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of PG(3,q°) in PG(6,q)
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1. Independent researcher

We study the Bruck—Bose representation in PG(6, g) of Baer subgeometries PG(3, g) of

PG (3, ¢%) meeting the plane at infinity in a line PG(1, q). We construct a family of ¢ + 1 ruled cubic
surfaces with a common affine conic and minimal directrices forming a regulus of the Desarguesian
spread. We prove that their union, together with the ¢ + 1 corresponding improper points, represents
a Baer subgeometry PG(3, q) of PG(3,¢*) whose intersection with the plane at infinity is exactly a

line PG(1,q).
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1. Introduction

In the Bruck-Bose representation of PG(3,4?*) in PG(6, ), the canonical Baer subgeometry PG(3, q) is

represented by a 3-dimensional subspace whose intersection with the hyperplane at infinity is a plane.

In this paper we study Baer subgeometries PG (3,q) of PG(3,¢*) meeting the plane at infinity in a line
PG(1,q) and investigate their representation in PG(6, q). We show that, unlike the canonical case, such

a Baer subgeometry cannot be represented by a linear 3-dimensional subspace of PG(6, q).

In a previous paper ﬂl} a bundle of g+ 1 ruled cubic surfaces V,? in PG(4,q), having a common conic
directrix, was considered in connection with the Bruck-Bose representation of PG(2,¢?). The present
paper develops a related construction in the Bruck-Bose representation of PG(3,4?) in PG(6,q), where

a family of ruled cubic surfaces with a common conic directrix is associated with the lines of a regulus.

The present work is related to the representation of Baer subplanes considered in 2! and subsequently
studied in 21 In [2] a Baer subplane PG(2, q) of PG(2, ¢*) meeting the line at infinity in a single point is

represented in PG(4, g) by a ruled cubic surface. The construction developed here may be viewed as a 3-

geios.com doi.org/10.32388/LOXJ3W


mailto:aliceiw213@gmail.com
https://www.qeios.com/
https://doi.org/10.32388/LOXJ3W

dimensional analogue of this representation for Baer subgeometries PG(3,q) of PG(3,q?) meeting the

plane at infinity in aline PG(1, g).

We construct a set # as the union of g + 1 ruled cubic surfaces of type V,?, in the notation of 21 having a
common affine conic as conic directrix and whose minimal directrices are the lines of a regulus
contained in the Desarguesian spread. By determining the relevant plane sections of % and applying a
characterization of subgeometries PG(3,q) of PG(3,q%), we prove that #/, together with the
g+ 1 improper points represented by the lines of the regulus, represents a Baer subgeometry

PG(3,q) of PG(3,¢?) whose intersection with the plane at infinity is a line PG(1, q).

2. Preliminary notes and results

Let F' = GF(q) be a finite field, where ¢ = p* and p is an odd prime, and let F denote the algebraic

closure of F. We denote by PG(n, q) the n-dimensional projective space over F.

The geometry PG(n, q) is regarded as a subgeometry of the projective geometry over F (cf. 14 and its

points are called the rational points.

A subspace of PG(n,q) of dimension h (an h-space) is denoted by S}, possibly with a superscript or a
subscript when needed to distinguish between different subspaces. A 3-dimensional subspace is also

called a solid.
Note that every subspace of PG(n, q) is also a subgeometry, whereas the converse is not true in general.

Definition 2.1. A variety V! of dimension u and order v of PG(n,q) is the set of the rational points of a
projective variety VZ of PG(n, q) defined by a finite set of polynomials with coefficients in F.

Let K = GF(q%) = GF(q)(w) be the quadratic extension of F = GF(q), where w is a root of the

2 2

irreducible polynomial z“ —s, with s a non-square of F. Thus w® =s, and every element

a € GF(q?) can be uniquely written as a = a; + way (or, equivalently, as (a1, a2)), with a;, a2 € GF(q).

The involutory mapping o :x +— z? is the Frobenius automorphism of K, fixing the subfield
GF(q) pointwise. For z € K, the element z¢ is called the conjugate of z. Since (w?)® = (w?)? = s, the

element w? is also a root of 2 — s. Asw ¢ GF(q), we have w? # w, and hence w? = —w.
Therefore, for every a = a; + was € GF(q?), its conjugateisa = a? = a; — waz.

Let S = PG(3,q?) be the 3-dimensional projective geometry over K, and let (z,y,z2,t) denote a

coordinate system C's for S. Thus (z, v, z, 1), with z,y, 2 € GF(q?), represents a generic affine point.
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The point O = (0, 0,0, 1) is the origin, and ¢ = 0 is the plane at infinity IT,.

The Frobenius automorphism ¢ induces an involutory semilinear collineation of PG(3,4?), acting on

homogeneous coordinates by
o __ q 9 .9 .9
(117(),.’131,:1:2,1173) - (51:0,1171,.’132,21:3).

We shall denote this collineation again by o.

Definition 2.2. A line £ (respectively, a plane ) of PG(3,q?) is o-stable (or o-invariant) if it is fixed setwise
byo.
A o-stable line ¢ contains a Baer subline PG(1, q) consisting precisely of its points fixed by o; similarly, a

o-stable plane 7 contains a Baer subplane PG(2, q) consisting precisely of its points fixed by o.
Thus £ N Fix(o) = PG(1, q) and, respectively, = N Fix(o) = PG(2,q).

According to the André Bl Bruck and Bose [ method, the 3-dimensional projective geometry

S = PG(3,¢?) can be represented in the projective geometry & = PG(6, q).

To the coordinate system Cg of S corresponds a coordinate system Cy of X, so that
(z,y,2,1) = (21,22,Y1,Y2, 21, 22,1), Where z =z +wze, y=y1+wys, 2z=2 +wz, with
Zi,Yi, 2 € GF(q). The plane at infinity II,, :t =0 of S is represented in ¥ by the hyperplane
¥ = PG(5,q), also having equation ¢ = 0.

If P = (z,y,z1), then its conjugate point cP = P = (29,y%,29,1) is denoted P = (z,y,z,1). Since
(z,y,2,1) = (21 + wea,y1 +wya, 21 +w2z,1),wehave P = (z; — wiy,y1 — Wy, 21 — w2z, 1).

The points of the Baer subgeometry S° > PG(3,q) of S in canonical position are precisely the points

fixed by o, that is, the points with coordinates (z,y, z,1), where z,y,z € GF(q). In the Bruck—Bose

representation, these points are therefore characterized by the conditions 2 = y = 2, = 0.

The subgeometry S intersects the plane at infinity I, : ¢ = 0 in a Baer subplane 7., = PG(2,q),
whose points have internal coordinates (z1,0,%1,0,21,0) in IIy. In particular, S° coincides with its

conjugate and is o-stable.

If « is a plane, its conjugate a? is the plane whose equation is obtained from that of a by conjugating its

coefficients.

Similarly, if ¢ is a line, its conjugate line £¢ is obtained by conjugating its defining equations. A plane « or a

line / is o-stable if a? = « or £ = /, respectively. In this case, its points fixed by ¢ form, respectively, a
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plane or a line of the canonical Baer subgeometry S° =~ PG (3, q).

We denote by .# the complete star of the ¢*+¢*>+1 lines of PG(3,q?) through the origin

0 = (0,0,0,1).

Under the Bruck-Bose representation, the lines of .# correspond to ¢*+ ¢+ 1 planes of
¥ = PG(6,q) through the point O’ = (0,0,0,0,0,0,1). Any two of these planes have only the point
O’ in common, and their intersections with ¥’ = PG(5,q) form a regular spread . consisting of
q* + ¢® + 1lines.
More generally, every line of PG (3, ¢?) is represented by a plane of ¥ intersecting ¥’ in a line of ..
Let a = a1 + wag, B = by + wby and y = ¢; + wey, with a;, b;, ¢; € GF(q) and w? = s.
The set .# naturally splits into three disjoint families: ¥ = % U %, U %, 3, where

Z={z =0,y =0},

Z={r=0,2=y|v€GF(g")},

Sop={y=az,z=Bz|aB € GF(¢*)}

Hence |.Z| = | 4| + |%| + |%asl = 1+ ¢* + ¢*. In particular, the three coordinate axes z = 0,y = 0;

z=0,z=0;andy = 0,z = 0 belong to .Z.

The regular spread . of ¥’ = PG(5,q) induced by the corresponding planes of ¥ has an analogous

decomposition:

S =HUSLU s,

each line of . corresponding to a line of ., where v = ¢; + wece, & = a1 + wag and § = by + whs.
The three families of lines of the spread are given by:

 ={(0,0,0,0,2,2,0) | (21,22) € GF(q)* ~ {(0,0)}},

7y = {(0,0,y1,Y2, 11 + 8¢y, c2y1 + 192,0) | (y1,92) € GF(g)” ~ {(0,0)}},

Fop = {(z1, 22, 0121 + saa®2, a2x1 + a122,b1@1 + sbaza, baz1 + biz2,0)

(@1,22) € GF(g)* ~ {(0,0)}}.

Altogether, || = | A + [F] + [FLasl =1+ ¢* + ¢*.

The lines of . represent the points of the plane at infinity IT,, of PG(3, ¢?).
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3. Baer 3-dimensional subgeometries of PG (3, ¢?)

The following Lemma gives a characterization of the point set of a subgeometry PG(3,q) of

PG(3,¢%) (cf. 7). We shall use it in the final section to identify the structure arising from our

construction.

Lemma 3.1. Let H C PG(3,q?) be a set of ¢* + q* + q + 1 points. Then H is the point set of a subgeometry

PG(3,q) if and only if the following conditions hold:
1) H is not contained in any plane of PG (3, ¢%);
2) every line £ of PG(3, ¢*) satisfies |¢ N H| € {0,1,q+ 1}.

Proof. Suppose first that H is the point set of a subgeometry PG(3,q) of PG(3,q?). Clearly, H is not
contained in a plane of PG(3,4¢?). Moreover, a line of PG(3,¢?) containing two distinct points of H is
the extension of the unique line of the subgeometry through these points, and hence contains exactly

q + 1 points of H. Therefore every line £ of PG(3, ¢?) satisfies [¢ N H| € {0,1,q + 1}.

Conversely, let H be a set of ¢> + ¢® + ¢+ 1 points satisfying 1) and 2). Since H is not contained in a
plane, it spans PG (3, ¢?). By the standard characterization of subgeometries by their line intersections
(cf. [Ty a spanning set of ¢ + ¢ + ¢+ 1 points of PG(3,q2) for which every line has 0, 1 or
g + 1 points in common with the set is the point set of a subgeometry PG(3, g). Hence H is the point set

of a subgeometry PG(3,q) of PG(3,¢?).

Remark 1. The Frobenius automorphism o of GF(q?) over GF(q) induces a semilinear collineation of

PG (3, ¢%) whose fixed points form the canonical Baer subgeometry S° ~ PG(3, q).

A projective subspace of PG(3, ¢?) is defined over GF(q) if and only if it is invariant under o. Notice that
setwise invariance does not mean that the subspace is pointwise fixed. If, for instance, £ is a line defined
over GF(q), then o(¢) = ¢, while the points of £ fixed by o are precisely the g + 1 points of a Baer subline

PG(1, q). The remaining points of £ are permuted by ¢ in conjugate pairs.

Lemma 3.2. Let S C ¥ be the solid representing the canonical Baer subgeometry S° = PG(3,q) of
PG(3,¢%) in the Bruck-Bose representation. Then S N %' is a plane PG(2,q) meeting ¢> 4+ g+ 1 distinct

lines of the spread .7, each in exactly one point.

Proof. The solid S? has projective dimension 3, while ¥’ is a hyperplane of ¥ = PG(6,q). Since

S9 contains affine points, SJ ¢ ¥'. Hence SY N ¥’ is a plane, say mp = PG(2,q).
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The canonical Baer subgeometry S° meets the plane at infinity IT, of PG(3,¢?) in a subplane PG(2,q).
Under the Bruck—Bose representation, its g2 + ¢ + 1 points correspond to g + g + 1 distinct lines of the

spread .7, and each of these lines meets 7y = SJ N ¥’ in exactly one point.

Let # =~ PG(3,q) be a Baer subgeometry of PG(3,q?), and let IT be a plane of PG(3, ¢?).
Lemma 3.3. The intersection II N 48 is either a Baer subplane PG(2, q) or a Baer subline PG(1, g).
Moreover:

1)IIN A = PG(2,q) if and only if IL is o -stable;

2)IIN B = PG(1,q) if and only if IL is not o -stable.

Proof. If I1 is o -stable, then IT1” = II. Hence the fixed points of ¢ in II form a Baer subplane PG(2, q), and

therefore IIN % =~ PG(2,q).

Suppose now that II is not o-stable. Then IT # II°, and, since two distinct planes of PG(3,¢?) meet in a
line, we have L = I1 N II°. Moreover, L° = II° NIl = L, so L is o-stable and its fixed points form a Baer

subline PG(1,gq).

If PeIIN%B, then P° = P. Since P € II, we also have P = P € II?, and hence P € L. Conversely,
every fixed point of o on L belongs to II N ZA. Thus IIN £ is precisely the fixed subline of L, and

therefore IIN B =~ PG(1,q).
Hence IT N 4 is a Baer subplane PG(2, ) if IL is o -stable, and a Baer subline PG(1, q) otherwise.

Proposition 3.4. There exists a Baer subgeometry S'=~ PG(3,q) of PG(3,q?) such that

S' NI, = PG(1,q).

Proof. Let S° =~ PG(3, q) be the canonical Baer subgeometry, that is, the fixed point set of the Frobenius

collineation o.

Since not every plane of PG(3,q?) is defined over GF(q), choose a plane IT which is not o-stable. By

Lemma3.3,IIN S° =~ PG(1,q).

Let g be a projective collineation of PG(3,q?) such that g(IT) = I, and set S’ = g(S°). Then

S’ =~ PG(3,q) is a Baer subgeometry of PG(3, ¢*). Moreover, S’ NTL,, = g(S°) N g(II) = ¢g(S° N 1I).

Since S° NI =~ PG(1,q), it follows that S’ NI, = PG(1,q).
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4. The geometry of PG(3,¢?) in PG(6,q)

Baer 3-dimensional subgeometries - Consider the canonical Baer subgeometry S° >~ PG(3,q) of
PG(3,q?%). Its Bruck-Bose representation in ¥ = PG (6, q) is the solid S0 defined by zo = y2 = 20 = 0.

The subgeometry S° meets the plane at infinity IT,, in the Baer subplane 7, =~ PG(2,q).

The intersection a = §° N Y’ is a plane. By Lemma 3.2, o contains no line of the spread . and meets

exactly g2 + ¢ + 1 distinct lines of .#, each in one point.

More generally, a Baer subgeometry S 2 PG(3,q) of PG(3,q?) meeting II,, in a Baer subplane
PG(2,q) is represented in ¥ by a solid whose intersection with ¥’ is a plane meeting q® + g + 1 distinct

lines of ., each in one point.

On the other hand, by Proposition 3.4, there exist Baer subgeometries S’ =~ PG(3,q) of PG(3,q?*) such
that S’ NIl = PG(1, q). This case will play a central role in the construction developed in the following

sections.

Subplanes - Let m =~ PG(2,q*) be a plane of PG(3,¢%). Then 7 N1l is a line PG(1,4¢*) and hence
contains g2 + 1 points.

In the Bruck—Bose representation, w corresponds to a 4-dimensional subspace S4 of ¥, with Sy ¢ ¥/,
such that S3 = S, N ¥’ is a 3-dimensional subspace. The ¢ + 1 points of 7 NII,, are represented by
g* + 1 spread lines contained in S3. These lines form a subspread .#, of S (for the 4-dimensional case,

see [2l). This configuration is described more precisely in Proposition 4.4.

A plane 7 of T such that » = 7N ¥’ is a line not belonging to . will be called a transversal plane. Since
& is a spread, the g + 1 points of r lie on ¢ + 1 distinct lines of .. Hence the affine points of 7, together

with the improper points represented by these spread lines, represent a subplane PG(2, q) of PG(3,4?).

Consider now a Baer subplane 3= PG(2,q) in canonical position, that is, a subgeometry of the
canonical Baer subgeometry S° = PG(3,q). In ¥, the subplane § is represented by a transversal plane
7 C §9. Theline r = 7N X meets exactly g + 1 lines of the spread ., representing the g + 1 improper

points of 3.

If B is contained in a plane 7 =~ PG(2,q?) of PG(3,q%), then 8= 7N S°. Let Sy be the 4-space
representing 7 and let ., be the subspread contained in S;NY'. In this case 7 C Sy, and the

g + 1 spread lines meeting r belong to .%;.

Remark 2. For the next results, we shall use the following counting observations.
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The number of planes of PG(3,¢?) is ¢° + ¢* + ¢*> + 1. Hence, excluding the plane at infinity II.,, there

are ¢° + ¢* + ¢ planes not contained in I, .

In the Bruck—Bose representation, these planes correspond to 4-dimensional subspaces S4 of ¥ not
contained in ¥'. On the other hand, the total number of 4-dimensional subspaces of ¥ not contained in
¥ s (;)q — (?)q Consequently, the number of such 4-spaces which do not represent planes of

PG(3,¢%) is (;)q — (f)q — (g% + ¢* + ¢?), which is a polynomial in g of degree 10.

Similarly, let O’ € X \ X' be an affine point. The number of 4-dimensional subspaces of X through the
point O' is (2)  Whereas the number of planes of PG(3,¢?) through the affine point represented by O’ is
q* + ¢* + 1. Hence the number of 4-dimensional subspaces through O’ which do not represent planes of

PG(3,q¢%) is (g)q — (g¢* + ¢* + 1), which is a polynomial in g of degree 8.
For the following proposition, see f—(’l, M anq 8l

Proposition 4.1. Let S3 be a 3-dimensional subspace of %'. Then S5 contains either 0, 1 or g> + 1 lines of the

spread .. In the latter case, these g* + 1 lines form a spread of Ss.

Proof. If S3 contains at most one line of .#, there is nothing to prove. Suppose that S3 contains two
distinct spread lines ¢; and /. Since ¢; and ¢, are disjoint, S5 = (¢1, £2). A Desarguesian spread has the
property that the 3-space generated by any two of its lines is partitioned by lines of the spread. Therefore
the lines of . contained in S3 = (¢, £2) form a spread of Ss. Since a line spread of PG(3, q) consists of

q® + 1lines, S3 contains exactly ¢ + 1 lines of ..

Lemma 4.2. Let S =~ PG(3,q) be a Baer subgeometry of PG(3,q?) such that SN1II,, =~ PG(1,q). Then

S cannot be represented in ¥ = PG(6, q) by a 3-dimensional subspace L with L ¢ ¥

Proof. Since S =~ PG(3,q), it contains ¢® + ¢*> + ¢ + 1 points. By assumption, SN I, =~ PG(1,q), and

hence S has ¢° + ¢? affine points.

Suppose that S were represented by a 3-dimensional subspace L of X, with L ¢ ¥'. Then LNY' is a

plane PG(2, q). Therefore the number of affine points of Lis (¢® + ¢*> + ¢+ 1) — (¢* + ¢+ 1) = ¢3.

In the Bruck-Bose representation, affine points of PG(3, ¢*) are represented by affine points of ¥. Thus
L could represent only ¢® affine points, whereas S has ¢* + ¢? affine points, a contradiction. Hence

S cannot be represented by a 3-dimensional subspace L of ¥ with L ¢ 3.

Lemma 4.3. Let S = PG (3, q) be a Baer subgeometry of PG(3, ¢*) such that SN I, = £ = PG(1,q).
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Then the q + 1 lines of the Desarguesian regular spread ¥ of ¥’ corresponding to the points of £ form a regulus

Z and are contained in a 3-space S C ¥'.

Proof. The Baer subline ¢ = PG(1,q) consists of g+ 1 points of II,. Under the Bruck-Bose

representation, these points correspond to ¢ + 1 lines of the Desarguesian spread ..

Under field reduction, a line PG(1,q?) of II,, corresponds to a 3-space of ¥’ carrying a Desarguesian
line spread. The ¢ + 1 points of a Baer subline PG(1,q) of this line correspond to g+ 1 lines of this

spread forming a regulus. Hence the spread lines corresponding to the points of ¢ form a regulus Z.

Choose two distinct lines 71,7, € Z. They are disjoint and hence generate a 3-space S} = (ri,rs) C ¥'.

Since all the lines of a regulus lie in the 3-space generated by any two of its lines, Z C 5.
Therefore the g + 1 spread lines corresponding to the points of £ are contained in a 3-space S} C ¥'.

The following proposition characterizes the 4-dimensional subspaces of ¥ representing planes of

PG(3,¢%).

Proposition 4.4. Let Sy be a 4-dimensional subspace of X, with Sy ¢ ¥', and let S3 = S;N Y. Then

S, represents a plane PG(2,q?) of PG(3,q?) if and only if S3 contains q* + 1 lines of the spread .¥.

Proof. Suppose that S, represents a plane II =~ PG(2,4¢?%). Then II NI, is a line PG(1,4¢?), whose

g® + 1 points correspond to g + 1 lines of .# contained in S3 = Sy N %'

Conversely, suppose that S3 contains ¢ + 1 lines of .. By Proposition 4.1 and the field-reduction

correspondence, these lines represent the g? + 1 points of aline L =~ PG(1,¢?) of I1.

Let P € S;~ S3 and let P* be the corresponding affine point of PG(3,¢?). For every spread line
r C Ss representing R € L, the plane (P,r) C S4 represents the line P*R. Hence S4 represents the

plane (P*,L) =~ PG(2,q?).
From Remark 2 and Propositions 4.1 and 4.4 we obtain the following.

Corollary 4.5. The 4-dimensional subspaces of ¥ = PG(6, g) not contained in &' = PG(5, q) split into two

classes.

Exactly g% + g* + q® of them represent the planes PG(2,¢*) of PG(3,q?) distinct from Il.. For each such 4-

space Sy, the 3-space S3 = S, N ¥/ contains exactly g> + 1 lines of the spread ..

The number of the remaining 4-spaces is (;)q — (?)q — (g® + q* + ¢*). None of them represents a plane of

PG(3,q?), and for each of them the 3-space S3 = S4 N %' contains either 0 or 1 line of ..

Let r beaplaneof ¥ = PG(6,q) suchthat7NY =r € 7.
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Proposition 4.6. If 7 represents a line of PG(3,q*), then m is contained in exactly q* + 1 distinct 4-
dimensional subspaces S, representing planes PG(2,q?) of PG(3,q?). For each of them,

S3 = S4N X’ contains exactly > + 1 lines of <.

Proof. A line of PG(3,q?) is contained in exactly g2 + 1 planes PG(2,¢?). Under the Bruck—Bose
representation, these planes correspond to ¢ + 1 distinct 4-dimensional subspaces S, of ¥ containing

the plane 7.

By Proposition 4.4, for each such Sy the 3-space S3 = S, N ¥/ contains exactly ¢* + 1 lines of the spread

.

5. A family of rational cubic surfaces

Let ¥ = PG(6,q) with homogeneous coordinates (z1,z2,y1,¥2, 21, 22,t), and let ¥’ = {¢ = 0} be the
hyperplane at infinity endowed with the Desarguesian spread . associated with the André—Bruck-Bose

representation introduced in Section 2.

Choose a 3-subspace S3 C ¥’ containing a complete subspread of ., that is, a set of ¢ + 1 pairwise
disjoint spread lines partitioning the points of S3;. Without loss of generality, we may assume

S3={$1:w2:t:0}.

The spread lines of . contained in S are precisely

<y =1{(0,0,91,92, 191 + scaya, cay1 + c192,0) | (y1,92) # (0,0)},

where v = ¢; + wez € GF(¢?) and w? = s, together with % = {(0,0,0,0, 21, 22,0) | (21, 22) # (0,0)}.
Hence {%, | v€ GF(¢®)}U{S} is a complete subspread of S; consisting of ¢°> + 1 lines (see

Section 2).

Inside this subspread we choose the regulus & consisting of the following g + 1 lines: the glines ., with

v =1 € GF(q), that is, with ¢o = 0, together with the line .. Writing u = ¢, we denote these lines by

R =1y | ue GF(q)U oo, where, for u € GF(g),
re = {(0,0,1,\,u,u\,0) | A € GF(q)}U{(0,0,0,1,0,4,0)},  while re =.%, that is,

reo = {(0,0,0,0,1,X,0) | A € GF(q)} U {(0,0,0,0,0,1,0)}.
Choose the spread line £ = {(z1,z2,0,0,0,0,0) | (z1,z2) # (0,0)}. Since £ N S3 = &, we have { ¢ Z.

Let P =(0,0,0,0,0,0,1) ¢ 3 and set T = (L, P). Explicitly,

m = {(z1,%2,0,0,0,0,t) | 1,z2,t € GF(q), (z1,z2,t) # (0,0,0)}.
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Fix the affine conic ¢ C 7 defined by 22 — sz — z1t = 0. Its g + 1 points are all affine and are given by

Q(\) = (1,1,0,0,0,0,1 — sA\?), with A € GF(q), together with Q(c0) = (0,0,0,0,0,0,1). Indeed, since

s isanonsquare in GF(q), 1 — sA\? # 0for every A € GF(q),and Q(oo) is affine as well.

For every u € GF(q) U {0}, let ®, : € — r, be the following projectivity.

For u € GF(q), define

®,(Q(N) = (0,0,1, A, u,uM,0) for A € GF(q),and &,(Q(c0)) = (0,0,0,1,0,u,0).

For u = oo, define ®,,(Q(A)) = (0,0,0,0,1,,0) for A € GF(q),and - (Q()) = (0,0,0,0,0,1,0).
The corresponding generators are

gu(QN)) = {(1,\, 7, 7A, Tu, TuX, 1 — sA?) | 7 € GF(q)} U {(0,0,1,\,u,u),0)} and

9u(Q()) = {(0,0,0,7,0,7u,1) | 7 € GF(q)} U {(0,0,0,1,0,u,0)}.

For u = oo, the corresponding generators are

9o (Q(N)) = {(1,X,0,0,7,7A,1 — sA?) | 7 € GF(q)} U{(0,0,0,0,1,,0)} and

9o (Q(0)) = {(0,0,0,0,0,7,1) | 7 € GF(q)} U{(0,0,0,0,0,1,0)}.

For every u € GF(q) U {00}, the ruled cubic surface ¥, has linear directrix r,, and conic directrix %, and
is given by ¥, = Ugey 9u(Q)-

Finally, define #" = | ,ccr(g)u{oc} Y- Thus the family %" is obtained by keeping the affine conic ¢’ fixed

while the linear directrix varies among the lines of the regulus Z.

It follows from the above parametrizations that the affine points of # are precisely the points of the
following two types: X(A,u,v) = (L, A\, p,u\,v,v\, 1 —sA%),  with A\ pu,v € GF(g), and
Xoo(p,v) = (0,0,0,1,0,v,1), with u, v € GF(q).

Indeed, if p # 0, then X(\, p,v) € ¥, where u = v/p. If p = 0 and v # 0, then X(\,0,v) € ¥, while
X(X,0,0) = Q(X) € ¥ and hence belongs to every ¥,,.

Similarly, if 4 # 0, then X (u,v) € ¥, wherew = v/p. If y = 0 and v # 0, then X (0,v) € ¥4, while
X »(0,0) = Q(o0) € ¥ and hence belongs to every ¥,,.

Thus every affine point of #  has one of the two forms above, and conversely every point of either form

belongs to #'. Moreover, the parametrizations show explicitly that the points for which p = v = 0 are

precisely the points of the common conic %.
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In the remainder of the paper we shall use the following geometric interpretation of each ruled surface
Yy = V3 (u).

Remark 3. As proved in [21191, each ruled surface ¥, considered in the PG(4,q) spanned by its two
directrices, represents a Baer subplane PG(2,q) of PG(2,q?) having a unique point on the line at

infinity. Under this representation, the affine conics contained in ¥, represent the affine lines of the Baer

subplane, while the generators represent the lines through its unique point at infinity.

Consequently, each affine conic of ¥, is contained in a unique representing plane; in particular, the plane
of an affine conic contains neither another affine conic nor a generator of the same ruled surface.
Moreover, as shown in 2, these affine conics arise as affine components of sections of ¥, by 3-spaces
T containing a spread line m, C S3, with m, # r,, where r, is the linear directrix of 7,,.

More precisely, T' N ¥, is the union of an affine conic and a generator of 7, the latter meeting the conic

in one point.

Proposition 5.1. For any two distinct parameters u,v € GF(q) U {oco},onehas ¥, N ¥, = €.
Proof. Since ¥ is a directrix of every ruled surface ¥, we have ¥ C ¥, N ¥,.

Let X € ¥, N ¥,. Then there exist Q, Q' € € such that X € ¢,(Q) and X € ¢,(Q’).

Suppose first that X is affine and that Q@ = Q()\), Q' = Q(u), with A\, u € GF(q). Since every affine
point of g,(Q(\)) has second coordinate A, whereas every affine point of g,(Q(p)) has second

coordinate u, we obtain A = u, and hence Q = Q'.

Assume first that u,v € GF(q). Then X € gu.(Q(N) Ngu(Q(N)) gives
X = (L, 7,7\, 7u,7u), 1 — sA?) and X = (1,\, 0,0\, 00,00\, 1 — sA?). Thus 7 = ¢ and 7(u — v) = 0.
Since u # v, we have 7 = 0, and therefore X = Q(\) € ¥.

Suppose now that we€GF(qg) and wv=oc0. Then Xe€g,(Q(A) has the form
(LA, 7,7\, Tu, Tu), 1 — sA2?), whereas X € go.(Q()\)) has the form (1,),0,0,0,0)\,1— s)\2).
Comparison of the y; -coordinates gives 7 = 0, and comparison of the z; -coordinates then gives o = 0.

Hence again X = Q(X). The case u = 0o, v € GF/(q) is analogous.

IfQ = Q()\),with A € GF(q),and Q' = Q(o0), then every affine point of g,(Q(\)) has first coordinate
1, whereas every affine point of g,(Q(cc)) has first coordinate 0. Hence the two generators have no

common affine point. The same argument applies when @ = Q(o0) and Q' = Q(u).

geios.com doi.org/10.32388/LOXJ3W

12


https://www.qeios.com/
https://doi.org/10.32388/LOXJ3W

It remains to consider @ = Q' = Q(o0). If u,v € GF(g), then X € g,(Q(o0)) N gu(Q(c0)) gives
X =(0,0,0,7,0,7u,1) and X = (0,0,0,0,0,0v,1). Hence 7 = ¢ and 7(u — v) = 0. Since u # v, we

obtain 7 = 0, and therefore X = Q(o0).

If wueGF(q) and v=o0, then X € g,(Q(c0)) has the form (0,0,0,7,0,7u,1), whereas
X € g (Q(o0)) has the form (0,0,0,0,0,0,1). Comparison of the y,-coordinates gives 7 = 0, and then
comparison of the z;-coordinates gives o = 0. Thus X = Q(c0). Again, the case u = oo, v € GF(q) is

analogous.

Finally, there is no common improper point. The improper points of the generators of ¥, lie on r,,

whereas those of the generators of ¥, lie on r,, and the lines r,, and r,, are disjoint for v # v.
Therefore every point of ¥, N ¥, belongs to ¥. Since ¥ C ¥, N ¥,, we conclude that ¥, N ¥, = ¥.
Corollary5.2.Let #' = |J ,ccx Flg)Ufoo} .. Then # contains exactly q* + q? affine points.

Proof. Each ruled cubic surface ¥; contains exactly ¢ + g affine points, while the affine conic % contains

q + 1 points.

By the previous Proposition, for any distinct parameters u,v € GF(q) U {00}, we have ¥, N ¥, = %.

Hence the sets (%, \ X') \. ¥ are pairwise disjoint.

Since there are g + 1 ruled surfaces, it follows that [# ~ '| = (¢+ 1) ((¢°> + ¢) — (¢+ 1)) + (¢ + 1).
Therefore |[# ~ X'| = (¢ +1)(¢®> = 1)+ (¢+1) = ¢*(g+ 1) = ¢* + &>

Hence # contains exactly ¢ + ¢ affine points.

Note that, by the previous Proposition, the only affine points common to two distinct ruled surfaces are
the points of the affine conic ¥. Consequently, every affine point of % \ ¥ belongs to a unique ruled

surface ¥7,,.

More precisely, let X be an affine point of # ~\ ¥. Then there exists a unique parameter
u € GF(q) U {oo} such that X € ¥,,. Moreover, by the parametrization of the generators of ¥, there

exists a unique point @ € € suchthat X € ¢,(Q) ~ {Q}.

Thus every affine point of # \ ¥ is uniquely determined by the pair (u, Q) together with its position on

the corresponding generator g, (Q).
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6. Plane sctions of 7" and the associated Baer subgeometry

Let S3 be the 3-space of ¥’ introduced in Section 5, with equations z; = 22 = ¢t = 0. Let « be the plane of

the conic ¥ common to all ruled surfaces, with N X' = £ € ., where /N S5 = .

Furthermore, let r,, u € GF(q) U {o0}, denote the lines of the regulus #, which are the linear directrices

of the ruled surfaces ¥, and belong to the spread . in Ss.

Our aim is to verify the intersection condition of Lemma 3.1 for the point set of PG (3, ¢*) represented by
W , together with the improper points represented by the lines of 2. Namely, we shall prove that every

line of PG(3,¢?) meets this point set in 0, 1 or ¢ + 1 points.

Under the Bruck-Bose representation, a line of PG(3,q?) is represented by a plane 8 of ¥ such that
BNY =m, where m € .. Hence it is enough to determine the possible intersections of # with such

planes.

Let P,Q € # be two distinct affine points contained in such a plane . Then the line PQ meets ¥’ in a

point M = PQ N ¥, and M belongs to the spread line m = N ¥'. Equivalently, 5 = (PQ,m).

Thus, in order to prove that a line cannot contain a number of represented points different from 0, 1 or
q + 1, it is enough to consider a plane S containing two distinct affine points P,Q € # and determine
its intersection with #. When m € %, the spread line m itself represents one improper point and must

also be taken into account.
From now on, when necessary, we use the coordinate model of the affine conic ¥ fixed in Section 5.
The analysis depends on the position of the spread line m = g N X' with respect to Ss, the distinguished

line ¢, and the regulus #. We distinguish the following cases:

1.mCX¥ N\ S3,m#Y
2.m C X'\ S3m =14
3.m C Ssandm ¢ %,

4.m = r,, for someu € GF(q) U co.

Case 1. Let m C X' \ S3, with m # ¢, and let 8 = (PQ, m), where P,Q € # are distinct affine points

and PQNY € m.
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Suppose first that P, Q € ¥, for some u € GF(q) U {oo}. Since m N S3 = &, the points P and () cannot
lie on the same generator of 7, since the point at infinity of every generator of ¥, belongs to r, C Ss.
Hence, by Property (v) of Section 3.5 in [21, P and @ determine a conic directrix %, of #;. In the present

construction %, is an affine conic and therefore contains exactly ¢ + 1 affine points. Its plane is .

It remains to prove that 8 contains no further affine points of . We prove this at the same time as the

case in which P and @) do not belong to a common surface 7.

Recall that every affine point of # has one of the forms X(\, u,v) = (1, \, , uA, v, v\, 1 — sA?), with

A u,v € GF(q), 0 Xoo(p,v) = (0,0,0,1,0,v,1), with u,v € GF(q).

Since mC Y \Ss, we may write

m = {(§,m,a1€ + sazn, az€ + a1m, b1€ + sban, b2€ + b1n,0) | (&,7m) # (0,0)}, where

al,az,b1,b2 S GF(q)

Choose an affine point Py = (a,c,d, f,g,h,1) € B. Since B = (Py,m), the plane 8 has equations
Y1 = a1x1 + saxxs + Dt, yo = asx1 + arx2 + Ft, 21 = bix1 + sboxs + Gt and z, = boxy + byxzo + Ht,

where D =d — a1a — sase, F = f —asa — a1¢,G = g — bia — sbocand H = h — bsa — byc.

Let X(Au,v) € BN . Substitution into the first two equations of [ gives
u=a; +saX+ D(1—sA?) and pX = as + a1 A + F(1 — sA?). Multiplying the first equation by A and
subtracting the second, we obtain (1 — sA?)(DX — F — ap) = 0. Since s is a nonsquare, 1 — s\? # 0, and

hence DX = F' + ay. Similarly, from the last two equations we obtain GA = H + bs.

Suppose first that P = X(\,u,v) and Q@ = X(X,u/,v'). Then X £ ). Indeed, if A = ), the point
PQNY has z; = z3 =t = 0, and hence belongs to S3, contrary to PQN Y € m and mN S; = &.
Consequently, DA = F 4+ a; and DX = F + ay, whence D =0 and F = —ay. Similarly, G = 0 and
H = —bs.

Suppose now that one of the two points, say @, is of the form @ = X (¢',7') = (0,0,0,4',0,2,1).
Substitution into the equations of 3 gives D = 0, F = u/, G = 0 and H = v'. The other point cannot also
be of the form X (u,v), since otherwise PQ NY € S3. Thus P = X(\,u,v), and the relations
DX =F+ayand G\ = H + by give F = —ay and H = —bs.

Therefore, whenever (3 contains two distinct affine points of %/, its equations reduce to

Y1 = a1T1 + Sa2x2, Y2 = a1 + a1T2 — azt, 21 = biz1 + sbaxy and zo = byxzy + bizy — bat.

For each 0 € GF(q), put Ay = a1 + saxf and By = by + sby0, and define

Ry = (1,0, 49,049, By,0By,1 — 56%). Then Ry € 8. Moreover, Ry € #. Indeed, if Ay # 0, then
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Ry € ,VBg/Ag;ifAe = 0and By # 0,then Ry € ¥,,; while, if Ay = By = 0,then Ry = Q(@) €C.

There is also the affine point Ry, = (0,0,0, —az,0, —b2,1). Indeed, R, € 8. Moreover, if ay # 0, then
R € Yy /ay; if a2 = 0 and by # 0, then Ry, € ¥; while, if ay = by = 0, then Ry, = Q(oc0) € ¥. Hence

RocW?.
Thus 8 contains the ¢ + 1 distinct affine points {Ry | § € GF(q)} U {Rw}-

We now prove that these are all the affine points of SN #.Let R € SN #.1f R = X (6, p,v), then the
first and third equations of 8 give u = Ay and v = By, and hence R = Ry. If R = X (u,v), then the
second and fourth equations of § give yu = —a2 and v = —by, and hence R = R.. Therefore

BN# ={Ry|0 € GF(q)} U{Ry},and consequently |3N #| = q+ 1.

In particular, if P, Q € ¥, the conic %, determined by P and @ satisfies €, C N # and |%,| = q+ 1.
Since |8N#| = q+ 1, it follows that SN # = %, . Thus the plane of %, contains no further affine points

arising from the other surfaces %, with v # u.
We have therefore proved the following.

Lemma 6.1. Let P,Q € # be two distinct affine points, and let 8 = (PQ, m), where PQ N X' belongs to a

spread linem C X' \ Ss,withm # £.Then |fN#|=q+ 1

Corollary 6.2. Let 8 be a plane such that SNY =m, where m C ¥\ S3 and m # {. Then

BO#| €{0,1,q+ 1}

Proof. If B contains at most one affine point of #, then | N #| € {0,1}. Suppose that 8 contains two
distinct affine points P,Q € #'. Since PQ C 3, we have PQ NX' € SN Y = m. Hence the preceding

Lemma gives |3 N #| = ¢ + 1. Therefore |N #/| € {0,1,q+ 1}.
Case2.Letm = £andlet Sbeaplanesuchthat 3N Y = /.
Suppose first that P,Q € ¥, for some u € GF(q) U {o0}.

The points P and @ cannot lie on the same generator of ¥, since the point at infinity of every generator

belongs tor, C S3,whereas PQNYX' € fand{N S; = .

Hence, by Property (v) of Section 3.5 in [l the points P and Q determine a conic directrix of ¥,. We shall

see below that necessarily 8 = , and hence this conic is the common directrix %
Lemma 6.3. If 8 contains two distinct affine points of #,then |[BN#| = ¢+ 1L

Proof. Since fNY' =¢, where ¢ = {(z1,22,0,0,0,0,0)}, the affine points of 8 have constant

coordinates yi,ya2,21,22. Thus, for some d, f,g,h € GF(q), the affine part of 3 is given by y; = d,
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yo = f,z1 = gand z = h.

Recall that every affine point of # has one of the forms X(\, u,v) = (1, A, g, A, v, v\, 1 — s)\?), with

A u,v € GF(q),0or Xoo(u,v) = (0,0,0,4,0,v,1),with u,v € GF(q).
Let first X(\, p,v) € SN # . The equations of B give u = d, uA = f,v = gandv = h.

Ifd # 0,then p = d and A = f/d. Moreover, v = g, and the last equation requires h = fg/d. Hence there
is at most one point of the form X (A, u,v) in SN #. On the other hand, a point X (u, ) cannot belong
to B, since its y; -coordinate is zero, whereas d # 0. Therefore, if d # 0, the plane 8 contains at most one

affine point of 7.

Suppose now that d = 0 and g # 0. For a point X(\, u,v) € BN #, we have u = 0 and v = g. Hence
f=0and X\ = h/g, so again there is at most one point of this form. Moreover, no point X ,,(u,7) can
belong to 3, since its z; -coordinate is zero, whereas g # 0. Thus also in this case 8 contains at most one

affine point of 7.

It remains to consider d = g =0. If X(\,p,v) € BN#/, then p=v =0, and therefore f = h = 0.
Hence, if either f # 0 or h # 0, no point of the form X (), i, v) belongs to S.

A point X »(u,v) belongs to g8 if and only if 4 = f and v = h. Thus, if either f # 0 or h # 0, there is
exactly one affine point of # in 8, namely X (f, ).

Consequently, a plane 8 with SNYX = /¢ can contain two distinct affine points of # only if
d = f = g = h = 0. In this case the affine part of 5 is given by y; = yo = z; = 20 = 0,and hence 5 = 7.
For every \ € GF(g), the point X(\,0,0) = (1,1,0,0,0,0,1 —s)A?) = Q(\) belongs to SN¥.
Moreover, X(0,0) = (0,0,0,0,0,0,1) = Q(oc0) also belongs to BN #. These are precisely the
g + 1 affine points of the conic ¥

Conversely, if X(\,u,v) € BN #, the equations y; = z; = 0 give p = v = 0, and hence X = Q(A). If
Xoo(p,v) € BN, the equations y, = 2o =0 give p=v =0, and hence X = Q(oo). Therefore
BN# = ¥,and consequently [N #| = q+ 1.

Corollary 6.4. Let 8 be a plane such that BNY' = £. Then |8N#| € {0,1,q+ 1}.

Proof. If 8 contains at most one affine point of #, then |3 N #| € {0,1}. If B contains two distinct affine

points of #/, then, by the preceding Lemmea, |3 N #| = g + 1. Therefore |[3N#| € {0,1,¢+ 1}.

Case 3. Let m C S; be a spread line with m ¢ £, and let 8 = (PQ,m), where P,Q € # are distinct

affine points and PQ N ¥’ € m.
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Lemma 6.5. There do not exist distinct affine points P,Q € # such that PQ N X' belongs to a spread line

m C Sswithm ¢ Z.

Proof. Recall that every affine point of # has one of the forms

XA\ pyv) = (L, A,y A, v, v\, 1 — sA2), with A\, u,v € GF(q), or Xoo(p,v) = (0,0,0,1,0,v,1), with
v € GF(q).

We consider all possible pairs of distinct points P,Q € #'.

Suppose first that P = X(A,p,v) and Q = X(X,/,v'). Since PQ NY' € S3, there is a point of
PQ@Q with z; = z2 =t = 0. Since the first coordinate of both P and @ is equal to 1, this point is

proportional to P — Q. Hence its second coordinate gives A — X' = 0, and therefore A = X'.
Consequently PQ NY' ~ (0,0, — i/, M — '), v — V', A(v — '), 0).
fup#u,putu=w-—v")/(p—). Then PQNY ~ (0,0,1, A, u,ul,0),and hence PQ NY' € r,.

If u =y, since P # @, we have v # v/, and hence PQ NX¥' ~ (0,0,0,0,1,,0) € r. Thus, in both

cases, PQ N ¥’ belongs to a line of Z.

Suppose now that P = X(\, u,v) and Q = X (', v'). A point of PQ has the form aP + Q. If such a
point belonged to Ss, then its first coordinate would give oo = 0. Its last coordinate would then give

B = 0, which is impossible. Therefore PQ N'Y' & S3.

It remains to consider P = X o, (u,v) and Q = X (¢, v'). Since P and @ have the same last coordinate,

we have PQ NY' ~ (0,0,0, — ¢/,0,v — /', 0).

If pw#y,putu=(@v—v)/(u—p). Then PQNY ~ (0,0,0,1,0,u,0) € r,. If p =y, then v # 1/,

since P # @Q,and PQ N¥' ~ (0,0,0,0,0,1,0) € 7e.

Hence, whenever PQ N Y’ belongs to Ss, it lies on a spread line of the regulus #. Therefore it cannot

belong to a spread line m C Sswithm ¢ £, a contradiction.
Corollary 6.6. Let 3 be a plane such that N’ = m, wherem C Ssandm ¢ %.Then |BN#| € {0,1}.

Proof. If B contained two distinct affine points P,Q € #, then PQ C 3, and hence
PQNY € NY = m.This contradicts the preceding Lemma. Therefore 8 contains at most one affine

point of #,and hence [N #| € {0,1}.
Case 4. This case splits into two subcases, according as a) m = r,, with u € GF(g),orb) m = r.

a) Letm = r,, withu € GF(q).
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Suppose first that P € ¥, is an affine point, and let g be the generator of ¥, through P. Since g meets r,,

we have g C 8 = (ry, P). We show that no further affine points of # belong to £.

Assume first that P = X(A,p,pu). A generic affine point of B has the form
X = (L, p+a,pA+b,u(p+a),u(pA +b),1 — sA2), with a,b € GF(q). If X € #, comparison with
X(\ p,v) gives u=p+a and b= Aa. Hence v = u(p + a) = upy, and therefore X belongs to the
generator g. Thus  contains exactly the g affine points of g.

If P= Xy(p,pu), a generic affine point of 8 has the form X = (0,0,a,p + b,ua,u(p + b),1). Since
every point of # with z; =z3 =0 is of the form X, (u,v), necessarily a = 0. Hence
X =(0,0,0,p + b,0,u(p +b),1), with b € GF(q), and these are precisely the ¢ affine points of the

generator g through P.
Thus, if P € ¥, the plane 3 contains exactly the ¢ affine points of the generator of ¥, through P.
We may therefore assume P € # \ 7.

Lemma 6.7. Let 7, € #, with u € GF(q), and let P € # ~ ¥, be an dffine point. Then the plane
B = (ry, P) contains exactly q affine points of #. Hence, since r, represents one improper point, the

corresponding section contains exactly q + 1 represented points.

Proof. Suppose first that P = X (), p,v). Since P ¢ ¥, we have v # pu. A generic affine point of 8 has

the form X = (1, A, p + a, pA + b,v + ua, v\ + ub, 1 — sA\?),witha,b € GF(q).

If X € #,then necessarily X = X(\, u, 7) for some u, 7 € GF(q). Comparison of the y;, y2-coordinates
gives pw=p+a and b= Aa. Conversely, if b= )a, then
X =(L,\p+a,(p+a)\v+ua,(v+ua)\,1—sA?), which belongs to #. Hence, for every

a € GF(q), there is exactly one affine point of 5 N #. Therefore 3 contains exactly g affine points of #.

Suppose now that P = X (p,v). Since P ¢ ¥,, we have v # pu. A generic affine point of 8 has the
form X = (0,0, a,p + b,ua,v + ub,1), with a,b € GF(q). Such a point belongs to # if and only if it is of
the form X (p,7), and hence if and only if a = 0. Therefore 3N # consists precisely of the ¢ points
(0,0,0,p+ b,0,v + ub, 1), with b € GF(q).

Thus, in both cases, 8 contains exactly g affine points of . Since r, represents one improper point, the

corresponding section contains exactly g + 1 represented points.

b) Letm = rwo.
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Suppose first that P € ¥, is an affine point, and let g be the generator of ¥, through P. Since g meets

Too, We have g C 8 = (r, P). We show that no further affine points of # belong to 3.

Assume first that P = X(\,0,p). A generic affine point of S has the form
X = (1,),0,0,p + a,pA + b,1 — sA?), with a,b € GF(q). Such a point belongs to # if and only if
b= Aa. Hence SN ¥ consists precisely of the ¢ points (1,,0,0,p+ a,(p+ a)A, 1 — sA?), with

a € GF(q), which are the affine points of g.

If P = X (0, p), a generic affine point of 3 has the form X = (0,0,0,0,a, p + b, 1). Such a point belongs
to # if and only if a = 0. Hence 8N # consists precisely of the ¢ points (0,0,0,0,0,p + b, 1), with

b € GF(q), which are again the affine points of g.
Thus, if P € ¥, the plane 8 contains exactly the g affine points of the generator of ¥, through P.
We may therefore assume P € # \ 7.

Lemma 6.8. Let P € # ~\ ¥ be an affine point. Then the plane 8 = (r«,, P) contains exactly q affine points
of W. Hence, since r., represents one improper point, the corresponding section contains exactly

q + 1 represented points.

Proof. Suppose first that P = X(\, p,v). Since P ¢ ¥, we have p # 0. A generic affine point of 8 has the

form X = (1,\, p, pA,v + a, v\ + b,1 — sA?), with a,b € GF(q).

If X e, comparison with X(\ u,7) gives u=p and b= Aa. Conversely, if b= Aa, then
X = (L,\ p,p\, v +a, (v + a)A, 1 — s)\?) belongs to # . Hence, for every a € GF(q), there is exactly one

affine point of SN . Thus S contains exactly g affine points of 7.

Suppose now that P = X(p,v). Since P ¢ ¥, we have p # 0. A generic affine point of 3 has the form
X =(0,0,0,p,a,v +b,1), with a,b € GF(q). Such a point belongs to # if and only if it is of the form
Xoo(tt,7), and hence if and only if a = 0. Therefore 3N # consists precisely of the ¢ points

(0,0,0,p,0,v + b,1),with b € GF(q).

Thus, in both cases, 8 contains exactly g affine points of #. Since r., represents one improper point, the

corresponding section contains exactly g + 1 represented points.

Corollary 6.9. Let 3 be a plane such that 8NY' = m, with m € Z. Then, if 8 contains an affine point of #, it

contains exactly q affine points of #'. Hence the corresponding section contains exactly q + 1 represented points.

Let 2 be the point set of PG(3,q?) represented by # together with the ¢+ 1 improper points

represented by the lines of the regulus Z.
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Proposition 6.10. The point set 5 is a Baer subgeometry PG (3, q) of PG(3,q*) meeting the plane at infinity

inaline PG(1,q).

Proof. By Corollary 5.2, # contains exactly ¢ + ¢* affine points. Since the q + 1 lines of % represent

q + 1 distinct improper points of 7#, we have |#| = ¢® + ¢*> + ¢+ 1.
By Corollaries 6.2, 6.4, 6.6 and 6.9, every line of PG (3, ¢*) meets # in 0, 1 or q + 1 points.

We now show that J# is not contained in a plane of PG(3, ¢?). The lines of the regulus Z span S3, while
the conic % spans the plane 7. Moreover, r N X' = £ and £ N S5 = &, and hence 7 N S3 = &. Therefore
(S3,m) =X = PG(6,g9). On the other hand, in the Bruck-Bose representation, a plane of
PG(3,q%) corresponds to a 4-dimensional subspace of ¥ not contained in ¥'. Hence # cannot be

contained in a plane of PG(3,4?).

Thus ¢ satisfies the hypotheses of Lemma 3.1. Consequently, ¢ is the point set of a subgeometry

PG(3,q) of PG(3,4?).

Finally, the improper points of .7 are precisely the ¢ + 1 points represented by the lines of the regulus Z.

These points form a PG(1, q) of the plane at infinity. Therefore 5# NI, = PG(1,q).
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