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This paper presents a theorem—proof style account of a “propositions as types” interpretation of
classical logic. Inhabited and uninhabited types are represented by T and |, and a small family of
type-level reductions is used to evaluate logical types at the level of truth values. When a type reduces
to the canonical inhabited form | — | its canonical reduced witness is the identity inhabitant

i, : 1L — 1.Awitness of the original type is then treated as an induced witness, read from this
reduced identity form and interpreted schematically, and in general contextually, at the original type.
The resulting framework is applied to first-order classical propositional logic and to first-, second-,
and higher-order classical predicate logic. The emphasis is on a uniform formal presentation while
retaining the motivating idea that classical reasoning may be represented without introducing explicit

control operators into the term language.
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1. Introduction

The Curry—Howard correspondence identifies propositions with types and proofs with programs. In its
most familiar form, a proposition is true exactly when the corresponding type is inhabited, and a proof of
the proposition is represented by a term inhabiting that type. This viewpoint is especially natural in

typed systems of the A-calculus, where terms already function as programs and types constrain how

those programs may be formed; see for example [U2|B1[41[51(61(7],

Throughout, “true” means “evaluates to T” in the Boolean inhabitation semantics fixed below, rather

than “derivable as a closed judgment in a particular deductive system”.
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The “propositions as types” view of logic is due initially to BI2110l: for historical discussion see also L. A

systematic modern treatment may be found in 2]

For intuitionistic logic this correspondence is standard. In particular, existential statements require
explicit witnesses, and principles such as double negation elimination do not in general hold. This
viewpoint is closely associated with intuitionistic type theory in the sense of Martin-Lof [BIn4)ns)

building on the broader intuitionistic tradition discussed, for example, in [16]

Classical logic can also be related to typed computation, but the usual accounts often proceed by
extending the term language with control operators or continuation-based mechanisms. The classic
starting point is Griffin’s continuation-based interpretation of classical logic 17 followed by a
substantial literature including O8I[I91[201[21] [y these systems, classical proofs are interpreted as
programs with first-class control operators, whose primary computational content lies in manipulating
continuations (implementing, for instance, backtracking, exceptions, and non-local exits) rather than

delivering canonical data witnesses for existential statements in the simple Curry—Howard sense.

The aim of this paper is different. We remain within an ordinary typed A-calculus and instead separate
two levels of reasoning. First, we evaluate types at the level of truth values by using a small collection of
reduction rules. Second, when a type is thereby shown to be inhabited, we assign to it an induced witness
obtained from the canonical reduced witness of the identity form. The point of this approach is not to
deny that continuation-based interpretations exist, but to isolate a simpler mechanism within an
ordinary typed setting. The resulting account is especially suited to logically valid principles, where the
central task is not to compute a specific mathematical object but to show that a type corresponding to a

logical truth is inhabited.

11. Strategy of the paper

The strategy is as follows.

» We represent inhabited and uninhabited types by T and .

o We identify the truth values of the four basic function types
L—-1,L=>T,T=T,T— L.

* We adopt a small family of type-level reduction principles, such as
red(A— 1)=1,

when A is inhabited, where red is a truth valuation function for particular formulas.
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e When atypereducesto . — 1,wetake:, ,, asthe canonical reduced witness of that reduced form.

e We then write gr : T for the induced witness of the original type expression 7', understood
schematically and, where required, relative to context.

» We apply this method to produce witnesses for logically true propositions in propositional, first-order,

second-order, and higher-order classical logic.

In many cases these witnesses are contextual: they depend on externally supplied inhabitants in a

surrounding context rather than being closed canonical terms.

The novelty claimed here is modest and specific. The point is not that classical logic admits some
propositions-as-types interpretation, but that many classical principles may be handled uniformly by a
small collection of truth-value reduction rules together with a canonical reduced witness of identity
form, without enriching the term language with dedicated control constructs. These type-level truth-
value reductions do the work otherwise assigned to control operators, use context just like control
constructions and use hypothetical reasoning (such as “if a type is inhabited then ..”, or “if a type is
uninhabited then..”), while the passage back to the original type is recorded by the induced witness

notation.

2. Comparison with related approaches

The approach taken in this paper stands in contrast to three prominent families of work: classical Curry—
Howard interpretations via control operators (Griffin, Parigot), Krivine’s classical realizability, and the
double-negation translations of G6del-Gentzen and Friedman. We briefly situate the present framework

with respect to each.

Classical Curry—Howard via control operators

A first line of work realises classical logic by extending the term language with control operators. Griffin’s
classic paper X7l shows that a Scheme-like call/cc operator can be given a type corresponding to
Peirce’s law, thereby providing a formulae-as-types interpretation of classical logic in which proofs are
represented by programs with first-class continuations. Parigot’s Au-calculus 12 refines this perspective
by introducing explicit continuation variables and p-abstractions, yielding an extension of the typed A-
calculus that corresponds closely to classical natural deduction; normalization and consistency are then

established via CPS and negative-translation techniques.
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The present framework deliberately avoids adding such control constructs to the term language. Instead,
classical reasoning is internalised at the level of types: Boolean inhabitation semantics and the reduction
principles of Definition 4.3 collapse many classical types to the canonical identity form | — |, and the
induced witness gr : T records inhabitation of the original type schematically. Compared with Griffin’s
and Parigot’s calculi, this trades computational richness for simplicity: witnesses are in general
contextual rather than closed control terms, but the underlying term calculus remains an ordinary typed

A -calculus without additional operators.

Krivine’s classical realizability

Krivine’s classical realizability (29} extends the Curry—Howard correspondence to classical second-order
arithmetic by enriching the term language with a control operator and interpreting programs via a
process machine (the “\.-calculus”). A classical proof is represented as a closed term, and realizability is
defined as a relation between terms and stacks, with a distinguished pole encoding computational
adequacy. One important outcome is that realizers are executable: given a realizer of a ¥V formula
(3z : A)P(z), one can run the term against an appropriate stack to extract a concrete witness
t : A together with evidence P(t); see, for example, (22 for a detailed account of witness extraction in

this framework.

The present paper takes a strictly different path. We work entirely within an ordinary typed A-calculus
and introduce no control operators or process-machine semantics. In place of computational extraction,
we use type-level Boolean reductions to establish inhabitation at a coarse truth-value level, and the
induced witness gr : T records the resulting inhabitant schematically. The witnesses produced are in
general contextual rather than closed: they depend on inhabitants supplied by a surrounding context I',
which function as Henkin-style witness variables (Definition 3.13). This is an explicit trade-off. Classical
realizability provides computationally richer, executable witnesses at the cost of extending the term
language; the present framework provides uniform inhabitation certificates within an unextended typed

A-calculus at the cost of the witnesses being schematic.

Double-negation translations

(23][24] embeds classical logic into intuitionistic logic by a

The Godel-Gentzen negative translation
systematic replacement of subformulas with their double negations. Concretely, given a classical formula

¢, its negative translate o prefixes (in one standard variant) atomic subformulas and disjunctions with
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—-, while leaving implication and universal quantification unchanged. The fundamental result is that
¢ is classically provable if and only if ¢” is intuitionistically provable. Friedman’s translation 23] js a
further refinement: it replaces | throughout by an arbitrary formula R, yielding a parametrised

translation (-)R that is useful in particular for witness extraction and conservativity arguments.

These translations operate at the formula level: they produce a new formula which is then given an
ordinary intuitionistic proof. The relationship to the present paper is as follows. The definitions of

disjunction and existential quantification adopted here,
AVB:=(A— 1) — B,(3z: A)P(z) := (Vz : A)(P(z) — 1)) — 1L,

are exactly the double-negation normal forms that a negative translation would produce from the
standard connectives. In this sense, the present framework may be read as working directly inside the
negative-translation image of classical logic, taking those classically equivalent definitions as primitive.
However, the purpose is different: rather than establishing a conservativity embedding into intuitionistic
logic, we remain within a classical Boolean meta-logic and identify a uniform family of type-level
reductions that witness the inhabitation of the resulting types. The induced witness gr records that a
type is inhabited in virtue of its reduction to canonical identity form | — |; no appeal is made to

intuitionistic proof rules for the translated formula.

Summary

As observed in 22 in the ¥ case Krivine’s witness-extraction method can be related systematically to
Friedman’s negative translation via an embedding into intuitionistic second-order arithmetic. Since the
definitions of disjunction and existential quantification adopted here coincide with the negative-
translation images of those connectives, the present framework sits, in a loose sense, at the intersection
of these approaches: it shares with the negative translation the choice of classically equivalent connective
definitions, and shares with classical realizability the goal of assigning witnesses to classical principles
without passing to an intuitionistic meta-theory. The specific contribution claimed here is the
identification of a small family of type-level reduction rules (Definition 4.3) and the induced witness
notation as a uniform device for this purpose, within an ordinary typed A-calculus and without the

overhead of control-operator or process-machine semantics.
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3. Preliminaries
We work in a typed A-calculus with kinds T'ype and Prop, and with a Boolean type
Bool := {T,L}.

We use the same symbols A, B, . . . for types and the corresponding propositions where there is no risk of

confusion. The general background is standard; see [r72)

Definition 3.1. If A is a type and a is a term, then a : A means that a inhabits A. We write informally
A=T

to mean that A is inhabited, and

to mean that A is uninhabited.
Remark 3.2. The meta-logic is classical. Thus for each type A, either A = T or A = L.

Remark 3.3 (Bracketing conventions). We adopt the standard association conventions of the typed A-

calculus. Function types associate to the right, so that

A—-B—-C
means

A— (B—C).

Lambda abstraction also associates to the right, so that

Ax: A\y: Bt
means

Az : A.(Ay: B.t).
Application associates to the left, so that
stu

means
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Thus

Az : Ay : Bfzy

is parsed as

Az A.(Ay: B.((fz)y)).

We nevertheless insert brackets explicitly whenever this improves readability.

Definition 3.4 (Primitive connectives). Implication is represented by the function type:
A= B correspondsto A — B.
Negation is defined by
A=A~ 1.
Definition 3.5 (Derived connectives). We define
AVB:=(A—1)—B
and

ANB:=(A— (B— 1)) — L.

Remark 3.6. The connectives defined here are intended to capture classical truth conditions under the Boolean

inhabitation semantics, not necessarily the usual constructive introduction and elimination rules. In particular,

some derived connectives admit induced witnesses rather than canonical internal constructors.

Remark 3.7. The chosen definition of conjunction is classically equivalent to the usual conjunction, but its

introduction and elimination rules below rely on reduction to identity form and induced witnessing rather than

on an internal pairing constructor with projections.

The chosen definition of disjunction is classically equivalent to more familiar formulations built from negation

and implication. We use the form

AVB:=(A—1)—>B

because, in the present framework, it leads to especially transparent type-level reductions. In particular, excluded

middle takes the form
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AV-A=((A— 1) = (A—1)).
Consequently, AV B does not carry standard left/right tags; it is tailored to make certain classical principles,
such as excluded middle, reduce to identity types at the truth-value level.

Definition 3.8 (First-order quantifiers). Let A be a non-empty type and let P : A — Bool be a Boolean-

valued predicate.

A dependent type over A is a family of types indexed by elements of A. Thus P may be viewed as assigning to

each z : Aatruthvalue P(z), and correspondingly a proposition depending on x.

A dependent function on such a family is a function p such that, for each z : A, the value p(z) has the type

assigned to x. Accordingly, the universal quantifier is interpreted as the type of dependent functions:
(Ve : A)P(z)
is inhabited exactly when there is a function p such that, forevery « : A, p(z) : P(z).
We define existential quantification by classical negation:
(Fz: A)P(z) := ((Vz : A)(P(z) — 1)) — L.
Definition 3.9 (Higher-order predicate types and quantifiers). Let A be a non-empty type. Define
TR(1)(A) := A — Bool, TR(n + 1)(A) := TR(n)(A) — Bool

forn e N,n > 0.

An element of TR(1)(A) is a Boolean-valued predicate on A. An element of TR(2)(A) is a Boolean-valued

predicate on predicates on A, and so on.
If P : TR(n)(A) and S(P) is a proposition depending on P, then the universal quantifier
(VP : TR(n)(4))S(P)
is interpreted as the type of dependent functions assigning to each P : T R(n)(A) a witness of S(P).
The corresponding existential quantifier is defined by classical negation:
(3P : TR(n)(A))S(P) := (VP : TR(n)(4))(S(P) — 1)) — L.

Remark 3.10. The case n = 1 corresponds to second-order predicate logic, since TR(1)(A) = A — Bool. Thus

second-order quantification over predicates on A is a special case of the higher-order scheme in Definition 39.

Definition 3.11 (Canonical reduced witness and induced witness). We assume an identity inhabitant
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’L'L_>l:J_—>J_.

Whenever a type expression T reduces at truth-value level to

1 —1,

wecalli, _,, the canonical reduced witness of the reduced form of T'.

A witness of the original type expression T is then written

gTIT

and is called the induced witness of T'. This notation means that T' is read as inhabited in virtue of its reduction
to L — _L, with the induced witness interpreted schematically and, in general, relative to a context supplying the

relevant inhabitants.
Remark 3.12. The induced witness gr : T is not identified literally with
1 L — 1,
since these expressions have different types. Rather, i, .| is the canonical witness of the reduced identity form

of T, while gr denotes the corresponding witness of the original type expression T under that reduction.

Definition 3.13 (Contextual interpretation of induced witnesses). Let T' be a type expression such that,

under assumptions collected in a context I', the type T reduces at truth-value level to

1 — 1.

Then the induced witness

gr:T

is interpreted relative to I" according to the outer logical form of T'.

The contextual data supplied by T' function as Henkin-style witness variables: they are variables or witnesses
fixed in the surrounding context relative to which the induced witness is read at the original type. They need not
be given by a closed canonical term extracted from the reduced identity form itself; rather, they provide the

contextual parameters that determine how the induced witness is interpreted.

° If
T=A— B,

then
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gA-B - A— B
denotes the induced witness of the implication type. It is interpreted as a schematic function which, when

applied to a contextual witness of A, yields the corresponding contextual witness of B.

If
T=ANA\B,
then

garnp: ANB

denotes the induced witness of the conjunction type. It is interpreted relative to contextual witness data
a:Ab:B.

If

T=AVB,

then

gavp: AV B

denotes the induced witness of the disjunction type. Since

AVB:=(A— 1)— B

by Definition 3.5, its contextual interpretation is governed by the implication clause together with the
contextual interpretation of the codomain. In particular, if the context I" supplies a contextual witness of B,
then

gAvB

is read as the corresponding schematic map from a refutation of A to that contextual witness of B. Dually, in
classically equivalent situations where the disjunction reduces to identity form directly, the induced witness is
read through that reduction without constructive left/right tags.

If

T=(A—1)— 1,

then

Juasy»r (A= 1) = L

denotes the induced witness of the double-negation type. It is interpreted relative to whatever contextual
witness of A is supplied by T".

If

T=(3z: A)P(z),

then

9(Fe:A)P(z) * Gz 2 A)P(z)
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denotes the induced witness of the first-order existential type. It is interpreted relative to contextual witness
data
a: A,p(a) : Pla),
where these contextual data function as Henkin-style witness variables for the existential statement.
. If
T = (3P :TR(n)(A))S(P),
then
9@pTrM)A)sp) + (3P : TR(n)(A))S(P)
denotes the induced witness of the higher-order existential type. It is interpreted relative to contextual witness
data
Q: TR(n)(4),5(Q) : 5(Q),

again functioning as Henkin-style witness variables.

4. Truth functions and type-level reductions

We begin with the four basic function types determined by T and L.

Proposition 4.1. The following hold:
1l>1=T,1l->T=T,T>T=T,T = 1L=1.

Proof. The type L — L is inhabited by the identity function ¢, _,, , hence it is inhabited.

The type L. — T is also inhabited. To see this, let B be any inhabited type and choose some b : B. A term

of type | — B may be written
(Az : L)b.

This is well-typed because a function from | has no actual input to process: there is no inhabitant z : 1,
so the requirement that the function assign an output to each input is vacuously satisfied. We can also
write the term as f : L — Bsuch that f() : B. Hence in both approaches | — B is inhabited whenever

B isinhabited, and in particular |l — T = T.

The type T — T is inhabited, for example by the identity on an inhabited type. By contrast, T — L is
uninhabited, since a total function from a non-empty type to the empty type would assign an element of

L to each inhabitant of T, which is impossible. []
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Remark 4.2. Proposition 4.1 gives the truth table used throughout the paper. At this stage, nothing specifically

classical has yet occurred beyond the adoption of Boolean truth values for inhabitation.

Definition 4.3 (Type-level reduction rules). Assume A and P(a) are inhabited. At the truth-value level, we

adopt the following reduction principles that can be applied recursively to a type formula:
red(A— 1) =1,
red(P(a) > 1) =L
fora: A,
red((Vz : A)L) = 1,
red((VP : A — Bool)l) = 1,
and, more generally,
red((VP : TR(n)(A))L) =L

foralln > 0.

Remark 4.4. These are rewrite rules on inhabitation truth values that operate recursively on a type formula, not
computational reductions of terms. Their purpose is to collapse negated or universally quantified types to
L whenever the relevant domain is inhabited and some contradictory instance is forced. Negations of such types
then reduce to 1 — 1, whose canonical reduced witness is identity. If we have for example
(Vz : A)(P(z) — L), then red((Vz: A)(P(z) — 1)) = (Vz: A)L and red((Vz: A)L) = L. Hence
red((Vz : A)(P(z) — 1)) = L.

5. Identity form and induced witnessing

The original motivation of the paper is clarified by viewing truth functions as operators on types.

Definition 5.1. We interpret the four basic function types as follows:

e 1 — 1 asthe canonical identity form, inhabitedby i, _,  ;
e 1 — T asavacuous function type, inhabited because the codomain is inhabited;

e T — T as the ordinary case of a type inhabited by a function between inhabited types, with identity as the

canonical example;

e T — 1 asuninhabited at term level.
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Remark 5.2. The mathematically important point is the inhabitation behaviour described in Proposition 4.1. In
the present framework, the privileged role of L — _L is that it serves as the canonical reduced identity form to

which many classical types collapse.
Theorem 5.3 (Ex falso). The type | — A is inhabited for every type A.
Proof. By classical bivalence, either A = T or A = L.

If A= T,then | — Ahas truth value
1l —=>T=T

by Proposition 4.1, so it is inhabited in the Boolean inhabitation semantics. Concretely, for any chosen

a : A, theterm
A:l.a: 1 — A

is well-typed and vacuously total.

If A= 1,then | — Ais | — 1, which has canonical inhabitant
7 1l = 1 — 1

by Proposition 4.1. Hence | — A is inhabited in this case as well.
Thus in all cases 1. — A is inhabited. [J

Theorem 5.4 (Double negation at type level). If A is inhabited, then
A—->1L)—1

reduces at type level to

If A is uninhabited, then
A—->L)—>1=_1.
Proof. Assume first that A is inhabited. By Definition 4.3,
red(A — 1) = 1.

Hence
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A—-L)—1

reduces to

By Proposition 4.1, this type is inhabited.

Now assume that A is uninhabited. Then A = 1,s0 A — L is inhabited and has truth value T. Therefore
(A—-1)—1
has truth value
T—>1=1

by Proposition 4.1. [
Corollary 5.5. A type A is inhabited if and only if ~— A is inhabited.
Proof. Immediate from Theorem 5.4. (]

Proposition 5.6 (Induced witness extraction). Let T' be a type expression occurring in a derivation, and

suppose that, under assumptions collected in a context I, the type T reduces at truth-value level to

1 — 1.

Then T is inhabited at the truth-value level, with canonical reduced witness

iLﬁ)l:J_%J_.

If in addition, the context I supplies the data needed to interpret the original type expression T', we write

gT:T

for the induced witness of T relative to I".

Proof. By hypothesis, T' reduces at truth-value level to
1 — 1.

Hence T is inhabited in the coarse Boolean sense used throughout the paper. The reduced form has

canonical witness

’L‘L_>L:J;—>L.
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Accordingly, the original type expression T is assigned an induced witness
gr Ta

obtained by reading T' through its reduction to the canonical identity form. When the construction
represented by 7' depends on inhabitants supplied by a context I', this induced witness is interpreted

relativeto I". O

Remark 5.7. The truth-value computation alone shows only that a type is inhabited in a coarse Boolean sense. A
witness of the original type is recorded by the induced witness notation gr, and in general this witness is

schematic or contextual rather than a closed canonical term of the underlying term calculus.

6. First-order classical propositional logic

The presentation here follows the general spirit of classical logical systems in the tradition of [26] while

also using introduction and elimination rules familiar from natural deduction; see (24 and [271,

Theorem 6.1 (Implication introduction). The type
A— (B— A)

is inhabited.

Proof. A witness is the standard lambda term
Ar: A dy: B.z.

O

Theorem 6.2 (Modus ponens). The type
A— ((A— B) — B)

is inhabited.

Proof. A witness is the standard lambda term
Az : A )y : A— B.y(z).

0

Theorem 6.3 (Falsum introduction). The type
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A—=((A—1)— 1)

is inhabited.

Proof. Suppose first that A is inhabited. Then by Definition 4.3,

A— 1
reduces to |, so
(A—-1)—1
reduces to
1 — 1.

Hence (A — 1) — 1 isinhabited at truth-value level, with canonical reduced witness
T L — 1.
An induced witness for
(A—-1)—1
may therefore be written as
9(A-1)—1-

By Definition 3.13, this induced witness is interpreted relative to whatever contextual witness of A is

supplied when the implication type is used. Accordingly, a witness for
A= ((A—1)—= 1)
may be written schematically as
Azt A gass iyl
We note that
Azt A.gasiysi)(@) = gy

fora: A.

If A is uninhabited, then the domain of the outer implication is empty, so the type is vacuously inhabited

(by Ex falso, Theorem 5.3). []
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Theorem 6.4 (Contextual double negation elimination). Let I" be a context containing an inhabitant a :

Then, relative to I, the type
(A—-1)—=1)— A

is inhabited.

Proof AssumeI' I a : A. Then A is inhabited in the context I'. By Definition 4.3,
red(A — 1) = 1.
Hence, at truth-value level,
(A= 1)—> L
reduces to
1 — 1.
By Proposition 4.1, the reduced form is inhabited, with canonical reduced witness
I S I
Accordingly, by Proposition 5.6, the original type admits the induced witness
Jas1)s1 (A= 1) — L.
By Definition 3.13, this induced witness is interpreted relative to the contextual witness
a: A,
which here functions as a Henkin-style witness variable fixed by I". A witness for
(A=-L)—=1)—=A
may therefore be written as

M:(A— 1) — L.a.

We note that

(Ak:(A— 1) = La)(gusiy»i) = a
O
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Remark 6.5. Theorem 64 does not assert that double negation elimination is witnessed by a closed term
constructed independently of assumptions. Rather, once a context already fixes an inhabitant of A, double

negation elimination reduces to a function from an induced witness of the double negation type to the
inhabitant fixed by the context. This is similar in spirit to Griffin’s construction IZL where continuation-based

control allows a program to ignore intermediate contexts and return a pre-supplied witness.

Theorem 6.6 (Excluded middle). The type
Av-A
is inhabited.
Proof. By definition,
AV-A=((A— 1) = (A—1)).
This is literally an identity type, hence inhabited by
b4 1) (A1)

As noted in Definition 3.13, the present disjunction does not carry constructive left/right tags; in this case

it is read directly through its identity form. [J

Remark 6.7. With the present definition of disjunction, excluded middle is represented by an explicit identity
type. More generally, disjunction is treated here as a classically behaved derived connective whose type-level

behaviour is tailored to the reduction rules used throughout the paper.

Theorem 6.8 (Conjunction introduction). If A and B are inhabited, then
AANB

is inhabited.

Proof. By definition,
AANB=(A— (B— 1)) — L.
If A and B are inhabited, then B — 1 reduces to |, hence
A— (B— 1)

reduces to A — 1, which in turn reduces to 1. Therefore
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(A= (B—1)—1

reduces to

1 — 1.

Hence A A Bis inhabited at truth-value level, with canonical reduced witness

’L'LHL:J_—>J_.

We therefore write

garp: ANB

for the induced witness of the conjunction type. By Definition 3.13, this induced witness is interpreted

relative to contextual witness data

a:Ab: B,

which function here as Henkin-style witness variables for the conjunction. (]

Theorem 6.9 (Conjunction elimination, contextual form). If A and B are inhabited relative to the context

supplying A and B, then both
AANB— A and ANB— B

are inhabited.

Proof. Assume that the context supplies inhabitants a : A and b: B. As in the proof of conjunction

introduction, the type
AANB
reduces to
1 — 1.

Hence A A B is inhabited at truth-value level, with canonical reduced witness 7 | _, | and induced witness
gang + A A B. By Definition 3.13, this induced witness is interpreted relative to the contextual witness

data

a:Ab: B,
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which function here as Henkin-style witness variables for the conjunction.

Relative to the supplied inhabitants, the elimination types admit induced witnesses
Az:AAB.a and Az: AN B.b.

We note that ((Az : A A B)a)gang = aand ((Az: AA B)b)garg = b.

Thus both
AANB— A and ANB— B

are inhabited relative to context. (]

Remark 6.10. Unlike in constructive treatments, we do not define projections 71,7 : AN B — A, B that
extract components from a canonical pair. Instead, elimination proceeds by reducing A A\ B to canonical identity

form at the truth-value level and then assigning induced witnesses relative to contextually supplied inhabitants.

7. First-order predicate logic

We now pass to first-order quantification. The main novelty here is not the witness terms for universal

quantification, which are standard, but the treatment of existential quantification by reduction to double

negation. General background on such type-theoretic treatments may be found in 12]

Theorem 7.1 (Universal introduction). Let P : A — Bool. If, in context I" under the assumption variable

T'F a: Anotfreein P, one has a witness

'+ p(a) : P(a),
then

Tk (Vz: A)P(z)

is inhabited.
Proof.

If
'+ p(a) : P(a)
for variable a : A then

'k (Aa: A)p(a) : (Va: A)P(a)
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if variable a is not free in P by definition of universal quantification. The result follows by relabelling the

bound variable to . [J

Theorem 7.2 (Universal elimination). If
Tkp:(Vz: A)P(x)
andtermt : A, then
T+ p(t): P(t).
Equivalently, the type
(Ve : A)P(z) — P(t)

is inhabited if T' - p(t) : P(t).
Proof.

Since a witness of
(Ve : A)P(z)
is, by definition, a dependent function assigning to each z : A a witness of P(z), application at ¢ yields
p(t) : P(t).

O

Theorem 7.3 (Existential introduction). IfT' ¢ : AandT F p(t) : P(t), then, relative to T, the type

(3z : A)P(z)

is inhabited.

Proof. By definition,

(Jz : A)P(z) = ((Vz : A)(P(z) — L)) — L.

AssumeI' F¢: AandT F p(¢) : P(¢). Then the type

P(t)—> L

is uninhabited in the context I by Definition 4.3, since any inhabitant of it would send p(t) : P(t) to an

inhabitant of L.
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Therefore the universally quantified type
(Ve : A)(P(z) — 1)

is uninhabited in context I" by Definition 4.3, because any inhabitant of it would in particular yield an

inhabitant of P(¢) — L when evaluated at ¢.

Hence the existential type
(3z : A)P(z)
reduces to
1 — 1.

Therefore it is inhabited at truth-value level, with canonical reduced witness

I S I
Accordingly, the original existential type admits the induced witness

9(E:A)P(z) * Gz + A)P(z).

By Definition 3.13, this induced witness is interpreted relative to the contextual witness data

t: A,p(t): P(t),

which function as Henkin-style witness variables for the existential statement. (]

Theorem 7.4 (Existential elimination, contextual form). Let A be a non-empty type andlet P : A — Bool.

Assume that
I'ke:(3z: A)P(z),
and suppose that for a variable a : A
Tya:A,p(a): Pla)lq:Q,

where a is not free in (). Then @ is inhabited relative to T".

Proof. By definition,
3z : A)P(z) = ((Vz : A)(P(z) — 1)) — L.

Thus the assumption
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'te:(Jz: A)P(z)
means that the type
(Ve : A)(P(z) > L)) — L
is inhabited in the contextI'. Let
X := (Ve : A)(P(z) — 1).

Since X — L is inhabited, we have X — | = T. By classical bivalence, either X = T or X = L. If

X = T, then Proposition 4.1 gives
X—>1l=T—->1=1,
contradiction. Hence X = L. Therefore
(Ve : A)(P(z) —» L) =1,
and so
(3z: A)P(z) = (Vz : A)(P(z) —» 1)) —» L

reduces to

So (3z : A)P(z) has canonical reduced witness
i L= 1
and induced witness
9 A)P(x) - (3T + A)P(z).
By Definition 3.13, this induced witness is interpreted relative to contextual witness data
a: A,p(a): P(a),

which function as Henkin-style witness variables for the existential statement. By hypothesis, from such

a witnessing instance one may derive a witness of Q. Hence @ is inhabited relative to I". (J

Remark 7.5. Again, the conclusion that @ is inhabited is relative to T and to the witnessing instance(s) used in

the derivation of q : Q; the framework does not provide a closed eliminator term for (3= : A)P(x). The point is
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that a witnessing instance forces the existential type to reduce to canonical identity form, from which an induced

witness of the original existential type is recorded.

8. Higher-order predicate logic

The higher-order case is a finite iteration of the second-order pattern. Formally, second-order logic
corresponds to the case n =1 in the hierarchy TR(n)(A) from Definition 3.9; we therefore treat all

orders uniformly in what follows.

Theorem 8.1 (Higher-order universal introduction). If, under the assumption P : TR(n)(A), one has a

witness of S(P), then
(VP : TR(n)(A))S(P)

is inhabited.

Proof. Exactly as before, by abstraction on the higher-order predicate variable. A witness is of the form
AP : TR(n)(A).s(P).

O

Theorem 8.2 (Higher-order universal elimination). If
u: (VP : TR(n)(A))S(P)

and Q : TR(n)(A), then

Equivalently, the type
(VP :TR(n)(A))S(P) — S(Q)

is inhabited.

Proof. A witness is

Xu : (VP : TR(n)(A))S(P). u(Q).
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Theorem 8.3 (Higher-order existential introduction). Let ' - Q : TR(n)(A) and suppose T' - s : S(Q).

Then, relative to T,
(3P : TR(n)(A))S(P)

is inhabited.

Proof. By definition,
(3P : TR(n)(A))S(P) = (VP : TR(n)(A))(S(P) — 1)) — L.

SinceI I s : S(Q), the type

is uninhabited. Therefore
(VP : TR(n)(A))(S(P) — 1)

is uninhabited, because any inhabitant of it would yield an inhabitant of S(Q)) — L when evaluated at Q.

Therefore
(VP : TR(n)(4))(S(P) = 1)) = L
reduces to
1 -1,

which is inhabited at the truth-value level, with canonical reduced witness 7 _, . The original existential

type therefore admits the induced witness
9@PTRMm)A)s(P) © (TP TR(n)(A))S(P).
By Definition 3.13, this induced witness is interpreted relative to the contextual witness data
Q : TR(n)(4),5(Q) : S(Q),

which function as Henkin-style witness variables for the higher-order existential statement. [

Theorem 8.4 (Higher-order existential elimination, contextual form). Let A be a non-empty type and let

n > 0. Assume that

I'e: (3P :TR(n)(A4))S(P),
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and suppose that for an arbitrary Q : TR(n)(A) one has

I,Q:TR(n)(A),s(Q): S(@) Fr: R,

where Q) is not free in R. Then R is inhabited relative to T'.

Proof. By Definition 3.9,

(3P : TR(n)(A))S(P) = (VP : TR(n)(A))(S(P) — L)) — L.

Thus the assumption

I'e: (3P :TR(n)(A))S(P)

means that the type

(VP :TR(n)(A)(S(P) — 1)) —» L

is inhabited in the context I". Let

X := (VP : TR(n)(A))(S(P) — L).

Since X — L is inhabited, we have X — | = T. By classical bivalence, either X =T or X = 1. If

X = T, then Proposition 4.1 gives
X—>1=T—>1=1,
contradiction. Hence X = . Therefore
(VP : TR(n)(A))(S(P) - 1) = L,
and so
(3P : TR(n)(4))5(P) = (VP : TR(n)(A))(S(P) — 1)) — L

reduces to

1 — 1.
So (3P : TR(n)(A))S(P) has canonical reduced witness

i, L =1

and induced witness

geios.com doi.org/10.32388/1Y3BKH.4

26


https://www.qeios.com/
https://doi.org/10.32388/IY3BKH.4

9aPTRm)A)sp) © (3P : TR(n)(A))S(P).
By Definition 3.13, this induced witness is interpreted relative to contextual witness data
Q: TR(n)(4),5(Q) : S(Q),

which function as Henkin-style witness variables for the higher-order existential statement. By the

elimination hypothesis

T,Q: TR(n)(4),5(Q) : S(Q) Fr: R,
such a witnessing instance suffices to derive a witness of R. Hence R is inhabited relative toI". [

Remark 8.5. At higher order the witness pattern is unchanged: a singular witness @ : TR(n)(A) and an
instantiated witness s(Q) : S(Q) force the existential type to reduce to canonical identity form. As in the first-

order case, the resulting inhabitant is contextual and is recorded by an induced witness of the original existential
type.
9. Discussion

The formal development above relies on a distinction between truth-value inhabitation and induced
witnessing. The ambient reasoning is carried out in a classical meta-logic, and all uses of “true”, “logical

truth”, and “inhabited” are to be read in this meta-theoretic Boolean sense. A type-level reduction to
1 =1

shows that a target type is inhabited in the coarse Boolean sense relevant to classical logic. The canonical

reduced witness of this identity form is
i L — 1.
A witness of the original type, however, is represented by an induced witness
gr: T,

obtained by reading the original type through its reduction to the canonical identity form, and in general

interpreted relative to context.

This explains why the present account is best suited to logical truths. For many such principles, the

essential point is that a type is inhabited uniformly in virtue of its logical form. The witness may then be
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represented by its canonical reduced witness together with the corresponding induced witness notation
at the original type. The method is not intended to replace more informative constructive proofs in

settings where the goal is to compute a specific mathematical object.

The contextual interpretation also clarifies the role of the externally supplied witness data. In existential
and related cases, the relevant contextual variables function in the manner of Henkin-style witness
variables: they fix the parameters relative to which the induced witness of the original type is read,

without requiring a closed witness term to be extracted directly from the reduced identity form.

The relation with continuation-based interpretations is also clearer in this form. Those approaches
enrich the term language to encode classical reasoning operationally O7N8INNI21 The present account
instead keeps the term language ordinary and shifts the classical component into type-level reductions
and classical meta-logic. Whether one regards this as a semantic alternative or chiefly as an expository

reorganisation, it isolates the main mechanism in a simple and uniform way.

10. Conclusion

We have presented a theorem—proof style account of a propositions-as-types interpretation of classical
logic based on Boolean inhabitation semantics, the truth values of the four basic function types, and a

small family of type-level reduction rules.

With these ingredients in place, many classical principles can be treated uniformly. Propositional
principles such as excluded middle and contextual double negation elimination, first-order existential
reasoning, and their second- and higher-order analogues all reduce to the same core pattern: a type is

shown to reduce to
1 —1,
whose canonical reduced witness is the identity inhabitant
T L — 1.
A witness of the original type is then treated as an induced witness, read from this reduced identity form
and interpreted schematically or contextually as required.
Appendix A. Further examples of witness construction

This appendix records several additional examples illustrating the methods developed in the main text.
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Proposition A.1 (Curry’s rule). The type
A—-B—=C)—>(A—=>B) = A—-0)

is inhabited.

Proof. A witness is
AMf: A= (B—C).Ag: A— B.Xa: A.(f(a))(g(a)).

d

Proposition A.2 (Peirce’s law with contextual witness). The proposition

(A—-B)—A)— A

is logically true. Here “logically true” means that for every assignment of T /L to A and B consistent with the
Boolean inhabitation semantics, the resulting type evaluates to T. Moreover, if I' is a context containing an

inhabitant

then the type
(A—-B)—A)— A

is inhabited relative to T".

Proof. First we verify logical truth. If A = T, then the codomain is inhabited, so the whole implication is

inhabited. If A = 1, then
A—B=T,
and therefore
(A-B)—-A=T— 1L=1.
Hence
(A-B)—-A) -A=1—->1=T.

Thus the proposition is logically true in all cases.

Now assume
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I'ta:A.
Then the target type is inhabited relative to I' by the induced witness
Ah:(A— B) = A.a.

This is the contextual analogue of an induced witness at the original type. [

Proposition A.3 (A contextual existential-universal example). Let I" be a context containing
a: A,p(a): Pla).
Suppose further that there is a function
u: (Vy: A)(P(a) = P(y)).
Then, relative to T, the type
P(a) = (3z : A)(Vy: A)(P(z) = P(y))

is inhabited.

Proof. Assume
I'ta:ATFp(a): Pla),l'Fu: (Vy: A)(P(a) = P(y)).
For any fixed w : A, Theorem 7.2 yields
u(w) : P(a) = P(w).
In particular, applying u(w) to the contextual witness p(a) : P(a) gives
u(w)(p(a)) : P(w).

(Thus, relative to p(a), each P(w) holds, although we will not need the explicit term

Ay A.u(y)(p(a)) below)

To apply Theorem 7.3, take the singular witness ¢ := a : A and let
Q(z) := (Vy : A)(P(z) = P(y))-
At z = a we have, by assumption,

w: (Vy: A)(P(a) = P(y)) = Qa).
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Hence the hypotheses of Theorem 7.3 are satisfied in the context I', and we obtain an induced witness of
(Fz : A)(Vy : A)(P(z) — P(y))
relativeto I".
By Definition 3.13, this induced witness is interpreted relative to the contextual witness data
a:A,p(a): Pla),u: (Vy: A)(P(a) = P(y)),
which function here as Henkin-style witness variables for the existential statement. Therefore the type
P(a) = (Jz : A)(Vy: A)(P(x) — P(y))
is inhabited relative to I". (]

Proposition A.4 (A purely classical existential-universal example). Let A be a non-empty type and let

P : A — Bool. Assume
(Vz : A)~P(x).
Then the type
(3z : A)(Vy : A)(P(z) — P(y))

is inhabited at the truth-value level.

Proof. Since A is non-empty, fix some a : A. By assumption (Vz: A)-P(z), we have —P(a), so
P(a) = L. For any y : A, the type P(a) — P(y) then has truth value T, since its domain is L and

Proposition 4.1 gives | — B = T whenever B is inhabited. Thus
(Vy : A)(P(a) = P(y))

is inhabited at the truth-value level.

Now consider the existential type
Gz : A)(Vy : A)(P(z) — P(y)) = (Ve : A)(Vy : A)(P(z) = P(y) = 1)) = L,

as in Definition 3.8. Since we have just seen that the matrix (Vy : A)(P(a) — P(y)) holds at the truth-

value level, any witness of

(Vz : A)(Vy: A)(P(z) — P(y) — 1)
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would in particular yield a contradiction at x = a. Hence this universal type reduces to | by
Definition 4.3, and therefore its double negation reduces to | — |, which is inhabited by ¢ | _, | . It follows

that
(Fz: A)(Vy : A)(P(z) — P(y))

is inhabited at the truth-value level. (J

Remark A.5. Proposition A4 illustrates the purely classical character of the Boolean inhabitation semantics
adopted here. Under the assumption (Vz : A)—P(z), no instance P(z) is inhabited, so there is no constructive

information about any particular witness of P. Nevertheless, the formula
(Fz: A)(Vy : A)(P(z) — P(y))

is validated at the truth-value level: once P(a) = L for some a : A in a non-empty type A, the implications
P(a) — P(y) are trivially true for all y, and the existential quantifier merely records the existence of such an
a without fixing it as a canonical term. This is a typical situation in classical reasoning: the existential is true
because every potential witness vacuously satisfies the matrix, even though no positive instance of P is
available. In the present framework this is reflected by the fact that (3z : A)(Vy : A)(P(z) — P(y)) reducesto
the canonical identity form 1 — L at the truth-value level, while the induced witness notation does not attempt

to select a distinguished closed inhabitant of A.

Theorem A.6 (Choice functional for a total relation). Let A and B be non-empty types and let

R : A — B — Bool. Consider the formula
T :=((Vz: A)(Jy : B)R(z,y)) — (3f : A — B)(Vz : A)R(=, f(z))).

Then T is classically valid under the Boolean inhabitation semantics adopted in this paper, and therefore admits

an induced witness g : T.

Proof. Let
P:= (Vz: A)(3y : B)R(z,y).

We argue semantically at the level of truth values.

Case 1: P = . Then the implication 7" has the form

P— (3f : A— B)(Vz : A)R(z, f(z))
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with domain L. By Theorem 5.3, any type of the form 1. — A is inhabited. Thus 7" evaluates to T and is

inhabited at the truth-value level in this case.

Case 2: P = T. Assume a context I with
Tkr:(Vz: A)(Jy: B)R(z,y).
For each = : A, Theorem 7.2 yields
Tt r(z): (Jy: B)R(z,y).

By the contextual form of existential elimination (Theorem 7.4), each such r(z) may be read relative to a

context
I, :=T,b, : B,r(z,b;) : R(z,b,),

where b, is a Henkin-style witness variable and r(z, b, ) is its contextual inhabitant of R(z,b,), in the
sense of Definition 3.13. Intuitively, for each z: A we fix a contextual witness b, : B with

R(z,b,) inhabited.

Collecting these contextual data for all  : A, we may define a schematic choice function
f:A— B, f(z) := bs,
read relative to the combined context containing all b, and r(z, b, ). For each z : A we then have
r(@,02) : R(z,bs) = R(z, f(x)),
so the formula
(Vz : A)R(z, f())
is satisfied at the truth-value level relative to this context. In particular, the conclusion
(3f: A= B)(vx : A)R(z, f(x))

is true in the classical sense that there exists some (possibly non-constructively specified)

f : A — B satisfying the matrix. Thus T" again evaluatesto T.

In both cases, T evaluates to T under the Boolean inhabitation semantics. Accordingly, T' is inhabited at

the truth-value level. (]
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Remark A.7. Formally, the higher-order quantifiers in this paper range over predicates P : TR(n)(A) rather
than over function types A — B themselves. A fully internal treatment of the choice functional would encode a
function f : A — B by its graph as a binary relation on A x B, with an appropriate uniqueness condition, and
then quantify over such graph predicates. Here we work at a slightly more informal level: we quantify directly
over f: A — Band read f as inducing a binary relation together with a distinguished choice of y = f(z).
Theorem A.6 is therefore best understood as a semantic illustration of how the present truth-value reduction and
induced-witness machinery accommodates a classical choice-functional principle, rather than as a completely

formal derivation within a fixed higher-order syntax.
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