
1	

Dynamics	of	Three-Level	Laser	Pumped	by	Electron	
Bombardment	
Menisha	Alemu	

Department	of	Physics,	Wolkite	University	
P.	O.	Box	07,	Wolkite,	Ethiopia	minisha.alemu@gmail.com	

November	21,	2022	

Abstract	
In	this	paper	we	have	studied	the	statistical	and	squeezing	properties	of	the	cavity	light	generated	

by	a	three-level	laser.	In	this	quantum	optical	system,	N	three-level	atoms	available	in	an	open	cavity,	
coupled	 to	 a	 two-mode	 vacuum	 reservoir,	 are	 pumped	 to	 the	 top	 level	 by	 means	 of	 electron	
bombardment	at	constant	rate.	We	have	considered	 the	case	 in	which	 the	 three-level	atoms	and	the	
cavity	modes	interact	with	the	two-mode	vacuum	reservoir.	Applying	the	solutions	of	the	equations	of	
evolution	for	the	expectation	values	of	the	atomic	operators	and	the	quantum	Langevin	equations	for	
the	cavity	mode	operators,	we	have	calculated	the	mean	and	variance	of	the	photon	number	as	well	as	
the	 quadrature	 squeezing	 for	 the	 cavity	 light.	 In	 addition,	 we	 have	 shown	 that	 the	 presence	 of	 the	
spontaneous	emission	process	leads	to	a	decrease	in	the	mean	and	variance	of	the	photon	number.	We	
have	observed	 that	 the	 two-mode	cavity	 light	 is	 in	a	squeezed	state	and	the	squeezing	occurs	 in	 the	
minus	quadrature.	In	addition,	we	have	found	that	the	effect	of	the	vacuum	reservoir	noise	is	to	increase	
the	photon-number	variance	and	to	decrease	the	quadrature	squeezing	of	the	cavity	light.	However,	the	
vacuum	reservoir	noise	does	not	have	any	effect	on	the	mean	photon	number.	Moreover,	the	maximum	
quadrature	squeezing	of	the	light	generated	by	the	laser,	operating	far	below	threshold,	is	found	to	be	
37.5%	below	the	vacuum-state	level.	In	addition,	our	result	indicates	that	the	quadrature	squeezing	is	
greater	for	γ	=	0	than	that	for	γ	=	0.4	for	0.01	<	ra	<	0.35	and	is	smaller	for	γ	=	0	than	that	for	γ	=	0.4	for	
0.35	<	ra	<	1.	

Keywords	Master	Equation,	Photon	statistics,	Quadrature	squeezing,	Spontaneous	emission	

1 Introduction	
A	three-level	laser	is	a	quantum	optical	system	in	which	light	is	generated	by	three-level	atoms	inside	a	
cavity	 usually	 coupled	 to	 a	 vacuum	 reservoir.	 In	 one	mode	of	 such	 a	 laser,	 three-level	 atoms	 initially	
prepared	 in	a	coherent	superposition	of	 the	 top	and	bottom	 levels	are	 injected	 into	a	cavity	and	 then	
removed	after	they	decayed	due	to	spontaneous	emission	[1-4].	In	another	model,	the	top	and	bottom	
levels	of	the	three-level	atoms	injected	into	a	cavity	are	coupled	by	coherent	light	[5,6].	The	statistical	and	
squeezing	properties	of	the	light	generated	by	such	three-level	lasers	have	been	investigated	by	several	
authors	[7-12].	It	is	found	that	a	three-level	laser	in	either	model	generates	squeezed	light	under	certain	
conditions.	It	appears	to	be	quit	difficult	to	prepare	the	atom	in	a	coherent	superposition	of	the	top	and	
bottom	levels	before	they	are	injected	into	the	laser	cavity.	In	addition,	it	should	certainly	be	hard	to	find	
out	that	the	atoms	have	decayed	spontaneously	before	they	are	removed	from	the	cavity.	

Moreover,	Fesseha	[9,10]	has	studied	the	squeezing	and	the	statistical	properties	of	the	light	produced	
by	a	three-level	laser	with	the	atoms	placed	in	a	closed	cavity	and	pumped	by	electron	bombardment.	He	
has	shown	that	the	maximum	quadrature	squeezing	of	the	light	generated	by	the	laser,	operating	below	
threshold,	 is	 found	 to	 be	 50%	 below	 the	 vacuum-state	 level.	 Moreover,	 he	 has	 also	 found	 that	 the	
quadrature	squeezing	of	the	output	light	is	equal	to	that	of	the	cavity	light.	On	the	other	hand,	this	study	
shows	that	the	local	quadrature	squeezing	is	greater	than	the	global	quadrature	squeezing.	He	has	also	
found	that	a	large	part	of	the	total	mean	photon	number	is	confined	in	a	relatively	small	frequency	interval.	
In	addition,	Fesseha	[10]	has	studied	the	squeezing	and	the	statistical	properties	of	the	light	produced	by	
a	three-level	laser	with	the	atoms	placed	in	a	closed	cavity	and	pumped	by	coherent	light.	He	has	shown	
that	the	maximum	quadrature	squeezing	is	43%	below	the	vacuum-state	level,	which	is	slightly	less	than	
the	result	found	with	electron	bombardment.	
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Figure 1: Schematic representation of a three-level laser coupled to a two-mode vacuum reservoir.

In this paper, we seek to analyze the quantum properties of light emitted by three-level atoms
available in an open cavity and pumped to the top level by electron bombardment. Thus taking into
account the interaction of the three-level atoms with a resonant cavity light and the damping of the
cavity light by a vacuum reservoir, we obtain the photon statistics and the quadrature squeezing of the
cavity light. We carry out our calculation by considering the interaction of the three-level atoms with
the vacuum reservoir out side the cavity light.

2 Master Equation

We consider here the case in which N three-level atoms in a cascade configuration and available in an
open cavity. We denote the top, intermediate, and bottom levels of these atoms by |aik, |bik, and |cik,
respectively. We prefer to call the light emitted from the top level light mode a and the one emitted
from the intermediate level light mode b. We carry out our analysis with light modes a and b having
the same or di↵erent frequencies. In addition, we assume that light modes a and b to be at resonance
with the two transitions |aik ! |bik and |bik ! |cik, with direct transition between |aik and |cik to
be electric-dipole forbidden. The interaction of a three-level atoms with cavity modes a and b can be
described at resonance by the Hamiltonian [10]

Ĥ = ig

⇣
�̂
†k
a â� â

†
�̂
k
a + �̂

†k
b b̂� b̂

†
�̂
k
b

⌘
, (1)

where
�̂
k
a = |bikkha|, (2)

and
�̂
k
b = |cikkhb| (3)

are lowering atomic operators, â and b̂ are the annihilation operators for the cavity modes, g is the
coupling constant between the atom and the cavity modes. We assume that the cavity modes are
coupled to a two-mode vacuum reservoir via a single-port mirror.

The quantum Langevin equations for the operators â and b̂ are given by [9,10]

dâ

dt
= �

2
â� i[â, Ĥ] + F̂a(t), (4)

db̂

dt
= �

2
b̂� i[b̂, Ĥ] + F̂b(t), (5)

where  is the cavity damping constant and F̂a(t) and F̂b(t) are noise operators associated with the
vacuum reservoir and having the following correlation properties:

hF̂a(t)i = hF̂b(t)i = 0, (6)

hF̂ †
a (t)F̂a(t

0)i = hF̂ †
b (t)F̂b(t

0)i = 0, (7)

hF̂a(t)F̂
†
a (t

0)i = hF̂b(t)F̂
†
b (t

0)i = �(t� t
0), (8)

hF̂ †
a (t)F̂

†
a (t

0)i = hF̂ †
b (t)F̂

†
b (t

0)i = hF̂a(t)F̂a(t
0)i = hF̂b(t)F̂b(t

0)i = 0. (9)
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With the aid of Eqs. (1), (4), and (5), one can easily establish that

dâ

dt
= �

2
â� g�̂

k
a + F̂a(t), (10)

db̂

dt
= �

2
b̂� g�̂

k
b + F̂b(t). (11)

Furthermore, the master equation for a three-level atom interacting with a vacuum reservoir is given
by [10]

d⇢̂

dt
= �i[Ĥ, ⇢̂] +

�

2

h
2�̂k

a ⇢̂�̂
†k
a � �̂

†k
a �̂

k
a ⇢̂� ⇢̂�̂

†k
a �̂

k
a + 2�̂k

b ⇢̂�̂
†k
b � �̂

†k
b �̂

k
b ⇢̂� ⇢̂�̂

†k
b �̂

k
b

i
, (12)

where �, considered to be the same for levels |aiand |bi, is the spontaneous emission decay constant.
We can rewrite Eq. (12) as

d⇢̂

dt
= �i[Ĥ, ⇢̂] +

�

2

h
2�̂k

a ⇢̂�̂
†k
a � ⌘̂

k
a ⇢̂� ⇢̂⌘̂

k
a + 2�̂k

b ⇢̂�̂
†k
b � ⌘̂

k
b ⇢̂� ⇢̂⌘̂

k
b

i
, (13)

where
⌘̂
k
a = |aikkha|, (14)

⌘̂
k
b = |bikkhb|. (15)

Using Eq. (1), we can put Eq. (13) in the form

d⇢̂

dt
= g

h
�̂
†k
a â⇢̂� ⇢̂�̂

†k
a â+ �̂

†k
b b̂⇢̂� ⇢̂�̂

†k
b b̂� â

†
�̂
k
a ⇢̂� b̂

†
�̂
k
b ⇢̂+ ⇢̂â

†
�̂
k
a + ⇢̂b̂

†
�̂
k
b

i

+
�

2

h
2�̂k

a ⇢̂�̂
†k
a � ⌘̂

k
a ⇢̂� ⇢̂⌘̂

k
a + 2�̂k

b ⇢̂�̂
†k
b � ⌘̂

k
b ⇢̂� ⇢̂⌘̂

k
b

i
.

(16)

Now applying the relation
d

dt
hÂi = Tr(

d⇢̂

dt
Â) (17)

along with Eq. (16), we can easily establish that

d

dt
h�̂k

ai = ��h�̂k
ai+ g

h
h⌘̂kb âi � h⌘̂ka âi+ hb̂†�̂k

c i
i
, (18)

d

dt
h�̂k

b i = ��
2
h�̂k

b i+ g

h
h⌘̂kc b̂i � h⌘̂kb b̂i+ hâ†�̂k

c i
i
, (19)

d

dt
h�̂k

c i = ��
2
h�̂k

c i+ g

h
h�̂k

b âi � h�̂k
a b̂i

i
, (20)

d

dt
h⌘̂kai = ��h⌘̂kai+ g

⇥
h�̂†k

a âi+ hâ†�̂k
ai
⇤
, (21)

d

dt
h⌘̂kb i = �

⇥
h⌘̂kai � h⌘̂kb i

⇤
+ g

h
hb̂†�̂k

b i+ h�̂†k
b b̂i � h�̂†k

a âi � hâ†�̂k
ai
i
, (22)

d

dt
h⌘̂kc i = �h⌘̂kb i � g

h
hb̂†�̂k

b i+ h�̂†k
b b̂i

i
, (23)

where
�̂
k
c = |cikkha|, (24)

and
⌘̂
k
c = |cikkhc|. (25)

We see that Eqs. (18)-(23) are nonlinear di↵erential equations and hence it is not possible to find exact
time-dependent solutions of these equations. We intend to over come this problem by applying the
large-time approximation [13]. Then using this approximation scheme, we get from Eqs. (10) and (11)
the approximately valid relations

â = �2g


�̂
k
a +

2


F̂a(t), (26)

b̂ = �2g


�̂
k
b +

2


F̂b(t). (27)
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Evidently, these would turn out to be exact relations at steady state. Now combining Eqs. (26) and
(27) with Eqs. (18)-(23), we get

d

dt
h�̂k

ai = � [� + �c] h�̂k
ai+

2g



h
h⌘̂kb F̂a(t)i � h⌘̂kaF̂a(t)i+ hF̂ †

b (t)�̂
k
c i
i
, (28)

d

dt
h�̂k

b i = �
h
�

2
+
�c

2

i
h�̂k

b i+
2g



h
h⌘̂kc F̂b(t)i � h⌘̂kb F̂b(t)i � hF̂ †

a (t)�̂
k
c i
i
, (29)

d

dt
h�̂k

c i = �
h
�

2
+
�c

2

i
h�̂k

c i+
2g



h
h�̂k

b F̂a(t)i � h�̂k
aF̂b(t)i

i
, (30)

d

dt
h⌘̂kai = � [� + �c] h⌘̂kai+

2g



h
h�̂†k

a F̂a(t)i+ hF̂ †
a (t)�̂

k
ai
i
, (31)

d

dt
h⌘̂kb i = � [� + �c] h⌘̂kb i+ [� + �c] h⌘̂kai

+
2g



h
hF̂ †

b (t)�̂
k
b i+ h�̂†k

b F̂b(t)i � h�̂†k
a F̂a(t)i � hF̂ †

a (t)�̂
k
ai
i
,

(32)

d

dt
h⌘̂kc i = [� + �c] h⌘̂kb i �

2g



h
hF̂ †

b (t)�̂
k
b i+ h�̂†k

b F̂b(t)i
i
, (33)

where

�c =
4g2


(34)

is the stimulated emission decay constant.
We next proceed to find the expectation value of the product involving a noise operator and an

atomic operator that appears in Eqs. (28) - (33). To this end, after removing the angular brackets,
Eq. (31) can be rewritten as

d

dt
⌘̂
k
a = � [� + �c] ⌘̂

k
a +

2g



h
�̂
†k
a F̂a(t) + F̂

†
a (t)�̂

k
a

i
+ f̂a(t), (35)

where f̂a(t) is the noise operator associated with ⌘̂a. A formal solution of this equation can be written
as

⌘̂
k
a(t) = ⌘̂

k
a(0)e

�(�+�c)t +

Z t

0
e
�(�+�c)(t�t0)


2g



h
�̂
†k
a (t0)F̂a(t

0) + F̂
†
a (t

0)�̂k
a(t

0)
i
+ f̂a(t

0)

�
dt

0
. (36)

Multiplying Eq. (36) on the right by F̂a(t) and taking the expectation value of the resulting equation,
we have

h⌘̂ka(t)F̂a(t)i = h⌘̂ka(0)F̂a(t)ie�(�+�c)t +

Z t

0
e
�(�+�c)(t�t0)


2g



h
h�̂†k

a (t0)F̂a(t
0)F̂a(t)i+ hF̂ †

a (t
0)�̂k

a(t
0)F̂a(t)i

i
+ hf̂a(t0)F̂a(t)i

�
dt

0
.

(37)

Ignoring the noncommutativity of the atomic and noise operators and neglecting the correlation between
F̂a(t) and �̂k

a(t
0), assumed to be considerably small [6], one can write the approximately valid relations

h�̂†k
a (t0)F̂a(t

0)F̂a(t)i = h�̂†k
a (t0)ihF̂a(t

0)F̂a(t)i = 0, (38)

hF̂ †
a (t

0)�̂k
a(t

0)F̂a(t)i = h�̂k
a(t

0)ihF̂ †
a (t

0)F̂a(t)i = 0, (39)

hf̂a(t0)F̂a(t)i = hf̂a(t0)ihF̂a(t)i = 0. (40)

Now on account of these approximately valid relations along with the fact that a noise operator F̂ at
a certain time should not a↵ect the atomic variable at earlier time, Eq. (37) takes the form

h⌘̂ka(t)F̂a(t)i = 0. (41)

Following a similar procedure, one can also check that

h⌘̂kb (t)F̂a(t)i = 0, (42)

h⌘̂kc (t)F̂b(t)i = 0, (43)
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h⌘̂kb (t)F̂b(t)i = 0, (44)

hF̂ †
a (t)�̂

k
a(t)i = 0, (45)

hF̂ †
b (t)�̂

k
b (t)i = 0. (46)

We also take
hF̂ †

a (t)�̂
k
c (t)i = hF̂ †

b (t)�̂
k
c (t)i = 0. (47)

With the aid of Eqs. (41)-(47), we rewrite Eqs. (28), (29), (31), (32), and (33) as

d

dt
h�̂k

ai = � [� + �c] h�̂k
ai, (48)

d

dt
h�̂k

b i = �
h
�

2
+
�c

2

i
h�̂k

b i. (49)

d

dt
h⌘̂kai = � [� + �c] h⌘̂kai, (50)

d

dt
h⌘̂kb i = � [� + �c] h⌘̂kb i+ [� + �c] h⌘̂kai, (51)

d

dt
h⌘̂kc i = [� + �c] h⌘̂kb i. (52)

We note that Eqs. (48) - (52) represent the equation of evolution for the atomic operators in the absence
of the pumping process. The pumping process must surely a↵ect the dynamics of h⌘̂kai and h⌘̂kc i. We
seek here to pump the atoms by electron bombardment. If ra represents the rate at which a single
atom is pumped from the bottom to the top level, then h⌘̂kai increases at the rate of rah⌘̂kc i and h⌘̂kc i
decreases at the same rate. In view of this, we rewrite Eqs. (50) and (52) as

d

dt
h⌘̂kai = � [� + �c] h⌘̂kai+ rah⌘̂kc i, (53)

d

dt
h⌘̂kc i = [� + �c] h⌘̂kb i � rah⌘̂ci. (54)

We next sum Eqs. (48), (49), (51), (53), and (54) over the N three-level atoms, so that

d

dt
hm̂ai = � [� + �c] hm̂ai, (55)

d

dt
hm̂bi = �

h
�

2
+
�c

2

i
hm̂bi, (56)

d

dt
hN̂ai = � [� + �c] hN̂ai+ rahN̂ci, (57)

d

dt
hN̂bi = � [� + �c] hN̂bi+ [� + �c] hN̂ai, (58)

d

dt
hN̂ci = [� + �c] hN̂bi � rahN̂ci, (59)

in which

m̂a =
NX

k=1

�̂
k
a , (60)

m̂b =
NX

k=1

�̂
k
b , (61)

N̂a =
NX

k=1

⌘̂
k
a , (62)

N̂b =
NX

k=1

⌘̂
k
b , (63)

5



N̂c =
NX

k=1

⌘̂
k
c , (64)

with the operators N̂a, N̂b, and N̂c representing the number of atoms in the top, intermediate, and
bottom levels. In addition, employing the completeness relation

⌘̂
k
a + ⌘̂

k
b + ⌘̂

k
c = Î , (65)

we easily arrive at
hN̂ai+ hN̂bi+ hN̂ci = N. (66)

Furthermore, applying the definition given by Eq. (2) and setting for any k

�̂
k
a = |biha|, (67)

we have
m̂a = N |biha|. (68)

Following the same procedure, one can also check that

m̂b = N |cihb|, (69)

m̂c = N |ciha|, (70)

N̂a = N |aiha|, (71)

N̂b = N |bihb|, (72)

N̂c = N |cihc|, (73)

where

m̂c =
NX

k=1

�̂
k
c . (74)

Moreover, using the definition
m̂ = m̂a + m̂b (75)

and taking into account Eqs. (68)-(73), it can be readily established that

m̂
†
m̂ = N(N̂a + N̂b), (76)

m̂m̂
† = N(N̂b + N̂c), (77)

m̂
2 = Nm̂c. (78)

With the aid of Eq. (66), one can put Eq. (57) in the form

d

dt
hN̂ai = � [� + �c + ra] hN̂ai+ ra[N � hN̂bi]. (79)

Applying the large-time approximation scheme to Eq. (58), we get

hN̂bi = hN̂ai. (80)

Thus on taking into account this result, Eq. (79) can be written as

d

dt
hN̂ai = � [� + �c + 2ra] hN̂ai+Nra. (81)

The steady-state solution of Eq. (81) is expressible as

hN̂ai =
raN

� + �c + 2ra
. (82)

Using the steady-state solution of Eq. (59) along with Eq. (80), we have

hN̂ci =
� + �c

ra
hN̂ai. (83)
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On account of Eq. (82), Eq. (83) takes the form

hN̂ci =
(� + �c)N

� + �c + 2ra
. (84)

For ra = 0, we see that hN̂ai = hN̂bi = 0 and hN̂ci = N . This result holds whether the atoms are
initially in the top or bottom level.

In the presence of N three-level atoms, we rewrite Eq. (10) as [10]

dâ

dt
= �

2
â+ �m̂a + �F̂a(t), (85)

in which � and � are constants whose values remain to be fixed. Applying Eq. (26), we get

[â, â†]k =
4g2

2
(⌘̂kb � ⌘̂

k
a) +

4

2
[Fa, F

†
a ] (86)

and on summing over all atoms, we have

[â, â†] =
4g2

2
(N̂b � N̂a) +

4N

2
[Fa, F

†
a ], (87)

where

[â, â†] =
NX

k=1

[â, â†]k (88)

stands for the commutator of â and â
† when light mode a is interecting with all the N three-level atoms.

On the other hand, applying the large-time approximation to Eq. (85), one can easily find

[â, â†] = N
4�2

2
(N̂b � N̂a) +

4�2

2
[Fa, F

†
a ]. (89)

Thus on account of Eqs. (87) and (89), we see that

� = ± gp
N

, (90)

� = ±
p
N. (91)

In view of Eqs. (90) and (91), Eq. (85) can be written as

dâ

dt
= �

2
â+

gp
N

m̂a +
p
NF̂a(t). (92)

Following a similar procedure, one can also readily establish that

[b̂, b̂†] =
4g2

2
(N̂c � N̂b) +

4N

2
[Fb, F

†
b ], (93)

db̂

dt
= �

2
b̂+

gp
N

m̂b +
p
NF̂b(t). (94)

Furthermore, in order to include the e↵ect of pumping process, we rewrite Eqs. (55) and (56) as

d

dt
m̂a = �µ

2
m̂a + Ĝa(t), (95)

d

dt
m̂b = �µ

2
m̂b + Ĝb(t) (96)

in which Ĝa(t) and Ĝb(t) are noise operators with vanishing mean and µ is a parameter whose value
remains to be determined. Employing the relation

d

dt

⌧
m̂

†
am̂a

�
=

⌧
dm̂

†
a

dt
m̂a

�
+

⌧
m̂

†
a
dm̂a

dt

�
(97)
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along with Eq. (95), we easily find

d

dt
hm̂†

am̂ai = �µhm̂†
am̂ai+ hm̂†

aĜa(t)i+ hĜ†
a(t)m̂ai, (98)

from which follows
d

dt
hN̂ai = �µhN̂ai+

1

N

h
hm̂†

aĜa(t)i+ hĜ†
a(t)m̂ai

i
. (99)

Now comparison of Eqs. (81) and (99) shows that

µ = � + �c + 2ra (100)

and D
m̂

†
aĜa(t)

E
+
D
Ĝ

†
a(t)m̂a

E
= raN

2
. (101)

We observe that Eq. (101) is equivalent to
D
Ĝ

†
a(t)Ĝa(t

0)
E
= raN

2
�(t� t

0). (102)

One can also easily verify that
D
Ĝb(t)Ĝ

†
b(t

0)
E
= (� + �c)N

2
�(t� t

0). (103)

Furthermore, adding Eqs. (55) and (56), we have

d

dt
hm̂i = �1

2
[� + �c] hm̂i � 1

2
[� + �c] hm̂ai, (104)

where m̂ is given by Eq. (75). Upon casting Eq. (104) into the form

d

dt
m̂ = �µ

2
m̂� µ

2
m̂a + Ĝ(t), (105)

one can also easily verify that µ has the value given by Eq. (100) and
D
Ĝ

†(t)Ĝ(t0)
E
= raN

2
�(t� t

0). (106)

On the other hand, assuming the atoms to be initial in the bottom level, the expectation value of the
solution of Eq. (95) happens to be

hm̂a(t)i = 0. (107)

Hence the expectation value of the solution of Eq. (92) turns out to be

hâ(t)i = 0. (108)

In view of Eqs. (92) and (108), we claim that â(t) is a Gaussian variable with zero mean. One can also
easily verify that

hb̂(t)i = 0. (109)

Then on account of Eqs. (94) and (109), we realize that b̂(t) is a Gaussian variable with zero mean.
Furthermore adding Eqs. (108) and (109), we obtain

hĉi = 0, (110)

where
ĉ = â+ b̂. (111)

In addition, adding Eqs.((92) and (94), we get

dĉ

dt
= �

2
ĉ+

gp
N

m̂+
p
NF̂c(t), (112)

where
F̂c(t) = F̂a(t) + F̂b(t) (113)

and m̂ is given by Eq. (75). One can also easily check that

hF̂c(t)i = 0, (114)

hF̂ †
c (t)F̂c(t

0)i = 0, (115)

hF̂ †
c (t)F̂

†
c (t

0)i = hF̂c(t)F̂c(t)i = 0, (116)

hF̂c(t)F̂
†
c (t

0)i = 2�(t� t
0). (117)

In view of Eqs. (110) and (112), we see that ĉ is a Gaussian variable with zero mean.
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3 Photon statistics

In this section we wish to calculate the mean and variance of the photon number for the two-mode
cavity light at steady state. To this end, using the relation

d

dt

⌧
ĉ
†(t)ĉ(t)

�
=

⌧
dĉ

†(t)

dt
ĉ(t)

�
+

⌧
ĉ
†(t)

dĉ(t)

dt

�
(118)

along with Eq. (112), we readily find

d

dt
hĉ†t)ĉ(t)i = �hĉ†(t)ĉ(t)i+ gp

N

⇥
hĉ†(t)m̂(t)i+ hm̂†(t)ĉ(t)i

⇤

+
p
N

h
hF̂ †

c (t)ĉ(t)i+ hĉ†(t)F̂c(t)i
i
.

(119)

Next we seek to evaluate hĉ†(t)m̂(t)i. Applying the large-time approximation, one gets from Eq. (112)
the approximately valid relation

ĉ(t) =
2g


p
N

m̂+
2
p
N


F̂c(t). (120)

Multiplying the adjoint of Eq. (120) on the right by m̂(t) and taking the expectation value of the
resulting expression, we get

hĉ†(t)m̂(t)i = 2g
p
N


[hN̂a(t)i+ hN̂b(t)i] +

2
p
N


hF̂ †

c (t)m̂(t)i. (121)

We now proceed to evaluate hF̂ †
c (t)m̂(t)i. To this end, a formal solution of Eq. (105) can be written as

m̂(t) = m̂(0)e�
µ
2 t +

Z t

0
e
�µ

2 (t�t0)[�µ

2
m̂a(t

0) + Ĝ(t0)]dt0. (122)

Multiplying Eq. (122) on the left by F̂
†
c (t) and taking the expectation value of the resulting expression,

we have

hF̂ †
c (t)m̂(t)i = hF̂ †

c (t)m̂(0)ie�
µ
2 t +

Z t

0
e
�µ

2 (t�t0)[�µ

2
hF̂ †

c (t)m̂a(t
0)i+ hF̂ †

c (t)Ĝ(t0)i]dt0. (123)

Taking into account the fact that a noise operator F̂ at a certain time should not a↵ect the atomic vari-
able at earlier time and assuming that the cavity mode and atomic mode operators are not correlated,
we get

hF̂ †
c (t)m̂(t)i = 0. (124)

On account of this result, Eq. (121) takes the form

hĉ†(t)m̂(t)i = 2g
p
N


[hN̂a(t)i+ hN̂b(t)i]. (125)

We next seek to evaluate hF̂ †
c (t)ĉ(t)i. To this end, a formal solution of Eq. (112) can be written as

ĉ(t) = ĉ(0)e�

2 t +

Z t

0
e
�

2 (t�t0)


gp
N

m̂(t0) +
p
NF̂c(t

0)

�
dt

0
. (126)

Multiplying Eq. (126) on the left by F̂
†
c (t) and taking the expectation value of the resulting expression,

we get

hF̂ †
c (t)ĉ(t)i = hF̂ †

c (t)ĉ(0)ie�

2 t +

Z t

0
e
�

2 (t�t0)


gp
N

hF̂ †
c (t)m̂(t0)i+

p
NhF̂ †

c (t)F̂c(t
0)i

�
dt

0
. (127)

In view of Eqs. (115) and (124) along with the fact that a noise operator F̂ at a certain time should
not a↵ect the atomic variable at earlier time, Eq. (127) becomes

hF̂ †
c (t)ĉ(t)i = 0. (128)
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Figure 2: Plots of the mean photon number for the two-mode cavity light at steady state [Eq. (133)]
for  = 0.8, �c = 0.4, � = 0.2 (dashed curve), � = 0 (solid curve), and N = 100.

Now on account of Eqs. (125) and (128) along with their complex conjugates, we can rewrite Eq. (119)
as

d

dt

⌦
ĉ
†(t)ĉ(t)

↵
= �

⌦
ĉ
†(t)ĉ(t)

↵
+

4g2




hN̂a(t)i+ hN̂b(t)i

�
. (129)

The steady-state solution of this equation is expressible as

hĉ†ĉi = �c



⇥
hN̂ai+ hN̂bi

⇤
. (130)

Following a similar procedure, one can establish that

hĉĉ†i = �c



⇥
hN̂ci+ hN̂bi

⇤
+ 2N, (131)

hĉ2i = �c


hm̂ci. (132)

In view of Eqs. (80), (82), and (84), Eqs. (130) and (131) can be rewritten as

hĉ†ĉi = �c




2Nra

� + �c + 2ra

�
, (133)

hĉĉ†i = �c




� + �c + ra

� + �c + 2ra

�
N + 2N. (134)

In the absence of spontaneous emission (� = 0), the mean photon number for the two-mode cavity light
has the form

n̄ =
�c



✓
2Nra

�c + 2ra

◆
. (135)

It can be seen from the plots in Fig. 2 that the presence of spontaneous emission leads to a decrease in
the mean photon number for the two-mode cavity light.

Furthermore, the variance of the photon number for the two-mode cavity light is expressible as

(�n)2 = h(ĉ†ĉ)2i � hĉ†ĉi2. (136)

Using the fact that ĉ is a Gaussian variable with zero mean, we readily get

(�n)2 = hĉ†ĉihĉĉ†i+ hĉ2†ihĉ2i. (137)
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We now proceed to calculate the expectation value of the atomic operator m̂c following the approach
presented in [10]. To this end, applying the identity given by Eq. (65), the state vector of a three-level
atom can be put in the form

| ki = ca|aki+ cb|bki+ cc|cki, (138)

in which
ca = hak| ki, (139)

cb = hbk| ki, (140)

cc = hck| ki. (141)

The state vector described by Eq. (138) can be used to determine the expectation value of an atomic
operator formed by a pair of identical energy levels or by two distinct energy levels between which
transition with the emission of a photon is dipole forbidden. One can thus readily establish that

h⌘̂kai = cac
⇤
a, (142)

h⌘̂kc i = ccc
⇤
c , (143)

and
h�̂k

c i = cac
⇤
c . (144)

We then see that
|h�̂k

c i|2 = h⌘̂kaih⌘̂kc i, (145)

and on taking |h�̂k
c i| to be real, we see that

|h�̂k
c i| =

q
h⌘̂kaih⌘̂kc i (146)

so that upon summing over k from 1 up to N, we get

hm̂ci =
q

hN̂aihN̂ci. (147)

On account of this, Eq. (132) takes the form

hĉ2i = �c



q
hN̂aihN̂ci. (148)

Now using Eq. (83), we have

hĉ2i = �c



r
� + �c

ra
hN̂ai. (149)

In view of Eqs. (130), (131), and (149), Eq. (137) becomes

(�n)2 =
�c



✓
hN̂ai+ hN̂bi

◆✓
�c



✓
hN̂bi+ hN̂ci

◆
+ 2N

◆
+

✓
�c



r
� + �c

ra
hN̂ai

◆2

. (150)

Finally, on account of Eqs. (80), (82), (83), and (84) along with Eq. (150), we arrive at

(�n)2 =
1

4
n̄
2 (3⌘ + 2) + 2Nn̄, (151)

where

⌘ =
� + �c

ra
. (152)

Now inspection of Eq. (151) indicates that (�n)2 > n̄ and hence the photon statistics of the two-mode
cavity light is super-Poissonian. Our result shows that the photon number variance of the two-mode
cavity light is greater than the one obtained by Fesseha [10]. This must be due to the reservoir noise
operators. The plots in Fig. 3. indicate that the e↵ect of spontaneous emission is to decrease the
variance of the photon number.
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Figure 3: Plots of the photon number variance of two-mode cavity light at steady state, [Eq. (151)] for
 = 0.8, �c = 0.4, � = 0(solid curve), � = 0.2(dashed curve), and N = 100.

4 Quadrature squeezing

We now proceed to calculate the quadrature squeezing of the two-mode cavity light in the entire
frequency interval. To this end, the squeezing properties of the two-mode cavity light are described by
two quadrature operators defined by

ĉ+ = ĉ
† + ĉ (153)

and
ĉ� = i(ĉ† � ĉ). (154)

It can be readily established that [14]

[ĉ�, ĉ+] = 2i
�c


(hN̂ai � hN̂ci)� 4Ni. (155)

It then follows that[15]

�c+�c� � �c


(hN̂ci � hN̂ai) + 2N. (156)

Upon setting ra = 0, we see that

�c+�c� � �c


N + 2N. (157)

This represents the quadrature variance for two-mode vacuum state. The variance of the quadrature
operator is expressible as

(�c±)
2 = ±h(ĉ† ± ĉ)2i ⌥ [hĉ† + ĉi]2, (158)

so that on account of Eq. (110), we have

(�c±)
2 = hĉ†ĉi+ hĉĉ†i± hĉ†2i± hĉ2i. (159)

Now employing Eqs. (66), (130), (131), and (149), we arrive at

(�c+)
2 =

�c



✓
N + hN̂ai+ 2

r
� + �c

ra
hN̂ai

◆
+ 2N, (160)

(�c�)
2 =

�c



✓
N + hN̂ai � 2

r
� + �c

ra
hN̂ai

◆
+ 2N. (161)

Moreover, on setting ra = 0 in Eqs. (160) and (161), we get

(�c+)
2
v = (�c�)

2
v =

�c


N + 2N. (162)
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Figure 4: Plots of the quadrature squeezing at steady state, [Eq. (165)] versus ra for  = 0.2, �c = 1.2, � = 0 (dashed
curve), and for � = 0.4 (solid curve).

This represents the quadrature variance of a two-mode cavity vacuum state. From Eqs. (157) and
(162), we see that the two-mode cavity light is in a minimum uncertainty state. We seek to calculate
the quadrature squeezing of the two-mode cavity light relative to the quadrature variance of the two-
mode cavity vacuum state. We then define the quadrature squeezing of the two-mode cavity light
by

S =
(�c�)2v � (�c�)2

(�c�)2v
. (163)

Now employing Eqs. (161) and (162), one can put Eq. (163) in the form

S =

�c



⇣
2
q

�+�c

ra
hN̂ai � hN̂ai

⌘

�c

 N + 2N
. (164)

On account of Eq. (82), Eq. (164) takes the form

S =
�c

�c + 2

0

@
2
q

�+�c

ra
� 1

�+�c

ra
+ 2

1

A . (165)

We note that, unlike the mean photon number, the quadrature squeezing does not depend on the
number of atoms. This implies that the quadrature squeezing of the cavity light is independent of the
number of photons. The plots in Fig. 4 indicate that the quadrature squeezing is greater for � = 0
than that for � = 0.4 for 0.01 < ra < 0.35 and is smaller for � = 0 than that for � = 0.4 for 0.35 <

ra < 1. In addition, from the plots we see that the maximum quadrature squeezing is 37.5% both for
� = 0 and � = 0.4. This occurs when the three-level laser is operating at ra = 0.30 and ra = 0.40,
respectively. This result is less than the one obtained by Fesseha [10].

5 Conclusion

In this paper we have studied the statistical and squeezing properties of the light generated by three-level
atoms available in an open cavity and pumped to the top level by electron bombardment at constant
rate. Applying the large-time approximation scheme, we have obtained the steady-state solutions of the
equations of evolution for the expectation values of the atomic operators and the quantum Langevin
equations for the cavity mode operators.

Using the resulting steady-state solutions, we have calculated the mean photon number, the variance
of the photon number, and the quadrature variance for the two-mode cavity light. We have seen that
the light generated by the three-level laser is in a squeezed state and the squeezing occurs in the minus
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quadrature. It so turns out that the maximum quadrature squeezing of the two-mode cavity light is
37.5% for � = 0 and � = 0.4 below the vacuum-state level. Our result shows that the maximum
quadrature squeezing is less than the one obtained by Fesseha [10]. This is due to the vacuum reservoir
noise. In addition, we have shown that the presence of the spontaneous emission process leads to a
decrease in the mean and variance of the photon number.
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