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The manuscript is generally clear and well-structured, focusing on enhancing the reasoning capabilities of large language

models (LLMs) through a multi-agent debate framework that incorporates diverse model architectures. The topic is

relevant to the field of artificial intelligence, particularly in improving mathematical reasoning tasks where current models

often falter. The paper is organized logically, guiding the reader through the introduction, methodology, experiments, and

conclusions. However, some sections, especially those explaining the theoretical basis for the observed phenomena, lack

depth, affecting the overall clarity.

Several theoretical frameworks and studies from machine learning, cognitive science, and related fields help explain why

diversity among models enhances reasoning capabilities. In machine learning, ensemble learning provides a strong

foundation for understanding the benefits of model diversity. Ensemble methods like bagging and boosting improve model

performance by combining multiple models to reduce variance without significantly increasing bias. Diverse models tend

to make uncorrelated errors, so aggregating their predictions can lead to better overall accuracy. The theoretical

justification lies in the fact that the accuracy of an ensemble is higher when the individual models are both accurate and

diverse. Studies by Dietterich (2000) and Kuncheva and Whitaker (2003) highlight that ensemble methods work best

when individual models disagree in their errors, emphasizing the importance of diversity.

The concept of the "Wisdom of Crowds" from social sciences also contributes to this understanding. Aggregating

independent judgments from a diverse group can produce results superior to those of any individual member, as errors

can cancel out. The diversity in opinions leads to a wider exploration of possible solutions, increasing the chance of

finding the correct one. Surowiecki (2004) and Hong and Page (2004) illustrate how diversity, independence, and

decentralization contribute to collective intelligence, demonstrating mathematically that diverse groups can outperform

more homogeneous ones in problem-solving tasks.

Cognitive diversity in problem-solving is another area that sheds light on this phenomenon. Page's Diversity Theorem

posits that diversity in problem-solving approaches can lead to better group performance than groups composed of the

best individual performers. Diverse individuals bring different heuristics and perspectives, enhancing the group's ability to

explore the solution space. Page (2007) discusses how cognitive diversity drives innovation and problem-solving

effectiveness.

Negative correlation learning is a concept where encouraging individual models in an ensemble to specialize by penalizing
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correlated errors promotes diversity. This approach leads to ensembles where models complement each other, improving

generalization performance. Liu and Yao (1999) introduced negative correlation learning to create diverse neural network

ensembles, showing that diversity among models can enhance overall performance.

Multi-agent systems and collective intelligence provide further insights. In multi-agent systems, agents with diverse

knowledge and strategies can collaboratively solve complex problems more effectively than homogeneous agents.

Diversity among agents can lead to emergent problem-solving capabilities not present in individual agents. Wooldridge

(2009) discusses how agents in a system can coordinate and share knowledge to achieve goals, highlighting the benefits

of diversity in agent-based models.

From an information theory perspective, error diversity means that when models make different errors, combining their

outputs can reduce the overall error rate. Ensemble diversity measures assess how diversity among models contributes to

ensemble performance. Giacinto and Roli (2001) explore methods for combining classifiers based on diversity measures,

reinforcing the idea that diverse errors can lead to better aggregate performance.

Social psychology and group dynamics also play a role in explaining the benefits of diversity. Diverse groups are less

likely to fall into groupthink, leading to a more critical evaluation of ideas. Diversity fosters creativity and innovation by

introducing varied perspectives. Nemeth (1986) shows that minority viewpoints can enhance group performance by

stimulating divergent thinking, which can lead to better problem-solving outcomes.

Bayesian model averaging in statistics provides a probabilistic framework where averaging over models weighted by their

posterior probabilities accounts for model uncertainty. This approach encourages the inclusion of diverse models to

improve predictive performance. Hoeting et al. (1999) provide a tutorial on Bayesian model averaging, highlighting its

benefits in accounting for model uncertainty and incorporating diversity.

In the context of deep learning, deep ensembles and uncertainty estimation demonstrate that combining multiple neural

networks enhances performance and provides better uncertainty estimates. Diversity is achieved through different random

initializations and training data augmentations, which promote varied solutions. Lakshminarayanan et al. (2017) show that

deep ensembles outperform single models in both accuracy and calibration.

Game theory and collective decision-making suggest that diversity in strategies among agents can lead to equilibria that

are optimal for all. Diversity makes systems more robust against adversarial exploitation. Myerson (1991) discusses how

different strategies and preferences among agents affect outcomes in game-theoretic models, emphasizing the value of

diverse approaches.

These frameworks and studies collectively suggest that diversity among models leads to uncorrelated errors, exploration

of different solution paths, and a reduction in overfitting. In a multi-agent debate framework, diverse models can challenge

each other's assumptions, correct mistakes, and collectively converge on more accurate solutions. By bringing together

models with different architectures, training data, or reasoning styles, the system benefits from a richer set of hypotheses

and strategies, enhancing overall reasoning capabilities.
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Incorporating these theoretical perspectives into your work can provide a solid foundation for understanding and

explaining why diversity among models enhances reasoning capabilities. Aligning your empirical findings with established

theories strengthens the impact and credibility of your research, demonstrating that the observed benefits of diversity are

supported by well-established principles across multiple disciplines.

The references cited are mostly recent publications within the last five years and are relevant to the topic. They include

foundational works and recent advancements in LLMs, multi-agent systems, and reasoning tasks. There is no excessive

number of self-citations, and the references adequately cover the necessary background and related work in the field.

Scientifically, the manuscript is sound in its empirical approach but lacks a strong theoretical explanation for why diversity

among models enhances reasoning capabilities. The experimental design—comparing diverse and homogeneous model

sets on reasoning benchmarks—is appropriate for testing the hypothesis. However, the study lacks controls and statistical

analyses that would strengthen the validity of the results. The absence of statistical significance testing leaves open the

possibility that the observed improvements could be due to chance.

To strengthen your study's conclusions, it would be beneficial to incorporate specific statistical tests and analyses.

Applying statistical significance testing, such as paired t-tests or Wilcoxon signed-rank tests, can determine if the

performance improvements observed are statistically significant rather than due to chance. Utilizing analysis of variance

(ANOVA) or mixed-effects models can help assess differences across multiple conditions and debate rounds. Reporting

confidence intervals and calculating effect sizes will quantify the magnitude and precision of the improvements.

Additionally, conducting cross-validation and providing detailed error analyses can enhance the robustness and

generalizability of your results. These statistical methods will bolster the credibility of your findings and provide stronger

support for the claims made in your study.

Regarding reproducibility, the results may not be fully replicable based on the details provided. The use of proprietary

models such as Gemini-Pro and Mixtral 7B×8 without detailed descriptions or availability limits the ability of other

researchers to reproduce the findings. Additionally, the methods section lacks sufficient detail on hyperparameters,

training procedures, and implementation specifics, which are crucial for replication.

To improve reproducibility, especially regarding proprietary models, it's important to provide detailed methodological

information. Offer comprehensive descriptions of each model's architecture, including layers, parameters, and training

data sources. If proprietary models are used, suggest open-source equivalents or provide access under research licenses

to enable replication. Share all hyperparameters, initialization settings, and code used for running experiments. Include

exact prompts, instructions, and workflow diagrams of your debate framework to help others understand and replicate

your methodology. Specify dataset versions, data splits, and any preprocessing steps to ensure transparency. Including

an ethics statement and a data availability section will further enhance the integrity and reproducibility of your research,

allowing other researchers to validate and build upon your work.

The figures included in the manuscript are appropriate and relevant, effectively illustrating performance across different

rounds and model configurations. They display the data clearly but lack statistical error bars or confidence intervals that
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would aid in interpreting the results. While the data interpretation supports the conclusions drawn, it may not fully account

for variability or alternative explanations due to the minimal statistical analysis provided.

The conclusions presented are consistent with the evidence and arguments outlined in the manuscript. They emphasize

the benefits of incorporating diversity in multi-agent frameworks for enhancing LLM reasoning capabilities. However, the

lack of robust statistical analysis and theoretical underpinning weakens the strength of these conclusions, suggesting that

further research is needed to confirm the findings.

Finally, the manuscript does not include explicit ethics statements or data availability statements, raising concerns about

transparency and adherence to ethical research practices. The availability of data and models for replication is not

addressed, which is a significant omission given the reliance on proprietary models.

In summary, the paper addresses an important and relevant topic in AI research, exploring how diversity among models in

a multi-agent debate framework can enhance reasoning capabilities. The review topic is well-covered, and the references

are appropriate and up-to-date. However, there are gaps in providing a theoretical explanation for the observed results,

and the lack of methodological details and data availability hinders reproducibility. Addressing these issues would improve

the completeness and impact of the work, making it more valuable to the research community.

Novelty: The question posed is original and well-defined, contributing new insights into how diversity in multi-agent

systems can enhance reasoning in LLMs. The results represent an advancement in current knowledge by demonstrating

that medium-capacity, diverse models can outperform more advanced single models.

Scope: The work fits within the journal's scope, as it pertains to advancements in artificial intelligence, machine learning,

and natural language processing.

Significance: The results are significant, suggesting that collaborative approaches may surpass the capabilities of even

the most advanced individual models. However, interpretations lack robust statistical support, and the hypotheses are not

thoroughly identified or tested with rigor.

Quality: The article is generally well-written and presents data and analyses appropriately. However, it falls short of the

highest standards for presenting results, particularly in statistical analysis and methodological detail.

Scientific Soundness: While the study is acceptably designed, it lacks technical rigor in areas such as statistical analysis

and reproducibility. The methods, tools, and software are not described in sufficient detail to allow another researcher to

replicate the results, and the raw data is not made available.

Interest to Readers: The conclusions are likely to be of interest to readers in the field, potentially attracting a wide

audience interested in multi-agent systems and the development of LLMs.

Overall Merit: The work advances current knowledge and addresses an important question with innovative experiments.

However, the lack of methodological transparency and theoretical grounding diminishes its overall merit.

English Level: The manuscript is written in appropriate and understandable English, with minor areas that could benefit
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from proofreading to enhance clarity and readability.
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