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The axiomatic theory of quantum first-kind measurements is developed in a rigorous form based
on five Postulates. The measurement theory for observable with continuous spectrum is given
in a rigged Hilbert space. This approach also describes the measurements with non-ideal initial
conditions. It yields the survival effect in the position measurement of the particles. It is also
found that there is no such survival effect in the momentum measurement of the particles. These
Postulates of axiomatic theory yield the survival effect which violates the Heisenberg uncertainty
relation. This theoretical result is demonstrated by the wave function with minimum of position
and momentum uncertainty of the particle. The survival effect leads to essential corrections for the
uncertainty relations. These modified uncertainty relations can also be used for the experimental
verification of the survival measurement effect.

I. INTRODUCTION

It is well known that the measuring process plays an important role in quantum mechanics [1]. The first formal
model of such process was developed by von Neumann [2], however his point of view has been criticized (see for
an example [3-7]). Many other authors have made attempts to obtain a more satisfactory solution of the quantum
measurement problem based on the principles of quantum mechanics and statistical physics. In more recent papers,
authors propose the particular schemes and models of quantum measurement with unitary and non-unitary evolution
[8-22]. The evolution of measuring quantum system is modelling by stochastic equations in Refs. [23-28].

In the traditional formulation of quantum mechanics in Hilbert space, states are described as density operators
and observables are represented as self-adjoint operators. Alternatively, and equivalently, experimental events and
propositions are represented as orthogonal projection operators, and states are defined as generalized probability
measures. The axiomatic formulation of quantum measurements presented in this paper shows that the satisfactory
solution of the quantum measurement problem can be based on a rigorous approach using the rigged Hilbert space,
defined in Appendix B, and appropriate set of Postulates describing the measurement process. The Postulates describe,
or define, in this approach the quantum nature of measuring devices and their quantum evolution based on general
scattering theory given in Appendix A.

In this paper, we present the axiomatic theory of quantum first-kind measurements in rigorous form. This approach
also allows us to declare the theory of non-ideal measurements. Thus, there are two main purposes of this study. First
of all we show that the general quantum scattering theory is consistent with the quantum measurements formulated
in Quantum Mechanics. Secondly, using this rigorous approach we study the survival effect which leads to essential
corrections for the uncertainty relations. Moreover, these modified uncertainty relations can also be used for the
experimental verification of the survival measurement effect.

In Section II, the main set of postulates and the basic definitions of the axiomatic theory is formulated. In Sections
IIT and IV, we consider the measurements of an observable with discrete spectrum, and in Section V, it is presented
the description of momentum and position of the particle measurement using a rigged Hilbert space. In Section VI,
a non-ideal measurement theory is developed. This approach leads to survival effect for a discrete and continuous
spectrum measurements. It is shown that no such effect in the momentum measurement of the particles. In Section
VII, we study the survival effect for the position measurement of the particles. It is shown that the survival effect leads
to modified (weak) form for the Heisenberg uncertainty relation. This effect is demonstrated by the wave function
with minimum of position and momentum uncertainty of the particle. In Sections VIII and IX, we consider in more
details different aspects of the survival effect leading to modified form for the Heisenberg uncertainty relation and
appropriate modification of other uncertainty relations. We emphasize that these modified uncertainty relations have
a simple physical interpretation.

II. AXIOMATICS OF QUANTUM MEASUREMENT THEORY

In this section, we formulate the set of postulates of the axiomatic theory of quantum first-kind measurements. These
postulates are formulated for the case when the measured observable has a discrete degenerate or non-degenerate spec-
trum. The postulates and definitions formulated in this section are universal because an observable with continuous
spectrum has in the rigged Hilbert space (RHS) a discrete representation (see Sec. V).
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Let A be an observable which has a discrete degenerate spectrum with eigenvalues A, and eigenstates |u?),

Aty = Malud), 303 sl = 1q, 1)

a s=1

where g, is the degeneracy of the state |ug,) and the eigenstates are normalized (ug|ug) = dagdns. Here 1q is the unit
operator in the space of measured quantum system. Note that the case when an observable has a discrete degenerate
spectrum is a particular case of an observable with non-degenerate spectrum. In general case the observable A can
be written in the form,

9o
A= Z )\apav P(x = Z |ug><u;|, (2)
a s=1

where P, is the projector into the subspace G, of A. The eigenstates in Eq. (1) and the projector P, can also be
written in a new orthonormal basis,

9o
Pa= Yl a), (i1i5) = dasbus. 3)
s=1
The states |u2) and |a@8) are connected by unitarian matrix A,
g(’t
) =D AT[ug), Alda = Aol = 1o, (4)
n=1
where 1, is a unit matrix in the subspace G,. Eq. (1) in a new orthonormal basis has the form,

Ay = Malas), 3OS fas)as) = 1q, (5)

a s=1

Let Gg is the space of measurable quantum system (QS) and Gp = G ® G is the space of measuring device (MD)
interacting with an environment system (ES). Here Gj; is the space of measuring device and Gg is the space of an
environment system. Thus Gg ® Gp = Go ® Gy ® G is the space of combined quantum system QS+MD+ES. The
measurable QS is described by the density matrix,

p(t) =Y melebn (b)) (i (1)), (6)
k

where >, mp, =1 (7, > 0) and |¢x(t)) is normalized ket vector (¢ (t)|¢x(t)) = 1. In general case the initial metastable
state of the system MD+ES is given by density matrix p? (t) in a space Gp = Gy ® G as

PP(t) = / B (Z,0))Q(Z, Z')(@on (2", 8) du( Z)du(Z)), (1)

where (®;,(Z,1)|®;,(Z,t)) = 1 and TrpP (t) = 1. Here |®;,(Z,t)) is the ket vector describing some state of combined
quantum system MD4ES and u(Z) is the measure in the space Gp. We emphasize that the density matrix pﬁl(t)
describes the metastable initial state of the system MD-+ES. Thus, the states of combined system QS+MD+ES are
defined in a space Go ® Gy ® Gg. The initial metastable state of measuring device interacting with ES is given by
density matrix pP (t) in Eq. (7) and the density matrix p2 (t) is defined in a space Gp = Gy ® Gg.

Postulate 1: The possible results of the measurement of an observable A with a discrete degenerate spectrum or
non-degenerate spectrum are the eigenvalues A\, of this observable. The measuring device after the measurement of
observable A indicates some particular eigenvalue Aq,.

Note that one can consider this Postulate as a definition of measuring device. The full Hamiltonian of the combined
quantum system QS+MD+ES can be written in the form,

H=Hy+H;, Hy=Hq®1p+1q® Hp. (8)

The Hamiltonian Hy describes a free evolution of two systems: QS by the Hamiltonian Hq in the space Gg and
MD+ES by the Hamiltonian Hp in the space Gy ® Gg. Note that the Hamiltonian Hp includes the interaction



between MD and ES. The Hamiltonian H; describing the interaction of QS and the system MD-+ES is defined in the
space Go ® G ® GE.

The solution of the Schrodinger equation with the Hamiltonian H and the boundary conditions for incoming waves
at t < 0 is given by |W(t)) = U (t)|®) where U (t) = U(t)Ql(,Jr) is the scattering wave propagator. This propagator is
defined in Eq. (A3) and the wave operator Q(VH is given in Eq. (A4) of Appendix A. We can also define the scattering
wave propagator U2“!(t) which yields the formal solution |¥(t)) = U2"!(t)|®) of the Schrodinger equation with the
Hamiltonian Hy and the boundary conditions for outcoming waves at ¢ > 0. The scattering wave propagator US"!(t)
defined with such boundary conditions is given by

“+o0
U (t) = u/ dt'e " Ug(t — t")U(t)
0

= Uo(t)v /0 e U U) = Ugal O, 9)

where U(t) = exp(—itH/h), Uy(t) = exp(—itHp/h) and Q07 is the wave operator given in Eq. (A5). It is assumed in
this definition that  — 0F. Note that this limit can be applied only in the final step for evaluation of the functionals
such as probabilities and cross sections. More precise limiting process is presented in the end of Appendix A.

It is assumed in the paper that the hierarchy of times has the form: ¢ > ¢, > t, where ¢, is the initial point of
measuring process, t; is the final point of measuring process and ¢ is an arbitrary time after the measurement of
the observable A. We define the conditional wave propagator (CWP) as U, (t',to) = U (t — tp) U (t, — t,) Where
t' =t —t, and ty = t, — t,. This propagator describes the evolution of states in the system QS+MD+ES as long as
the initial point ¢, and the final point ¢, of measuring process are fixed. Note that the final point ¢, in measuring
process is random and hence the CWP describes the conditional outgoing states. The conditional wave propagator
U, (t',to) has the form,

U, (t' to) = Ug () TU ()T = U (t — ) K, (to), (10)

where IC,,(tg) = Q([)TU(tO)QS,H. The operator K, (tg) yields the relations limy, 0/C, (tg) = S and limy, ol (', t9) =
Up(t')S where S = Q57108 s the scattering operator defined in Eq. (AT7). In the case when no interaction in
the system (H; = 0) the following relation is valid Q) = 1. Thus, in this case we have K. (to) = Up(tp) and
U, (' to) = Up(t — ta)-

The operator describing free evolution (Hy = 0) is given by Uy(t) = Uq(t) ® Up(t) where Uq(t) = exp(—itHq/h)
and Up(t) = exp(—itHp/h). Note that we consider the first-kind measurements. We also suppose that in this case
the measurable QS and measuring device do not have the bound states for the interaction Hamiltonian H; and hence
the wave operators Q,(,i) and propagator U, (', to) are unitarian (see Appendix A). The next notations are used below:
F(t' to,te) = F(T) and F(0,tg,t,) = F(Tp) where F is an arbitrary function of variables ¢'; to, t,. We also define
the eigenstates of non-degenerate observable A by relation A|u,) = Aq|uq) where it is assumed the normalization
(ualug) = dap-

Postulate 2: The conditional evolution of the initial state |uq) @ |Pin(Z)) of combined system QS+MD+ES with
fixed initial point t, and final point ty, is given by

U (t',t0)[ua) @ [Pin(Z,ta)) = |ua(t))) @ |2 (Z,T)). (11)

The conditional evolution of the initial state |us) ® |®;n(Z)) of combined system QS+MD+ES with fized initial point
t, and final point tp has the form,

Uy (', t0)|ug) @ [Pin(Z,ta)) = |G3,(1)) @ |a(Z,T)). (12)

We note that in Eq. (11) we have |us(t')) = Ug(t')|uq) which is a free evolution of the eigenstate of non-degenerate
observable and |®,(Z,T)) = Up(t)|Pa(Z,Tp)). The quantum state |®,(Z,T)) describes the system MD+ES in
the space Gp = Gy ® G and the conditional wave propagator U, (t',tg) is given in Eq. (10). We have defined in
Eq. (12) the state |ag,(t')) = Uq(t')|as,) which is a free evolution of the eigenstate of degenerate observable and
|2,(Z,T)) = Up(t)|®a(Z,Tp)). The quantum state |i5) is given in Eq. (4) where A, is some unitarian matrix.

It follows from Eqgs. (11) and (12) that the quantum state |®,(Z,T)) in Egs. (11) and (12) are normalized
(9,(Z,T)|®,(Z,T)) = 1. In the case when the density matrix of QS at t = ¢, is po = |uqa){uq| then Eq. (11) yields

U, (t',t0)[pa @ pin (LU (' t0) = [ua(t)) (ua(t))| © pg (T). (13)
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If A is the degenerate observable and the density matrix of QS at t = t, is p2, = |u®)(u?| then Eq. (12) yields the
relation,

U (' t0)[p5, @ P (LU (' 10) = a5, (¢)) (@3, ()] @ pg (T). (14)

The density matrix p2(7T) in Egs. (13) and (14) is defined in a space Gp as
pa(T) = / |2a(2,T))QZ, Z2')(®a(Z', T)ldp(Z, Z'), (15)

with du(Z,2") = dp(Z)du(Z"), p2(T) = pP(t',to,t.) and Trp?(T) = 1. Equations (13) and (14) show that the
density matrix p2(T) describes a system MD+ES where MD indicates the eigenvalue A\, at ¢’ > 0. However, to be
rigorous, this assertion should be postulated.

Postulate 3: The system MD+ES after measuring degenerate or nondegenerate observable A is described by density
matriz p2 (T) given in Eq. (15). This density matriz is defined in a space Gp = Gy @ G-

Thus, the conditional density matrix of MD is given by w,(T) = Trg[p?(T)] in a space Gas as long as the initial
point t, and the final point ¢, of measuring process are fixed. The trace Trg is computed in a space Gg of an
environment system. The MD in the state wo(T') indicates the eigenvalue A\, at t' =¢ — ¢, > 0.

The set of measurements of quantum system where MD indicates different eigenvalues ), is called the full ensemble
& of measurements of an observable A. The subset of measurements where MD indicates only given eigenvalue A, is
called the subensemble &£, of measurements of an observable A.

Note that the conditional density matrix (CDM) describing the measuring process in the space Gg ® G with fixed
points t, and t, is given by equation W(T) = Tre{U, (t',to)[p(ts) @ pE (ta)JUS(t',t0)}, where p(t,) is the density
matrix of measurable quantum system, pP (t,) is given in Eq. (7) and W(T) = W (¥, to,t,).

Postulate 4: The measurement of an observable A with a discrete non-degenerate or degenerate spectrum leads to
irreversible evolution of combined subsystem QS+MD. The conditional density matric W(T) has the form,

ZP pat ta) @ wa(T), (16)

with wa (T) = Trg|pP (T)].

In Eq. (16) pa(t',t,) is the density matrix in a space Gg describing the subensemble &, of QS and P, (t,) = P(Aa, ta)
is the probability that MD indicates the eigenvalue A\, for the full ensemble £ of measurements of an observable A.
The probability P,(t,) and the density matrix pa(t’ to) satisfy to normalization conditions ) P,(t,) = 1 and
Trpa(t',ta) = 1. The full ensemble £ of QS at t’ > 0 is described by density matrix p(t',t.) = Y_, Pa(ta)pa(t' ta).

Note that the density matrices p(t',t,) and p, (¢, t,) depend on ¢’ = ¢ —t;, and they do not depend explicitly on ¢;.
The evolution of the combined system QS+MD postulated in Eq. (16) is irreversible due to the trace operator Trg in
definition of the density matrices W(T') and w, (7). We emphasize that one can consider the formulated Postulates
as a rigorous definition of the MD and measuring process.

If the observable A is non-degenerate then Eq. (11) in Postulate 2 leads to equation,

Tep {U, (', to) p(ta) @ pio (ta)US (', o)}
= ZZ talp(ta)|up)ltia (') (us(t')| @ wap(T), (17)

where wop(T) = TrE[pgﬁ (T)] and the operator pgﬁ (T) is given by

pP,(T) = / B0 (2, T)QUZ Z')(®5( 2, T)|du( 2, Z'). (18)

In the case when the observable A is degenerate Eq. (12) in Postulate 2 leads to equation,
Trep{Uy (¢ to) [p(ta) @ pf (ta) UL (E' t0)}
= > (uslp(ta)lup)|as () (@5 (t')] © was(T). (19)

as  fn

Thus, Egs. (17), (18), (19) and Eq. (16) in Postulate 4 lead to the following assertion:



The operator pL;(T) given in Eq. (18) and the density matrix p?(T) defined in Eq. (15) satisfy the relation
Wag(T) = 0apWa(T). In an explicit form this relation is given by

Trplpes(T)] = dasTreley (1)), (20)

where 0,4 is the Kronecker symbol. This Eq. (20) means that wog(T") = 0 when « # 5.

Two observables are called compatible if the measurement one of them does not affect on the prediction of the
measurement of the other observable. The Postulates formulated in this section lead also to well-known assertion for
non-degenerate observables: The observables A and B are compatible if and only if the operators A and B commute.

III. DISCRETE SPECTRUM MEASUREMENT

In this section, we consider the main consequences of the formulated postulates when an observable A has a discrete
degenerate or non-degenerate spectrum. Equation (16) in Postulate 4 can be written at ¢’ > 0 as

W(T) = Zga(tlvta) Y Woz(T)v (21)

where 04 (t',ts) = Po(ta)pa(t',t,) and W(T) is the conditional density matrix of the combined system QS+MD,
W(T) = Trp{th (', to) [p(ta) @ pf (ta) U (', 10) }- (22)

Equation (21) and relation Trp,(¢',t,) = 1 (see Postulate 4) yield the equations for the probability P, (t,) and density
matrix po (', t,) as

Vot
P.(t)) = Trou (' t, ¢4y = Talthta) 23
oz( ) I'O'( ) )’ Pa( ) a) Tra_a(t,7ta)7 ( )

where the quantity P,(t,) is positive and independent on the time ¢'. The density matrix p(t',t,) describing the full
ensemble of quantum system after measurements is given by p(t',t,) = >, 0a(t’, ta).

Degenerate spectrum.

Egs. (19) and (20) yield the conditional density matrix W(T") of the combined system QS+MD as

W(T) =) > (udlp(ta) lug) @, (¢)) (@ (t)] © wa(T). (24)

e} sn

This equation can also be written in the form,

where M, (t') = Uq(t') M, and the operator M, is

Jo ga Yo
Mo =Y lag)(us =D > AT i) (ug. (26)
s=1 s=1n=1

Equations (21) and (25) yield the following relation o (t,t,) = Ma(t)p(ta) M (¥'). Hence the probability P,(t,)
given by Eq. (23) is

g
Po(ta) = Tr(p(ta) MEMa) = > (g |o(ta)|us)- (27)
s=1
Thus the probability P, (t,) is independent on the time ¢’ because Ug(t')UQ (t') = 1q. The density matrices pq(t', t4)

and p(t',t,) describing the subensemble &, and full ensemble £ of quantum system after measurements are given by

palt ta) = D (udlp(ta)lug) s, (¢)) (g (1), (28)
P, (tq)



5t ta) = DY {ublp(ta) )@ (¢) (@a(t')]. (29)

Equation (26) and the orthonormal conditions (@5 |42) = s, (see Eq. (3)) lead to relation,

ZMTMWZZQ:ZQ:W (@2 |an) (u?| = 1q. (30)

a s=1n=1

Thus Egs. (27) and (30) yield the normalization condition for the probability as )  Pn(t,) = 1. We have the relation
MIMy =39 Jud ) (us| = P, where the projection operator P, is also defined in Eq. (2). Hence Eq. (30) can be
ertten as y_., Pa = 1q and the probability given in Eq. (27) has well known projection form,

Ja

Po(ta) = Tr(p(ta)Pa) = Z ZﬂkKuzwk(ta»‘ga (31)
k s=1
where p(t) is defined in Eq. (6).
Nondegenerate spectrum.
In the case when the spectrum of an observable A is non-degenerate, A|uqs) = A |ta), Egs. (17) and (20) yield the
density matrix W(T') of the combined system QS+MD as

W(T) = (ualp(ta)lua)|ua(t)) (ua (') @ wa(T). (32)

[0

It follows from Eqgs. (21) and (32) that oo (t,ta) = (ualp(te)|ta) |ta(t)) (ua(t')]. Thus Eq. (23) yields the probability
P, (t,) as

Pa(ta) = Tr(p(ta)Pa) = D mil(ualtn(ta)) (33)
k

where Py, = |uq)(uq| is the projection operator. The normalization condition )  P,(t,) = 1 follows from the relation
Yo Pa = 1. For an example, if the initial state of measuring quantum system is a pure state p(t,) = [¢(ta)) (¥ (ta)]
then the probability that the MD indicates the eigenvalue A, is Py (ta) = [{ua|t(ta))|?. Equations (23) and (32) lead
to the density matrix p,(t',t,) which does not depend on the initial time ¢, [po(t',ts) = pa(t’)]. Thus in this case
the density matrices p,(t') and p(t',t,) describing the subensemble &, and full ensemble £ of quantum system after
measurements are given by

pa(t') = [ua(t')) (ua(t')] = Uq(t')|ua) (ual UG(t), (34)

Pt ta) = D (ualp(ta)lua)ua () (ua(t')]. (35)

(e

IV. NONDEMOLITION MEASUREMENT

In this section, we consider an observable A with a discrete degenerate spectrum. By this we introduce an or-
thonormal basis of ket vectors |v,) as

Jo
[va) = Y calus), (36)
s=1

where ¢}, are the complex amplitudes and |uf,) are the eigenvectors of A. The orthonormal relations (vy|vg) = dag
and (u a\uﬁ> = 8aplns lead to equation > 7% |c8|? =1 for complex amplitudes cf,. The orthonormal basis given by
Eq. (36) yields a linear space H, of ket vectors. We also introduce an orthonormal basis of vectors |7,) which are
connected to the states |i2) (see Eq. (4)) as

Ja Ga

Ja
=N elad) =03 e A (37)
s=1

s=1n=1



where (0,|08) = 0ap. It follows from Eq. (1) that the vectors |v,) and |U,) are the eigenstates of the degenerate
observable A,

Alve) = Aalva),  Alla) = Aalla)- (38)

We assume that QS can be prepared at t = ¢, as a linear superposition of ket vectors |v,). Thus, the pure states
of QS belong to the space H, at t = t,. In this case, the density matrix p,(t) of QS at t = ¢, has the form,

= > mlx(ta)) Oty [x(ta ZBM% (39)
e
where Y, m, =1 (m, > 0) and (xx(ta)|x%(ta)) = 1. The density matrix p,(t,) can be written as
Z |va)was(ta)(val, (40)
where the matrix wag(ts) = (Val|pw(ta)|vs) is
Weas(t ZmBkan, > Bral* = 1. (41)

If an observable has a discrete degenerate spectrum then the density matrix W(7T') of the combined system QS+MD
is given by Eq. (25) where p(t,) = py(ta). Thus we have the equation,

ZM ta) ML) @ wa(T), (42)

where the conditional density matrix W, (T') is
Wo(T) = Tep{U (t', to) [po(ta) ® pin (ta) U (t' 1) }. (43)

Equations (40) and (42) lead to conditional density matrix W, (T) in the form

W (T) = Z<va|pv(ta)|va>‘f)a(t/»@a(t/” ® wa(T), (44)

where |04(t')) = Uq(t')|94). Note that the operator o, (t',t,) defined in Eq. (21) is given by
a(t',ta) = Waa(ta)|Ta (') (Ta(t)]. (45)

Thus, the probability is P, (t,) = Tros(t',t,). This leads to probability P, (t,) which does not depend on time ¢':

Pa(ta> <Uoz‘pv ‘Ua Zﬁk|Bka| (46)

Equations (41) and (46) yield the normalization condition for probability as )  P.(t,) = 1. In this case the density
matrix pu(t',t,) does not depend on initial time t, [ po(t',ts) = pa(t')]. The density matrices po(t') and p(t,t4)
describing the subensemble &, and full ensemble £ of quantum system after measurements are given by

palt’) = [8a(t')) (Ba(t')| = Uq(t))[Ta) (5| U (t), (47)

Bt ta) = D (valpy(ta)lva) [Ba(t)) (Ba(t))]- (48)

[e3%

The probability given in Eq. (46) can also be written as

= 3 Tl el (ta)), (49)
k
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which is similar to the non-degenerate case. Note that the states |v,) are also the eigenstates of an observable A
given by

A= XaPa,  Alva) = Aalva), (50)

where P, = |va)(va| is a projector operator. Hence, Eqs. (47)-(49) describe the measurement of an observable A
when A" = §,,. It follows from Postulate 4 and Eqs. (44) and (47) the next assertion:
If the density matrix of QS at t = ¢, is given by Eq. (39) and MD indicates the eigenvalue A\, then the measurable
QS at ¢’ > 0 has a pure state [0 (")) = Uq(t')|0a). In the case when A" = §, this pure state is v, (t')) = Ugq(¥')|va)-
Hence if MD indicates the eigenvalue A, then the measurable QS at ¢ = ¢, (straight after measurement) has a
pure state |7,) and in the case when AS™ = §,, this pure state is |v,). Thus, the measurement does not destroy the
superposition of degenerate states given in Eq. (36).

V. CONTINUOUS SPECTRUM MEASUREMENT

In this section, we consider the measurement of the observables with continuous spectrum. It is well-known that
the quantum theory based on Hilbert Space H leads to mathematical problems for unbounded operators because such
operators are not defined on the whole of H, but only on dense subdomains of H that are not invariant under the
action of the observables. The non-invariance makes expectation values, uncertainties and commutation relations not
well defined on the whole of H. This problem can be solved by an extension of a Hilbert space to a rigged Hilbert
space (see Appendix B).

The position and momentum operators defined on singular states |x) and |p) are given by

X = [xpfxidx, P = [ plp)(pldp. (51)

The closure relations for these singular states are

/ 1) (xldx = 1, / p)(pldp = 1, (52)

where it is assumed the singular normalization (x'|x) = §(x — x’) and (p’|p) = d(p — p’), and the scalar product
of the states |x) and |p) is (x|p) = (27h) /2 exp[(i/h)p - x]. These relations yield the following equations for the
position and momentum operators,

X|x) =x[x), P|p)=plp). (53)

The singular states |x) and |p) do not belong to a Hilbert Space H. We show below that it is possible to define
the states |x,¢) and |p,e) which belong to a RHS. Moreover, these states are the eigenvectors of the position and
momentum observables with a discrete spectrum.

Let a discrete set of the momentum vectors p is given by the following relation,

p =en = &(ny1,n2,n3), ng =0,41,42, ..., (54)

where n is a vector with the discrete components and ¢ is an arbitrary positive parameter. We define a cubic cell vy

with a discrete momentum p as
/ 1 / 1
p e =g <pp<e nk+§ , (55)

where k= 1,2,3, and p’ is an arbitrary momentum vector belonging to a cubic cell vp. The volume of the cubic cell
vp is 2. The test function ¢.(p,p’) of the state |p,e) in the RHS can be chosen as

5 —3/2 if o’
n_ Je Ip €vp
¢-(p,P’) = { 0 otherwise 0

where p is the discrete vector given in Eq. (54). The generalized eigenstate |p,e) in a rigged Hilbert space with a
test function ¢.(p, p’) is

Ip.e) = / $e(p, p)|p)dp’ = &2 / Ip')dp'. (57)



It is shown in Appendix C that these states are orthonormal (p’,e|p,e) = dp/p Where dprp is the Kronecker symbol.
The set of states |p, ) is also complete asymptotically in the RHS at & — 0 (see Appendix C):

> Ip.e)(p.e] =/Ip><p|dp =1. (58)

P

Hence, the decomposition of the density matrix p(¢) in a rigged Hilbert space at e — 0 is given by

p(t) =D (. elp®)p”,e)lp’ &) (p"el. (59)

p/ p//
Eq. (11) of Postulate 2 for the momentum state |p, ) in the RHS has the form,
U, (' t0)|p,€) @ |2in(Z.ta)) = [P, &:1") @ |24 (Z,T)). (60)
The states |p,¢;t') and |®g(Z,T)) are
1p.55¢) = Ug(t)lp,2), 952, T)) = Up(t))|05(Z, Tv)), (61)

where |®5(Z,Tp)) = |®5(Z,0,t0,t4)). The density matrix pJ(e;T) of the system MD+ES in the subspace Gp (see
Eq. (15)) is given by

pRT) = [ 195(2.1)Q(2.2)(85(2' 1) |dn(2. 2), (62)
where Trpl (¢;T) = 1. In this case Eq. (20) has the form,
Trp[ppg(e; 7)) = 0pq Trelpg (7)), (63)
where the operator pf)’q(a; T) is given by
pffq(&?;T)=/|‘I>f>(Z,T)>Q(ZyZ’)(‘I’Z(Z’,T)ldu(Z, Z'). (64)
Eqgs. (59)-(64) lead to relation,

We(T) =) (p.clp(ta)|p, )b, t') (b, t'| @ wp (e T), (65)

which is analogous to Eq. (32). Here W(t) is the conditional density matrix of the combined system QS+MD in the
space Go @ Gur (see Eq. (22)) and wy(g;T) = Trg[ph (e;T)]. In this case Eq. (16) of Postulate 4 has the form,

W (T) = ZPP(E;ta)pp(s; t' te) @ wp(e;T), (66)

where Py (e;t,) is the probability to measure the momentum p at t = ¢,. We define the operator op(e;t',,) (see Eq.
(21)) as

op(&;t' ta) = Pp(eita)pp (&5t ta), (67)

where Pp(g;t,) = Trop(e;t/,t,). Equations (60)-(67) lead to relation,
op(eit ta) = (P, elp(ta) |, €) [P, st ) (P, &3 ] (68)

It follows from this equation that the probability Pp(e;t,) is given by
Pp(e5ta) = Trop (&5t ta) = (P, elp(ta) P, €). (69)

Equations (57) and (69) yield the asymptotic relation (at e — 0) as Pp(g;t,) ~ €3(p|p(ta)|p) where 3 is the volume
of the infinitesimal cubic cell vp,. Thus, the probability distribution to measure the momentum p of the particle at
t=1t,is

P(p,ta) = (plp(ta)lP) = Y mil(plvr(ta))]*- (70)
k
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The normalization condition Y- Pp(e;t,) = 1 yields [ P(p,t,)dp = 1 in the limit ¢ — 0. Hence, if the quantum
system before measurement has a pure state p(t) = [(¢))(1(t)|, then the probability distribution is P(p,t,) =
|(pl(ta))|?. It follows from Eqgs. (67)-(69) that the subensemble &, of quantum system (after measuring of the
momentum p) is described by density matrix pp(e;t') = |p,&;t')(p, €; /| which does not depend on the time ¢,. The
quantum system after momentum measurements is described by density matrix,

plest' ta) =D (p.elp(ta)|pye)lpoet’) (poe; . (71)

The conditional density matrix describing the position measurement of quantum system in the space Go ® G/ is
completely analogous to Eq. (65). It has the form,

Wo(T) =D (x,elplta)lx, €) x, &5 t) (x, 5| @ wi (&5 T), (72)

X

where wy(e;T) = Trg[p2(g;T)]. The derivation of this equation is based on Postulate 2 and definition of the state
|x,e) given in Appendix C. Equation (72) and Postulate 4 yield the position probability of the particle in a RHS as
Py(e;tq) = (x,¢|p(ta)|x,€). Hence, the probability distribution to measure the position x of the particle at ¢t = t, is

P(x,ta) = (x|p(ta)lx) = Y el (x[thn(ta))]*- (73)
k

The derivation of this equation is analogous to Eq. (70). The normalization condition ) Px(e;t,) = 1 yields
J P(x,t,)dx = 1 in the limit ¢ — 0. The subensemble of quantum system (after measuring of the position x) is
described by density matrix px(e;t’) = |x,¢e;t')(x, e;¢'| which does not depend on the time t,. The full ensemble £ of
quantum system after position measurements is given by density matrix,

plest’ ta) = Y _(x,elp(ta)lx, e)lx, &) (x, &', (74)

X

where |x,¢;t") = Uq(t')|x,¢) and the state |x,¢) is defined in a RHS (see Appendix C).

VI. NON-IDEAL MEASUREMENTS

We consider in this section the quantum-measurement theory with non-ideal initial conditions. The density matrix
W(T) = W(t,to,t,) of the combined system QS+MD is defined in Eq. (22) where p(t,) is a density matrix of
measurable QS at t = t,. Here ¢, is the initial time-point of measuring procedure. However, the starting points when
the MD is involved to measuring process can be differ from ¢,. Moreover, these points can not be defined because the
initial state of measuring device given by density matrix p2 (¢,) is metastable (see Postulate 1). Note that difficulties
in definition of the starting point of measuring process are discussed in Ref. [29]. The uncertainty in definition of such
time-points we refer to non-ideal initial conditions for measuring process. In general case, the starting time-points of
measuring process for the full ensemble of measurements can be described by probability distribution. We define the
survival probability distribution P(¢,t¢,) = P(t — t,) which is a probability distribution that ¢ (¢ > t,) is the starting
point of measuring process. Thus, we distinguish the initial time-point ¢, and starting points of measuring process.
It is assumed that the function P(¢) is zero at ¢t > 79 where 79 is a characteristic time of measuring process. Hence,
the normalization condition has the form fooo P(t)dt = OTO P(t)dt = 1. We define the reduced density matrix p,(t,)
by relation,

ta+To To N
pr(ta):/t p(t)P(t,ta)dt:/O oty +tHP()dt, (75)

a

where p(t) = Uqg(t — ta)p(ta)UIQ(t — t5). This definition yields the normalization condition Trp,(t,) = 1. Equation
(75) can be written in the form,

N
pr(ta) =lmy o0 Y w®p®, (76)

i=1

where w() = f’(ti)AN, pW = p(ty +t;), Ax = 79/N, and t; = (i — 1/2)An. It follows by definition that Trp(® =1
and limy_ oo Zf\;l w® = 1. Thus, the quantity w is the probability and p(*) is an appropriate partial density
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matrix. Let the measurable observable is degenerate then the density matrix describing the subensemble (see Eq.
(29)) connected to partial density matrix p(*) is

POt ZZ (ug | p @) 5 (1) (@ ().

Hence, the density matrix describing the full ensemble of QS for non-ideal initial conditions is
Pt te) = limy oo Zfil w®p) (). This relation and Eqs. (76) and (77) lead to the density matrix describing
the full ensemble of QS for non-ideal initial conditions as

ZZ ol (ta) ug) g, (¢)) (g (t)] (78)

(77)

Hence, in this case, the probability P, (t,) is given by

Ja

Pu(ta) = Tr(pr(ta)Pa) = D _(ublpr(ta)lul). (79)

s=1

Egs. (78) and (79) demonstrate that the survival effect can be taken into account by the change of the density matrix
p(ta) of measurable QS to a reduced density matrix p,(t,). This statement we formulate by Postulate 5 which one
may consider as a definition of the non-ideal measurements.

Postulate 5: The measurements with non-ideal initial conditions are described by Postulates 1-4 with the change of
the density matriz p(t,) of measurable quantum system to a reduced density matriz p,(ts).

The reduced density matrix is given in Eq. (75) where P(t) is a survival probability distribution. Hence, the
conditional density matrix W(T') of the combined system QS+MD has the form W(T) = Tre{l, (', to)[pr(ta) ®
PP (ta)JUI (', to)}. Thus, the probability to measure the eigenvalue \, for degenerate and non-degenerate observable
A are given by equations Py (t,) = Y 7% (us|p,(ta)|us) and Pa(te) = (ualpr(ta)|ua) respectively, and the time
evolution of density matrix p(t) in Eq. (75) is defined by the Hamiltonian Hq. The eigenvalues and eigenvectors of
QS follow from equation:

HQ‘¢”> = 6n|¢n>v (80)

where we assume that the eigenstates are orthonormal, (¢, |¢m) = dnm. Hence, the density matrix p(¢) can be written
as

anm NPn) (Pm| exp [—i(wn — wim)(t — ta)], (81)

where w, = €, /h and ppm (ta) = (Pnlp(ta)|Pm)-
Egs. (75) and (81) lead to reduced density matrix,

Z an Qnm ‘¢n> <¢m| (82)
The matrices ppm(tq) and ¢, are given by
prm(ta) = Y Th(bnl o (ta)) (P (ta) |6m), (83)
k
P / " exp (—iwnmt)P(t)dt, (84)
0

With Wy, = Wy — wp. Note that one can put 7o = oo in Eq. (84) because it is assumed that the function P(t) is zero
at t > 79. The simplest form of the survival probability distribution is given by

P(t) = vexp (—1), (85)

where 7 = 1/ and 7 < 79. This survival distribution is similar to photoelectron waiting-time distribution for coherent
light [27, 28]. In this case, we have the relation g, = (1 + iw,m7) 1. More general survival distribution is given by
the Gamma distribution,
5 v 1
P(t) = —t°~ —t 86
(1) = Frt™ exp (1), (56)
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where v = 1/7 (1 < 79), I'(s) is the Gamma function and s > 1. In this case, the matrix gy, is given by

1 S
7 <1 + zwan) (87)

Note that the survival distribution in Eq. (85) is a particular case of the Gamma distribution with s = 1.
The probability P, (t,) for non-ideal measurements of degenerate observable follows from Eq. (27) and Postulate
5. In this case, we have the following relation P, (t,) = Tr(p,(ts)Ps) which yields

Palta) = 35" pnan ()t (100 s (88)

s=1 nm

We consider below the case when the Hamiltonian of the measurable QS is Hq = P?/2m. In this case, Eq. (80)
has the form,

where the state |p, ) is given by Eq. (57). The reduced density matrix p,(t,) defined in the RHS at € — 0 is
pr(ta) =Y (Pselp(ta) P, e)a(®’, p") [P’ €) (P ], (90)
p/ pl/

The function ¢(p’, p”) is given by Eq. (84) as

TO -
q(p’.p") = / exp[—iw(p’, p")tP(t)dt, (91)
0
with w(p’, p”) = w(p’) — w(p”) and w(p) = E(p)/k. In this case, Eq. (65) with the change p(t,) — pr(tq) yields

We(T) =) (p.clpr(ta) e} [p.eit')(pot'| @ wp (e T), (92)

P

where the reduced density matrix p,(t,) is given by Eq. (90). It follows from Eq. (90) the following relations
(pyelpr(ta)|p, &) = (P, elp(ta)|p, €) and (p|pr(ta)|P) = (P|p(ta)|p). The probability distribution P(p,t,) follows from
Eq. (70) and Postulate 5. This procedure and relation (p|p,(t.)|p) = (P|p(t.)|P) lead to equation for the momentum
probability distribution as

P(p,ta) = (plpr(ta)|P) = (Plp(ta)|P)- (93)

The subensemble of quantum system (after measurement of the momentum p) is described by the density matrix
pp(e;t’) = |p,e;t')(p,e;t'| and the full ensemble is described by the density matrix,

pleit ta) = S (poelolta)p,2) P e ) (o st (94)

Hence, if the Hamiltonian of QS is given by Hq = P?/2m then the ideal and non-ideal initial conditions (Postulate 5)
yield the same momentum probability distribution P(p,t,) given in Eq. (93). This is also correct in a more general
case when the eigenvectors |p, a, ¢) of free Hamiltonian have an additional set « of quantum numbers. Moreover, this
assertion is valid for relativistic particles. Hence, the ideal and non-ideal initial conditions lead to the same differential
cross sections of particles.

VII. SURVIVAL EFFECT

In this section, we consider the position measurement of quantum system with non-ideal initial conditions. Let
the Hamiltonian of QS is given by Hq = P?/2m. In this case, the position measurements of quantum system with
non-ideal initial conditions are described by Eq. (72) and Postulate 5 as

W.(T) = Z(X,e|pr(ta)|x, e)|x, etV (x, e5t'| @ wx(e; T). (95)

X
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Equation (73) and Postulate 5 yield the probability distribution as P(x,t,) = (x|pr(ta)|x). This relation and Eq.
(90) lead to equation,

P(tha) = Z(p/,5|p(ta)|p/’,€>
xq(p’, p")(x|p’, e)(p", €[x), (96)

where it is assumed that € — 0. It follows from Eq. (95) that the subensemble and the full ensemble of quantum
system (after measurement of the position of particle) are described by density matrix px(e;t') = |x,¢;t')(x,&;t'| and

pe;t' ta) as

plet' t,) = Z(x, elpr(ta)|x, e)|x, &5 ') (x, ;). (97)

X

xita) = [ [(6/lotta)lp)

xq(p’,p"){x|p')(p"|x)dp'dp”. (98)

We assume below that a realistic survival distribution can be approximated by the function in Eq. (86) with appro-
priate parameters v and s. In this case, the function ¢(p’, p”’) is given by Eq. (87) as

q(p',p") = (H) (99)

1+ iw(p’,p")T

Note that Eq. (96) at € — 0 has the form,

with w(p’, p”) = w(p’) — w(p”) and w(p) = E(p)/h. Equation (98 can also be written as

P(x,ta) = (xlpr(ta)[%) = //pm )p")

xq(p’,p") exp { p—p"): ]dp’dp”- (100)

h(
The probability distribution given in Eq. (100) differs from the probability distribution defined for the ideal initial
conditions because ¢(p’,p”’) # 1. We call such difference as a survival effect.

We consider below the survival effect in the first order to small parameter ¢ = 7/79 < 1. The parameter ¢ is small

because it is assumed that the function 15(75) is zero at t > 1y where 79 is a characteristic time of measuring process.
In this case, Eq. (100) can be essentially simplified. Note that Egs. (90) and (99) lead to equation,

(0'|p(ta)|p”)
1+ iew(p’, p”)70]*’

(P'|pr(ta)|p”) = i (101)

where € = 7/79. The first order to small parameter € in Eq. (101) yields relation,
(0lpr(ta)[P") = (P'lp(ta)[P")
—istlw(p’) — w(p")[(p’Ip(ta)[P”)- (102)
This equation can also be written in the form,

1ST

pr(ta) = plta) = —~[Hq, p(ta)]- (103)

Equation (103) and relation P(x,t,) = (x|pr(ts)|x) lead to probability distribution as

P(x,ta) = (x[plx) + Z‘%T(<><IPHQI><> — (x[Hgplx)), (104)

where p = p(t,). This equation can also be written as

P, ta) = (elplta) ) — 2o T (x, 1), (105)
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where f(x,t,) = (x|p(ts)Hq|x). The function f(x,t) can be transformed to the form,
p’ i
£x,0) = e [ xlp(0)lph - exp (—hp ~ x) dp. (106)

In the case when the density matrix of QS is given by p(t) = |¢(t)) (¥ (t)| the function f(x,t) has the form,

2 ) e—(i/h)px
o) = =5 (<)Y [ 0 1p) g (107)
Hence, the function f(x,t) can be written as
F06.8) = — 2 e, )V 1), (108)
where ¥(x,t) = (x|t(t)). Thus, Eq. (105) can be written
P(x,t,) = |h(x,ta)|* + %Im[w(x, ta) V2" (x, ta)). (109)

It follows from Eq. (109) that the probability distribution has the form P(x,t,) = |¢(x, to)|? when the wave function

is given by 1(x,t,) = €'*th(x, t,). Here a is a real parameter and ¢)(x, t,) is an arbitrary real function. In the general
case Egs. (6) and (105) yield the probability distribution as

P(x,t,) = Z Tl (%, ta)[*
k

hst

+W Zﬂ'khn['(/)k(xa ta)v2¢;;(xv ta)]’ (110)
k

which is a generalization of Eq. (109). Note that Eq. (103) leads to normalization condition: Trp,(t,) = 1. Hence,
the probability distribution in Eqs. (109) and (110) is nomalized to unity: | P(x,t,)dx = 1. We emphasise that Eqs.
(109) and (110) also follow from Eq. (100) in the first order to small parameter e.

Note that in this approximation the function P(x,%,) in Egs. (109) and (110) can be negative in the region where it
is close to zero because these equations are derived in the first order to small parameter e. However, the absolute value
of the function P(x,t,) is small in such region and one can avoid this non-physical behaviour using a new positive
distribution P(x,t,). Let G is the region where the function P(x,t,) defined in Eq. (109) or (110) is positive and
Q = [, P(x,t,)dx is some normalization constant. We define new probability distribution as P(x,ty) = Q7 'P(x,t,)
if x € G and P(x,t,) = 0 otherwise. It follows from this definition that P(x,t,) > 0 and the normalization condition
[ P(x,t,)dx = 1 is also satisfied. If the condition Q — 1 < 1 is satisfied, then Eqs. (109) and (110) are correct in the
region G. In this case, one can use positive probability distribution P(x,t,) instead the function P(x,t,).

As an example, we consider the minimum uncertainty wave packet defined at t = ¢, by

2

_ _ ] x
V(2 ty) =7 Va2 exp (hpoz - W) . (111)

The quantum-measurement theory with ideal initial conditions (Postulates 1-4) yields for this wave function the
probability distribution P(z,t,) = 7~ '/2a=" exp(—x?/a?). Hence, the average values of the position and the mo-
mentum of particle are (x) = 0 and (p) = po. In this case, the uncertainty relation is given by AzAp = h/2 where

Az = \/{x?) — (x)? and Ap = /(p?) — (p)2. Note that Eq. (111) gives the momentum probability distribution as

Ry
Plpta) = enp (220 (112)

with b = h/a. We consider below the non-ideal initial conditions (see Postulates 5) which lead to survival measurement

effect for the wave packet given in Eq. (111). It follows from Eq. (93) that, in this case, the momentum probability
distribution P(p,t,) is given by Eq. (112). Equation (109) yields the position probability distribution as

Platy) = a2 (14 2 2 113
(x,ty) =m a —|—$m exp 2 (113)
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FIG. 1. Dimensionless distribution W (&) for €o = 0 (solid line); ¢o = 0.1 (dashed line); and ¢o = 0.2 (dashed-dot line).

where | = s7pg/m. This equation leads to the average position of the particle as (x) = . The function P(z,t,)
is negative in the interval z < —a?/2l. However, in this interval, the dimensionless function W (¢) = aP(z,t,) =
7 12(1 4+ 260€) exp(—£€?) with € = z/a and ¢y = 212 /a® is very close to zero when ¢y < 1 (see Fig. 1). It means
that one can put P(z,t,) = 0 in the interval 2 < —a?/2l when ¢y < 1.

More accurate procedure is based on the change of the function P(z,t,) to the positive probability distribution
P(x,t,) when ¢ is a small parameter. First, we define the normalization constant Q = f;;oo P(z,t,)dx where
xo = —a?/2l. The condition @ — 1 < 1 is satisfied when ¢y < 1 (see Appendix D). In this case, one can define the
positive probability distribution P(x,,) instead the function P(z,t,) as

. [ Q7 'P(a,t,) if x>z
P(z,tq) = { 0 otherwise. .

Equations (113) and (114) lead to the same position uncertainty: Az = (/a?/2 —[? when ¢y < 1 (more details
are given in Appendix D). The momentum uncertainty follows from Eq. (112) as Ap, = Ap = h/+v/2a. Hence, the

survival measurement effect leads to uncertainty relation of the position and momentum of the particle as

I 212>1/2 ;TP

AzxAp, = 3 <1 —

- ot (115)
where 21%/a? < 1. Thus, we have the following relation AzAp, < h/2 for the minimum uncertainty wave packet.
This relation is not consistent with the Heisenberg uncertainty relation AzAp, > h/2 because it is derived for the
non-ideal initial conditions (see Postulate 5). Hence, the survival effect violates the Heisenberg uncertainty relation.
Note that the survival distributions in Eqgs. (85) and (86) become delta-sequences when v — oo (or 7 — 0). It follows
from Eq. (115) that in this limiting case the minimum uncertainty wave packet yields the relation AzAp, = h/2.
The above results are found for the case when survival distribution is given by the Gamma distribution. However, it
follows from Egs. (99) and (100) that the survival effect violates the Heisenberg uncertainty relation for an arbitrary
survival distribution if it is not a delta-sequence. Thus, in the general case the Postulate 5 yields the uncertainty
relation as

AzAp, > gA, (116)

where the parameter A depends on measuring device or the form of survival probability distribution. In the example
which we consider above the parameter A has the form: A = /1 —2(l/a)? with 2(I/a)?> < 1 (see Eq. (115)). Thus
in this case we have A # 1, however the difference 1 — A is small. Note that the ideal initial conditions yield relations
(p) = po and (z) = 0 for the minimum uncertainty wave packet. However, the non-ideal initial conditions and the
survival distribution in Eq. (86) lead to relations (p) = po and (x) = [, and hence (x) > 0. These relations can
be used for the experimental verification of the survival measurement effect. More complete test of the survival
measurement effect is connected with the position probability distribution in Eq. (114) and its comparison with the
experimental position probability distribution. Note that the experimental position probability distribution for the
minimum uncertainty wave packet can be constructed, in principle, by recording the relative measurements.
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VIII. DISCUSSION

In this section we consider in more details different aspects of the survival effect leading to modified (weak) form
for the Heisenberg uncertainty relation and the modification of other uncertainty relations.

We note that the survival effect presented in previous section leads to modified (weak) form for the Heisenberg
uncertainty relation as

AzAp, (117)

z—.
~ 2
This uncertainty relation follows from Eq. (116) because we have the following relation A ~ 1. Using the above
treatment of survival effect one also can derive the following modified Heisenberg uncertainty relation,

APAJT, 2 g, (118)
where J, is z-component of the orbital angular momentum and ¢ is an angle in the zy plane.

We consider here a simple derivation of modified uncertainty relation for energy and time. However, such derivation
of modified uncertainty relation for energy and time needs appropriate definitions. Let At = (7) is the average time
for measuring the change of energy 6E = |F — E’| where E and E’ are the energy of particle before and after
measuring of the particle energy which has the form & = p?/2m. We define AE = (§E) which can also be written
as AE ~ (0€/0p,)Ap, = (v:)Ap, where v, = p,/m. Thus, using the following relation Az ~ (v,)At we have the
approximate equation:

N AxAp,

AFE Al

(119)

Combining this important equation with the modified Heisenberg uncertainty relation given in Eq. (117) we obtain
the following modified uncertainty relation,

AtAE >

| S

(120)

This equation differs from the appropriate standard form of uncertainty relation for time and energy given as
AtAE > % Thus, the standard Heisenberg uncertainty relations need the modification presented in Egs. (117),
(118) and (120). This change is important from the theoretical and experimental point of view because it considers
the specific influence of measuring device to uncertainty relations. We note that W. Heisenberg have derived the
uncertainty relations using the Schwarz inequality and appropriate expectation values for a Hermitian operators
calculated with the wave function of measuring particles [31]. However, in this case the non-ideal initial condition for
combined system QS+MD leads to the survival effect.

In the conclusion of this section we discuss some popular terminology connected with the quantum theory of
measurement processes. We first turn to the words of P. A. M. Dirac in 1958: “A measurement always causes
the system to jump into an eigenstate of the dynamical variable that is being measured”. This means that if the
measurement is performed, the final state of measurable system occurs in some eigenstate |a) of observable A. Thus,
a measurement usually changes the state of measured quantum system. The only exception is when the initial state
is in one of the eigenstate of the observable being measured. The process of such “jump” now often has a specific
name: “State reduction”. One can consider this as a technical designation for the above “jump” [32].

The mathematical and physical foundation of quantum measurement theory has a long history and different ap-
proaches [33-38]. The quantum particle during the measuring process is not a closed quantum system and hence it is
not described by the Schrodinger equation. The measurable quantum system is described by the density matrix given
in Eq. (6) and the evolution of quantum particle is connected with the full Hamiltonian of the combined quantum
system QS+MD+ES presented in Eq. (8). In fact the measuring process can be described by the general scattering
theory.

IX. CONCLUSIONS

In this paper, we presented the axiomatic theory of quantum first-kind measurements. The measuring process is
described with the ideal initial conditions (Postulates 1-4) and non-ideal initial conditions (Postulate 5) which allow
us to declare the theory of non-ideal measurements. It is shown in Sec. VI that the measurements of the momentum
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of particles are the most fundamental measurements because appropriate probabilities and differential cross sections
are the same for ideal and non-ideal initial conditions. Hence, in this case no the survival effect and the theoretical
computation of the differential cross sections do not need any corrections connected to measuring procedure. The
opposite situation arises for the measurements in the position x-space which lead to the survival effect described in
Sec. VII. It is shown that the survival effect violates the Heisenberg uncertainty relation. Note that in this theory
the bras and kets are distributions in the rigged Hilbert space which is an extension of the Hilbert space.

We describe the measuring device as a quantum system interacting with an environment system. In this case, the
non-ideal initial conditions are the consequence of the fact that the initial state of measuring device is metastable.
We emphasize that in the axiomatic theory of quantum measurements the probabilities arise in quantum mechanics
as a result of measuring procedure and preparation of a mixed state of measurable QS. In the case of non-ideal
initial conditions the probability distribution P(x,t,) of particle in the x-space depends on the survival probability
distribution f’(t) Thus, in the general case, the wave function of particle does not allow to find the position probability
distribution without the knowledge of the function P(¢) which is a characteristic of the MD. Nevertheless if the
appropriate parameter € is small the survival effect leads to small perturbation of the position probability distribution.

In the conclusion we note that the standard quantum mechanics describes the spectrums of observables, the quantum
dynamics and scattaring of particles or, more generally, collision processes. The attempts to obtain a satisfactory
solution of the quantum measurement problem based on the principles of quantum mechanics and statistical physics
lead to different schemes and models of quantum measurement. The axiomatic formulation of quantum measurements
presented in this paper shows that the satisfactory solution of the quantum measurement problem can be based on
a rigorous approach using the rigged Hilbert space and appropriate set of Postulates describing the measurement
process.
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Appendix A: SCATTERING WAVE PROPAGATOR

In this Appendix, we introduce the the scattering wave propagator U"(t) which is an important element of the
scattering theory. This approach yields a limiting process for computation of the functionals in a rigged Hilbert space.
The Hamiltonian in the scattering theory has the form H = Hy+H; where H; describes the interaction of the particles.
The retarded solution of the Schrodinger equation with the Hamiltonian H can be written in the following explicit
form,

W (t)) = y/o e’ exp <—;H(t—t’)> |D())dt, (A1)

— 00

where |®(t')) = exp(—it'Hy/h)|®). We show below that this equation leads to the Lippmann-Schwinger equation
and hence it is a formal solution of the Schrédinger equation with an appropriate boundary condition for scattering
problem. It is assumed that this formal solution of the Schrédinger equation can be used for calculation of the
probabilities and differential cross sections with after transition to limit ¥ — 0T ( v > 0) in the final step for
evaluation of the appropriate functionals. More precise limiting process is presented in the end of this Appendix.
Equation (A1) has the form,

[T(t)) = U, (1)] @), (A2)
where U™ (t) is the scattering wave propagator given by
0
U () = v / e Ut — ) Us(H) = UL, (A3)
— 00
with U(t) = exp(—itH/h) and Ug(t) = exp(—itHg/h). The wave operator it describing ingoing waves at t < 0 is
given by

Q) = / ’ dre’™UT (1) Ug(7). (A4)

— 00
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Another wave operator fo) describing outgoing waves at t > 0 is
+o00
Q) =y / dre="U (1) Up (7). (A5)
0

The scattering wave propagator US“(t) = Uo(t)Ql(f)T describing the outgoing waves is presented in Eq. (9).
Note that the Mgller wave operators in a scattering theory of particles are Q4 = lim;, o U(=t)Up(t) and Q_ =
lim;, 1 oo U(—%)Ug(t) where the limits of the operator sequences are defined in a sense of strong convergence. How-
ever, such definition have sense only for special class of the Hamiltonians. Such systems are known as the scattering

systems. For the scattering systems, the operators Q(Vi) are equivalent (with appropriate limiting transition) to the

Mgller wave operators €2+. The wave operators Q(Vi) are isometric:

ottt =1, o)t =1, (A6)

In the general case, the operators Ql(,i) are not unitarian because the following relation is valid Qf,i)QE,i)T =1-R
where R is the projection operator to subspace of bound states with interaction operator Hy. If no bound states then

the operators Q,(,i) are unitarian. The scattering operator S is defined as
S =t (A7)

The operator S is unitarian: S5t = STS = 1. The unitary property of S follows from Eq. (A6) and the relation
QiR =0
We define the eigenstates |®)) and eigenvalues Ey of free Hamiltonian Hy:

Ho|®)) = EA|®)). (A8)

Equation (A2) at t = 0 yields equation |¥(0)) = U (0)|®,) where the state |¥,(0)) is given by

0 .
10, (0)) = [ dt'v exp(vt') exp <;(H - E,\)t’> D). (A9)

This equation was introduced in the formal theory of scattering [30]. Integration in Eq. (A9) leads to equation,
ihy

U,(0) = —r
[7(0)) E) — H + ihv

|®x), (A10)

where |U,(0)) = Ql(,+)\<l>,\> = |\IJE\+)>. Equation (A10) also can be written in the form,

1
Uy = |@)) + —————H;|D)). All
) = 103) + o 1) (A1)
This equation with some algebraic transformations leads to the Lippmann-Schwinger equation [39],
1
[ SR L 3y e mp—— L ) A12
w3 |’\>+E,\—H0+ihu | w") (A12)
We define the function f,»(¢) as
1
i) = (B,0192(0) = (@, exp (55, 1) |2, (A13)
where |Uy) = |¥,(0)). Equations (A12) and (A13) yield the relation,
Jurn(0) = 6,5 + T, (A14)

E) — E, + ihv

where T\ = <<I>M|H1|\Ilg\+)>. It follows from Egs. (A12) and (A13) the normalization condition for the amplitude
fur(t) as

D 1)) = Ny, (A15)

m
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where Ny = (U, (1)|TA(t)) = (\IIE\H\\I’&H). Hence, the normalization parameter N is a constant. The probability
that the system is in state |®,) at time ¢ is given by w,(t) = | fur(£)]?/Na. Equations (A13), (A14) and (A15) lead
(after appropriate computations) to normalization parameter N in the form,

Ny =1+ (hw) ImT\yy. (A16)

We have the relations |®,) o €3/2 and |\I/g\+)> o £3/2 in the rigged Hilbert space (see Appendixes B and C). Hence
Tax o € and the second term in Eq. (A16) has the uncertainty of the type €3/v when ¢, — 0. To remove this
uncertainty in the theory we have to assume that the parameters ¢ and v tend to zero as €3 /v — 0 when &, v — 07.
Hence, the double limit in the functionals F'(e, v, ...) such as probabilities and cross sections should have the form,

lim lim F(e,v,...), (A17)

v—0t e—0"+

where the first limit is given at ¢ — 0% and the second limit is given at v — 07. Thus, this double limit yields N = 1
and W, (£) = |(@,,(6) (1))

We note that usually it is used the Hilbert space in the scattering theory and the states |®,) are normalized to
unity in the cubic volume L3. In this case, the second term in Eq. (A16) is proportional to »~1L =2, and hence, it is
uncertainty in the limit when L — oo and v — 0. To remove such uncertainty in the functionals, one should compute
first the limit at L — oo and second the limit at v — 0.

Appendix B: RIGGED HILBERT SPACE

The rigged Hilbert space (Gelfand triplet or equipped Hilbert space) [40] is a triad of spaces ® C H C ®* such
that H is a Hilbert space, ® is a dense subspace of H and ®* is the space of antilinear functionals over ®. The
most significant examples of rigged Hilbert space (RHS) are those for which ® is a nuclear space that is the abstract
expression of the idea that ® consists of test functions and ®* consists of corresponding distributions. The space
®* is called the antidual space of ®. There is another RHS, ® C H C ®’, where ®’ is called the dual space of ®
and contains the linear functionals over ®. The basic reason why we need the space ® is that unbounded operators
are not defined on the whole of H but only on dense subdomains of H that are not invariant under the action of
the observables. Such non-invariance makes expectation values, uncertainties and commutation relations not well
defined on the whole of H. The space ® is the largest subspace of the Hilbert space on which such expectation values,
uncertainties and commutation relations are well defined. The bras and kets associated with the elements in the
continuous spectrum of an observable belong, respectively, to ®' and ®* rather than to . Thus, the bras and kets
are distributions in the rigged Hilbert space which is an extension of the Hilbert space with distribution theory. Any
selfadjoint operator possesses a complete system of generalized eigenfunctions in the RHS. The same assertion is also
correct for unitary operators acting on a rigged Hilbert space.

For an example, the generalized eigenvector |¢.; p) in a rigged Hilbert space with momentum p has the form,

6:40) = [ 60,0l (B1)
where ¢.(p,p’) is a test function. The generalized eigenvector |¢.; p) is normalized which yields
19162} Pdp’ = [ 16.(p.p') ' = 1. (B2)
In the particular case, the test function can be chosen as
5-(0.) = 71573 05 (55 (0 — ') (83)
S p7p - '/T3/4€3/2 eXp 252 p p )

where |¢.(p,p’)|?> = 6.(p — p’) is a delta-sequence (with ¢ — 0 for functionals). Equation (B1) at ¢ — 0 yields the
asymptotic behaviour as

|e; p) ~ 2%/273/43/2|p). (B4)

Thus we have the asymptotic relation |¢.; p) o £3/2|p) at & — 0.
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Appendix C: DISCRETE EIGENSTATES IN RHS

It is introduced in Eq. (57) the generalized states in momentum space which belong to the RHS. These generalized
states are orthonormal,

(p'.elp,e) :573/ dpl/ dp2(p1|p2)
’Up/ ’Up

= 5*351,/1)/ dpl/ dp26(p1 — P2) = 0p/p. (C1)

Thus (p’, e|p, &) = dprp Where dp/p is the Kronecker symbol. We note that for ¢ — 0 the following change is valid,
e’ Z — / dp. (C2)
P

It follows from Egs. (57) and (C2) the asymptotic relation at ¢ — 0 as

Spepcl = [dp [ ap' [ ap"lp) (o]
P 'Up 'Up

- / Ip)(pldp = 1. (C3)

Thus, the set of states |p, ) is complete asymptotically in the RHS at e — 0. We define the generalized momentum
operator P in RHS as

P =Y plp,e)(p,el. (C4)

Hence, the states |p,e) are the generalized eigenstates of the momentum operator: P|p,e) = p|p,¢).
We can also introduce the generalized states in position space (x-space) which belong to RHS. Thus, we introduce
a discrete set of the coordinate vectors given by

x =en = &(ny,ne,n3), np=0,+1,+2 ... | (C5)

where n is a vector with discrete components and ¢ is an arbitrary positive parameter. We emphasise that the
parameters ¢ in Eqgs. (54) and (C5) are different and independent. Moreover, they have different dimensions. We
use, for simplicity, such notation when this does not lead to contradiction. We can also define the cubic cell v, with

a discrete vector x as
! 1 / 1
X Ewvx:E k=5 <x,<e nk+§ , (C6)

where k = 1,2,3. The volume of the cubic cell vy is €3. The test function ¢.(x,x’) can be chosen as

-3/2 if x/
n_ | e if X' € vy
¢e(x,x) = { 0 otherwise (€7)

where x is the discrete vector given in Eq. (C5). The generalized eigenstate in the rigged Hilbert space for the test
function given in Eq. (C7) is

Ix,€) = / ¢ (x,x)|x/Vdx' = e73/? / |x")dx'. (C8)

The states |x,¢) are orthonormal,
(x',elx,€) = dxrx. (C9)

Here dyx/x is the Kronecker symbol. The set of states |x, &) is also complete asymptotically in the RHS at € — 0,

> ) (x| = /|x>(x|dx= 1. (C10)
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The proof that the set |x,e) is orthonormal and complete asymptotically is the same as it is given in Egs. (C1)
and (C3) for the generalised eigenstates in a momentum space. We define the generalized position operator X in the
RHS as

X =) x[x,e)(x,e|. (C11)

Hence, the states |x,e) are the generalized eigenstates of the position operator: X|x,¢e) = x|x,¢). The decomposition
of the density matrix p(t) of quantum system in a rigged Hilbert space at € — 0 has the form,

pt) =Y (X elp(t)x", e)x' &) (x" el. (C12)

x/  x!

Appendix D: POSITION UNCERTAINTY

In this Appendix, we use the next notations: P(z) = P(z,t,) and P(z) = P(z,t,) where the distributions P(x,t,)
and P(z,t,) are given by Egs. (108) and (109) respectively. The moments (z™) and (x™)( are given by

+oo zo
(") = P(z)ax"dz, (z™)o= / P(z)a"dx, (D1)
—00 —oo
where g = —a?/2] and n = 0,1,2, ... . In this case, we have the following relation,

(@) = (2\‘;3,: {r <”; 1,a> _ ol <";20>} , (D2)

where o = a?/412, and the generalized Gamma function T'(\, o) is given by
+o0
L'\ o) = / tA e tdt. (D3)

The function I'(\, o) has the asymptotics at ¢ — +oo as

T\, o)~ o e {1 ;O ; DG 1;9 -2, } . (D4)

Equations (D2) and (D4) lead to the following asymptotic relation,

o CI () e () e (D5)

The moments with renormalized (positive) probability distribution P(z) have the form,

n _ +00~xxnx_<wn> <$n>0
= [ Pwands = -

; (D6)

where the normalization constant is @ = f;:oo P(z)dx. Thus, we have the following asymptotic relations at eg — 0
(€0 = 212 /a?):

(z), ~ é {1 - ﬁe}(p (:;) + ] : (D7)

a2

(x%), ~ 50 [1 + \/;Gexp <Z;) + } : (D8)

The asymptotic relation for the normalization constant is given by

3 2
Q~1+\/27?(i> exp (_ZZQ> + . (D9)
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where the parameter [ is defined in Eq. (119). It follows from Eq. (D9) that @ — 1 < 1 when ¢y < 1. Equations
(D7), (D8) and (D9) yield relations (z), = [ and {(x?), = a?/2 for ¢y < 1. Moreover, we have equations (x), = (z)
and (22), = (22) for ¢g < 1. Hence, the distribution P(z) and the probability distribution P(z) both lead to the
same average position (x), = (x) = [ and position uncertainty relation Az = y/a?/2 — 2 when the condition ¢y < 1
is satisfied.
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