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Consider first a three-dimensional maximally symmetric space defined by the surface equation
B S J

or equivalently as

r2+u2:52,r2:x2+y2+22
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This surface is a 3-dimensional spherical surface immersed in R*. This surface is invariant under the

linear transformation
o b . r
r=Rr tbu ,u=c'r +du,r=(xy2)

on R* or equivalently, under

)2

where the matrix

is an orthogonal matrix, i.e.,
TT=1,
or equivalently,
R™R+ce =1, RTb + ed = 0,
b +d? =1

These equations are equivalent to

d=(1-b)!"2 c= —(1-bTb) /2R,

R'R+(1-bb) 'RTbB'R=1;- - — (a)

The dimension of the space of linear transformations that leave this 3-D surface invariant is thus the
same as that of the Lie group SO(4) and this dimension is 6 = (3(3 + 1)/2. Therefore, this surface with the

metric induced from the metric
ds? = dx* + afy2 +dz? + du® = drTdr + (du)2

on R*is also invariant under the induced diffeomorphism, i.e., under the diffeomorphism

r=Rr +bﬂS2—r’2

where R, b satisfy the constraint (a). Note that this induced metric is given by

di? = drTdr + (dS? — r)?

or equivalently, using polar coordinates,
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so that
ny = cos(P)sin(0),y = sin(¢)sin(6), z = cos(H),
we get
dr =rdn+dr.n
and hence, since 274 = 1, so that #7dn = 0,

drldr = di'dn + dr* =

P(d6? + sinX(0)d@?) + dr
since

di'dn = do* + sin®(0)d¢?
This gives us the metric of our 3-D maximally symmetric space as

di? = dr + r(d6 + sin(O)d @) + (S — P)?
= dr2(1 + r2/(S? — 12)) + r2(d6? + sin*(0)d?)
= S2dr? /(8% = 1?) + r2(d6? + sin*(0)d?)
or equivalently, changing the radial coordinate to the "comoving” one r,, where
r=_8ry,
we get
di? = S%dr}/(1 = 17) + S22 (d6? + sin*(0)d §?)
An alternate parametrization is to choose
ry = cos(y)
to get
di? = S%(dy? + sin®()(d6* + sin*(O)d 7))
The space with this metric is called a spherical maximally symmetric 3 — D space. The fact that this
metric is invariant under a 6-dimensional Lie group of transformations is usually addressed by saying
that the metric admits six Killing vectors. Another kind of maximally symmetric space is a hyperbolic
maximally symmetric space defined by the equations
R S B R

or equivalently,
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This space is again a 3-D surface imbedded in R* invariant under the linear transformations of R*

defined by

where T € SO@3, 1), e,

TIT=T- - —(b)
with

J =diag[1,1,1, — 1]

Actually, this surface has two connected components defined by u = + \/S2 + r? unlike the spherical case
where u = = \/S2 - r? got connected at r = S. Again, the dimension of the Lie group SO(3, 1) that leaves this

surface invariant is six, and the induced transformation on this 3-D surface is given as
r=Rr +b
where the R, b again satisfy a constraint determined by (b). As before, this is a six-parameter family of

diffeomorphisms on the 3-D hyperbolic surface that leaves the metric on the surface invariant, where the

metric is that induced by the metric

ds® = dx* + dy2 +d2? — du?
on R* with u = 4/r? — 5. The induced metric on the surface is therefore, using polar coordinates for x, , z,

di* = di* + rX(do* + r’sin*(0)d¢?) — r?dr?/ (r* — §%)
= S%dr*/(S* — r?) + r¥(d6* + sin*(0)d¢?)
Since on this surface, » > S, we can change the variables to » = S. cosh(x) to get the metric in the form
dI? = S2(— dy? + cosh(y)(d6? + sin®(0)dd?))
On the other hand, if in the surface equation, we replaced S by iS so that the surface equation becomes
B S

then again this surface is invariant under SO(3, 1) and the metric induced by the SO(3, 1) invariant metric

ds? = dx® + dy? + dz* — du®

on R* would now be given by

di? = dr + r(d6* + sin*(0)d¢?) — (dS? + )}
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= S%dr?/(S* + r?) + r¥(d6* + sin*(0)d¢?)
Now we observe that on this hyperbolic surface, » > S and there is no constraint on r. Thus, this is a more

realistic hyperbolic model for our 3-D space. We can change the variable
r=S8.sinh(y),x >0
to get the metric in the form
di? = S2(dy? + sinh?(y). (d6* + sin®(O)d$p?))
A remark

More generally, suppose that we have an » dimensional surface S imbedded in an ¥ dimensional space

with the metric on the N-dimensional space being given by
ds* = dy'G)dy,y € RN
Suppose that this metric is invariant under the diffeomorphism 7:RY — R", so that
T'W'GIONT'0) = Gr).y € RY
or equivalently,
1) G(TY)AT(Y) = dy' G()dy
Suppose that the surface S is defined by the equation
z=F(x),x ERP,z ERN?
Write
y = (x, Fx)),x € R?

for the equation of the surface S as viewed in R". Then, the metric induced on S from the metric ds*> on R

is given by

29
di* = (dxT, dF(x)"G(x, Fi (x))( dF(x) )

= dxTH(x)dx

where

IP
H(x) = (I, F (09D G(x, Fx) (F,(x) ),x ER’

Note that this relationship between the metric on RY and the induced metric on § can be expressed

equivalently in the form
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x \T X
d(F(x) ) G(x, F(x))d(F(x) )

= dxTH(x)dx
Note that x parameterises the point on the surface S (which is assumed to be an open subset of R”) and its
coordinates in RY are given by (x, F(x)). Now suppose, in addition, that Tleaves the surface invariant, in the

sense that the points 7(x, F(x)) are again the coordinates of a point on S for any (x, F(x)) in S. Then, we can

write
T(x, F(x)) = (K(x), F(K(x)))
where K is a diffeomorphism on R”. In other words, we can write
T(x, Fx)) = (', F(x ), x " = K(x)

Then, we claim that this induced metric on S is also invariant under 7, or equivalently, under X. To see

this, we observe that

dTK () TH(K(x))K ' (x)dx =

1
Te' (7, ' T ’ '
dx" K ()" (L, ' (K(x)) )G(K(x),F(K(X)))( = (K(x)))K (x)dx

dK(x)
= [dK@)", dF(K@) TIG(K), FK(x))) ( JF(KC) )

=dT(x, F(x))T G(T(x, F(x)))dT(x, F(x)) =

x \T x
= d(F(x) ) G(x, F(x))d(F(x) )

= dxTH(x)dx
where in the second last equation, we have used the assumed invariance of the metric on R under 7.

This result enables us to construct metrics on manifolds having various kinds of symmetries by
embedding the manifold in a larger manifold having a metric with a set of symmetries in such a way that
the embedded manifold is invariant under these symmetries and then inducing the metric from the
larger manifold to the embedded one, ensuring thereby, by the above result, that the induced metric on

the embedded manifold will have the same symmetries as the metric on the larger manifold has.

Now let C be an nxn real symmetric non-singular matrix with p positive and ¢ =»-p negative

eigenvalues. Then, we can write

Cc=0DoT
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where D is a diagonal matrix with p diagonal entries positive and ¢ diagonal entries negative, and O is a

real orthogonal matrix, i.e, 0’0 = 00" = -1 . Write
D= diag[&l,...,lp, —Hp s —,uq]

sothatZ; > 0,4, < 0. For x € R”, define y € R" by

y = |D|!%0x
where
|D| = diagliy, . ... 2 H1s- -5 i)
Then we have
xTCx ZyTJy

where J is the standard SO(p, ) metric, i.e.,
J = diag[l,, —]q]

Thus, the » dimensional surface S imbedded into R”*! and parametrized by coordinates x € R” with the
imbedding defined by the equation

xTCx +u? = 52
can equivalently be parametrized by y with the imbedding defined by

vy +u? = 52
When q = 0, this surface becomes an n-sphere, and when ¢ = 1, it becomes a hyperbolic surface. The

metric on this surface is that induced by the SO(p + 1, ¢) metric on R"*! given by
V4 n
ds? = dyTde +du? = Zy]z +ul - Z y]?
J=1 J=p+1

This induced metric is

di? = dyTJdy + (d\[S? — yTUy)? =

dylJdy + (v TJdy)? 1 (S* = yT )
= ay' T+ 1y TI/(S* = yT)dy

Note that

P n
2 2
Y =2yt Xy
U jep
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The metric ds*> on R”*! is invariant under the group SO(p + 1, ¢) and the induced metric 4/> on the n-

dimensional surface S is invariant under the induced transformations
— p’ S o fe_T
y=Ry +bu ,u=c'y +du 7\/5 yiJy

or equivalently, under
y= Ry' + b‘\IS2 —y’TJy'

where

satisfies
T7J,T = J,
with J; the SO + 1, ) metric defined by
Jo =, —1,1] = diaglJ, 1]
The metric on the surface S is thus invariant under a dimSO(p + 1, q) = n(n + 1)/2-parameter family of
diffeomorphisms and is therefore a maximally symmetric space. Let us now study Maxwell’s equations
in such a maximally symmetric space after including a time coordinate. In the special case when » = 3, as

considered at the beginning, the metric is
de* = di* - di? = di* — S0 r)? - S()*H(d6* + sin*(0)dp?)
where
fry=1/1-7r%
The coefficients of the metric tensor are thus
200 = 1,811 = ~ SO (), 8 = — S0P, g33 = — SP(Orsin*(0)
so that
\-g = S3@)r)risin()

Here, the scale factor S(f)of the universe is determined by solving the Einstein field equations with a

homogeneous and isotropic energy-momentum tensor

;= (p(0) + p()vyy; = p(Dg;;

geios.com doi.org/10.32388/JXIAL3.2


https://www.qeios.com/
https://doi.org/10.32388/JXIAL3.2

The four-velocity field v, will be determined by the fluid dynamical equations owing to the Bianchi
identity satisfied by the Einstein tensor or, equivalently, by the geodesic equations which turn out to have

the comoving solution

vo=L1Lv;=0,i=1,2,3

so that
Tog = p(0), Ty = Tyy =T33 = —p(2), Ti/: 0,i#j

The field equations give us just two independent ordinary differential equations in ¢ for the three
variables p(1), p(¢), S(t) with the third equation being determined by the equation of state p(¢) = i(p(#)). These
equations in the radiation-dominated era give a pressure p(r) which corresponds to the isotropic and
homogeneous electromagnetic radiation pressure. To obtain the anisotropic and inhomogeneous
components of the radiation energy density and flux, and momentum density and flux, we must set up

the Maxwell equations in this metric and derive general solutions. The relevant Maxwell equations are
(F\=g) , =0, Fru=A4y,~4,,
These become
(FOFg) y + (FPg) 5+ (FPg) 5=0,
N R e e R e
(FP\g) o+ (F2\g) 1+ (FPg) 5=0,
(FN=g) o+ (F'\-g) |+ (F-g) , =0,
or equivalently, defining the electric and magnetic field components as
E,=Fo,r=123,8,= ~Fp,B,= ~F3, 8= Fy,
and noting that
g'\Fg = — Sh%sin(0)/S* P = — Srsin(0)/f,
gP2\Fg = - S¥iksin(0)/S*? = — Sfsin(0),
g3\ g = — S¥2sin(0)/S*r2sinX(0) = — Sflsin(6)
g'g?\[g = sin(6)/ 5,
gg g = 1/5rsin(0),
gBg" g = 1/SF. sin(6)

we can express these equations as
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(S2Sin(O)E, /) | + (SFin(O)E,) o+ (S/E3/sin(®)) 5 = 0,
(Srzsz‘n(H)E1 1) o~ (sin(0)B3/Sf) 5+ (B,/Sfsin(0)) 5 =0,
(Sf- sin(O)E,) ot (sin(0)B/5f) - (fBl/Srzsin(F))) 3=0,

(STEy/5in(0)) o= (By/Sfsin(0)) | + (1B, /Srsin(6)) =0

These equations are to be supplemented with the homogeneous Maxwell equations that are equivalently

aconsequence of F,, =4, , — 4,
Frot Frpu+ Fyy =0
and these are
FopatFra0tFy,1 =0,
Fop3tFi3,0%F3,1 =0,
Fop 3T Fy3 07 F30,,=0,
Fip3tFp 1 tF5,=0
or equivalently,

Ei 7By 0By = 0,
Ey3+By g~ E; =0,
Ey37 B0 E32=0,

By 1tBy,tB;3=0

Now consider the special case when the fields £, B are independent of x3 = ¢. Then, these reduce to

(ZSinOF f) | + (in(@)F,) 5 =0~ ~ = (1)
(Srzsin(9)E1),o — (sin(0)B3/8) ,=0- = —(2)
(SLEy) o+ B3/, =0- — —(3)
(S/E3/sin(0)) o~ (By/SHin(®) | + (B, /S sin(6)) =0~ — — (&)
Ei =By o= Ey; 1=0-=-(5
By o= E;1=0-——(6)

BI,O+E3,2:0_ - -
Bl,l +BZ,2 =0—- - -8

These equations have a solution with
B, =0,By=0,E;=0

so that the above eight equations reduce to the following equations for (8, £, E,):
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(Zsin(OF | /f) | + (fin(O)E,) , =0~ — — (1)

(Sr2sin(O)E ) o~ (sin(0)B3/S) , =0~ — —(2')
(. Ey) o+ (B3/SH 1 =0~ ~ =3
Ey =By g—Ey 1 =0-— -4

The first one implies
rzsin(G)El/f= z//l’z,fsin(ﬁ)E2 =y,
for some function y(z, r, 6). The second then implies
(Sfwr1,2) 0 — (sin(6)B3)/S) =0
or equivalently,
(Sfw)) o — (sin(0)B5/S) , =0
and therefore,
Sfw)) 0 sin(0)B4/S = y,(t, 1)
ie, w, is independent of 6. This gives
By = (S/sin(O)(Sfw1) 0 — ¥2)
Substituting these expressions for £, E,, B, into the third equation gives
=Sy o1+ Swy) o1 — (W) ;1 =0
or equivalently,
(wy/f) 1 =0
so that
yo(t, r) = finys(0)
i.e.,, y, is independent of , 6. Finally, substituting into the fourth equation gives us

(ﬁ//1 ,2/725i”(9)) 27 [(S/sin(@))((Sfl//l) 0 _ﬁ//3)] ,0

+(‘/’1,1/f~ sin(@))’l =0

which simplifies to

sin(@)yy 4/5in(@) 5~ SOV o= w3 o

+(r2/f)(t//1’]/f)W1:0

In particular, taking w4(#) = 0 gives us a linear wave equation for v, (z, r, 6):
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sin(O)yy /sin(0) 5= r*ISOSOY)) o o

2Ny AR) =0

Use separation of variables to solve this:
(8 r, 0) = TORE)X(0)

Substitution gives

(sin(0)/x(O)(x () /sin(6))'

= rASOEOTW) ) 1T = (2 ANRENR (D)IAr)

The LHS is a function of ¢ only, while the RHS is a function of (¢, ) only. Hence, both sides must equal a

constant, say :

O (O)/sin(6)) = (B/5in(@)x(®) = 0,
SOEOTW) ) 170 = pIr* + AAARONR () Ar)
Again, the LHS is a function of ¢ only, while the RHS is a function of » only. Hence, both sides must equal a

constant, say —/:
SOSOT()) ’)' +4.7(t) =0,
PR ()/fr) "+ fGr? + BR(r) = 0

2. The general case when fields depend on all the space-time

coordinates

We define the operations div and curl in the system x° = ¢, x! = r,x% = 6,3 = ¢as

divC = C) |+ Cy 5+ Cy 3, C=(C},Cp Cy)

curlC=(C5 , = Cy 35 C1,3 -G 1,6 1 -Cr )
and then observe that the equation
(Sr2sin(O)E | [f) |+ (SKin(O)E,) , + (SIE;/sin(0)) 5 =0,
can be expressed as
divD =0
where
D, = Sr’sin(O)E /If, Dy = Sfsin(Q)E,, D = SfE/sin(6)

Thus, there is a 3-vector C such that
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D = curlC,

or equivalently,
Ey = (f1S7sin(0))(C3 5~ C, 3),
Ey = (1/8f.sin(0))(Cy 3~ C3.1),
Ey = (sin(0)/S)(C; = Cy )
The equations

(Srzsz‘n(H)E1 1)) 0 (sin(0)B/5f) a2t (B,/Sfsin(0)) 3= 0,
(Sf- sin(O)E,) ot (sin(0)B/5f) - (fBl/Srzsin(H)) 3=0,
(SfE3/sin(0)) o~ (By/ Sfsin(0)) | + (B/Sr’sin(60)) , =0
can now be expressed as, after substituting the above expressions for £, E,, E3,
[C3 0= sin(0)B3/Sf] 5 = [Cy 0~ By/Sf sin(0)] 3,
[Cy o~ /B/Ssin(0)] 5 =[C; o~ Bssin(0)/S1] |,

[Cy 0 By/Shin(0)] 1 =1[Cy o~ Blf/Srzsin(G)] P
The first implies the existence of a function y, (s, r, 6, ¢) such that

Cy0™ sin(0)B3/Sf = w, 3

C2,0 — B,/ 8. sin(0) = 2%
The second therefore implies
[C1 0= /B1/Srsin(0) = yy 1] 3= 0
and hence there is a function y,(z, r, ) independent of ¢ such that
Cy.o—fBy/Ssin(0) =y | =y~ — — (@)
Likewise, the third implies
[Cy .o~ Byf/Srsin(0) =y, 1] ,=0
and hence the existence of a function y;(s, r, ¢) independent of ¢ such that
Cy.o= BYfISsin(0) =y, | =3~ = = (b)
It follows, therefore, from (a) and (b) that

Wz(t; 7, 9) = (//3(t7 8 ¢) = V/z(ta }")
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is independent of both ¢ and ¢. Denoting y,(z, 7, 6, ¢) + ISWZ(t, rdr by v, (1, r, 0, ), it follows, therefore, from

the above equations that the magnetic field components can be expressed as

By = (S%sin(0)/N)(Cy o= vy 4]
B, = stin(@)(Cz’O ¥ ,2)»

By = (§f1sin(0))(Cy o~ vy 3)
Substituting for the electric and magnetic field components into the homogeneous Maxwell equations

Ey 27 B30 £ =0,
Ey 3+ By g E; =0,
Ey37 By E3,=0,

Byt Byt B3 5=0

their expressions obtained above in terms of C|, C,, C;, v, then give us

3. Some general remarks about electromagnetic wave equations in a

diagonal metric
Consider a metric of space-time for which g o = 0 # V. The Maxwell equations in such a metric are

2@\, , =0,
v

The covariant Lorentz gauge condition (4/-g) , = 0 now reads

D e"\egd) =0

4. Alternate analysis of the Maxwell equations in any diagonal

metric

An alternate way of analysing the propagation of electromagnetic waves in the absence of sources in any

diagonal metric is to start with the Maxwell equations

(F/N V_g),v = O’F//.v,J+FVJ,,u+FU/t,v =0
and to write

E= ((Er)) = (For)),B = ((Br)) = - (F23, F31,F12)

geios.com doi.org/10.32388/JXIAL3.2
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and to note that we can write
(F"N=g) = G.E,
where G is a 3 x 3 diagonal matrix whose components are functions of x* with x” = 7 and
_\/__g(F23’F31’F12))T: K.B

where X is another 3 x 3 diagonal matrix whose entries are functions of x* and then note that the Maxwell

equations (F”V\/—_g) ., = 0can be expressed as
div(G. E) = 0, curl(K. B) = — 0/(G. E),

and the Maxwell equations 7, ,+F,,  +F,, ,=0as

Vo, L o

div(B) = 0, curlE+0,B =0
Thus, there exists a 3-vector field C and a scalar field 7 such that

E=G LeurlC,B=K'.(-0,C+VV)

which satisfy
divK ™. (= 0,C+ V1) =0,
curllG™ 1. curlC)+ 8 [K 1. (-=0,C+ V)] =0
We write
K1 =K (S(), 7, 0) = diaglky, ky, k3], G~ = G(S(0), 1, 0) = diaglg,, 25, 23]
where

g/ = g](S(t)’ r, 9)5 k/ = k/(S(t)’ r, 6)

Then, the above equations are in component form, the same as
2 (= kCyp) j+ KV ) ) =0,
J

2. [&sm)(g;€km)C,, )

mkjr

+k(=Cy g+ V. )) =0

Note that we can change Cto C' = C+Vyand Vto V' = V- , for any scalar field y without affecting the
values of E,B. This is analogous to the Lorentz gauge transformation in special relativistic

electrodynamics.
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Remark: We can, for example, choose y so that the following generalized form of the Coulomb gauge

holds:
2 C) ;=0
J
holds, or equivalently, renaming ¢ as Cand V' as 7,
2 (kC)) ;=0
J
Then, the first equation above becomes
2V ) )+ 2.0C) ;=0
J J

Now, observe that

g, €(sry)ejkm)

= g;| €(s1)) | ((sk)S(rm) — S(sm)S(rk))

So

2. Ll s (g;ekm)C,, )

mkjr

= 2 &) |((C,  ~ C ),

Jr

and hence the second equation can be expressed as

D €| €HC, = Cg ) Tk~ Cs gtV J) =0
Jjr

Note that if the gj's were all one, as would be the case in Cartesian coordinates in flat space-time, then we

would get the usual formula

2 1€ | €4C, = C, ),

Jr

=2 lasI(C, ,~C, )

Jr
For s = 1, this evaluates to
€123)(Cy 1 = Cy o) o+ €132 (C5 1 =€y 3) 5
=(Cy17C1 )+ (G317 C3) 3
=(C O DTG = C )t (G =6 3) 5

_ . 2
—(dva)’I*V C,

geios.com doi.org/10.32388/JXIAL3.2

16


https://www.qeios.com/
https://doi.org/10.32388/JXIAL3.2

as expected.

We rewrite the basic equations now:

DN (€C, = Cy ) o+ k(= Cy g+ V ) o= 0
Jjr

(= (C o)+ (V) =0
j

Note that | gsr)| is one if all three indices s, r, j are distinct and is zero otherwise.

5. Analysis of Maxwell’s equations in a diagonal metric based on

electric scalar and magnetic vector potentials

Defining
E=((Fy)),B= —(Fy, F3, Fy),
and writing
(F"\=2) = (¢"\-gFy,) = G.E,
—(F23,F31,F12)T: K. B
where G, K are diagonal matrices, we obtain from the curved space-time Maxwell equations

divB = 0, curlE + 0,B = 0,div(G. E) = 0, curl(K. B) = — 0(G. E)

where
G = (¢"-9). K = (67" -2 g7¢" 2. ¢""¢"\-9)
so that
B=curld,E= —VV-04,4=((—4,)),V=A4,
and

curl(K. curld)) — 0(G. (VV + 0,4)) = 0, div(G. (VV + 0,4)) = 0

In case the medium carries a charge density ri0 and current density J = (( - J,)), then the generalization

would be
curl(K. curld) = 0(G.(VV+04)) = —G.J,

div(G. (VY +8,4)) = p.\-g

We require to supplement these with the general relativistic form of the Lorentz gauge condition:
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S e, -0

i

or equivalently, assuming g, = 1, as in the case of the Robertson-Walker metric,
0,(\-gV)— difG.4) =0
Then, the above equation for 7 reduces to
div(G. V1) + X (\=gV) — div(0,G). 4) = p\—g
Note that the charge conservation condition can be expressed as
N2, =0,
or equivalently, since the metric is diagonal, as
d(p\-g) — divG.J) =0
Remark: In the previous analysis, we had used G. E = curIC, K. B — C = V®. This method would fail if there
are sources of charge and current.
Making this choice of gauge, the differential equation satisfied by 4 is given by
curl(K. curld) = 0(G. (V(~ ) V/*[(G. 4di) + 0,4)) = — G.J
Note that the first component of curl(K. curid) is
—(K3(Ay 1 =4y ) 2+ Ko(dy 3= 43 ) 3+ (Gig' Ay =4, ),

and likewise for the other components. This first component can be expressed as

€"G,. 4, 2Dt €64, 33T "G4, D

“(K3dy ) o= (Kpds ) 5= (Gig'ldy )

=(6"1Gy 4y 5) , (¢G4, ) 5+ ("G4, )

_(ngnAz,l),z - (G3g11A3, D3~ (Glg“Al RIS

=(8"1Gy4) ) ,+ ("G, 3) 3+ ("G4, )

~(G2g"3) 1o~ (G3g"43) 13- (Gig"M4y)
+(Gag™) 149) 2+ (Gag') 343) 1 +(Gig') 14D

The first component of 6(G. (VV' + 0,4)) is given by

60(G1(V’1 T4, o)

=(G1) 01 = (G 11 o T(Gi4) o) o
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Now suppose instead that we impose the gauge condition
difG.2,4) =0~ — — (@)
This equation is the analogue of the Coulomb gauge condition. In this case, the equation for ¥ simplifies
drastically to
div(G.VV) = p\[-g

Since we are assuming the Robertson-Walker metric, we have

G =((g"\-8) = — SO sin(O)/fir). 1. sin(0). fir) sin(0))

= = SOh(r, 0)

where h = a(r, 6) is independent of ¢, ¢. Also, recalling that \/—_g = $3fi%sin(f), we get

V(h(r, VL, 7,0, §) = = p(t, 1, 0, ). SAOAP)sin(0)

It follows from this equation that 11z, », 6, ¢) can be expressed in the form
We.r,0,9) = SAO[ L. 0. ¢1r'. 0", ¢ (. 7. 0. $)drdodp

ie vis a matter field, in the language of quantum field theory. Its value at time ¢ at any spatial location is a
function of only the matter density over space at that time ¢ In particular, if p = 0, the solution will be
¥ = 0. So, assuming that there is no charge distribution in space, we can assume that = 0. In other words,
the electromagnetic field in space-time in an evolving Robertson-Walker space-time, ie, in an expanding

universe, is given by the magnetic vector potential only, which satisfies the wave equation
curl(K. curld) = 0(G.0,4)) = —G.J— — = (o)
Note that the charge conservation condition with p = 0 assumed reads div(G.J) = 0 and this equation is

consistent with (c) and our choice of the gauge. In particular, if in addition, J = 0, i.e., there are no charges

and currents, then using the above gauge, 4 satisfies the wave equation
curl(K. curld) = 0(G.0,4)) = 0— —(B)
and the electric and magnetic fields are given by

E=((Fy, = —0A,

B = curld = — (Fy3, F3;, F 1))

Once we have solved for 4 and hence E, B, we can calculate the energy-momentum tensor of the

electromagnetic field as

S, = (= 1/4)g, FPF 4+ F, F°

o
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with

FIF =2 8",
ap

and
FyaF:j = ZgaaF/vaa
a

where the metric tensor components are those of the RW metric and ¥, have components given by the
electric and magnetic fields thus solved for. We are usually interested in the case when the initial electric
and magnetic fields had a certain spatial statistical correlation function, ie., < F o, r)FW(t', r')> was
giventousat:= ¢t =o0atall , »" and then we wish to compute this correlation function for all times 1, ¢ at

all ~, »". We now outline the procedure for performing this calculation.

6. Maxwell’s equations in a maximally symmetric space-time

Now, assume that we have an » + 1-dimensional space-time, with one time dimension and » space

dimensions with a maximally symmetric metric
e = di* — SAOf (Hdr® — SH()r?dQ?

where we write the spatial vector as

so that
dx = drii + rdp, aldi = 0, diTdn = dQ?
and the spatial line element becomes
di? = dxTdx + (dN[S? — )2 = dr? + r2dQ2 + dr2/(S? — 2) = S2dr2/(S? — 12) + r2dQ?
and replacing r by Sr, this becomes
dl* = S*fdr? + §*r7dQ2, £ = 1/(1 - ),

We can parametrize 7 by » — 1 independent angles x, . . ., x" so that dw? has a diagonal form

n
dQ? = Z;{k(xz, XY dx?
k=2

Then, as before, we define the electromagnetic field tensor components

Fo = Ay o= Ao k=12 n,

geios.com doi.org/10.32388/JXIAL3.2 20


https://www.qeios.com/
https://doi.org/10.32388/JXIAL3.2

F, :As,k_Ak,s’k’S: 1,2,...,n

S

Maxwell’s equations become

D (F%Fg) =0,

k=1

F"\Fg) o+ D (F™Ng) y=0.m=1,2,....n
k>1

or equivalently, since the metric is diagonal with
go=lgy =~ S22, = ~ Sz(t)rzxk(xz, XM, k=23, ,n
so that assuming » is odd,
g = ST O X = Ty
We can express the Maxwell equations as

(&""\=8(g 1y = Ay .0) 0+ 2 ("8 Ny = Ay ) f = Om = 1.2,
k>1

> (gkk\/?g(Ak,o —Ao ) ;=0
k=1

We choose our gauge condition as earlier to be the generalization of the Coulomb gauge:

Z(gkk\/:gAk,O),k =0

k>1

and then the Maxwell equations simplify to

Z (gkk\/:g)Ao,k) kT 0,

k>1

©""\&(Ag = Ao 0+ 2 (€SN gy = Ay ) =0,

k=1
We can write
g/‘k\/% = - S”’an(xl, Lx)xl =g
and
g Fg =" (X km=1,2,..n,
where

ny =@ X)),
Mk = )" 3 ,x")/)(k(xz, LM k=2,3,.. 0,0

"1k=77k/f2,k=2,3,...,n,
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Vouk = nk/rzxm =‘ﬁf"75)(/)(m)(k,2 <m<k<n

The Maxwell equations

2 @ 94 0 =0,

k>1

for the scalar potential, derived above by assuming generalization of the Coulomb gauge, can be

expressed as

2 (1o ) =0

k=1
which is a purely spatial equation and hence has a unique solution
Ay=0

Thus, the equations in this gauge satisfied by the vector potential components 4,, k > 1 are given by

—(€""\N=gdy 0) 0+ Z(gmmgkk\/—g(Ak,m Ay ) =0m=1,2,...,n
k>1

or equivalently,

M(S" 2D Ay 0) o+ S" 4O X VA= Ay D) =0
k>1

We can solve this using separation of variables: Writing
A,(t,x) = TOR,(x)
we get
S"OT' 1) 18" DT = 4,

2, (R, (xX) + Z (mG(x)(Rk,m(x) - Rm,k(x)) k= 0O,m=1,2,...,n
k>1

for some constant i. Superposition over all possible values of /1 then completes the solution. Note that
here,
x=(rx2 ..., x"

with 0 <r < 1. This completes our discussion of the solution of the Maxwell equations in a spherically
maximally symmetric space-time. We then proceed to a discussion of the same problem in general

elliptic-hyperbolic space-times.
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7. Magneto-hydro-dynamics in an n+l dimensional maximally
symmetric space-time

The basic Einstein field equations in the presence of a fluid field and an electromagnetic field are
R, —(/2)Rg,, = K[(p+pv,y, g4+ S,)
where K = — 8zG/c¢? and
Sy = (= V&HFPF g +F, F

uaty

We assume that the metric of space-time is the RW metric in » + I-dimensional space-time and is
unaffected by the matter fluid perturbations around the homogeneous and isotropic field and
electromagnetic field. This is the zeroth order of approximation. In other words, if this unperturbed

metric is denoted by ¢%*, then the corresponding Einstein field equations are given by
0 _ 0,0 _
Ry~ (1/2)R%) KTﬁV,
where
0.0 0
T, = (o) + p@W) = poD)e,,

so that S(9), p(¢), p(¢) satisfy the standard unperturbed Einstein field equations for these three functions of
time. The perturbations. Note that by the comoving nature of the RW metric, as seen from the associated

geodesic equations, we have

v)=0,i=1,2,3,v)=1
Inhomogeneous and anisotropic perturbations to these quantities involve density and velocity
perturbations as well as the presence of an inhomogeneous and anisotropic electromagnetic field. We
denote the velocity perturbations by Wy the density perturbations by dp and the pressure perturbations

by dp. These perturbations are all functions of ¢, x where x denotes the spatial coordinates. The perturbed

equations, after taking into account a —[J*4 N%d’” 1y, where
=g F,
with ¢ being the medium conductivity, are
(F\-g) , + 0. F"v g =0,

(p+ P, —8"p = P,

= P FPy
v'p
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Note that v, = 1 + év, v, = v, because the unperturbed velocity is comoving w.r.t. the RW metric. Also, v,

is of the quadratic order of smallness in v, because

(1+002+ Y g, (") =1

p
We shall assume that v, is small, i.e., much smaller than the electromagnetic field, so that quadratic terms
in the v, can be neglected, but bilinear terms in v, and the electromagnetic field cannot be neglected. In
order to obtain the MHD effects, we shall also not neglect terms that are quadratic in the electromagnetic

fields and linear in v,, i.e., a special sort of trilinear term.

This assumption is based on the hypothesis that we are in the radiation-dominated era. In the transition
phase between the radiation-dominated era and the matter-dominated era in the expansion of the
universe, we cannot neglect quadratic terms in the v,. We shall set up the MHD equations in both of these

eras.

Then, we get from the above

((p+pW"), W+ (p+pV —ep

= O'F’qug v,
Multiplying both sides by v, gives us

((p+p").,—p V= JF/“’F/;vpvﬂ

The term on the rhs can be neglected because it is of second degree in the vr's and also of second degree in

the electromagnetic field. Thus, we get
(p +p)vvv’fv - g'“vpﬂv +p»vvvv” = — UF'“vFivp

Consider first the case when 4 = 0. We have

0

_ .0 0 r_
V:O_v,0+r0rv =0

since v is one plus a quadratic term in v" and hence can be neglected, and rgr =0 for the RW metric.

Likewise,

vQ =0 +10,5 = 1"9 VS
r N rs rs

since v’ is again one plus a term that is quadratic in v". Also

,g0vp’v+p’vvvv0 :p,rvr

up to the required order. Thus, we get the fluid energy equation:
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PV = JFOV(F? + F;vs)
Note that if we also take into account quadratic terms in the v, then the energy equation would become
(p +p)v00 +p Vtp W01 = - aFor(FS +Fv)

If we neglect the pressure, then this equation approximates the energy equation for the fluid as we learn

in non-relativistic fluid dynamics:
p. 0 =E.J,J=0(E+vxB)
Now, consider the MHD equation for . = : Again neglecting quadratic terms in v,, we get
(p +p)(vr’0 + 2F6rv’) —g"p ,tp (V' -1D= ~ O'(F"OFEVS + F""‘FS1 + F"’”anvs)
Note that
0y, =(1/2)g7g,, ¢=S"/Sr=1,2,3

This is the general relativistic analogue of the Lorentz equation in non-relativistic linearized

hydrodynamics of a conducting fluid:

p.0y=—Vp+JxB,J=0(E+vxB)

If further, we take quadratic terms in v, into account in the kinetic term as well as in the pressure term,

then we obtain
s sk T 0 ’
(p+ PV )+ T v 40" v (T + THvh) = gp 4 p (v = 1) = = o(F™OFy + F™F0 + F™E v,)
Note that

r k_ r k r 2
vt = ZZFMV’V + Zrm(w‘)
k#r s

for the RW metric.

8. Some general remarks on the Einstein-Maxwell-Klein-Gordon-

Dirac equations in a maximally symmetric space

Consider a maximally symmetric space of dimension » defined by the equation

n+l

z (xi)z — S2
i=1

The line element on this surface is
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n+l

di? = Z ()2, x" 1 = (52 - z h)l/2

i=1 i=1"

Thus, writing
n
r= e
i=1
and
xi=rni,ni= 1,2,...,n
so that

(and therefore ¥ n,dn; = 0) we have

dx'=dr.nj+trdn;,i=1,2,...,n

and hence,
n n

D (dxh2=dr2+ 2 (dn)?

i=1 i=1
This gives

n
di? = dr?/(8* = )+ dr? + 12 ) (dn,)?
i=1
n
= 822 1(8 = %) + 12 ) (dn))?
i=1

Replacing r by Sr, we get

n
di? = §%dr? /(1 = ) + $42 Y (dn,)?
i=1

For example, if » = 3, we can write
ny = cos(0))sin(0,), ny = sin(6,)sin(8,), ny = cos(d,),
giving
dn? + dn3 + dn = do’ + sin(0,)d0?

If n = 4, then

geios.com doi.org/10.32388/JXIAL3.2

26


https://www.qeios.com/
https://doi.org/10.32388/JXIAL3.2

ny = sin(03)cos(0,)sin(0,), ny = sin(03)sin(0,)sin(0,), ny = sin(05)cos(0,), n, = cos(63)
giving
4
2 2, 2., . 2
Y. dn’ = db; + sin®(03)(d0; + sin®(0,)d63)
i=1
In general, » > 3, we can write, after appropriate parametrizations of the nl.'s, in terms of angles, just as we

doon $?,

n
Zdn? =
i=1

d02 | +sin*(0,_d0>_, + sin* (0, )sin*(0,_,)d0>_,+ ... + ([ sin®(0,))d0; + ..+ ([0 Lsin®(0,,))d07

n—2 m=k+1
n—1
=l sinX0,)d0?
k=1

where the coefficient 11" sin%(6,) is to be interpreted as 1. Thus, denoting 0, by x**!, k=1,2,...,n— 1,
m=n

and r by x!, our metric can be expressed as

n—1
di? = S22 /(1= %) + S22 ) a1y
k=1
n—1
= S2a@x)?/(1 = &) + S22 Y @ 2
k=1

= S2axh)?/(1 = HD) + S H2 Y s ()(ax)?
k=2

where

-1 .
2 :)(k(xz, LX) = H:;:kﬂsmz(x'“])

=11"

N eSO = KT k= 1,2,3, 0

Now we compute the Christoffel connection symbols in the space-time metric

de? = di? — dI? = dr* — S(t)*(r)2dr? - S(t)znil 20 dxF 12
k=1
so that
g =Lg&n= _Szfz’gkk - _Sz)fk’k =23,...,n
where

P=Pe =1 -
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Remark, defining r = sin(6,) = sin(x"), we can equivalently express this metric as
n
de® = di® = S(t)X(dx")? = S(0)%sin®(x") ) i 1(x)(dx")>

k=2

or equivalently,

e = di* - S*()(dx")? - S0 ) sin*((IT2 | sin®(x™)(dx*)?
k=2

Now define the following permutation of coordinates:
yl=xl b =xm*27k k=23 |n
Then, we can write
n

de — dtz _ Sz(t)(dyl)z _ S2(t)z Sinz(yl)(n:ln:k+ lsin20}n+2*m))(dyn+2*k)2
k=2

n
— dﬂ _ SZ(dyl)Z _ S2zsinz(yI)Hz;lz_ksin2(y’”))(dy”*2"32
k=2

m=1

n
— dtz _ S2(dyl)2 _ S2 Z (Hn+ 1 7ksin2(ym))(dyn+2*k)2
k=2

n

= di? = $%ay")? = 82" (1F L sin (M) v’y
k=2

m=1
n
= d? = §* ), (kL sin(M)(a*)?

k=1

We now rename y*as xX, k = 1,2, ..., n so that the metric is

m=1

n
de? = di* = 2y (F L sin® (e ()
k=1
n
=d? = §2 ), (x)(dxk)?
k=1

where

1nx) = an;llsinz(xm) = nk(xl, XY k=12, 0
where 7,(x) = 1 is understood. Our metric is thus given by

200 = Lgw = — SHOm). k=1,2,.. o8 =0uFtv

We write
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log(sin(x™)) = f,,(x) = f,,(x"),m = 1,2, ...

,n
and
g, () = cotx™) = £, (x)
Note that
k-1 k-1
log(n) = 2 ) log(sin(x™)) = 2 ), f,,(x)
m=1 m=1
and therefore,

(loggyy) s =0,r #s,r,5=1,2,.

.., n

and the only non-zero Christoffel symbols are

k k
rOk = rk() = (loggkk)’O/Z Zxk’k(x)/ZV/k(x),

O _ _ ’
D= ~ 8, 0/2 =58 npe

For1<m<k<n,

rh =T8 = (loggy) /2= g /20 = 8,@), 1 Sm<k<n,
ka = 7gmmgkk,m/2 - ”k,m/zrlm = 7fm/7]m’ lsm<k=n,

We then compute the Ricci tensor: For k,m > 1,

_ a _ra _ra p o -f
ka - rka,m 1—‘km,oz 1—‘kmrozﬂ * 1—‘kﬂr‘moz
- -1 _pp  _70pr

1—‘kp,m ka,O 1—‘km,p kaFOr

TP 7 0 p P 10
1—kmrps * 1Hkpl—‘m() + 1—‘kﬂrmp

+r§ re
s~ mp

It is easily verified that

Ry, =0, k#mbk,m=>1

because the metric is diagonal, i.e.,

n

A = di* + ) gulx)(dx®)>
k=1

with

(logg) jm =0, k>m =1

and
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Further, fork=1,2,...,n, we have
Ry =T i Tt Fkkriﬁ + Fk/)’rfja
- Fﬁp,k - ng,o - plik, ngrf)s
7r§krps
+ordrk + z , Y +2) r,’iprﬁk
p#k
Now,

0 _
Uik.0= ~ &ik,00/2

Zrkp = 2 (log(g,) /2= (=K = (1= K)g g = (n
p>k

Zrkk P =T z (gppgkk,p),p/2
p<k

7k)gk7

zrkk 0s =2~ 1/4)g . 088550 = Z(—S'/2S>gkk,o =5’
S s

:nSS,nk

Zrkk S = (U @ g L

pss

=(~1/2 28"y

s>p
Tyl = (— 1/ DG, o(logg ) o

g oS /25=58"n,

Z(F )? —Z((logg,,p ) 2= D2 ()P = (=0,

p>k

Z rkp Kk

p#k

= (= 114 Y (loggy) 872y ,=(~ 1/ 21 "2y ,

p<k p<k
Finally,

TP a -p
Ry = l"op,0+l"0ﬁ1"0a

= 2(112)logg,,,) oo+ D(T5)% =
P

P

(S'18) +n(S' 18> =(m—1)S /1S)>*-S"/S

The Einstein field equations are
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R, =K(T,, - Tg,/2) =KS,,
where
T,=@+pyv,y,—pg,
with Vi being comoving, i.e, v, =0,k =1,2,...,n because it satisfies the geodesic equation
dvk/dr+TE =00 =1,k =0
We compute
T=g,=ptp-—(n+tlp=p-np
so that
So0=Too—T8go/2=p+p—p—(p—np)/2 = (p+np)/2

The matter conservation equation: The Bianchi identity for the Einstein tensor implies the momentum

conservation equation
T, =0

which gives

o+, —p*=0
or

(p+pV) oy (p+pWV —p =0
so that
((p+p¥).,—p (=0
or
(P9 o1 \g=0

or

(-9 ot P2 =0
Writing

g= — Sy =1 yp'?

since the number » of space dimensions is assumed to be odd, we get

\-g =5
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and hence the above matter conservation equation reduces to

(pS") +p(S"’ =0

Note that we are assuming p, p to be functions of only .

8.1. The KG equation in an n-dimensional maximally symmetric space

The metric is

de? = di® = S(1)% Y.y, (0 (dxb)2,
k=1

where

) =Tk _ sin? (™), k=1,2,...,n

m=1
"¢ g, +m\"gp=0
Writing
I ) = 4%,
we have, assuming » odd (i.e., an odd number of space dimensions),
Vg = 8",
g = =" @) ), k= 1,2, 0
g"\-g =g = 5"(x)

so the KG equation becomes

2E"B ) 0= S"2 Db 1 x) k

k=1
+m?S"y. ¢ =0
Or separating variables,
@(t,x) = T(HR(),

SO

S"OT () /8" 20T + m>S*(0) = @) 'R ™ Y (@R 1 00)/7,(0)
k=1

Both sides must equal a constant A:

SXOT" (1) + nSOS (OT (¢) + m*S*(t) = NT(t) = 0
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and

2 COOR 1)/ 14(0) &~ A (IR() = 0

k=1
9. Heat and mass transfer equations in an n+1 dimensional space-

time specialized to maximally symmetric spaces

Assume that the metric has the form
n
@2 = di® = S(1)* Yy (dxb)?
k=1

This is a generalization of the spherically symmetric metric

k-1
m=1

di? = di® = S (1L sin*(0,,))d6;
k=1

In analogy with this metric, assume that y, is a function of only x', ..., x*~!. Further, in analogy with this
specialization, that
240 = T )
This ensures that
(logxy) jy =0,j #m
and hence also ensures that
Rin=0,k#m
As regarding R,,, we have

_t _yp _710 k p 0 -k P \2
R =T  Vip ™ Theo T 20U T 20 g o zk(rkp)
p#

= (1122 logg,) e+ (1122 €7y )+ (112)gi 00~ (112) 2 87llogeyy) )
P P P

-1 /z)gkkﬂo- (log(gkk) ) +(1 /4)2((10ggpp) 7k)2
p

= (1= K12 1og(£)" +(1/2) Y gug™(logf,)" = (5 2+ 58"y + 28 )2y + (114)(n — K)((logfy) )
P

The energy-momentum tensor of the matter field: Assume v¥=0,k=1,2,...,n Then g,»'v" = 1 implies

W0 =, or equivalently, vo=1,v,=0,k=1,2,...,n The energy-momentum tensor of the matter field

= (o + pY — pgt”
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has only the following non-vanishing components:
T =p+p—p=p, %= —pg¥ = p/S k=1,2,...,n
Now, in the presence of viscous and thermal effects, the energy-momentum tensor acquires a correction
AT™ given by Steven Weinberg, [
AT = iy HH (v, g+ vy )+ (HEYY + H 0,
where
HY = gV — kY,
0, =1o(T o= Tv,. ﬂvﬁ)
where y,, x, are positive, depending possibly on the temperature 7. The energy equation is then
(p. sV + AT /T) . = AT, /1), = = = (1)
where s is the entropy per unit mass. This equation can be derived from the conservation of the total

energy-momentum tensor 7+ A7* and the number conservation equation (n). .= 0 the first law of

thermodynamics
Td(s/n) = d(p/n) + pd(1/n)
Note that s/» is the entropy per particle and p = mn is the density where » is the number of particles per
unit volume and m is the mass per particle. When we impose the condition that the lhs of (1), which
represents the rate of entropy increase per unit volume, be non-negative, then we obtain the above form
for the correction to the energy-momentum tensor A7*" due to viscous and thermal effects. If the fluid is
adiabatic, we can set (ps»*) ., to be zero, and the result is the generalization of the temperature diffusion
equation after taking into account convective terms, namely the heat transfer equation:
AT, =0
If the background metric is Robertson-Walker, with comoving velocity, then v, =0,v,=1 and this
equation simplifies to
AT =0

Now, for the RW metric with comoving velocity,

HY = 0, 7% = 0, ffm = ghm

and we find
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A k
AT = g0 = 0. (T 1= Tvi.0) = 2. (T o+ T ) = 12™(T o+ (T/2)(loggi) o)

= 0,8"(T +TS'/S)

and the heat conduction/temperature diffusion equation in the RW metric becomes

k 0 kk m k _
M‘?ﬁrkkAT +T7 AT% =0

or
AT‘?’]‘C +(1/2)(logg) (AT + (1/2)(logg,,,) ;AT% =0
Writing the RW metric as
di* = di* = SO ((dx")* + sin* (")) (dx?)? + sin®(x,)(dx®)?)
3
= dr® = SO )
k=1
where

M) = Lo = sin* ("), n3(@) = sin®(xysin® (),
our adiabatic heat conduction equation becomes
M‘?’; +(S"/S)ATH + (1/2)(log(\=g)) ;7% =0
where
\/?g = S3(t). sinz(xl)sin(xz)
Note that
ATY = - 278"
which is zero for & # j and
AT = 71e%M%;

for the RW metric with comoving velocities.

10. The linearized Einstein field equations for perturbations in the

metric and matter fluid around the RW space-time metric

The energy-momentum tensor of the matter fluid is given by

=T+ AT
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where

74" = (p + pv’ - pg'”,
AT = H/‘“HVﬁATaﬂ

+(HNY + H™Q,,

where

0, =1o(T o= Tv,. ﬂvﬁ)
and

ATaﬁ =X00a:ptVE0)

X 1V€pgaﬂ
where . 1. x, geq0. The unperturbed velocity is comoving, i.e.,
Vi=0,v,=0,i=1,2,3"=v =1
Note that the unperturbed metric is RW:
o= 1&g =~ Sz(t)f(r)z, gn =~ Sz(t)rz, g33= — Sz(t)rzsinz(Q)

By appropriate choice of coordinates, we can assume that the perturbation to this metric has

nonvanishing components
08, 11,553
ie., 980, = 0,4 =0,1,2,3. We denote the velocity perturbations by s/ and ov;. Note that
Iv; = (g V) = dgye V' + gV

-8 iiévi

since v = 0, dg,, = — 0. Also, the equation
5(ng'“vv) =0
implies
2009(("*)?) + ,(50)) + dggy = 0

Since v/ = 0 implies ¢ * ((+))?) = viov = 0 and dg,,, = 0, it follows therefore that

=0

(200 = 1, 8(("%?) = v’6v? = 5°). The fluid equations are
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(T +AT™),, =0,

v
for p, v/ given the equation of state, while the heat transfer equation for the temperature 7 under adiabatic

conditions is
Uy M =
(AT™). V=0
Here,
HY = guv — iy

To study small perturbations around the comoving velocity, density, and metric, we use the linearized

field equations:
OR,, = K&T,,—(1/2)Tg,, + AT, —(1/2)AT.g,,),
AT + AT ] =0,
AT, V=0
Now let
SE" = HHY (v, 5+ vp. ),
Sy = B g
SKY = (H'Y + H'™)Q,,
Then,
Sﬁv =V ViR — vvv“v/fa - v’“v“vv:a
since
v, ) 0
Now
ov v
= 5("#,\; - l“zvvp)
In particular,

_ k 0
5";‘:] = 5"1’,]‘ - Fl.jdvk - 5%
_ k
V.0 = ‘5"1',0 - Fioévk

_ i
75\/1',0 Fioévi

=9dv; o~ (1/2)(logg;;) odv;
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=0v; o= (S'/S)0v,;

Consider next
)
(5(vvvav“: 2
For v = 0, this is
S ) =

KLy =
o(v*Hv :a)

S04 ) + (v,
=00/, +TH")
TR+ T
For u = 0, this is zero, while for x = 7, this is
Jv"'o + Z.Gamma(r) kévk
=+ 2000 = v+ (S /O

(No summation over r). For v = k,

(5(vvvav/fa) = 5(vkvav/:‘a)

=k, v“v/fa)

= ok = ok Tl =0

Proceeding in this way, we can linearize the differential equations for heat and mass transfer in the

expanding universe. Currently, work is going on to generalize these equations to higher dimensional

space-time.

11. Quantum noisy Boltzmann equation taking into account
quantum noise based on the Hudson-Parthasarathy noisy

Schrodinger equation

The HPS (Hudson-Parthasarathy-Schrodinger) equation taking into account a single creation process, a

single annihilation process, and a single conservation process is given by
dU(t) = (— GH + P)dt + L1dA(t) — L,dA(t) * + SAA()U(t0

where for unitarity of U(s), we require that
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*
P=LS1y/2,

*

Ss=0

LY =S*Ly—L,=0,L,-L -L
S+S* +8*5=0
Equivalently, writing Lz* = L, we get for the condition of unitarity,
Li=L(1+8),L,=L* 8*S+5+8* =0
Writing
S=z-1,
this is equivalent to the conditions

Ly=LZL,=L*,z*¥Z=1,P=LL*/2

Thus, the HPS equation becomes for this special case,

dU(t) = [ - GH+ LL * 12)dt + LZdA(f) = L* dA * + (Z - DdAD]U@)

Assuming that the system comprises N indistinguishable particles, all connected to the same bath with

the same coupling operators, we can write
P
_ ®N _ 7xN
L=21@Nz=z7",

k=1

so that

+2¥7, =1,

N
LZ= 2 (L Z) N H= Y He+ YV,
k

k=1 1<k<j<N

p
e *\®N
P=LL*/2 kZI(Lij) /2
o=

and the HPS equation becomes

AU = [(~ i Hy+ 2 Vi) + 2L, N 2yt

k k<j k.j

+ 2Lz ®NdA@w) - D LY Ndam * + @z 2N - Daam1ue)
k k

Owing to the indistinguishability of the particles, the state p(s) of the system and bath can be expressed

as

PO =p &N+ Y g0 ® po)
k<j,i#k,j
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+ Y O ®p ..+
k<j<m,i#k,j,m

81N

where the pl,'s are all copies of p, and likewise, for each » = 1,2,..., N, the plf ,sare all identical copies of
Loy
each other for each 1 <i, <... <i <N. In order to get the correct marginals for the states, we must

assume that
Tryg17=0,Tr3g153=0,...,Tr,g53 ,=0,r=2,3,...,N
Then, for example,

_ ®r ®r—2
P123..r =P +Z/’1 ® g3

®r-3
+Zp1 T ®gy T T8,

In particular,

_ ®2
P12 =Py + 812
®3
Pr3=pP; TP ®8xtp, ®gy tp3®gy,
T813

Note that p,, p,, p; are identical copies of each other but act in different Hilbert spaces indexed by the

corresponding subscripts.

We now derive the master equation for the system state alone by tracing out over the bath with the bath

maintained in a coherent state:
p(t) = Up(0) ® | u) >< ¢u) U *
so that, using quantum Ito’s formulae and properties of the partial trace,
ps(0) = Tryp(2)
Then,
dps(t) = —i[H, py(O)]dt — Pp()dt — p(O)Pdt
Lipy(Ou(@)dt = u(t)Lyp (t)dt + Sp(0) |u(t) | *dt
+p (L it)dt = p (DL u(t)dt + p (S * |u(r) | *dt
~Lop (0S¥ it)dt = Sp (DL, u(t)dt
+Sp(OS* |u(®)| 2dt + Lop (LS dt

where P =L 2* L,/2. Making the above substitutions, we get
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Py = D Hy+ 2V p (0]

k k<j
+0p (1)
where
0pg) = (= 1/2)L Lop, +p LY Ly=2Lyp LF)
FuNLypy =Ly = SpL ) + DL — Lop = Lyp S*)+ [u(t)| ASp, + pS* +SpS*)
= 0,(pg) + u(D0y(py) + u(DO3(p) + |u()|*0y(p)
where

01(pg) = (= 1I2XLS Lops+pLF Ly =2Lop L)
= (= 12)LL*p +pLL* —2L%*p L)
Oy(pg) =Lips—piLf —Sp LS =LZp ~pL—SpL
05(py) :pSLl* — Ly — LQpSS* :pSZ*L *—r >kp —-s—L *pSS*
0,p) = Sps+pS* +SpS*
In order to derive an approximate second-order Boltzmann equation, we assume g,,; ,=0,7=3,4,...,N

so that only p,, g,, and their copies are non-vanishing. Thus, we are assuming that (using the simplified

notation p for p )

p=pPN+ Y p®N 2@ gy

(Note that 3p " ® g,, is the same as Y g,, ® p°"?). Substitution of this expression, followed by partial

tracing, then gives us

Trys NOV(P) =
= (= 1/2)Try; MLL*p+pLL™* —2L*pL)
= (DT M ELF) SN+ p 2 L) O

722%* ®Nka®N)
k

= (DAL p DL o+ Ll F 2L p Ly
~((V = DV = 2/ DITALLF p )Y (Tr s[4 L ) ®(0) @ g3+ 9y ® g19)]]
+Trysl(p1 ® g)(LiL, ) ® + 0y ® g13)(LiL") ®7)
“2.7r55[L* 20, ® 853+ 9y ® 2L )]

(V= DNV =2/ DITALLF p DY 2 Tl L) ® 281, + g1n(Ly L) ©2
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—2LA* ®2

®2
' ngLk ]

= (- UL p ) T L py L — 2L Ly
~(V = DN = 2)/4). THLL) P2 D TLL* p DY ) ALL Y py+ p LS =21 pyLy]
—(N= DN =2 DITALL p )N 2 Tl (L *) 2810 + g1oLil ") ©2
* ®2

®2
“2L el

Likewise,
Try3. . M02p)) =
Try3 MLZp =pL = (Z = 1)pL) =

Tr23mN(Z (LiZy) N = p. ZLI?AL (21®N7 Dp. sz®N))
k k k
We evaluate the various terms on the rhs using the above second order approximation to p:

Trys MLiZy) ®NP)
= (T L Zp )N 'L Zp,
H(N = DN =2)/2). (THLZp WV 3. [Trosl(L,Z) @30y ® 93) +py ® 213+ p3 ® g1)]
= (THLZp DN L4 Zipy + (N = DN = 2)/2) (THLZ,p )V 73 [Trysl (L Z) @30, ® g1+ p3 ® 2]
+((N = DN = 2)/2). (THLZpp )V 2. Trl(L4Z1) ® *ga3)LiZipy
= (THLZp )N 'L Zipy + (N = DN = 2). (THLZp )Y 72 Tro[(L42) © g )
(V= DN =2)/2). (TrLyZp DV 2. Trosl(LyZ) e slLiZ i,
Trys M2 0. L2
=T Zp L)V ' Zp L,
+Trys MZENQp PN @ gy 2]
= (T Zp L)V Zp\L,

(N = DN =2)/2)(THZypy. L)Y ' Tr[2 2% 1,2 27
Likewise,

Trys, a03(p) = (Traz_n02(p)) ™,

and finally,
Tryz 04(p) =
Trys M(Sp+pS™* +SpS™)
= Trgy M@ D p(ZF N 1)+ @@V~ 1.2 OV - 1]

1 1
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Now, based on the second-order approximation of the joint state of the particles, consider the term

Trys, NZE M) = (T Zip DY 21

+Tryy MZEN. 202N @ 259
=(1Zp DV 'Zpp,

(N = DN =2)/2). (THZyp )Y 3 Trg[Z2(p) © gy3+ 9, ® 813+ p3 @ g1)]
= (Tr(Zp DV 'Zpp,
(N = DN = 2).(TH(Zp )V 2 Try(Z 228, )
(N = DNV = 2)/2).(TrZy. p )V > (THZ P *g10). Zyp:
Further,

®N

*x @N
Tryz N2y P2

1

can also be evaluated along similar lines. Finally, we substitute these partial trace expressions into the

partial traces of the equation

p(O= ~ i Hy+ 2V p(d)]

k k<j

+0(p()
ie,
0p1(t) = Tros_yp ()= —i[Hy, p (O] + (N = DTry[V 15, p (1) ® p (0] + Tryy \0,(p(D)
and likewise in the equation
0fp (1) ® py(0) +g1,(0) =
Tryg w0 O+ [Hy + Hy + Vip,py(0) ® py(0)+ g1(0)]

TN =TV i3+ V3,0 ®p 1 @ p +p ®8p3+py ® g3+ p3 ® gy

+Tr34 pMO[0(D)

with 7ry, \0,p(2) being evaluated in a similar way as above. This calculation gives us two nonlinear

differential equations for p,(#,g,,() and can be termed as the second-order quantum Boltzmann

equations for an open quantum system comprising N indistinguishable particles.

Some remarks: It should be noted that the form of the Lindblad operators that couple a system of

indistinguishable particles to a noisy quantum bath has been selected so that the interaction of the

particles with the bath is symmetric with respect to interchange of the particles. For example, such an

interaction term involving the annihilation process would have the general form MdA(r) where
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p
M=[22Lka®... 8Ll
k=1 o

with L ,k=1,2,...,p,j=1,2,..., N and o running over Sy, namely, the group of all N! permutations of

{1,2,..., N}. It is easy to see that M can be expressed in the form
_ ®N
M= Zk:L A

where the operators L, are linear combinations of the L, s L2 N For example,
Ly®L,+L,®L, =

®2

DL, +Ly)®2-L P -1 27,

L, ® L, ® Ly + allpermutations
=(1/O)(Ly+Ly+Ly)®3 = (Ly+Ly)®3— (L, +Ly)®3— (L, +1L;)®3

®3 ®3 ®3
+ + +
LE3+123+ 123

12. How to compute the perturbation to the velocity and density/four
current density of matter comprising of electrons, positrons,
leptons caused and small perturbations to the metric around the RW
metric at the quantum level using Feynman’s path integrals for

fields

1. Let H,+ V() = H(t) be the Hamiltonian of a field with H, being time-independent and ¥(r) time-

dependent. The propagator of the field is an operator Kernel K(z, ¢ ) that satisfies the differential equation
(i0,— Hy— VIO)K(t,t ) = ot — ). 1
SO we can write its expansion as

K =(id,— Hy) ™1+ (i0,— Hy)~\. Y (V. (i0,~ Hy)~ )"

n>1
= (@,—Hy) (1. (id,-Hy H!
This is well approximated up to linear orders in the time-varying perturbing potential /' by the
expression

K= (i0,~ Hy) "'+ (i0,~ Hy) " V. (i0,~ Hy) ™!
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In order to see how this is calculated, we assume that H, has a complete orthonormal set of

eigenfunctions |n >= |u, >= u,(r), with energy eigenvalues £,. Then, we can write

(@0,-Hyp) '=(@n)~ 1j(E —Hy) exp(—iE(t -t ))dE

=0 '[X %e}cp( —iE(t - t"))dE

so, for example, writing
G = (i0,~ Hy)~'V.(io,~ Hy) !
we find that its kernel is given by

G(t,t) = (2n)*2jdEdE’dsZ((E— ENE —E,)) " exp(—iE(t = ). exp(—iE (s =t ) |n >< n| V(s)|m >< m

n,m

= (zn)*2jdEdE'Z((E—En)(E—Em))*l <n|ME-E)\m>|n><m

n,m

where

V(E) = [ Vs)exp(iEs)ds

This formula will play a fundamental role in computing the velocity and density perturbations in our

expanding universe determined by the quantum mechanical version of the Einstein field equations

linearized around the RW metric based on Feynman’s path integral for fields.

Consider now the action functional for metric perturbations around the RW metric obtained from the

Einstein-Hilbert action plus the action functional for the metric interacting with the Dirac field of

electrons and positrons. The total Lagrangian has the form

SlV1 + [ VA0, + T, () — mly(x)d*x

= S+ SV v v

where 5,1 is the Einstein-Hilbert action as a functional of the tetrad VA(x) of the metric field and T (%) is

the spinor connection of the gravitational field given by
b
l"ﬂ(x) = FZ (€3) VL

000 = (LY. ap = e 7]

The quantum-averaged four-current density field of matter, comprising electrons and positrons, is then

<) == 27 mfexpliS V] + iS V. v, WDy y(x)DV. Dy. Dy
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where
Z= [expliS [V] + iS [V, w, y)DV. Dy. Dy

More generally, the higher-order quantum correlations in the matter current density at the space-time

pointsx,,...,.x,are given by
<)), L J(x,) >=

27 [expliS (V] + iS [V, v, WAL} _ yx )y sp(x ))DV. Dy Dy

The integral w.rt Dy. Dy is a Fermionic Gaussian integral, and evaluating this part gives us for the average

current

< JH(x) >=

C. _[exp(Sg[V]). det(V’;y“(iaﬂ + il"#) —m). Tr(y*S(x, x| V))DV
where

SCe, | V) =< T)p() >

with 7 being fixed. Note that we have used the identity

< POy () >= Tr(" < pp() > )
= Tr(y"S(x, x| 1))

Note that
S,y 1) = 06 =% < yi@yu() > = 06° = x%) <y Iy >
where y(x) = w(x) *7°. It follows easily from the canonical equal time anticommutation relations
Wiy, ) %) = P =p),x® =)0
that the electron propagator S(. | ¥) in a gravitational field satisfies
DS(x,y) = iy Vo). 04— y)
where D is the Dirac operator in a gravitational field, i.e.,
D= y“V’;([aﬂ +il)—m
Thus,

Ser,y) = (D~ Vx,y)

= [PV40, + iT,) — m] iy V2 (x, )
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Assuming that the gravitational field is weak, we write
V‘Z(x) = 5’; + E‘Z(x)
where €/(x) is of the first order of smallness. Then, up to first order in ¢ we have

ab _ av = YV -1’
= 2 = et -
= (/2™ (€], ~T%)
= (/2" -1

where

ba _ b _
FOH - navrvﬂ - ﬂavnbcrcv,u

Note that for a weak gravitational field, we take

_ _ b
v ™ My + ég,uv - ”abVZVv

where
5gyv = E/tv + Ev,u
SO
1ﬂav,u = (1/2)(611\),/1 + an,v7 E,uv,a
+€va,,u+eya,v7 Evy,a)

Thus, we can write up to linear orders in e
D = [iy%0,— m] + ieZ(x)y“@M
+iy“T ,(x)
where
VT %) = K, v, @)€,, (%)

summation over all the repeated indices is understood and K(u, v, @) consists of constant matrices built
out of linear combinations of products of three of the Gamma matrices y,.. In case the electron is bound by

a potential ¥(r), the Dirac operator for the electron, taking into account gravitational effects, will be given
by
D =[iy%,—m+ iy + ie’;(x)yaaﬂ

+iK(u, v, a)e‘ua’v(x)
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and then, if |n>,E,, n > 1 denote the stationary states corresponding to the energy eigenvalues of the
Dirac electron bound by the potential 7, we get approximately, for the electron propagator taking into

account both the binding potential  and the weak gravitational field €,
S=O Yy =
D, ' =D, " i€y,
+iK(u, v, )€t (9] Dy
where
Dy =iy, —m+iy"V =%, + M)+ (V)

where y = (!, 7% y%). Now, we can write

Dy ) = [¥0 12 <rln><nlr,> I(E~E,)lexp( — iE(t, — t,))dE

n

where
X=(ter )y =(t,r,)
Therefore,
Se.) = Dy '(x,3) ~ [ Dy ' (x,2). li€l 2,
+iKu, v, Q)€ (). Dy Yz, y)d*z
In case the binding potential V" = 0, we have
Dy '@.y) = [exp( = ip. (x = y)d*p/ (7. p = m)
where
p-(x=y) =p, =y, y.p = y,p"
and the above formula reduces to
See.y) =Dy . y) =
~[ewp(=ip. = 2)ly.p—m] " (@0 + i K(u v, )€ (). [r.q —m]exp( ~ ig. (z = )d*pd*qd*z
This expression can be simplified by defining
[ei@explip. 2)d*z = € (p)

which implies that
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[e @ewplin. %z = ~ ip, £p)
so that
S(x, 1) =Dy (. y) =
~[r.p=m g = mlYexp(— ip.x+ 4. 9lg, 0"+ (0, ~ 4K v, aEp — )d*pd’q

In particular, for computing the quantum average perturbation to the four current density field, as seen

above, we require
Ser,x) = Dy ' (x.x)
~[-p = m1 "y q = ml~exp(— i~ 9). V)q, 0" + (b, ~ 4,)K(w, v, @) E,(p — g)d*pd’q

This completes the formulation of our problem of calculating the approximate average four current field
or, equivalently, the density and velocity perturbations of the matter field and, more generally, the space-
time moments of the four current density field caused by metric perturbations around a flat space-time
metric. More generally, if we wish to calculate the quantum average/space-time moments of the four
current field perturbations caused by small perturbations around a given classical metric like the RW
metric, we must first express the metric perturbations in terms of the tetrad perturbations in both the

Einstein-Hilbert action and in the Dirac action, and path integrate w.r.t these tetrad perturbations.

13. Conclusions

We analyze various parametrizations of maximally symmetric spaces in higher-dimensional spacetime
that provide natural generalizations of the four-dimensional Robertson-Walker metric corresponding to
a homogeneous and isotropic expanding universe, and then look at the Maxwell, Klein-Gordon, and fluid
dynamical equations in such a space-time. As regards the former two equations, we separate the space
and time variables and are able to obtain separate differential equations for the spatial and temporal
components. As regards the fluid dynamical and heat transfer equations, we introduce corrections to the
energy-momentum tensor of matter caused by viscous and thermal effects and are able to formulate the
required differential equations for temperature diffusion and convection. Future work is being directed
toward formulating the Einstein field equations for such higher-dimensional maximally symmetric
spaces and also analyzing the problem of density, velocity, and metric perturbation evolutions in a
homogeneous and isotropic background, which is expected to provide a clue to galactic evolution in

higher-dimensional space-times. To this end, in this paper, we explain how to compute the Ricci tensor
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components in higher-dimensional maximally symmetric space-times and also how to compute the
partial differential equations satisfied by the velocity and temperature fluctuations using linearized heat
and mass transfer equations in general relativity. It should be mentioned that as regards computing the
contribution to the energy-momentum tensor of the matter fluid caused by viscous and thermal effects,
we use the existing results in the literature based on the second law of thermodynamics, which yields the
general form of the viscous and thermal contribution to the energy-momentum tensor of the matter
fluid. We also present some computations on the quantum Boltzmann equation for open quantum
systems and touch upon the problem involving computing the quantum average of the matter four-
current (i.e., density and velocity perturbations) when the matter consists of only electrons and positrons,
using the Feynman path integral formula for the Dirac field interacting with the quantum gravitational
field via the spinor connection of gravity. The importance of the quantum Boltzmann equation stems
from quantum cosmology, wherein we have a very large number of particles in a volume and we are
interested only in the dynamics of a single, or at most a small finite number of particles, from the

quantum mechanical angle.
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