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1. Introductory setting: tensor algebra, Clifford algebra and Fock space

representation

1.1. Historical retrospective notes

In the study there is undertaken an attempt to clarify from the mathematical point of view the electron spin
origin and its Hamiltonian evolution description, as they had been formulated about one hundred years ago
by Austrian mathematical physicist Wolfgang Pauli, who invented spin property owing to experimental data
(the classical Zeeman effect 1) that implied half-integer angular momentum for the electron, which he
termed as a ”classical non-describable two-valuedness” and suitably described by means of the so called Pauli
spin matrices, representing the Lie algebra of the unitary SU(2) symmetry group (2] of the related quantum
states in a suitably defined Hilbert space. As this spin symmetry property was deeply related with a spin
conservation law of the electron space-time evolution, described by means of the corresponding Schrodinger
equation, governed by some still unknown Hamiltonian operator, Pauli posed [3)4) 3 problem to retrieve from
existing experimental and the unitary SU(2) symmetry group properties a physically acceptable Hamiltonian

operator, describing both electron evolution and its spin properties. This problem was not realized by W. Pauli
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himself on time, as soon enough the British mathematical physicist P. Dirac had suggested 51 3 completely
different relativistic theory based approach to this problem, having reduced it to constructing suitably fitting
square roots to the so called Klein-Gordon differential operator on the Minkowski space-time M*, and
derived both the corresponding Dirac evolution equation and the related Hamiltonian operator, governing the

electron evolution.

As the P. Dirac derivation of the electron Hamiltonian operator had been based on some square root matrix
tricks and had been in no way related to experimental data, describing spin symmetry properties, a rigorous
derivation of this Hamiltonian operator and a description of the spin Pauli algebra symmetry properties,
based on these experimental data, had been remained for decades not analyzed in the literature [Il7] until the
present work which presents in detail a mathematically rigorous approach to solving the Pauli electron spin

and Hamiltonian problem.

Taking into account the Pauli spin symmetry algebra, its related Clifford algebra dual structure, there is
constructed BN the corresponding exact Clifford algebra Cl3(o) representations on the Hilbert-Fock
space, generated by the corresponding creation-annihilation operators, naturally describing both physically
observable quantum particles and the corresponding operator invariants, commuting with the corresponding
Pauli spin operator. As a simple by-product of the devised algebraic commutation property, there is
constructed the corresponding Hamiltonian operator, completely coinciding with that, before derived by P.
Dirac. Moreover, its relativistic Lorentz invariance is obtained as a simple consequence of the corresponding

Schrédinger evolution equation, governed by this Hamiltonian.

As was mentioned by A. Jadczyk in 11 it would be instructive to think of the family of Clifford algebras
{CIU(F, n) : n € Quad(F)} as a Z,- graded vector bundle Ci(F) over the space Quad(F) of all quadratic
forms on F'. Moreover, instead of considering the usual Dirac equation, where the Clifford algebra acts on an
irreducible graded “spin module”, one considers the so called Ivanenko—Landau—Kdhler equation 2113 where
spinors are represented by differential forms - elements of the exterior bundle of the cotangent space. The
idea of representing spinors as differential forms has its clear physical justification that was stated by P.
Lounesto 4l explicitly in the following form : “ . . However the physical justification of the theory of spin
manifolds could be questioned on the following basis: why should we need to know the global properties of
the universe, if we want to explore the local properties of a single electron?” Being aware of the fact that
choosing a global minimal graded ideal of the Clifford algebra bundle over space-time is questionable, he
further stated, that “ . . In curved manifolds it is more appropriate to use abstract representation modules as

spinor spaces and not minimal left ideals, not even subalgebras, of Clifford algebra”. So, one expect that the
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only acceptable solution to these problems is by using the whole exterior algebra of differential forms, as in

Ivanenko-Landau-Kihler equation, on a curved spacetime manifold M, locally diffemorphic to M*.

1.2. Tensor algebra

We consider a complex vector space (F;n(:|-)), rigged with a bilinear form n : F' x F' — C, and the related
tensor algebra T'(F) over it, that is a unital associated algebra, containing F' as a linear subspace and
satisfying (15)[)(26)17)[14]018] tpye following property: every linear mapping ¢ : F' — A into a unital associative
algebra A extends to an algebra homomorphism 6, : T(F) — A.If ¢ : F — T(F) denotes the embedding of
F into T'(F), then one can write down that ¢ = 6, 0. If {e; € F : i € I(F) C N} denotes a basis in F, then
the unite 1 € F C T(F) and {ej, ® ¢j, ® ... ® ¢j, },n € N, form a natural basis in T'(F), where ® denotes

the “tensor” multiplication in 7'(F'). The latter imposes on it the natural grading:
T(F) =& " (F), (1.1)
where

T'(F) = F" = FQF®..QF

n times

is a subspace, generated by the basis elements {e; ®ej, ® ... ®e;, }, mentioned above, in particular,
TY%F)=C,T'(F) = F,T*(F) = F ® F and so on. On the tensor algebra T'(F) there are defined two natural

involutions:

v WRU R ... U, = (—1)"u1 Qua @ ... ® Uy, (1.2)
T: U QU R ... QUK = U, QUZL-1Q ... UL

for arbitrary u; € F,j = 1,n,n € N. The main involution v : T(F) — T(F) defines the Z, gradation of
T(F): an element u € T(F), for which v(u) = u, is called even and for which v(u) = —u, is called odd.

Moreover, even elements form a subalgebra of the tensor algebra T'(F).
On the tensor algebra T'(F) there is determined for arbitrary p € N the left operator action a* (v) : T?(F) —
TPH(F):

A (U U ® ... QU == VR U AW ®...0U; ®...0u, (1.3)

foranyv € Fandu; Q ua ® ... Q u, € TP(F), p € N. Taking into account the existence of the bilinear form
n: F x F — C, it naturally induces on the tensor algebra T'(F) the corresponding “adjoint” linear operator

mapping a(v) : TP(F) — TP 1(F)

p .
a(v) (u1 Qua ®...Qup) := Z (1) 'plu))u Que ® ... QU ® ... @ up, (1.4)
=1
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where u1 Qus ® ... ® up € TP(F),p € N,and the cap ” 6 ”over the vector means its omission in the

product, and satisfying the following conditions:

a(v)a(w) + a(w)a(v) = 0, (1.5)
a(v)a’ (w) +a* (w)a(v) = n(v|w)l,

forallv,w € F.
Apply now to the tensor algebra T'(F) the linear antisymmetrization operator Alt : T'(F) — Q(F), acting on
uniform elements u; Q uas ® ... Q u, € TP(F),p € N, as

Alt (u ®ua ® ... ®up) = % Z (—1)Uu071(1) QU1 ® v O Uy1(p) 7= U X ug X oo X up, (1.6)
foeXp

we obtain the natural gradation on the obtained [2lI6II4IN8] Grassmann algebra Q(F) = S
QF(F), where” x ” denotes the classical external multiplication on Q(F).Assuming now that the semilinear
form 5 : F x F — C is unitary, that is n(u,v) = n(v,u) for arbitrary u,v € F, owing to the linearity of the

mappings (1.3) and (1.4), the corresponding operators a™ (v) and a(v) : QP(F) — QP1(F),p € N, where

at(Vu:=vxu (1.7)
withv € F,u € QP(F), and operator action
p .
a(v) (U1 X ug X ... X up) 1= Z(fl)]fln(ﬂu]—)ul XU X oo X Uj X o X Up (1.8)
=1

with v,u; € F,j = 1,p, persists to satisfy the same algebraic relationships (1.5). Moreover, if to take into
account that the unitary vector space (F;n) naturally induces the unitary structure on the whole tensor
product T'(F) and, suitably, on the antisymmetrized Grassmann algebra Q(F), we can easily check that
operators a* (v) and a(v) : QP (F) — QP! (F)are adjoint to each other, that is n(a™ (u)a|8) = n(aja(u)B) for
all « € QP (F) and B € QP(F), p € N, and are called [91121[201(5] the creation and annihilation operators,
respectively. The constructed above algebraic structure - the Grassmann algebra (F') and related creation -
annihilation operators is called the algebraic Fock space 1I2012U[22] oyer the unitary vector space
(F;m), being basic object for describing the important in physical applications [231241119) algebra of self-

adjoint observable operators.

1.3. Clifford algebra

Let F' be a complex vector space, n : F' x F — C be a symmetric bilinear form and J(n) be the two sided ideal
in the tensor algebra T'(V), generated by elements of the form u ® u — n(u,u)1, where uw € V. C T'(V). The

ideal J(n) C T'(V') consists of all finite sums of elements of the form v; @ us ® ... ® u,® (u ® u — N(u,u)1)
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® v ®v2 Q®...Q v, where u,uj,v;, € V,j= ﬂ), k= ﬁ Then the Clifford algebra is the quotient algebra

CU(F;n) := T(F)/J(n), related to the vector space (F; ).

In case of the space F' = C", n € N, the corresponding symmetric bilinear form n : C* x C" — C allows the

canonical diagonal matrix representation

n = diag(1,1,...,1)
———

n

and the corresponding Clifford algebra is denoted by C1,(C). There are two separate cases to consider,
according to whether the integer n € N is even or odd. When n € N is even, the algebra CI,(C) is central
simple. Owing to the classical Artin—-Wedderburn theorem [5]mIN6IIs) it js jsomorphic to a matrix algebra
over C. When n € N is odd, the center of the algebra CI,(C) includes except scalars so called the
pseudoscalars. The latter makes it possible to find a normalized pseudoscalar &, such that £2 = 1. If to define
the central projection operators P := —;(1 +¢):Cl,(C) —» Cl,(C), whose images P,Cl,(C)C
Cl,,(C) split the Clifford algebra C1, (C) as the direct sum

Cl,(C) = CI; (C) ® C1, (C), (1.9)
satisfying the involution relationships: v : Cl (C) = CI} (C). The latter, in particular, means that these
Clifford subalgebras are isomorphic. Since these two isomorphic subalgebras are each central simple and so,
again, isomorphic to a matrix algebra over C. The related sizes of the representation matrices can be
determined from the fact that the dimension dim C1,(C) = 2. It is also worth to mention here that the
algebraic relationships (1.5) for the creation - annihilation operators (1.7) and (1.8) become in our case

equivalent to the following:

a(v)a(w) + a(w)a(v) = 0, (1.10)
a(v)a’ (w) + a* (w)a(v) = n(v,w)1,
a" (v)a" (w) +a" (w)a" (v) = 0

for any v, w € C and realize the so called canonical representation of the Clifford algebra C1,(C) on the vector
space (F;n). Moreover, if to modify the action (1.4), as

p .
a(v) (u1 Qua Q... Qup) := Z (_1)17117(5‘%)1‘1 Qur®...0U; ®...Q up, (1.11)
=1

the annihilation operator a(v): Cl,(C) — C1,(C) becomes adjoint to the creation operator
a*(v)C1,(C) — C1,(C), that is a(v)* = a*(v) for any v € C", what will be used in the section below,

devoted to analyzing the Pauli spin algebra Bl4l125] and its Clifford algebra representation.
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2. Pauli spin algebra, the related Clifford algebra and its representation

We consider, following the approach, devised in [BI21110126] the complex Euclidean space ((C2; (-\-)) and the

unitary group SU(2), whose Lie algebra basis consists of the following Pauli spin matrices:

(e ()

satisfying the following commutator relationships:
[0}, 0] = 2i0%,[0?,0%] = 2i0?,[0%,0'] = 2i0?, (2.2)
which can be equivalently rewritten as
olof + oFol = 25%F (2:3)
for all j,k = 1, 3. The Clifford algebra Cl3(c)of the dimension dim Cl3(c) = 2° = 8, generated by the Pauli

1

matrices (2.1), supplemented with the unit matrix ¢0 = < (1)>, describes the internal degrees of

freedom 221201 of gych a ”fermionic” particle [1911201(6] 5 electron, whose internal structure is, to our regret,
of a weakly known up-to-date nature. Yet algebraic properties of the Clifford algebra Cl;(o) make it possible
to propose some useful inferences about some hidden symmetry properties of electron, motivated by
studying its representation structure. There is accepted [151081[22] the following definition of the Clifford

algebra representation.

Definition 2.1. The left module of a Clifford algebra C1,, (o), generated by a set {c} C F,;, is a linear finite-
dimensional space F,,, over C, endowed with a linear representation mapping

p:Cl,(0) ® Fy; — Fy,suchthat

plab® f) = p(a® p(b® f)) (24)
for all a,b € Cl,,(0) and f € F,. In particular, a representation mapping p : Cl,,(0) ® Fypy — Fiis a
homomorphism of the corresponding algebras.
Construct now a physically motivated representation of the spin ¢ - matrices above (2.1), generating the
eight-dimensional Clifford algebra Cl;(o), by means of the canonical Clifford algebras, generated by
canonical creation-annihilation operators (1.10). Since the basis dimension of the Clifford algebra Ci3(o) is
odd, it possesses a pseudoscalar central element ¢ = —iglo20® € Fj,, £2 = 1, allowing its splitting like (1.9)

into the direct sum of its isomorphic subalgebras:
Cls(o) = Clf (o) ® Cl; (0), (2.5)

where Cl3 (o) := % (1 £ £)Cl3(o). Based on the splitting (2.5) we can formulate the following proposition.
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Proposition 2.2. The direct sum of the Clifford subalgebras (2.5) allows the representation p : Cls(o) —

End (Fi(t) @ F.H) ,0f the Clifford algebra Cl3 (o), where

i nt

p(Cli(o)) @ (FL) @ Fl)) =

(2.6)
= Cla(bb") ® Ch(bb7) : Fyy) @ Fy) = Fr)) @ F/

onthe space F,y = F,", @ F,,, ~ C* where F;, ~ C? in the following form:
plat) = (b +bs),p(c?) = —i(b] —bs),p(c®) =T . (2.7)

Here the operator T := exp (i7Y_, bb.) = [[ (1 — 2bLb) := [[ T'w,is a so called central chirality” operator 121
+ +

[181122] 4nd the creation and annihilation operators
by = a(er), bi =a'(ex), (2.8)
defined by the normalization conditions n(es|er) =1,m(exlex) =0 =mn(ex|ler) on the basis vectors
{er,es} € C*, satisfy the algebraic relationships:
bibl +blby = 1, bibl +bibs =0, (2.9)
blbi +bib$ = 0=>biby +bibs.
Moreover, there hold the following anticommutation relationships:
Lyby +b.Ty =0=T4b] +b Ty, (2.10)

and the related important isometry properties

(b +bs) ) = B, (2.11)

int int
Proof. Consider the Clifford algebra splitting Cl3(o) = Clj (o) ® Cl; (o), where the dimension of each
component dim Cl; (o) = 4, and take into account that Cl; (¢) ~ Cl,(C), the corresponding basic creation-
annihilation operators {b. := a(é+),b] = a*(er) € ClF (C): er,es € C*} are adjoint to each other:
a(e+)" = a'(ex) € Cl3 (C). The latter makes it possible to construct the so called chirality” operators
I := exp (im)_ bl by ), satisfying the condition I'? = 1, as the spectrum of the commutating to each other
selfadjoint operators b} bs : C* — C* consists of {0,1}— integers: Spec (b b..) ‘Fi(nit) = {0,1}. Taking into
account that the operators Py := 1/2(I +T), P? = Py, are projectors and split the representation space
ClasC' = F\Y @ F') where F\2) .= P.C*, satisfy the anticommutation relationships (2.10), providing,

in addition, the isometry properties (2.11), proving the proposition. (]
We see that the dimension of the constructed above Clifford algebra Cl3(o) representation (2.7) satisfies the
equality dim Cl3(o) = 8 = dim End(FiS;)) + dim End(Fif;)), giving rise to the dimension equality for the

representation space Fj,; := C* of the Clifford algebra Cl3(0) : dim Fj,y = dim (F.(+) &) F.(f)) = 4. The latter

int int
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gives rise to the related matrix representation of the su(2) Lie algebra on the internal Fock space Fj,; = szg)

@Fi;) by means of the following vector matrix operator :

a:={d:al =¢! ®¢/ € E* ® EndC?, (2.12)
acting on the space C* ~ C2 x C? of the so called 2027l Djrac 4 - spinors, where the symmetric matrices
o) € End ((C2 X (C2) ,j = 1,3, take into account the splitting properties (2.11) and satisfy BIR7 the algebraic
relationships, similar to those of (2.3):

Aok + ofa?d = 26% (2.13)
for all j, k = 1,3. As another important inference from the above reasoning regarding the Clifford algebra

Cl3(0o) representation, we can construct another matrix-vector operator for the electron spin:
S:=#/20°®0={87: 87 =#/20° ® 07 € p(Cl3(0)),j = 1,3} € E* ® EndC*, (2.14)

where #denotes 12412051 the well known Plank constant, and which takes into account the isometry
properties (2.11) and plays an important role in the construction of the associated spatially dependent
symmetries and their corresponding invariants. The latter topic is discussed in detail in the next section

below.

3. Secondly quantized Fock space, translational invariance and

momentum conservation law

Let now the so called ”secondly quantized” Fock space structure %, := (Q(F); (-|-)) described above, be

generated by the complex vector space F = L;(R*;C*) ® Z, and basic creation-annihilation operators

5 (f) and gi(g) :

i(H)Yr(g) + r(9)i(f) = 0, (3.1)
VeV () + 45 (Nvrle) = dinlglf),
T (HYE (9) + ¥ (9] (f) = 0

for arbitrary f and g € Ly(R%;C*) ® Z,, where indices j,k € 1,4, are responsible for the related spin

operator (2.14) spatial invariance property. It is worth to observe here that the set {¢;(f), ¥ (9) : 7,k = 1,4,

f,g € F} generate the generalized Clifford algebra [[ Cl,(1, ") of the creation and annihilation operators
F

on Q(F). Namely, let us consider a system of N € N electron particles, located in the physical three-
dimensional space R®, which can be described by means of the normalized "wave” function &y

Feat, N 1= Q(Lz(]RS;(C4) ® Zs) :

By :AM dardzs ..oy, . o) (@082 TN UL (@)L (22) . 07, (20)]0),  (3.2)
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where, by definition, (®|®) =1,9] (z):=¢] (€2),jk = 1,4,{ex € Lr(R*C*),z € R’}— a set of

= 7k
orthonormal functions, |0) € .. is the corresponding Clifford algebra unit, called often the “vacuum”, and

)xN

the function ¢ € (Ly(R* C") ® Zy) " ~ Ly( R¥N;C*) ® Zs, |||, = 1, allows to calculate the probability

density
p(jl,jz,A..,jN)(mth% cozy) = (plen 2, zn)le(@n 2, 2n) (3.3)

to locate simultaneously the set of these N &N electron particles at points
(z1,22,...,2N) € R3*N | respectively. The quantity of these particles is suitably described by the number

particle operator
N = P (2)y(z)dz, (3.4)
]R3
where 9(z) := (1 (z), (), ¥ (2), (@), 9 (&) = (& (2), %5 (), %5 (¢),4; (¢)) - vectors of basic
creation and annihilation operators of the secondly quantized Fock space .Z,,; at = € R®.

Take now into account that our set of N €N electron particles, located at points

(z1,22,...,2zN) € R3*V _ satisfy the spatial translation group symmetry invariance, that is

fUp(sm’_wsN) (z1,22,...,zN)dz1d2s .. .dTNy =
(3.5)

= [triaPls1,s0, . sw) (@1, T2, TN )dxrdas . . dey

for arbitrary open domain U C R?, shifted by arbitrary vector a € R®. The corresponding translation

symmetry group generator is called the “momentum” and given by the operator expression

|

pP=7 % ,z € R® where %, as before, denotes the well known Planck constant.

Turning now back to the constructed above spin operator (2.14), we take into account the well known
experimental fact, discovered [28] by Davisson and Germer [291128] experiment in 1927, in which the splitting
into exactly two beams showed that the electron spin component along the magnetic field axis can only have
two orientations: spin-up (+1/2) or spin-down (-1/2), which, in part, can be reduced to the invariance in
time of the Euclidean projection of the electron spin on its momentum, the so called "helicity”, presenting a
physical conservation law of a free quantum electron. The latter can be rewritten as the invariance in time of

the following “secondly quantized” [1911201(22] o perator quantity

5, = [, dev (Slplv, (36)
that is the equation

ds,/dt =0 (3.7)
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is satisfied for all temporal parameters ¢ € R. The invariance relationship (3.6) can be effectively used to
constructing Hamiltonian dynamics of the electron particle in time, if to make use of the fundamental
Heisenberg [231[241191[201(22] pyrinciple: the temporal evolution of any operator A € End Z,,; on the secondly

quantized Fock space %, is given by the commutator type equation
dA/dt =i/h[H, A (3.8)

forall¢ € R. This construction is in detail presented in the section below.

4. Dirac Hamiltonian operator structure and its derivation

The matrix-vector of spin (2.14) and spin projection (3.6) operators on the basic spin representation space

Fint = Fit, © F;my can be equivalently represented both as
S= h/20°® olg,, =Hh/2 o’ ® ol (o101 Fy (4.1)
and

Sp = [ dzy* () (S|p)Y|R,

int

= & Jis dayr* (2)(0° ® olp) x
(4.2)

X (0'1 ® I) 1,/)‘(01®1)Fmt = % fR3 d$¢+ (ZL') <a\p>¢|(al®1)ﬂm,
respectively, where the matrix a € End %, coincides with that of (2.12). Combining the operator
relationships (3.6) and (3.7) together, we obtain following commutator relationships
[Jgs dz™ () (elp), S| ’(01®1)Fim =0=
(4.3)
= [fps dzv" (z){alp)y +mB, S,] 'Fint = [Hy, 5] ‘Fint =dS,/dt|p,, =0,
satisfied for all temporal parameters ¢ € R. The obtained above relationships (4.3) make it possible to derive

the simplest selfadjoint secondly quantized Hamiltonian operator

H. =3 [ dov @)D+ M (4.4)

on the whole secondly quantized Fock space Z 1= Zepy ® Fipy, Where M := [ ¢* (z)mBy* (z) € End
Z.; is the so called "rest” mass operator, m € R, means a so called "bare mass” parameter, characterizing
electron at “rest”, and the matrix 8 = ¢3 ® I, [, Sp] = 0, a priori satisfying the conditions (4.3). The obtained

above result can be formulated as the following proposition.

Proposition 4.1. The simplest selfadjoint operator H,: %, — %, on the Hilbert space
Pl = Fowt @ Fins, providing the evolution in the operator space End %, via the Heisenberg temporal

commutator flow (3.8) and taking into account the isometry properties (2.11) is given by the operator expression (4.4),
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endowed with the mass operator M =[5 ¢* (z)mBy* (z) € End Zu, B = 0® ® I, satisfying the commutator
condition [M, S,] = 0. The so called "bare mass” parameter m € R, is interpreted as the electron "rest” mass.

Corollary 4.2. The corresponding one-particle representation of the secondly quantized operator (4.4) easily

gives rise to the classical self-adjoint Dirac Hamiltonian operator expression
N |
M, =1/(2)(a|p) +mpB (4.5)

on the Hilbert space Ly(R®; C*), first suggested (2l by P. Dirac in 1928 and which soon was confired by Carl
Anderson in 1932 39 by the experimental discovery of a new elementary particle positron, dual to electron. As
a by product, one also obtains from the expression (4.4) and relationship (3.8) the trivial condition
[Hf, N] = 0, meaning that the whole number of particles is conserved, in particular, it means that all finite-
particle Fock subspaces %, ,n € N, where, by definition, % := &;° (Ze», are invariant in time.

An additional and surprising inference, following from the representation (4.5), is that the corresponding one

electron Schrodinger type equation

O/ 0t = i/Fitzp (4.6)
for ¢ € Ly(R?;C*) ® Zj is apriori relativistic, being invariant [2131125] wyith respect to the Lorentz symmetry
group .Z*(1,3),where the light velocity ¢ >0 is assumed to be unity. Really, as any element
A e #7%(1,3) transforms 27323l the o— spinors by means of the relations g(A)aig(A) " =
PO Af;a’“,j = 1,4, where g(A) € Sping(1,3) C SU(2) x SU(2), it is easy to check that the Dirac equation
(4.6) persists to be invariant with respect to the Lorentz symmetry group % *(1, 3). Furthermore, this can be

verified by constructing the operator expression.
(8/0t —i/hA)* (D)0t — i/ hite)p = B2(D? /O — A +m?), (4.7)
which coincides with the following Klein-Gordon [21201311[25] perator in the Minkowski space M*, also

implying the relativistic Lorentz invariance 3431 of the evolution Schrédinger equation (4.6). The latter can

be formulated as the final proposition.

Proposition 4.3. The Dirac Hamiltonian operator (4.5) is, by construction, selfadjoint on the Hilbert space

Ly (R3; (C4) and generates the relativistic Lorentz invariant Schrodinger equation (4.6).

Additionally, it was observed still by Dirac [2! that the formal algebraic sum of the spin I ® S : Fept ® Fint
= Fext ® Finy and the angular momentum J ® I : Fopt @ Fint — Feat @ Fine Operators also remains to be

invariant in time, that is the commutator

[H,J®I+1®8] =0, (4.8)
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easily following from the Hamiltonian operator expression (4.4). Yet another interesting commutator

relationships
[Hf,S] = —2i a x p = [Hy, (S|p)] = 0 (4.9)

holds, supporting the determining from the very beginning constraint that the spin operator projection

(S|p) : Feat — Fear is conserved.
Remark 44. The electron spin operator S € End %, is, in some sense, modelled by means of a virtual space

of internal parameters Z fnt ~ R? and its internal momentum” operator p;,; 1= % % ,2E€ Z fm,in the internal

3

microworld Z;, ,as follows: S = z x p;,;, whose components satisfy the classical spin algebra relationships

[S1,82] = 2ihS3,[S%, 83 = 2ikSL, [S3, §1] = 2iRS?2 (4.10)
and imitate those

[JYJ%) = 2ikJ3,[J2, T3] = 26RJ Y, [J3, T = 2ikJ 7 (4.11)
for the classical angular momentum of electron in the real space R?, yet nothing more.

Remark 4.5. As was noted in 8l the appearance of the ”mass” parameter in the Dirac Hamiltonian expression
(4.5) in no way is physically motivated by the internal SU(2) symmetry group of the electron discussed in
detail above, but may rather be related to some virtual mechanism of the SU(2) - Higgs type symmetry
breaking, as it was developed within the standard 07351 Weinberg-Salam hadron model. However, the
electron as a lepton particle does not fit well into this description scheme, so another approach to its

resolution is presumably required.

5. Conclusions

Taking into account analytical properties of discussed above quantized Fock states, associated to electron
particle and describing its evolution in the ambient Minkowski space-time, one can draw an important
conclusions. As first one, the electron spin operator S is a physical quantity, responsible for its hidden internal
symmetry structure, mathematically related 3125 with the symmetry group SU(2) of the electron quantum
states and their representations. The second one says that the compatibility of quantum states with the
related many-particle representations of the algebra of observable operators is realized by the basic Clifford
algebra Cls (¢, 91) ® (Cls3(0)) on the Fock space Z; = Feyt ® Fint. Moreover, there was demonstrated that
the Clifford algebra based description of quantum electron states proves [231091126] {4 pe also effective for
studying such an important problem as the energy spectrum of electron, naturally interacting with the

ambient quantum electromagnetic field.

geios.com doi.org/10.32388/M60ZZ2.2


https://www.qeios.com/
https://doi.org/10.32388/M60ZZ2.2

Notes

1991 Mathematics Subject Classification:

PACS: 11.10.Ef, 11.15.Kc, 11.10.-z; 11.15.-, 11.10Wx, 05.30.-d

Statements and Declarations

Acknowledgements

Author is cordially appreciated to Tepper L. Gill and Martin C. Land for fruitful and stimulating discussions of
the spin symmetry origin and related mathematical problems. He is obliged to Taras Banakh for many useful
remarks and instrumental corrections on a manuscript, to Stepan Duplij, Yasushi Ikeda, Michael Kovalevsky,
Volodymyr Simulik, Dozyslav Kurylyak, Anatolij Nikitin and Yaroslav Mykytyuk for valuable comments
during preparation of a manuscript. Author cordially thanks Sergij Sharyn for stimulating discussions of
diverse problems related with topics of the manuscript. The last but not least thanks belong to Referees for
their instrumental remarks and suggestions, which were helpful when preparing a final version of the

manuscript.

References

1. 2Zeeman P (1896). "On the Influence of Magnetism on the Nature of the Light Emitted by a Substance.” Rep Ord
Sessions Math Phys Sect (R Acad Sci Amsterdam). 5:181-184.

2.23b.6d,egogolubov NN, Logunov AA, Oksak Al Todorov IT (1990). General Principles of Quantum Field Theory.
Netherlands: Kluwer Publ.

3.3 bpqyli W (1925). "Uber den Zusammenhang des Abschlusses der Elektronengruppen im Atom mit der Komplex
struktur der Spektren” [On the Connection of the Arrangement of Electron Groups in the Atom with the Complex
Structure of Spectra]. Z Phys. 31(1):765—783.

4.3 bpauli w (1927). "Zur Quantenmechanik des magnetischen Elektrons” [On the Quantum Mechanics of the Ma
gnetic Electron]. Z Phys. 43:601-623.

5.3 b6 d,& fpjrqc PAM (1947). The Principles of Quantum Mechanics. Oxford: Clarendon Press.

6.2 Plzergin AG, Korepin VE (1982). "Pauli Principle for One-Dimensional Bosons and the Algebraic Bethe Ansatz."
Lett Math Phys. 6(4):283-288.

7. ASimulik VM (2025). "]. Phys. A: Math. Theor. 58 (2025), 053001 (42pp)." ] Phys A Math Theor. 58:053001. doi:10.1

088/1751-8121/adab56.

geios.com doi.org/10.32388/M60ZZ2.2

13


https://doi.org/10.1088/1751-8121/adab56
https://doi.org/10.1088/1751-8121/adab56
https://www.qeios.com/
https://doi.org/10.32388/M60ZZ2.2

8.2 b Cprykarpatski AK (2011). "On the Electron Spin Origin and Its SU(2) - Symmetry Structure." ] Phys Conf Ser. 3
152:012026. doi:10.1088/1742-6596/3152/1/012026.
9.3 b cprykarpatski AK (2023). "On the Electron Spin and Spectrum Energy Problems Within the Fock Many Temp
oral and Feynman Proper Time Paradigms." ] Phys Conf Ser. 2482:012017.
10. & Bprykarpatski AK (1926). "On the Electron Spin Origin and Related Symmetry Aspects.” Ann Math Phys. 9(2):0

49—-057. doi:10.17352/amp.000180.

11.2 2 Gadczyk A (2023). "On the Bundle of Clifford Algebras Over the Space of Quadratic Forms." Adv Appl Clifford
Algebras. 33:15. doi:10.1007/s00006-022-01251-x.

12. 2lvanenko D, Obukhov YN (1985). "Gravitational Interaction of Fermion Antisymmetric Forms." Ann Der Phys. 4
2:59-70.

13. 20bukhov YN, Solodukhin SN (1994). "Dirac Equation and the Ivanenko—Landau—Kdhler Equation.” Int ] Theor
Phys. 33:225-245.

14.3 2 <L ounesto P (2001). Clifford Algebras and Spinors. 2nd ed. Cambridge: Cambridge University Press.

15.2b¢4d, €Chevalley C (1996). The Algebraic Theory of Spinors and Clifford Algebras: Collected Works, Volume 2. S
pringer.

16. 2 CKochendorffer R (1972). Introduction to Algebra. Netherlands: Woters-Noodhoff Publishing.

17.% hLangacker P (2017). The Standard Model and Beyond. CRC Press.

18.232.5.d epfeinrenken E (2013). Clifford Algebras and Lie Theory. Springer.

19.&bcdef 8Bogolubov NN, Bogolubov NN (Jr.) (1994). Introduction to Quantum Statistical Mechanics. New Yor
k, London: Gordon and Breach.

20.#bgodefgh, iBogolubov NN, Shirkov DV (1982). Quantum Fields. Addison-Wesley.

21. 2Fock V (1937). "Die Eigenzeit in der klassischen und in der Quantenmechanik” [Proper Time in Classical and in
Quantum Mechanics). Sow Phys. 12:404—425.

2.8bcd €Takhtajan LA (2008). Lectures on Quantum Mechanics. Stony Brook, NY, USA: Department of Mathem
atics, Stony Brook University.

23.2 b SBlackmore D, Prykarpatsky AK, Samoylenko VH (2011). Nonlinear Dynamical Systems of Mathematical Phy
sics: Spectral and Differential-Geometrical Integrability Analysis. NJ, USA: World Scientific Publ.

24.25 CBlaszak M (2019). Quantum versus Classical Mechanics and Integrability Problems. Springer.

25.2 b & dyyeyl H (1986). Group Theory and Quantum Mechanics.

26.% l—’Prykarpatski AK, Bogolubov NN (Jr) (2024). "Some Remarks on the Electron Spin SU(2) x SU(2) - Symmetry S
tructure and the Related Ground State Properties.” Phys Part Nuclei. 57(1):151-166.

27.2 Y Epirac PAM (1974). Spinors in Hilbert Space. Springer.

geios.com doi.org/10.32388/M60ZZ2.2

14


https://doi.org/10.1088/1742-6596/3152/1/012026
https://doi.org/10.17352/amp.000180
https://doi.org/10.1007/s00006-022-01251-x
https://www.qeios.com/
https://doi.org/10.32388/M60ZZ2.2

28.2bpavisson CJ, Germer LH (1927). "The Scattering of Electrons by a Single Crystal of Nickel." Nature. 119(2998):5

58-560.
29. 2Davisson CJ (1928). "The Diffraction of Electrons by a Crystal of Nickel." Bell System Tech J. 7(1):90-105.
30. 2Anderson CD (1933). "The Positive Electron.” Phys Rev. 43:491-494.

31.3b ¢ dppincare H (1905). "Sur la Dynamique de PElectron” [On the Dynamics of the Electron]. CR Acad Sci (Pari
s). 140:1504—1508.

32. 2Helgason S (2001). Differential Geometry, Lie Groups, and Symmetric Spaces. Cambridge, MA: Massachusetts I
nstitute of Technology.

33. Lvilenkin NJ (1968). Special Functions and the Theory of Group Representations. Providence, RI: Amer. Math. So

C
34. MMinkowski H (1909). "Raum und Zeit" [Space and Time]. Physik Z. 10:104—111.

35. 2Rubakov V (2002). Classical Theory of Gauge Theories. Princeton University Press.

Declarations

Funding: No specific funding was received for this work.

Potential competing interests: No potential competing interests to declare.

geios.com doi.org/10.32388/M60ZZ2.2

15


https://www.qeios.com/
https://doi.org/10.32388/M60ZZ2.2

