial ideals with a favorable E-K splitting, as demonstrated in the subsequent
section.
3.1 Compact graphs of type 1. Given positive integers m > 2and p,, ..., p,,, We use 4 to denote the graph 4 P for short. Thus 4 has vertex set
V(A) = {u} U {u,.’/- [ 1<ism1<j<2p}
and edge set
Bd) = {{u; pu; poy} | 1Si<m 1<j<2p, =1}
U {uu; ) {u,u,’z’,l‘, | 1<i<m).
We label the edges of 4 as follows. For i € {1,...,m}, we lete; | = {u,u,; ,} and € oppr1 = (5 Fori € {1,...,m} andj € {1,...,2p;~ 1} let € e =y pug i)
For 1 <i,j < m,we put
e," =€;1¢;,37¢; gp +1 and “, T €284y
Lemma 3.1. For any integers m > 2 and positive integers p,, ..., p,,, the universal Grébner basis for the toric ideal 1 , is given by
G= e, ~cje; | 1=i<j<m).
Proof: It follows from [14, Lemma 3.2] together with [16, Proposition 10.1.10]. &
Going forward, we work in the standard graded polynomial ring
K[E(4)] = K[el,l* '“’el<2p‘+l’ ...... Sl 1 ""em.meH]‘

Let < denote the lexicographic monomial order on K[£(4)] satisfying

€1 S S e gy e S Sl ST Sy

and let /, denote the initial ideal of 7, with respect to the monomial order <.

Proposition 3.2. The minimal set of monomial generators of J , is given by
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M:{el”e/’\ 15i<j§m}.

Proof: Note that (‘LJ < e;'ej' for 1 <i <j < m, we can deduce from Lemma 3.1 that J,, is generated by M. The minimality of M can be checked directly. 7

3.2. Compact graphs of type 2. Assume that #»,m and p,, ....p,,. ;. .... 4, are given positive integers. Let s > 0 be an even number. We use B denote the graph

B* for short. Then, we may assume that B has vertex set

Pis Pt 54y

U {u;

and edge set

V(B) = {u,v} U {w], ...,wrl)

SI1SiSm1<i<opiuly, | 1<isn1<j<2q;}

EB) = {{u; pu; jig} [ 1sism, 1<j<2p;—1}

CREUNTRIN {”>”1,2p) [1<i<m}

U {{u, vl s wid, w3 U {{ww ) [ 1Si<s—2)

u 4{L’I'J,V,JH} [1<i<nl1<j<2q;—-1}

UL v 0 | 1S i S},

The edges of B are labeled as follows. For i € {1, ..., m} let e = {uu; 4} and € opa1 = AU 5 ke Fori € {I,...m}andj € {1,...,2p,~ 1} let e je1 = {“1./\“[./—1}-

Let x = {u,v}, x; = {u,w,} and x, = {v,w_}. Fori € {1, ..

and; € {1,...,2¢;~ 1} letf,.'M =A{vipvijerh

We put

and put

Note that if s = 0 then both x"and x” vanish.

Lemma 3.3. For any positive integers m,nandp,, ...,p,,. 41, --

1.6, = {ee; ~eje, | 1si<j<m},

2.0, = i~ 1f 1 1 si<jsn,

3.65= 44;;’—43:%//’.’ [1<i<m1<j<n},
4.Gy= {e;x”zf/'. - g;x'zfj'. [1<i<m1<j<n},
5.Gs= {e;x” - e;:c’x | 1<i<m}and

6.Go= ifx —fx'x | 1si<n}.

It should be noted that G4, Gs and G vanish if s = 0.

Ls—2} let Xppp = {wpwi ). Fori € {1,..,n} letf,il = {v, vigh and‘/;vzq = Vig wi)-Forie {1,...n}

e;=ej 1€ 3 e op vy ande; = e 0ej 4 3p 5

/j f;,lfi,Eujf:,Zq,‘r]andﬂ':fi,l/;,f”fi,z;;,’

x = X(X3t X, andx” = XXyt

..q, and an integer s > 0, the universal Grobner basis of I is given by G = G, U G, U G3 U G4 U G5 U G4, Where

Proof: By [12, Lemma 5.11], every primitive even closed walk of B is one of the followings:

o (o1 €ip +15€,1 ~--,€,',2p/+1)yWhel'e l<si<j=m,

¢ (i -wting i -.-,)'j,zqf+1)y wherel <i<j<n,

o (e ...,e,yzp’ﬂ,x,fj_l, ...,//iyijﬂ,x),wherel <i<m,1<j<n,

. (e, s € p 1 X s Xs i ,..,A»qu+l,x5, ..x),Wherel <i<m1<j<n,

* (e e € op 1 XD ...s X, x), Where 1 <i < m,and

e (i ...,f,-(zq“ 15X, X, ..., Xg), Where 1 <i<n.

The result now follows from [16, Proposition 10.1.10]. 7

Let < denote the lexicographic monomial ordering on the polynomial ring K[£(B)] satisfying

I I Sem St Semop 1l SXSAPS <X <SS <SSl g e < SIS <faog 1

and let J,; be the initial ideal of 7, with respect to this order.

Proposition 3.4. The minimal set of monomial generators of J  is given by M = M, U M, U M5 U M, U Mg, where
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LM, = L\1<z<j<m}

\ A

fe

2.M, = {,'f,'\ n},
3. M; = {efj <i<m 15/5;1},
4.M;={ex' | 1zism},and

5. Ms=1{fx | 1<i<n}.
It should be noted that M, and M vanish if s = 0.

Proof: That M is a generating set with respect to the given order follows from Lemma 3.3. That it is minimal follows from the fact that none of the monomials

are divided by any of the others. 7

3.3. Compact graphs of type 3. Given positive integers m, n, k, as well as the tuples p = (p.....p,,), ¢ = (). ....q,)andr = (r.,...,r,), we denote the graph C, ., as C

for brevity. Here, p,, ¢,, r, are all positive integers. By definition, we may assume C has vertex set

O = {lu, v, wh Udu; | T<ism 1<j<2p;}

Uyl 1sisn1<j<2q} 0w, [1<i<k1<j<2r},
and edge set
E(C) = {ujpujiry | 1Sism 1<j<2p;= 1}
U Lty b Gy zp Pl 1<i<m}
ULy v ) | 1Sism1<j<2¢,-1)
Uy g, [ TS i<
UL o) | 1SiSk 1< <2r -1}
U g g b w0 | TSi<k
U vy, v wh e,
We assign labels to the edges of C as follows: For i € {1.....m}, let ¢, ; = {uu; } and e, 5, ., = {uu; .1} FOr 1 € {1,....m} and j € {1.. o
€ij+1 = {u,‘j, l‘,‘/'H;'
Fori € {1, ...n}, let/, , = V,’l}andfi_24‘+l = {v, v,’qu_l},FOI‘i € {l,...n}and;j € {1,...,2¢,~ 1}, letf; i1 = Wi Vi etk

Fori € {1,...,k}, ]etg‘l—{w w; l}andg, 21 = = {w,w;, Zr*l} Fori € {1,....k}and; € {1, 2r*1},letg‘j+]—{w”, (At

Furthermore, we define x = {u,v},y = {v,w},and z = {w, u}.

Lemma 3.5. For any integers m,nk and

PlsoosPyp Qs -Gy s ¥ the  universal — Grébner — basis of 1, is given by in
G=G,UG,UG; UG UGsUGUG,UGgUGoUG UG UG, where
16, = {e;,e/’,'*e;ejv, |1<i<j<m},

2.6, = f,~ff | 1si<j<n),

3.0,-{eg, ~gg, | 1si<j<h,

4-94:{e',/'?e;'xzf”| 1<i<ml1<j<n),

5.95= {/8 /,Vg | 1<i<n1<j<k},

6.Go= (g, —g2%e, | 1<ishl<jsm,

7.6;= {e;.sznfe;.yzzfﬂ 1<i<m1<j<n},

8.Gg= (/zg *fxg | 1<i<n1<j<k},

9.Go= {g X@I*gye | 1<i<k1<j<m},

10-910:{ery*e’zx| 1<i<my,

1.6, = {fz- /v | 1 <i<n},and

12.6,,={gx—gpz | 1<i<h.

Proof: In view of [12, Lemma 5.11], every primitive even closed walk of C is one of the followings:
o (€ oy €1 s jyzp/ﬂ),where 1<i<j<m,

o (ivooting oSy ...,/j’,qu_ﬂ),where 1<i<j<n,

© @1 82181 e 8 1y WheTe 1 S i <<k,

. (e *"*el,Zp,+l’X’~).1’ ...,f_/vzqrﬂ,x),wherel <i<m,1<j<n,
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S i eing 1081 & o e ¥ Where L sism 1 sj <k,

* (g 82105 ¢ 1 ,..,e_,vzplﬂ,z),where 1<i<kl1<j<m,

* (e ,..,ei.zpﬁl,z,y,fj'], /iquﬂ,y,z),where l<isml1=j=n,
. (-fi,l’""/;,Zq"l’x’z’gj,l” 8, 2102 z, ),where 1<is<n1<j<k
. (&,1’ 81BN € ) “"e_/,Zp/+l’X’y)lWherel <i<kl1<j<m,
. ((’iyl,...,e,’zplﬂ,z,y,x),wherelSigm,

. (/"l, .“,j;‘zqﬁl,x,z,y), where 1 <i < n,and

. ( i ..,,g‘-yzrﬁl,y,x,z), where 1 <i<k

Now the result follows from [16, Proposition 10.1.10]. &7

Going forward, we work in the standard graded polynomial ring K[£(C)], where the variables (i.e., the edges of C) is ordered as follows:

S gp e S Sy S Sy gy 1 SXSZSYSS) <SSy g e S S S S Tug o1 &L TS 8L gy e ST S8kt < S 8k a1
Let J denote the initial ideal of /. with respect to the lexicographic monomial ordering < on K[£(C)] induced by the above order of variables.

By putting:

€= e 1€ 3¢ op v ande; = e 0¢j 47 gp s

V7,57 Sy 2gp01 A0S, =0 oy 470 0y

and

80 80,180,378 ¢,0r,+1 A8 = 8 280,480 0rp
where 1 <i<m,1<j<nand! < ¢ <k we obtain the following result.

Proposition 3.6. The minimal set of monomial generators of J.is given by M = M, U M, U M35 U M, U M5 U Mg U M, U Mg U M, where

{ g\1<,<j<m}
i M, = {/J“<f</<"}
il M, = {ge; 1<,<,<A}
.M, = exf‘l<l<ml<7<"}

V.Ms=1fg n, 1

& )

IA

)

Jjs

k
s,

IN

e }

fz } and
i<k},

Proof: That M is a generating set with respect to the given order follows from Lemma 3.5. That it is minimal follows from the fact that none of the monomials

viii. Mg =

feis
{
e
Vi Mg = {g k1
“fer!
e
= el

are divided by any of the others. 7

4. Projective dimension and regularity

In this section, we aim to establish the following results. For convenience, we denote by #G) the number of induced cycles of G.
Theorem 4.1. Let G be a compact graph. Then there is a monomial order < such that

L g(in.(Ug) = i+ 1)(Z:+GZ) )foralli > o;

2. pdim(K[E(G)]/in<(I)) = (G) — 1;

3.K[E(G)]/in<(I;) is a Cohen-Macaulay ring;

4. reg(K[E(G)]/in - (I5)) = mat(G).
Corollary 4.2. Let Let G be a compact graph. Then

1. pdim(K[G]) = #G) — 1;

2. reg(K[G]) = mat(G).
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1t is known that if 7 is a graded ideal of a polynomial ring R such that R/in _(/) is Cohen-Macaulay for some monomial order <, then R//is also Cohen-Macaulay.
Furthermore, we have reg(R//) = reg(R/in _(/)) and pdim(R/I) = pdim(R/in _(/)). Based on these facts we could see that Corollary 4.2 follows immediately from

Theorem 4.1. Regarding the proof of Theorem 4.1, we will provide it at the end of this section.

Assume through this section that m, n, k are positive integersand p = (p,,....,p,), ¢ =(q;,....q,) and r = (r,, ...,r,) are integral tuples with positive entries. Also,

we write p ' = s Ppy-1h 4 "= Gy 4,-1),and r "= (Fpseoes P e

4.1. type one. In this subsection, we always use the monomial order given in Subsection 3.1, and denote the toric ideal of 4, and its initial ideal as /,, and J,,,

respectively. Similarly, 7, and J,, | represent the toric ideal of 4, and its initial ideal respectively. Recall from Subsection 3.1 that G(J,,) = {e,e/ [1<i<j< m}

Proposition 4.3. Denote by ,, the monomial ideal (c;. ....e), ). ThenJ, = J, _, + e, H, is an E-K splitting. Furthermore J,, | N e, H, =e¢.J, .

Proof: First of all, it is easy to see that G(/,) = G(/,,_,) U G(e,H,,). Let us check J,, _  Ne H, =e,J, . Take any eje; € G(J,,_), since 1 <i <j<m-1, we have

e eie, €e H,NJ, . Fortheconverse takee e’ € Gle, H,)ande e, € G(J,
j miy iy J

mm mm

).Here, 1 <iy<m-1land1<i,<;<m—1.Then,

m—1

lcm(emetl,elzej) S (emerzel) Se,
ThisshowsJ,_,Ne H,=e¢, J,
Next, we define functions ¢ and y as follows:
¢:G(e;”Jm,l) — G s e;ne;_'ej'_ I ee] l<i<j<m-1,

w:Gle,J,, ) — Gle, H,), i€ Pee, l<i<jsm-1L

(1) Let « be a minimal generator of e'mJ Thenu = e;ne;'ej' for some 1 < i <j <m— 1. It follows that

m—1°
lem((u), w(u)) = lcm(el”e/’, e;ne;’) = e;nel”e} =u.
@) Letc= e'm(e;.'lej'.l, e;.;e]'k) be a non-empty subset of G(e,,J,, ), where 1 < i, <j, <m—1forg=1,..,k Then
HO) = (e;’lej’l, e ei;e]’k) and y(C) = e;n(e;'l, e e;'k).
Since ¢; and ej'. are co-prime forall 1 < i,j < m, we have

lem(C) = e;nlcm((P(C')) and lem(C) = lcm(u/(C))lcm(e/’ s ey e/’ ).
1 k

This completes the proof. 7

In the following, we will utilize the following formula without explicitly referencing it: For a finitely generated graded module A over a standard graded

polynomial ring, one has
max {j—i | BiqjpM) #0} = max {{+b—(k+a) | By (M) # 0} = reg(M) +b—a.

Proposition 4.4. Let m > 2. Then reg(J,,) = mat(4 BESE

m

Proof: It is easy to check that mat(4,) = ¥ p;. We proceed with the induction on m. If m = 2, since J, is generated by a single monomial of degree p, +p, + 1, we
Ci=l

obtain reg(/,) = p, +p, + 1.

Suppose that m > 2. Then, by Lemma 4.3, we have

(#)

Bi ) =B =) F By o A H) T By o 1)
1t follows that
reg(/,) = max =i | B; () Bimy jop, A=) By —1(H,) # O}
= max {reg(J,, ) reg(J,,_ )+ p,,reg(H,) +p, +1}.
m=1
Note that H,, is generated by a regular sequence of degrees p,, ..., p,,_ ;. By using the Koszul theory, we obtain reg(H,) = ¥ p;—m + 2. Hence,
i1

m m

reg(,) = max { Q. p;+ 1, Y p;—m+3}

i=1 i=1
"

=2t
i=1

as desired.

geios.com doi.org/10.32388/IFIN2W 10


https://www.qeios.com/
https://doi.org/10.32388/IFIN2W

Proposition 4.5. Let m > 2. Then p(J,)) = (i + 1)( :12 )foralli > 0.In particular, pdim(J,)) = m — 2.

” m-1 m-1
Proof: We also employ the induction on m. The case that m = 2 or i = 0 is straightforward. If » > 3 and ; > 1, then, by noting that the formula ( :‘ ) = ( - )+ ( nl )

holds forall m > 1and i > 1, we have
Bildu) = Bildm—1) + BiH ) + Bim 1T p=1)
et ()0
S|
as desired.
We may compute the graded Betti numbers of J,, in a special case.
Proposition 4.6. If p, = --- = p,, = p, then for all i > 0, we have

m
(,+2)’ JEGE+2p L=, i+ 1;

otherwise.

Bi ) =

Proof: We use the induction on m. The case that m = 2 or i = 0 are obvious. So we suppose m > 3 and i > 1. By the induction hypothesis we have

-1
- (1)) J=G+2prae=1 i+
Mm=1) =
e A otherwise
and so
m-1 o )
P U= (,+1)’ JEG+2p+e+1,0=1,.. i
i-1,j-p—1Um-1 .
Y 0, otherwise.

On the other hand, by the theory of Koszul complex, we have

m—1

(g ) J=Gt2p+1;

A otherwise.

Bij-p-1Hy) =

Now, the result follows by applying the equality (#). 7

4.2. Type two. In this subsection, we denote the toric ideal of 8 _and its initial idealas 7, andJ  respectively. Similarly, /' ~ andJ
pq min

m:n m:n m:n—1

represent the toric

ideal and its initial ideal of B; o respectively. Here, we use the monomial order given in Subsection 3.2. The distinction between the case when s > 0 and the case

when s = 0 is significant. Let us first consider the case when s > 0. Recall from Subsection 3.2 that G(J° . ) is the set

m:n

{cléj | 15i<jgm} u {/Jﬂ 15i<j§n} u {ejj| ISiSm,ISan}LI {e;x”\ ISiSm}I_I {/jx'\ ISiSn}.

Proposition 4.7. Denote by 1°, . the monomial ideal (¢, ....e, [\, ..../,_,.x). Then s = J'

min—1

+/.#° . is an E-K splitting. Furthermore, J* nfH

min=1""Yn""m:n fn min—1

)= GV, DU GO, yand s, NS H, =T

Proof: First of all, it is routine to see that G(J* _ .
m:n—1 nom:n

m:n

Let us define a function ¢: G(f ./

o) = G, thatsendsfutouforallu € GO, ).

n

Similarly, we define a function y: G(f' J* ) > G H®_)using the following rules:

W min—1 W min
. f;e!e} Hf;,e/'.forall 1<i<j<m andf;f:f; B f"fl foralli<i<j<n-1

. fn‘/] b feforalll <i<mand1<j<n-1;

o fex'p feforalll <ismandffx p fx' foralll <i<a-1.

1t is routine to check that conditions (1) and (2) of Definition 1.3 are satisfied, thus confirming that it is indeed an E-K splitting. 7

If s = 0, then G(/°_ ) is the disjoint union

{e;/;.| ISiSm,ISerr}U {e;'ej'| 15i<j§m} U {frfj| l§i<_j5n}
. Similarly, we obtain the following.

Proposition 4.8. Denote by H:m the monomial ideal (e’l, e f1 f,,— M) Then Jﬂm =50

m min—1

+/H°  isanE-Ksplitting,and % nfH) =1

nomin I men
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Proposition 4.9. Let s > 0 be an even number, m, n > 1. Then for all i > 0, we have

‘ i+ 1)('7:2"), s=0;
ﬁl(j:n:n) = m+n+1
a+n( ., ) s>

Proof: We consider the following two cases.

Case s=0: We also employ the induction on ». The case that m = n = 1 or i = 0 is straightforward. If m + » > 3and i > 1, then, we have

i) = Bl ) F B ) B )
("
=@+ 1)(':1:;)

as desired.

Case s > 0: We also employ the induction on ». The case that i = 0 is straightforward. If i > 1, we have

Bildny ) =Bl ) F B, )+ By )

m+n m+n m+n
=i+ i +
N 1)(i+2) ‘(Hl) (i+1)
m+n+1
2 )

=(i+ 1)(
This completes the proof. 7
Proposition 4.10. Let s > 0 be an even number and m, n > 1. Then

reg(). )= mat(B;:q) +1.

m:n

m "
Proof: Case s=0: In this case, mm(BZ EDW I e 1. We proceed with the induction on ». By Proposition 4.8, we have
) i=1 i=1

ﬁi,/(Jz.”):ﬂi./(J?n,n ,)+5f.;’fq,,—l(HS,:n)*5;‘4,/’—%—1(12,;,, D
1t follows that

reg(f )= max =i | By 0 D HBiy g U ) F B (D) # 0}

m:n

0
= max {reg(/,,,, ) reglUy,., ) * g, ree(Hy, )+, 1),

Note that H?n ., is generated by a regular sequence of degrees p, + 1, ...,p,, + 1,4, ..., ¢, |- By using the Koszul theory, we obtain
m n—1
reg(HS,. ) = Ypt D g nt2.
i=1 i=

m
Hence, if » = 1, since reg(JS,vU) =reg(/,) = X p; + 1, we have
: i=1

m m m

reg(y, )= max {(Yp;tay+ L Xpit a2 = Xyt a2
i=1

i=1 i=1
This proves the case when » = 1.

Ifn > 1, then

m n m n
0
rcg(]i”m) = max {Z:]pi+ qu +2, le[+ Z:]q[fnJr}}
i= i= i= i=

m n

= Zp‘+qu+2,

i=1 i=1
m n R
Case s > 0: In this case, we have mat(B; EDW IS R We proceed with the induction on » again. First, note that
: i=1 i=1

m n—1
s
reg(H, ) = 2pi+ Zqi+ 57t 1.
i=1 i=1

Ifn =1, then

Bi i) = Bi 00 F B gy D F B g 1)

geios.com doi.org/10.32388/IFIN2W
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Note that G(J!,.) = {@;/e} | 1<i<j<m}u{ex”| 1 <i<m). By putting ¢, = x", we may write G(J’, ) = {e;'e/' | 0<i<j<m}. This is exactly the ideal studied in

Subsection 4.1, and so it follows from Proposition 4.4 that

n
s
reg(s )= Dopi+ 3L
i=1

m

; ; s
Hence, reg(J‘:n:l) = max {reg(\l’;“o) +q1,reg(H’:”: Dt =Y pi+q+ 5t 1.
i=1
Suppose that » > 1. Then, since
oL ¢ ¢
ﬂiv./(']m:n) ’ﬂr../(Jin:n—|)+ﬁw‘*q,ﬁI(H:Sn-n)+ﬂi*|v./*q,ﬁl(J:1:n—|)’

we have

s
min—1

reg(Ji”:n) = max {reg(/* ), reg(.

min—1

)+ g, reg(H, ) +q,+ 1}

m " m "
s s
= max (X p;+ Zqﬁ;*l,zpﬁzqﬁn*;ﬂ}
i=1 =1 i=1 =1

as desired.

4.3. Type three. In this subsection, we denote the toric ideal of C, and its initial ideal as /,,.,., and J,,.,., respectively. Similarly, /,,.,., , and J,

qir minzk—1

represent the toric ideal of C,,. ,.,-and its initial ideal, respectively. Recall from Subsection 3.3 that G/

m:n

.») is the disjoint union

{eﬁ | 15[<j§m} u {f’rm 15i<j§n} u {g;'g}' | 15i<j5k}u {e;y| IS[Sm} U {/;z| IS[Sn}U {g;x| IS[Sk}U {e;(/'| ISiSm,ISan}U {f,gj [1<i<
Proposition 4.11. Denote by H,,. ., the monomial ideal

L Y )
ThenJ,,.,..=Jp.ps-1 g;th:" . is an E-K splitting. Furthermore, we have

Tmnzk—1 ﬂg;(Hm:n:k:g}\.Jm:n:k—l*

Proof: First of all, it is routine to check that G(J,,.,,. ) = G, .x- )L G(&H,y ) AT, i O G = 84,

mink—1°

Define a function ¢: G(g,J,,.,.4-)) = G, )thatsendsgutouforallu € GU,,., -

Define a function y: G(g,/,,.. .4 1) — G(g3H .. ) by the following rules:
. g}\ve;ye/’ [ad g;{e/’. forall1 <i<j<mand g;(e;y [ g;(e;, forall1 <i<m;
. g;{e;f/’.Hg;(e;foralllﬁiSmandlS/'Sn;

. g;f;';j_»-»g}f}foralll <i<j<nandgfzp gfforall1 <i<n

gkf;gj'_»-»gkf;foralll <i<k-landl<j<un

g#‘g/»—rg#’foralll si<j<k-landggxwp gxforalll <i<j<k-1;

g;\g;e/’.r—)g;(e/’,forall I<i<k-land1<j<m.

It is routine to check conditions (1) and (2) of Definition 1.3 are satisfied. 7

m+ntk+1

Proposition 4.12. Let m, n, k > 1. Then B(J,,..,..,) = (i + 1)( iia ) for all i > 0. In particular, pdim(/,

) =mrn k=1

Proof: We also employ the induction on 4. The case that i = 0 is straightforward. If i > 1, then, we have
Bl = Bl mnik=) ¥ By ) ¥ BiiUii—1)

m+n+k m+n+tk m+n+k
o MR BTt
i+2 i+1 i+1
mtntk+1
:(’H)( i+2 )

as desired.

Proposition 4.13. Let m, n, k > 1. Thenreg(J,,,.,,.,) = mat(C,,.,) + 1.
m n k

Proof: Note that mat(C,.,..) = ¥ p; + ¥ ¢;+ ¥ r;+ 1. We proceed with the induction on &. If = 1, then
=1 i=1 =1
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Bi fmin:) = Bi min:0) *Bi jmr AWy ) T Bt o <1 0)-

m n

Since reg(J,,.,..) = reg(J>, . ), We obtain reg(J,,. . |) = le,» + zlq, 2,
i= i=
Suppose that & > 1. Then, by Proposition 4.11, we have
Bi W mn:d) = Bi om0+ Bijre -\ Fpg o) F Bt =1 k= 1)-
1t follows that reg(J,,,.,,. 1)

= max §—i | Bi j{minik-1) + Bivt jmr - 1Uminik= D)+ Bi jmr — 1 (Hy ) # 0}

= max {reg(/,, ., g 1> 10H .y ) Frp 110l o) +rgd
m 11 k-1

Note that #,,.,., is generated by a regular sequence of degrees p, + 1,...,p,, + 1,q; + 1,...,q, + L1, ..., ri—1, 1, We obtain reg(H,,.,.) = 3 p;i+ Y i+ X ri—k+2.
i=1 i=1 i=1

Hence,

m n k m n k
reg(/,,. ) = max 4211,-*2%*2'#2. ZﬂﬁZq,-Jr Zr,.*kJr}}
=1 0=l =1 =1 =1

i=1

n

k
pit it Yt
[

™M =

i=1

as desired. 7

To complete the proof of Theorem 4.1, we require some additional notation and facts. Recall a connected graph is planar if it can be drawn on a 2D plane such
that none of the edges intersect. If a planar graph G is drawn in this way, it divides the plane into regions called faces. The number of faces is denoted by AG).

The famous Euler formula states that for any planar graph G, we have
[E(G)] = [NG)| =A6) —2.
If we assume that every edge of G belongs to at most one induced cycle, then there is a one-to-one correspondence between induced cycles and bounded faces

of G. Since there is exactly one unbounded face of G, it follows that G) = #G) + 1.

However, it is worth noting that the formula £{G) = #G) + 1 does not hold in general. For example, if G is the complete graph with 4 vertices, then G is planar, but
AG) = (G) = 4.
We are now ready to present the proof of Theorem 4.1.
Proof: (1) This is a combination of Propositions 4.5, 4.9 and Proposition 4.12.
(2) It follows immediately from (1).
(3) Since G is a compact graph, G is a planar graph and every edge of G belongs to at most one induced cycle. Hence, because of the discussion above, we have
[E(@)] = [NG)| =4G)~ 1.
This implies
depth(K[E(G)]/in (1) = | E(G) | — pdim(K[E(G)]/in (I ;)

= [16)| = dim(K[G])

= dim(K[E(G)]/in _(I)).
Here, the second last equality follows from [15, Corollary 10.1.21]. Hence, by definition, K[£(G)]/in _ (I;) is Cohen-Macaulay.

(4) This is a combination of Propositions 4.4, 4.10 and Proposition 4.13. 7

5. Cohen-Macaulay types and top graded Betti numbers

Assume that G is a compact graph. In this section we will compute the top graded Betti numbers of K[G]. Since K[G] is Cohen-Macaulay, the regularity of K[G] is
determined by its top graded Betti numbers. Therefore, the regularity formula given in Section 4 could also be deduced from the results of this section. To
present the top graded Betti numbers of K[G], we need to consider three cases. The most complex case is when G is a compact graph of type 3, and we will
provide detailed proof specifically for this case. The proofs for the cases when G is a compact graph of type one or type two are similar, with only minor

differences, so we will only provide an outline of the proofs for those cases.

The top graded Betti numbers of the edge rings of three types of compact graphs are presented in Propositions 5.2, 5.3 and Proposition 5.4, respectively. By

combining the aforementioned results and their proofs, the following conclusion regarding the top total Betti numbers can be immediately derived.
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Theorem 5.1. Let G be a compact graph, and let I ; be the toric ideal of K[G]. Denote by J; the initial ideal of I; with respect to the order given in Section 3. Then I ;and J;

share the same top graded Betti numbers. In particular, we have type(K[G]) = £G) — 1.

5.1. type three. Let C denote the compact graph Chgim whose vertex set 1(C) and edge set E(C) are given explicitly in Subsection 3.3. In this subsection, we

compute the minimal generators of the canonical module wy (-, and then determine the top graded Betti numbers of the toric ring K[C].
m n k

Itis easy to see that | (C)| =23 p; +2Y ¢;+2Y r;+ 3. We use the following notions for all the entries of RI" () :
i=1

i=1 i=1

m 2, k2

n 24
RIVO| = {z Za,,ju,,jJrau + ZZbi’jv‘-yj+bv+ ZZci‘jwi‘jJrcw
i=1j=1 i=1j=1

i=1j=1

a“/,a,b b,ci'/,c € Rforall i/},

i
where u,u; ,v,v; ,w,w, ;are the unit vectors of RO each u; ; (resp.v; ,w, ;) corresponds to u, ; (resp. v, ,w; ) (Where | <i<mand1<j<2p)(resp.1<i<n
and1<;<2q,1<i<kandl <j<2r)andu (resp.v,w ) corresponds to u (resp. v, w).

In what follows, we will construct m + n + k integral vectors in R!"(©)| and then show that they are minimal vectors of relint(R , (C)) N Z!"(©)|. Here, an integral
vector in relint(R , (C)) is called minimal if it cannot written as the sum of a vector in relint(R , () N z!"(©)! and a nonzero vector of R, (C) N Z!"(O) |, The

construction is as follows:

For(=1,...,m,let

m 2 n 24 k2
(1(2=Zzu‘/+ZZV1/+ZZW‘J+V+W+2[U.
i—y=1  i=lj=1  i=lj=1
For(=1,...,nlet
m 2 n 24; k2
Be= ZZqur ZZV‘J*’ ZZW‘JerJrquzt’v.
i=lj=1 i=1j=1 i=1j=1
For(=1,...,klet
m i n 24 ko
Ve= ZZ“,,j* zZvuﬂr ZZW"‘/+u+v+2€wA
i=lj=1 i=1j=1 i=1j=1

We now verify that a,, 4,7, € relintR , (C) for all possible ¢. For this, we putu") = {u; | j=1,3,...,2p,~ I} fori=1,.,mu® = {u, ;| j=2,4,...2p}fori=1,...m
andv{", v w1 w2 are defined similarly.
We see the following:
* Eachofu, ;'s,v; 'sandw;, /s isaregular vertex of C, while 4, vand ware not.
« Anindependent subset 7 of /(C) is fundamental if and only if 7 is one of the following sets:
"o
@ ulu}f' ,where 1, ....f,) € {1,2}";
iZ
n
(i) U v, where (g, ....g,) € {1,2}";
i=1
k
(i) U w"), where (hy, ..., hp) € {1,2}%;
1

i=

m n k
W) {u} U U @\ g5, DU U v & w U owy, where (1, ... f,,) € {1,217, (g g,) € {1.2)"a0d (1), ..o k) € {1,2}5
i=1 ’ i=1 1

n m k
) 03U U0\ v, DU U e u U w, where (/. ...f,) € {12}, (g1, 8,) € {1.2}"and (b, ... by € {1,235
i=1 i=1 i

i=

i

k m n
) fwp u U "\, w0, DU U a0 U (&) where 7y, ... f,) € 11,217, (g, g,) € {1.217a0d (1), ..ok € {1,245
i=1 ! i=1 i=1

It should be noted that there are 2” fundamental sets in (i) and 2” *" ** fundamental sets in (iv), and so on. Hence, it follows from (A) (see this Subsection 1.3) that

avector of RI"(©)| of the form:

m 2p; n 2q; ko2
zZa"fu,’/JraquZzbi’fv,»jerVJrZZC,-J»W,.J.Jrcw
i=1j=1 i=1j=1 i=1j=1

belongs to R , (C) if and only if the following inequalities are satisfied:

l.ui,jzoforanylSiﬁmandlijilpi;

2.b; ;z0forany 1 <i<nand1<;<2;

3.¢;;>0forany I <i<kand1<;<2k;
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m 2P

LY Ya ;=% a;tazy alvjforanyTE(i);

i)

i=lj=1 " w €T u €T
n 24;

5% ¥ b ;=% b ;+b>Y b forany T € (i)
i=lj=1 vi, €T vi €T
k2

6.Y Y ¢, ;=% ¢te2Y  c; forany T € Gi;
i=1j=1 w; €T w; €T

7Y +bteza+2AY a4 ;+Y b+ Y cw)foranyTE(iv);

u €T v, ,ET w, ;€

8. Y +ctazb+2Y a;+Y b +Y ¢ pforanyT € vy
u €T v, €T w, €T
9 +atbzc+2AL  a;+Y b +Y c‘/)foranyTe(vi).
w,€T " v €T " w €T’
m i n 24 k2
Here, Y’ denotes 3 Y a; JTE X b Y Yo tis straightforward to check that «, satisfies these inequalities, with strict inequalities holding for each «,. This
i=1j=1 i=lj=1 = i=lj=1

implies that a, € relint(R (C)) N Z!"(O1.

Next, we show that «, is a minimal vector in relint(R , (C)) N z!"(©)|, i.e, it cannot be written as a sum of an element in relint(R , (€)) N z'"(©)| and an element in
R, Nz"OI\ oy foralle=1,...,m.

Suppose on the contrary that a, = o+ a” for some o’ € relintR . (C)) N z!"(land " € R () N Z!" (O] '\ {0}. Write

2, 2, k2

Cv.oHbv+ ' e
b,,’/_v” bv ZZC"/WL/ cw,
1 i=1j=1

m n
a':ZZa; _uf’i+a'u+z
i i=1j=

m 2P

n
o' = Z Z”;’,j“i,j +a'u+ z Z h;.v.l.v‘.yj +5"v+ Z ZL':JW’J +c'w.
i=1j=1

i=lj=1 i=1j=1

2q; k2

In view of the inequalities (1) - (3), we see that a;. j,h;.j, c;j >1 for all i,j. Because of the inequalities (4) - (6), we also see that «’,b,c > 1. Hence,

a;=b=c; = 0 for all possible i, j. From this together with (7) it follows that «” < 0. Hence, a" = 0. This is a contradiction, which shows that a,isa

minimal vector in relint(R , (C)) N 27! for ¢ = 1, ..., m. Likewise, so are #,'s and y,'s.

Proposition 5.2. Let C be defined as before. Assume m < n < k. Then type(K[C]) = m + n + k, and the top graded Betti numbers of K[C] are given by

1, j=mat(CO)+n+m+¢ €=1,...k—n;
, jEmat(Q)+m+k+l, €=1,..,n—m;
, jEmat(C)+k+ntdl, (=

otherwise.

2

Prnsr JKICD = { 5

0.

Proof: Every minimal vector in relint(R,(C)) N z!"(9)! corresponds to a minimal generator of wy ). It follows from the above discussion that
type(K[C]) > m +n + k. Since type(K[C]) is equal to the top total Betti number of K[C], we conclude that type(K[C]) < m +n +k by Theorem 4.1. Thus the first

conclusion follows. From this, we see that a,, ..., &, 8, .... 8, 71 --.. 7, are all the minimal vectors of relint(R , (C)) N 2! (©)|. Therefore, the set of monomials
x4 0=1,..,m; X =1, n X C=1,..k

is a minimal generating set of gy which is an ideal of the edge ring K[C]  K[/(C)]. Note that every monomial x“ belonging to K[C], which is regarded as a

graded module over the standard graded ring K[£(C)], has a degree of % |«|. Hence,

m n k

3, JEEptY gt Yt a =1, m
i=1 i=1

i=1 i=

m n k
2, jEEXptY Yl bl=mt] L n
ﬂo,,/(’”K[C]): i=1 i=1 i=1
m n k
L j=YXp+tXq+YXrntl+tt=n+1..k
=1 Q=1 =1
0, otherwise.
m n k m n k

Since |E(C)| =2X p;+ ¥ ¢;+ X r)+tm+n+k+3andma(C)=Y p,+ ¥ q;,+ ¥ r;+ 1, the second conclusion follows by Lemma 1.1.
i=1 i=1 i=1 i= i=1

1 i=1

5.2. type one. Let 4 denote the compact graph 4, whose vertex set /() and edge set £() are given explicitly in Subsection 3.1. Then | (4)| =2 p; + 1. We may
i=1

i=

write
m 2p;
RIVDI= (3> a, w; +au | alla; ,a €R}.
i=1j=1
Here, u, , u correspond the vertices of 4 in a natural way. Then, we could show the following vectors
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m i

u,  +20u, £=1,...m—1
X2,

i=1j=1

are all the minimal vectors of relint(R , (4)) N ZV(4) 1],

Proposition 5.3. Let 4 denote the compact graph 4, Then type(K[A]) = m — 1, and the top graded Betti numbers of K[4] are given by

1, j=matd)+¢ £=1,...,m—1;
/]'"’ly/(K[AD - 0, otherwise.

5.3. type two. Let 8° and B* denote the compact graph Bqu and B;_q respectively. Their vertex sets /(8%) and ¥(8°) and edge sets £(8°) and E(B%) are given

explicitly in Subsection 3.2. Then | 1(8%)| = 2(Y p;+ ¥ ¢,) + 2. We may write
i=1 i=1
2

i

m m 2
v (B°
RIVED| = {ZZa,’fu,’/Jrzzb,’/v,.’/.JraUerv | alla; ;,b; ja.b € R}.
i=1j=1 i=1j=1

Here, u, , v, ;u,vcorrespond the vertices of BY in the natural way. Then, we could show the following vectors

m 2P n 24
ap= Y 2 2 DN V@O D, £=0, . m ]
i=1j=1 i=1j=1
and
m 2P n 24
Br= 2 2w 2 vt ut @y, £=1, 0]
i=1j=1 i=1j=1

are all the minimal vectors of relint(R , (8%) n z! ("),
On the other hand, we have | 1(8%)| = | /(B%)| + s - | and we may write
m 2p; n 24 s=1
RIVBY| = {z Z“x,/“i,/+ Z wa,v“jJr Zc[wiJr au+bv | alla; ,b; ,cpab € R}.
i=1j=1 i=1j=1 i=1
Here, u, ,v; , W, u,vcorrespond the vertices of B* in the natural way. We may also show the following vectors
m i n 24 s-1

a2 Xyt X2V

i=1j=1 i=1j=1 i=1

and

m 2P n 24 s—1

Bo= 2 w2 YN YW u 20N, C= 1,
i=1

i=1j=1 i=1j=1
are all the minimal vectors of relint(R , (8%)) N z! (8" |,

Proposition 5.4. Let B° and B* be defined as before. Assume m < n. Then the following statements hold:

. typc(K[BO]) =m+n—1and type(K[B*]) = m + n;

« the top graded Betti numbers of K[B"] are given by

1, j:mat(BO)er*]Jr(f, £=1,...,n—m;

5 KB - 2, j=matBY+n—-1+¢6 C=1,..,m—1;
o =
mrn b 1, j=mat(%)+m+n-—1.

otherwise.

« the top graded Betti numbers of K[B*] are given by

1, j=mat(B)+¢ C(=m+1,...n
ﬁmAnJ(K[BJ]) ={2, j=mat(B)+n+l (=1,...m
0, otherwise.
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6. A question

Let G be a compact graph, and let 7, be the toric ideal of K[G]. Denote by J; the initial ideal of 7, with respect to the order given in Section 3. As we have seen in
the previous section, /;and J; share the same top graded Betti numbers. This naturally leads to the following question:

Does I, and J; always share the same graded Betti numbers?

Unfortunately, we are unable to provide a general answer to this question, except for a very specific case when G is a compact graph of type one.
m

In what follows, we use 4 to denote the compact graph 4 - where p = (p, ..., p) is a vector in Z"}. Let f{z) and g(s) denote the polynomial ¥ 5, AL~ 1)’ and
— "/

B (- 1), respectively. It is known f{r) = g(r) and 4, DB T) foralli,;.

iJ

Proposition 6.1. If 2 < m < p + 3, then

.m , JE+F2p+al=1,...,i+1;
BifL) =B ) = ()

otherwise.

Proof: Put 4, = {j € Z | Bi ) #0} for all i > 0. Then, by Proposition 4.6, we have 4, = {(i +2)p+ ¢ | £=1,...,i+ 1} for 0 <i < m-2,and is @ otherwise. Given that

Jj & 4;it canbe inferred that §; (/) = f; (I, = 0. Therefore, we will next consider only the case when, € 4;.

(1) If m < p +2 then it follows that 4; N4, =0 for any distinct /| and i,. Consequently, for any ; € 4,, the coefficient of # in fir) is (— 1)"/},, 4, while in g(z) it is

(= DB, AL Therefore we can deduce that g, =B -

(2) If m = p + 3, then for any pair i, # i), 4, N4, # @ ifand only if {i|,i)} = {m ~3,m -2} and in that case 4,, ;N 4,, ;= {mp+1} = {(m—Dp+m=2}.1j#mp+1
then it follows that g; (1,) = 4, (/) for the same reason as in (1). If j = mp + | then, by comparing the coefficients of * !'in polynomials /{7) and g(¢), we conclude

that
Bun=3,mp 140 = B2 mp 10D = B3 mp 1) = B2 mps10)-

On the other hand, we have g, , ... ,(,) =£,,_5 ,,+1(/,) by Theorem 5.1. From this it follows that 8, 5 ,,,.1(L) = B,,_3 ,+1(/,0), as required. 07
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