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Abstract. This paper is devoted to the event-observational modelling in physics and
more generally natural science. The basic entities of such modelling are events and where
space-time is the secondary structure for representation of events. The novelty of our
approach is in using new mathematical picture for events universe. The events recorded by an
observer are described by a dendrogram, a finite tree. The event dynamics is realized in the
dendrogramic configuration space. In a dendrogram all events are intercoupled via the
hierarchic relational structure of the tree. This approach is called Dendrogramic Holographic
Theory (DHT). We introduce the causal structure on the dendrogramic space, like the causal
structure on the Minkowski space-time. In contrast to the latter, DHT-emergent causality is of
the statistical nature. Each dendrogram represents an ensemble of observers with same
relational tree-representation of the events they measured/collected. Technically the essence
of the causal modelling is in encoding dendrograms by real parameters and in this way
transition to the real space-time. Then we proceed in the framework of information geometry
corresponding to Hellinger distance and introduce a kind of light-cone in the space of
dendrograms. The real parameter spaces discovered in our numerical analysis, while related
to an ensemble of observers, primarily represent purely observer-subjective and observer-
dependent knowledge of an observer about the universe. In that sense these spaces are
inherently subjective. This is a step towards development of DHT-analog special relativity.

1. Introduction
1.1. Treelike representation of relational structure for observed events

Dendrogramic Holographic Theory (DHT) is a single postulate theory, developed in a series
of studies [1-6]. This is a relational-event-observational approach to physics and more
generally natural science [7,8]. The only postulate that drives all the theoretical consequences
is that Leibnitz principle holds. Leibnitz principle [9] or principle of the identity of
indiscernibles is usually formulated in a specific manner such that if, for every property F,
object x has F if and only if object y has F, then x is identical to y, or in the notation of
symbolic logic: V F(Fx <> Fy) — x =y, namely: if x and y are distinct, at least one property
that x has and y does not or vice versa can be found.

DHT is a theory of information about events collected by observers. If two
observations of two events cannot be distinguished in any feature by a certain observer these
two events are the same event (by Leibnitz principle) to that observer.

For a some observations of a set of events, the observer needs to ask a series of
questions in order to distinguish the observed events one from each other. The simplest form
of questions are yes/no questions (but any p number of answers is possible). Mathematically
these series of questions can be represented as trees (which can be understood as decision
trees) which we call dendrograms. An observer can quantify the relation between two events
as the first question, where the answer is not the same.
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Within the context of an infinite number of events, the ontic description of the events
is portrayed as an infinite tree. One class of such trees is p-adic trees, which are
homogeneous trees with p > 1 edges branching from each vertex. These trees possess an
algebraic structure and a topology consistent with this structure [10].
The p-adic topology is governed by the p-adic ultrametric, satisfying the strong triangle
inequality. Consequently, this field is endowed with a strange geometry in that all triangles
are isosceles. The p-adic distance between two branches of the tree is determined by their
common root, where a longer common root (equivalent to more questions answered with
same answer) signifies a shorter distance. Moreover, upon defining “open” and “closed” balls
as:

B_(R;a) = {x i1,(a,x) < R},B(R; a) = {x i1,(a,x) < R}
Where 7,(a, x) = |a — x|, is the p-adic distance between the points a and x.

As branches represent (distinguished) events, the space of events, whether finite or
infinite, is equipped with a p-adic ultrametric. In this way DHT is connected with p-adic
analysis and theoretical physics [11-26] (including studies of Parisi et al [25] on complex
disordered systems in the p-adic and more generally ultrametric framework; see also article
[26]). General trees are endowed with ultrametric topology and such topological spaces were
widely used in theory of complex disordered systems [15,27].

The main consequence of endorsing the Leibnitz principle is the need to distinguish
events by the above-mentioned questions procedure. This procedure in turn is represented
naturally by the p-adic number field. From this question procedure, represented as a p-adic
tree, emerges immediately the relationship of each event to all other events. Thus, Leibnitz
principle leads directly to Machian relationism, not as an assumpsion (in contrast to theories
like shape dynamics and Brans-Dicke theory [28-30]) but as an inherent consequence of the
p-adic tree representation of events. Moreover, endorsing Leibnitz principle leads to a
background-independent theory similarly to theories like shape dynamics, loop quantum
gravity, spin foams and causal set theory [28,29,31-33].

1.2. Coupling to Rovelli’s relational quantum mechanics

We emphasize that DHT is neither quantum nor classical, these two paradigms
emerge quite naturally from the p-adic relational tree as was shown in [1-3,5] with no extra
assumption but that Leibnitz Principle holds. It is worth noting Rovelli’s Relational quantum
mechanics [34] (RQM) is very close ideologically to DHT, but postulates all systems are
quantum systems. Similarly to DHT, RQM makes use of the fact that any quantum
mechanical measurement can be reduced to a set of yes—no questions. It uses this fact to
formulate the state of a quantum system (relative to a given observer! Same as in DHT). In
contrast to DHT, RQM postulates the completeness of quantum mechanics. Thus, RQM
postulates there are no hidden variables or other factors which may be appropriately added to
guantum mechanics in light of current experimental evidence. As shown in [5] quantum
theory can be considered as an emergent theory of a relational structure. Thus, completeness
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is non-relevant as well as other factors such as hidden-variables. In that sense the different
interpretations of quantum mechanics may be viewed as corresponding to different
emergence schemes of quantum theory from an event relational structure. In RQM there are
also two empirical postulates. These two empirical postulates are the following ones:

Postulate 1: there is a maximum amount of relevant information that may be obtained from a
quantum system.

By omitting the quantum system postulate, DHT similarly agrees that the maximal amount of
information about an event is encoded in the event branch contained in the ontic infinite p-
adic tree.

Postulate 2: it is always possible to obtain new information from a system.

Similarly, by adding more events to the relational structure more information is gained to
each of the events.

We emphasize that the RQM postulates turn to be just consequences of the relational
structures.

1.3. Coupling to Smolin’s approach to emergence of quantum mechanics

We note also Smolin’s work on emergence of quantum mechanics and spacetime by
introducing rationalism perspectives (for example energetic causal set theory and [35-38]) .
Again these works are similar in ideology, but their construction stems from concepts like
momentum, energy and even coordinates which are completely absent in the construction of
DHT, but, again, can emerge out of the relational p-adic structure.

We also point out to some similarities between our approach leading to emergence of
quantum theory from DHT and the neural network model of universe developed in articles
[39-43].

1.4. Observer-dependent subjective knowledge of universe

In DHT two (or more) observers can have different epistemic views of the universe they
observe (different relational structures). On the other hand two (or more) observers can have
the same epistemic views of the universe although they observed different events (meaning
these two observers have equal the inter-relations of the events they measured). In that sense
the observer always has a subjective view of the universe, regardless of the universe classical
or quantum nature. This aligns with Bohr’s principle of complementarity and event

physics. Bohr repeatedly stated that outcomes of physical observables are not objective
properties of systems, but generated in the process of a measurement. On the other hand, the
observer dependent view of the universe is also aligned with special relativity. Where a
measurement of some event in spacetime is dependent on the observer (momentary) inertial
frame.

If we characterize an observer as its world line curve (accelerated or not) on the
background of spacetime, each observer will ultimately obtain different ontic relational view
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of the universe (two observers with same world line are not allowed as they are the same
observer if we postulate Leibnitz principle). This view is dependent on the information about
events, localized in the background of spacetime, transmitted to the observer moving with
acceleration or without it in

spacetime

Thus, information on the universe is strictly observer-dependent. In the DHT
framework, measurements can be "subjective” in the sense of quantum mechanics and/or
observer-dependent in the sense of special relativity, but both lead to a subjective knowledge
of the universe.

In the present work we further explore the dynamical laws of subjective knowledge
acquired by observers on a system, or universe. Our aim is to bring closer the event-
observational approach with the principles of spacetime physics of special relativity. In order
to accomplish that aim, we need to construct some spacetime model that will uniquely define
a certain subjective relational-informational view of the universe. Moreover, such spacetime
should possess a causal structure similar to the light-cone of the Minkowski spacetime.

DHT is not just an abstract theoretical construction. It is directly coupled to
experiment: the experimental data of any origin is transferred into a dendrogram with the aid
of clustering algorithms. Temporal dynamics of data-collection by an observer is represented
as dynamics in the configuration space of dendrograms (see articles [1-3,7,8] for handling of
concrete experimental data within DHT, especially article [4] devoted to the dynamics). This
is the good place to remark that DHT is “invariant to using of different clustering
algorithms’’, in the sense that general properties of dynamics do not depend on an algorithm
(although dendrogramic picturing can differs). For simplicity, we proceed with 2-adic, yes-
no, clustering algorithms generating homogeneous 2-adic trees, with one incoming and two
leaving branches for each vertex. We note that homogeneous trees can be endowed with
algebra leading to the number field (or ring) structure.

1.5. Causal structure

In this paper we introduce the causal structure on the dendrogramic configuration
space, like the causal structure on Minkowski space-time. However, in contrast to the latter,
DHT-emergent causality is of the statistical nature. So, this is causality on the dendrogramic
parameter space where each point in this parameter space represents an ensemble of
observers with same epistemic dendrogramic, relational, representation of the events they
measured/collected (subjective knowledge-view of the universe). We emphasize that the
same dendrogram structure can be obtained for variety of measurement data. In fact, different
measurement data-sets produce the same epistemic description of the universe when the
relations between measurements are the same for different measurement data-sets.

In DHT, each observer generates his own event-dendrograms evolving in the
configuration space. Transition from one point-dendrogram to another is also observer’s
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dependent. So, the DHT-causal structure is determined by ensembles of observers. In this
way, we introduce the timelike and spacelike separated event-dendrograms.

Technically the essence of the causal modelling is in encoding dendrograms by real
parameters and in this way transition to the real space-time, i.e., in the complete accordance
with event mechanics, events are primary, and space-time is secondary.

Following the construction of the dendrogramic parameter space, we can introduce
the information geometry causal structure. Thus, we consider the information metric on the
space of probability distributions based on the Hellinger distance. This information metric
determines a dendrogramic “light cone”, which draws an analogy to the Minkowski
spacetime metric that characterizes events. This concept allows us to analyze the propagation
of information and observer interactions within the dendrogramic framework.

In this paper we perform an extended numerical simulation to check matching of the
dendrogramic and real space representations as well as matching the corresponding notions
of causality: in the dendrogramic space and four-dimensional Minkowski space-time.

The real parameter spaces discovered in our numerical analysis, while related to an
ensemble of observers, primarily represent purely observer-subjective and observer-
dependent knowledge of an observer about the universe. In that sense these spaces are
inherently subjective.

We emphasize that DHT describes any kind of dynamics of experimental statistical
data in the process of collection of outcomes of new observations performed by all possible
observers. And it is surprising that any such process can be portraited in the Minkowski spac-
time and its causal structure is consistent with the causal structure of special relativity.

2. Causal structure on the space of dendrograms corresponding to ensembles of
observables

In our model, we introduce Oi i=1,2,....N—o0 observers who collects/measures events/data.
Thus an observer with already m events collected es, e2... em Will measure each time a single
event, em+1. Each time an observer Oi measures an event, he construct a dendrogram using the
procedure outlined in appendix Al.

To represent the dendrogram, we utilize a series of p-adic numbers, with each
number encoding the relationship of a single event to the remaining events acquired by the
observers. It's important to note that a dendrogram can only be constructed when the number
of events is greater or equal 2, as it relies on the relational structure among events.

Initially, all N observers have a trivial dendrogram with two branches.
As observers acquire more events, a range of potential dendrograms with three branches
emerges. The number of observers (n) that generate a fixed, same, dendrogram can be
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represented as a fraction out of all observers (N) in our universe n/ N. We note that in each
level of m events collected contains all N observer and basically n=n(D) where D is a
dendrogram. This iterative process allows the observers' dendrograms to evolve event by
event, leading to increasingly complex relational structures. Please refer to Figure 3 for a
visual representation.
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Figure 3: An Abstract Representation of the Dendrogram Space

This figure provides an abstract representation of the dendrogram space. At each level (E=2, 3, ..., M),
unique dendrograms are displayed, with each one associated with a specific fraction of the N
observers present in the universe. It is noteworthy that the cumulative fraction of observers'
dendrograms at each level precisely sums up to 1, illustrating the complete representation of the entire
observer population. In each level E=2,3..M each unique dendrogram belongs to a fraction of the N
observers present in the universe. Each level total fraction of observers dendrograms sum to 1

a given dendrogram might have some dendrograms they can evolve to and some they
will not. This is the case if a fraction of the observers with dendrogram D1 evolves to a
dendrogram D2 other wise D1 does not evolve to D2. By examining the structure of two
dendrograms, can we predict whether they are connected? Dendrograms that exhibit observer
flow from one to the other can be referred to as "timelike separated” dendrograms, while
dendrograms that show no observer flow between them can be classified as "spacelike
separated"”. More specifically, "timelike/spacelike separated” dendrograms are defined as
follows:

Definition 1. D1 and D2 are two, timelike separated, different dendrograms with number of
events/data collected el < e2 ,respectively, if and only if there exist at least one observer
with D1 dendrogram with e1 events moves from D1 to D2 upon collecting the next e2 — el
events

Definition2. D1 and D2 are two, spacelike separated, different dendrograms with number of
events/data collected el < e2 ,respectively,

if and only if there is no possibility for observers with D1 dendrogram with e1 events to

move from D1 to D2 upon collecting the next e2 — el events



In essence, we introduce the concept of a dendrogramic "light cone,"
Definition 3. A specific dendrogram D is identified with numerous observers who share
identical relations among all the observations each of them has made of the universe.

Thus a dendrogramic "light cone™ is defined as

Definition 4. A dendrogramic "future light cone™ associated with a particular unique
dendrogram encompasses all the potential dendrograms that can emerge from dendrogram D.
This holds true irrespective of the observer's identity in relation to D and takes into account
all conceivable events and combinations of events they might measure.

This draws an analogy to the Minkowski spacetime metric that characterizes events. This
concept allows us to analyze the propagation of information and observer interactions within
the dendrogramic framework.

Please note that while the causal structure of Minkowski space is not statistical in nature, in
DHT, we seek to establish a statistical counterpart referred to as the "dendrogramic
Minkowski causal structure of observers ensemble relational universes ™.

Where a universe is defined as

Definition 5. A universe is an observer, current, relational knowledge (information) he
acquired on the ontic universe by measuring some finite amount of events

In this context, each dendrogram represents a fraction of observers who collect
a specific number of events (e.g. level) this fraction of observers have same relations between
their acquired events.

time like

Figure 4: An Abstract Representation of the Causal Structure in the Dendrogram Space
This figure provides an abstract representation of the causal structure within the dendrogram space.
Each dendrogram is characterized by a specific number of events, with one dendrogram containing E2
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events located inside the lightcone of another dendrogram containing E1 events, where E2 is greater
than E1. Remarkably, this relationship implies that at least one observer possessing the dendrogram
with nl events can transform it into the dendrogram with E2 events by collecting E2-E1 additional
events. The illustration highlights the dynamic nature of the dendrogram space and its potential for
causal transformations facilitated by event collection.

By discerning the relationships and connectivity patterns among dendrograms, we aim
to gain insights into the causal connections and spatiotemporal dynamics within the observed
events. Through this analysis, we can uncover the underlying structures that govern the flow
of information about the universe (of the whole observer population up to the minimal
fraction of the population) and the evolution of the observer’s dendrograms.

In order to achieve this objective, we require a parameter space for
dendrograms that uniquely characterizes each individual dendrogram. Remarkably, we
demonstrate that such a parameter space can be obtained, and intriguingly, it manifests as a
four-dimensional space. Additionally, we observe that the interval between any two
dendrograms in this parameter space exhibits a signature akin to Minkowski spacetime—a
combination of spacelike intervals with positive values and timelike intervals with negative
values, or vice versa.

3. Real parametrization of dendrograms

In our study, we employed the following equation to facilitate our analysis:
The representation of a dendrogram branch, denoted as edge;, can be expressed as the sum
of aseries: edge; = ¥¥_ga; x 2/, a; =10 (1)
where each term corresponds to the contribution of a specific level in the dendrogram'’s
hierarchical structure. Here, a; represents the binary digit at position j, with possible values
of O or 1.
To further enhance our analysis, we introduce the concept of the monna map conversion. The
monna map conversion of an event, denoted as event; , is computed using the formula:
event; = Z?:o a;jx 27771 a; = 1,0.

(2)
where a; represents the binary digits (0 or 1) in the 2-adic expansion of the dendrogram
branch, and k is the maximum ball level of the dendrogram.

By applying this Monna map conversion, we represent events as rational numbers on the
continuous interval [0, 1]. This conversion preserves the precise relations between events,
ensuring that the inherent structure and ordering within the dendrogram branches are
maintained. To quantify the differences between events, we introduced the metric g;;, which
represents the absolute difference between the monna map conversions of two events,
qix = |event; — event;| 3)
Thus we can defined 5 elementary/fundamental parameters of a dendrogram
We define our dendrogramic vector, D , as follows:

E = event;,i = 1,2...n = number of events



B — p—maximal ball level of the dendrogram
D = [E B] with elements D;,i =2,3..n+1
Vp = (Z{‘;o D;)*
Up = (Z?:oﬁ)m
Mp = (Zli:ll ?=i+1Di ’ Dj )Zz
Ry =YD — DB = Q! ai) + X5i4|B — DiH?

= (ki Zk: 1/((D; — D) +1)* =

i=1 j=i+1
Lt Tr i 1/ + D+ X 1/(B - D + 1)*
k = number of branches and thus events in dendrogram 4)

Where z,21,z2,z3 and z4 each takes a random a value, in our numerical simulations z,z1,z2,z3
and z4 (presented in section 6) will have, randomly, a value from T=[-2-1-0.50.51 2]
We then constructed from a combination of them another 55 parameters in the following
way. 1. all possible two elementary parameters product combinations. Thus adding 10 more
parameters
2. all possible two elementary parameters sum combinations. Thus adding 10 more
parameters
3. all possible two elementary parameters division combinations. Thus adding 20 more
parameters
4. all possible three elementary parameters product combinations. Thus adding 10 more
parameters
5. all possible four elementary parameters product combinations. Thus adding 5 more
parameters.

Overall, we have 60 possible parameters. These 60 parameters will be used for
numerical deep scan of possible “dendrogramic Minkowski causal structure of observers
ensemble”

4. dendrogramic parameter space
we will demonstrate now that there are parameters spaces that have the ability
to uniquely define a unique dendrogram structure ( this set of z, z1, z2, z3, z4 and parameters
0',,0',,0'; and 6', are the one shown as examples in figures 6 and 10) .
6'y = (Up)~?
0’z = (Vp)**/(Up)™?
0’3 = (Up) 2(Vp)*Rp ™" (Mp)?

0y = \/E(TD)Z/RD_O'S
Lets suppose 6’y =6",,68', =0",,0'; =6"; and 6', = 6", for two different dendrograms
D' and D" thenif 8'; = 0", and 6', = 8", then (Up,)? = (Up,,)"? and
(VD,)O.S _ (VD”)O.S

— = — which means (V)% = (V)% the combination
Upn) WUprn)
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can’t happen by their definition unless D' = D" and

{(UDI)_2 = (UDH)_2
(UDI)_Z = (UDH)_2
we are done.

Interestingly the above parameter space has been shown with high significance to posess a
causal structure in terms of parameter-space interval identical to the causal structure induced
on an interval of spacetime in the usual Minkowski space (see section 6 for numerical
analysis).

5. The informational Minkowski-like metric of the dendrogramic space

Having established the existence of spaces with four parameters that uniquely
determine a dendrogram, we can now develop an informational metric inspired by
Minkowski spacetime. We will describe our model step by step: each parameter point 8 in
parameter space uniquely defines a dendrogram with ng events. This dendrogram is the n
level state of an ensemble of observers with same dendrogram. Thus the point 8 has a flow-in
of observers from different smaller dendrograms with n — 1 events. The distribution of
observers over these smaller dendrograms can be converted to an observers distribution over
6'. where 8’ are parameter points of all dendrograms with n — 1 events. This is the past
observer distribution of 6

Furthermore, the dendrogram at level n, at point 8, exhibits a flow of observers
emanating from the 6 parameter point. The ensemble of observers, at 9, is distributed to the
next level dendrograms with n — 1 events. This certain manner of distribution of the
observers represents the future distribution of the n-level 8 point.

Specifically, for a single dendrogram at level n, its future cone at levels n+k
(where k ranges from 1 to M—o0) consists of k distributions py ,, (8") fy,tre, dependent on the
level (or number of events in dendrogram) of the initial 8" point in the parameter space at that
level n. Similarly, the past cone of a dendrogram at level n extends to level n-k (where k
ranges from 1 to n-2) and exhibits k distributions py , (6") a5 (S€€ Figure 5).

I 1 1
8 py W
£

of N=m+2-
of N=m+1-
B of N=m—
BofN=m-1-

-
= I s
@ S @

7
=
(1}

=

=
=]

D

BofN=m-2-

a

@ @
Figure 5: representation of a point in the dendrogramic parameter space and it’s accompanied
distributions in each of the future and past levels. Half circled distributions are over 8’s possible
for each level.
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As k approaches infinity, the distributions tend to flatten, meaning that at
infinity each observer acquires a unique infinite dendrogram. Therefore, at infinity, the
particular point 8" has a distribution of 1/N (where N is the number of observers at 6'), as
each observer possesses a unique dendrogram. The subset of all infinite dendrograms
belonging to the point 8 defines 8’, and vice versa. Consequently, if there exists an
intersection between the infinite dendrograms associated with 6’1 and 8’2, it implies that
there are observers flowing from one point to the other, establishing a causal connection or
indicating timelike separation between the two parameter points. On the other hand, if the
intersection is an empty set, it signifies spacelike separation between the two parameters.

We conclude by stressing that a point 8 in parameter space is accompanied with
all its past distributions flowing into that point and all future distribution flowing out of that
point. These distributions and the point 6 are defined either by the set of the observers that
flow in and out of the 6 point or the set of ultimate infinite dendrograms, defining unique
observers, and vice versa (figure 5).

These distributions dynamics is manifested from level to level by a
“potential”/”’force” we call the “Leibnitz potential/force” which forces the observers to
become distinct (ultimately at the ontic infinite sub dendrogram). Other wise Leibnitz
principle holds where:

Leibniz principle (identity of indiscernibles) states that If, for every property F, object x has F
if and only if object y has F, then x is identical to y. in our case it translates to If, for every
dendrogram D.., observer x has D if and only if observer y has D, then observer x is
identical to observery.

This is an infect the ontic realization of Leibnitz principle.

To quantify the informational distance between two parameter points accompanied with their
distribution, we propose an informational geometric metric:

informational distance = ZH}T] + ZHI[,T] - (Hfr + Hpr) - Z(LJLr—letio +IT1D

(5)
Consider two points 8’1 and 0'2 and n1,n2 are their level where without loss of
generality n1 < n2:

Hf =Hellinger distance between pk,nl,@’l(x)future atnz+1 and pk,nz,e’z(x)future atn2+1

(See ﬁgure 6)’ if pk,nl,e’l(x)future atn2+1 and pk,nz,e’z(x)future atn2+1 share parameter
points with non zero probability 0 < Hy < 1else Hr = 1
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Figure 6: representation of the Hr =Hellinger distance between py, 1 971 (X) future at n2+1 and
Pinz2,0'2(X) future at n2+1- Blue distributions over possible 8°’s of blue point. Red distributions over
possible 8 °’s of Red point. Grey area is where blue and red distributions share 0’s

Hp :He”inger distance between pk,n1,9’1(x)past atnli-1 and pk,n2,9’2 (x)past at n1-1
(see figure 7), if pk,nl,e’l(x)past atni-1 and pk,nz,e’z(x)past at n1-1 Share parameter points
with non zero probability 0 < Hr < 1else Hr =1

L
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> @

6 of N=oo—
0 0fN=m+3-
B0fN=m+2-

Figure 7: representation of the H,, =Hellinger distance between p; ,,1 71 (X)past at n1—1 and
Prnz2,0'2(X)past at n1—1- Blue distributions over possible 8 s of blue point. Red distributions over
possible 8 °’s of Red point. Grey area is where blue and red distributions share 8'’s

Pin1,0'1(X) future n1+k1 = lowest k1 value distribution of 8’1 that shares parameter points
with non zero probability, lowest k2 value with py ;15 972 (%) future n2+k2- ThUS:

Hfr :He”inger distance between pk,r.l.l.,e’l(x) future nl+k1 and Pin2,6'2 (x)future n2+k2
(figure 8)
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Figure 8: representation of the Hr, =Hellinger distance between py 1671 (X) future n1+k1 @nd
Prnz2,0'2(X) future n2+k2- Blue distributions over possible 8 s of blue point. Red distributions over
possible 6 °’s of Red point. Grey area is where blue and red distributions share 6’s

Pinz,0'2(X) past n2—k2 = lowest k2 value distribution of 6'2 that shares parameter points,
with non zero probability, with lowest k1 value distribution py, .1 971 (X)past n1—k1- ThUS:
H,,, =Hellinger distance between py 5 g/2(X) past n2—k2 @A Pr 1071 (X)past n1-k1 (figure 9)
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Figure 9: representation of the H,,, =Hellinger distance between py 3 72 (X) past n2—k2 and
Pin1,01(X)past n1-k1- Blue distributions over possible 6 s of blue point. Red distributions over
possible 6 °’s of Red point. Grey area is where blue and red distributions share 6’s

L = |nl1—n2|

H, 4t = Hellinger distance of two distributions p,,,;, g1 and pp,o;, ¢72
Where p,o, 971 =

[number of observers at point 8’1 at lenvel n1 number of observers at points other then 6’1 at level n1

total number of observers total number of observers ]
Ppopo’'1t =
[number of observers at point 8'2 at level n2 number of observers at points other then 8'2 at level nZ]
total number of observers total number of observers
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T = pgr, (x = 6'2) =distribution value of py, 1 971 (X) future at n2 8t X=0"2 see figure 10.
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Figure 10: representation of T = pgr, (x = 8'2) =distribution value of py, 1 971 (X) future at n2 at
x=60"2. Red distribution has non zero value at the blue point 8

Now for proving the timelike/spacelike signature:
For time like dendrograms Hy=H,: , H, = H,» and [ T | = 1. Thus, the metric reduces to :

informational distance = Hy + Hy, — 2 (LJLr_1 Hygrio+ [T ]).
0 < Hy + H, < 2 since they are timelike. On the other hand : H,.4;, < 1 ﬁ <1

As [perl(x =62)]=[T]=1 as intimelike dendrograms some fraction of observer
flow from one dendrogram to the other.
So the component 2< 2 (LL?Hratio +[T ]) resulting in

L
Hf+Hp—2<mHmtio+[T]) <0

Now for space like, we have in fact two cases lets treat the first one where n1<n2

Hy =1, H, = 1 thus we reduce the metric to 4 — (Hy, + H,,) — 2 (:?Hmtio + [T ]).

0 < (Hp, + Hy) < 2= 4 — (Hy, + Hyy) = 2
L . L !
Then for 2 (H—1 Hygeio + [T ]) we have again Hyqio < 1,—=< 1but[ py, (x = 62)] =
[T1=050 2(==Hyario +T1) <2

The other case iswhen Hy < 1,H, < 1then H;=H; ,H, = Hyand [T | = 0 leading to

L
informational distance = 4 — (Hy + H,) — 2 (m Hygrio +1 T ])
Again 0 < Hf + H, < 2thus 4 — (Hy, + Hp,) = 2 but 2 (LJLr—len-o + [T]) reduces to
L
2 (75 Hraso) < 2
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Thus: 4 — (Hy, + Hy) — 2 (=

+1

Hratio + [T]) >0

For n1=n2

We have if Hy = 1,H, = 1=— 4 —(Hp, + Hp,) = 2 (2 Hrauio + [ T1) since [T1=10
L

and L = 0 thus 2 (eratio +[T ]):O and we have 4 —(Hg, + Hp,,) = 2

And we are done

- L -
If We have if Hy < 1,H, < 1= 4 —(Hy, + Hyy) = 2 (= Hyatio + [ T 1) since [T ] = 0
and L = 0 where He=Hyr , H, = H, we conclude that 2 (Li_1 Hygrio + 1T ]):O and we

have 4 —(Hg, + Hp,) = 2
And we are done.

6. Establishing dendrogram-parameters coupling via numerical simulation

Although the informational geometric Minkowski-like metric is proved
analytically, in practical data analysis applications, we still face the problem of determining
which two dendrograms are “time-like” and which are “space-like”. For that purpose we need
parameter spaces that follow the usual Minkowski space-time determinant where it must
possess the light-cone characteristics. In the context of spacetime intervals spacelike intervals
are characterized by Y, AX? > cAt? whereas time-like intervals are characterized by Y AX? <
cAt?

The problem of encoding dendrograms using real parameters is mathematically
challenging and can require a significant amount of time to find a solution. In the context of
DHT- theory, where simulations have provided valuable insights, we propose a method
called "numerical experimenting confirmation™ to select parameters. Through an extensive
numerical simulation, we demonstrate the validity of our real parametrization on the space of
dendrograms. While this approach does not provide a mathematical proof of the minkowski-
like determinant, the likelihood of encountering dendrograms that do not conform to our
parametrization is practically negligible. As a result, we confidently propose the use of this
parametrization for the extended space of dendrograms. In this technical section, we present
the output and findings of our numerical simulation.

In appendix Al we outline the numerical procedures for generating different
observers with certain n=5,6,7 events encoded in their dendrograms (process 1 and 2). Each
initial level n has m number of unique dendrograms (for each of the m unique dendrograms
we created 100 different observers).We then investigate which dendrograms, with n+k
events, where] k=1,2..6 , each such observer can reach by adding to its n previous events k
random events (process 3).In that way we could know for a single observer in its initial
“events-level n” what are its possible dendrogram it can transfer to in each of the “events-
level ntk”
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In each scenario of n+k events, starting from one of the m initial n level
dendrogram, we examined the set of possible unique dendrograms that could be created. This
analysis allowed us to determine the distribution of these unique n+k events dendrograms
that arise from any of the m’s unique initial dendrogram as shown in figure S1 in
supplementary material for n=6.

Interestingly, all m dendrograms with n=6 could be transformed to all possible
dendrograms at n+k levels where k has the value of 3-4. However, for the m dendrograms
with n=7, this encompassing did not occurr. This implies that some of the m initial
dendrograms with n=6,7 had both “space like” and “time like” as their future evolving
dendrograms (figure S2 A1-A2; supplementary material).

These results raise the question of whether we can assign Minkowski-like
signatures (determinant) to these dendrograms parameter spaces. We require these spaces to
posess interval values opposite in sign dependent on whether two dendrograms can or
cannot evolve to each other.

Interestingly, the absolute difference between some of the 60 parameter values
(described in section 3) of an initial dendrogram (one of the m possible) and its
corresponding dendrograms it evolved to, at some level n+k, showed significant difference
compared to the absolute difference between the parameter values an initial dendrogram (one
of the m possible) and its corresponding dendrograms it did not evolve to, at some level n+k.

After performing 5000 iterations of random selection for z, z1, z2, z3, and z4,
we identified 23 out of the 60 parameters that exhibited statistical significance (p < 0.05 in t-
test) in at least 60% of the occurrences where “timelike” and "spacelike" dendrograms both
existed for an initial specific m dendrogram. Furthermore, these parameters showed
significance in at least 70% of the random selections of z, z1, z2, z3, and z4 introduced in
section 3 (‘an example is shown in figure S2 B.1-B.2).

With those 23 parameters we examined all possible combinations such that:
INTERVAL; = (9,1' initial dendrogram — 0'i n+k tevel dendrogram)2 fori=1,23
Where we define n=initial dendrogram level/ number of events
n+k=level of transmitted/not transmitted dendrograms, k=1,2,3,4,5,6.

INTERVAL, = (\/ﬁeli initial dendrogram — (“ n+ k)el

Such that the following equation :
INterval = INTERVAL, + INTERVAL, + INTERVAL; — s2 * INTERVAL,

)2 fori=4

in+k level dendrogram

(6)
Will fulfill the condition that INterval values for spacelike and timelike dendrograms have
opposite signs
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We conducted 5000 iterations, exploring various combinations of constants (z, z1, z2,
z3, z4, and s2), to identify parameter sets consistently demonstrating opposite sign intervals
between timelike and spacelike dendrograms. This analysis encompassed all initial m
dendrograms (limited to n=6) and their corresponding spacelike/timelike dendrograms at n+k
levels (k=1, 2, ..., 6).

Remarkably, our analysis revealed the existence of parameter spaces with two distinct
causality structures: one characterized by a "negative spacelike signature™ and the other by a
"positive spacelike signature.”

In the case of the "negative spacelike signature,” we observed that the interval
between two spacelike dendrograms was consistently negative (for n=6 and all n+k, k=1,2..6
levels). This negative signature held true across all intervals computed from the parameters of
the 9 initial n=6 level dendrograms and their corresponding n+k spacelike dendrograms
(where k ranged from 1 to 6). Notably, the timelike dendrograms derived from each of the
n=6 initial dendrograms consistently exhibited positive values for their respective time-like
parameter intervals. Importantly, this reversed causality structure was consistently observed
across all 9 initial dendrograms and their unique sets of n+k dendrograms (totaling 21, 51,
127, 127, 834, and 2400 such unique dendrograms for k=1, 2, ..., 6, respectively).

This observation contradicts the ordinary causal structure of the real Minkowski
metric in special relativity and its resulting characteristic light-cone , where information
cannot be transmitted between two spacelike separated events for the trivial cause that the
sum of the space coordinates' intervals is greater than the distance light can travel within the
given time interval.

Conversely, the "positive spacelike signature™ aligns with the characteristics of the
Minkowski metric. this positive "space like signature™ remained consistent for all intervals
computed from the parameters of the 9 initial n=6 level dendrograms and their corresponding
n+k spacelike dendrograms (with k ranging from 1 to 6). this Minkowski-like causality
structure persisted across all 9 initial dendrograms and their unique sets of n+k dendrograms
(totaling 21, 51, 127, 127, 834, and 2400 such dendrograms for k=1, 2, ..., 6, respectively).

In our random numerical analysis, we observed a higher occurrence of parameter
spaces with a "positive spacelike signature” compared to those with a "negative spacelike
signature.” Remarkably, each of these two distinct parameter spaces maintained consistency
and demonstrated opposite sign intervals between timelike and spacelike dendrograms across
all initial n=6 dendrograms and their corresponding n+k level dendrograms.Figure S3
illustrates the overall rather peculiar and counter-intuitive causality, where timelike intervals
have positive values and spacelike intervals have negative values. Figure S4 on the other
hand illustrates the elignment of the “positive spacelike signature” with the regular
Minkowski causal spacelike structure.
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Out of the 5000 randomly generated combinations of constants (z, z1, z2, z3,
z4, and s2), our analysis identified 260 distinct combinations that demonstrated consistency
across all n+k levels for the initial set of 9 dendrograms with n=6. This consistency was
defined by the inverse sign between the computed INterval values, as defined in equation 6,
for the timelike dendrograms and their corresponding spacelike dendrograms.

In total, we discovered a total of 3117 different combinations of constants (z,
z1, 72, 23, 74, s2) and parameters (0'1, 0'2, 0's, 0'4) that exhibited this remarkable consistency.
Among these combinations, 797 displayed a "negative spacelike signature,” while 2320
exhibited a "positive spacelike signature™ (as depicted in Figure 11).

We then verified the consistency of the found sets of these 3117 parameters and
constants in the same way for the initial dendrograms of n=5 and n=7.

We observed that when preparing the dendrogram parameters according to the
above described method, only specific combinations of 8'; ,6', ,6'; and 6', can uniquely
describe a dendrogram. Such uniqueness is achieved when one of the parameters
(6'y,68', or@'5) iseither V,, or Up, and another parameter is a product, sum, or division of
the two. Alternatively, when one of the parameters is R, or 1, and another parameter is a
product, sum, or division of the two.

2500
=220
.

2000 +

1500

Amount of parameter spaces found

1000
=797
[

500 —+

0 f f

1 2
Negative Positive
space-like space-like
signature signature

Figure 11: number of ""negative spacelike signature and positive spacelike signature parameter
spaces found in our simulations

Interestingly, we discovered that all 797 combinations with a "negative
spacelike signature™ were unable to uniquely define the dendrogram space. This suggests that
in order for a coordinate/parameter space to uniquely define events (or dendrograms in our
case), as is the case in ordinary spacetime, it must possess the Minkowski light-cone
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characteristics and vice versa. In these cases with "negative spacelike signature,” where this
condition was reversed, we lost the uniqueness definition of dendrograms.

Out of the total 2320 consistent parameters that exhibited a "positive spacelike
signature,” only 310 combinations were found to uniquely define the dendrogram space (refer
to Figure 12).

To further investigate this conjecture, we examined a mixture of 760*137 parameter
combinations that possessed either a "negative spacelike signature™ or a "positive spacelike
signature” in n=6 while still being able to uniquely define the dendrogram space.

As expected, all the parameters with a "negative spacelike signature™ could not
exhibit consistent opposite signs for all m unique initial dendrograms with n=5,7 and their
corresponding n+k level spacelike/timelike dendrograms where k=1,2..6. Consequently, these
parameters failed to maintain the causal structure of the “reversed” non-trivial light-cone for
alln’s.

Thus in cases of parameters exhibiting consistent "negative spacelike signature” with
“reversed” causal structure and non-trivial light-cone they fail to uniquely define the
dendrogram space. while in cases that do possess the ability to uniquely define the
dendrograms space the "negative spacelike signature™ loose consistency of this reversed
causal structure.

2500 —

Y=2010
2000 4+ .

1500 <+

Amount of parameter spaces found

1000+

00 Y=310
.

f f
1 2
Do not Uniquelydefine  Uniquely define
the dendrogram space  the dendrogram space

Figure 12: number of positive spacelike signature that uniquely define the dendrogram space
vs positive spacelike signature that did not uniquely define the dendrogram space found in our
simulations.

On the other hand, some of the parameter spaces (49 of them) with a "positive
spacelike signature” exhibited the necessary consistency of the causal structure of the light
cone, in all tests conducted for n=5, 6, and 7 (as described earlier). This outcome confirmed
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that the only possible causal structure must resemble the ordinary Minkowski metric light
cone.

In order to validate the applicability of the 310 combinations of ', ,6', ,0'; and 6',
that were both consistent and could uniquely define the dendrogram space we conducted the
following test: 20000 times we randomly generated a dendrogram with a random size
smaller than 100 events and its corresponding timelike dendrogram, which was obtained by
adding random k events to the initial dendrogram. The value of k satisfied the condition;
number of events in initial dendrogram<k<2*number of events in initial dendrogram
Among the 20,000 tests conducted on “positive space-like signature spaces” none of the
cases yielded positive values, thereby illustrating the consistency of the time-like negative
signature. This finding is exemplified in Figure 13.

One of the parameter spaces that showed consistency in all m dendrograms for

all n=5,6,7 and k=1,2...6 proved to uniquely define the dendrogram space already in section
3.

20000 —

iterations

16000 —+

12000

8000 —+

4000 —+

0

t f 1
3 -2 -1 0
Time like INterval value

Figure 13: Illustration of the consistency of one time-like negative signature of one parameter
space found in our simulations. This parameter space uniquely defined the dendrogramic space

Now for the consequence of our numerical analysis. We propose that

1 (t—i(52)9'4)2+(x—9' Y+ (y—6',)%+(z—0'3)?
pe'(X) = mexp (- 12a2 : )
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Where X is a vector of [t,x,y,z] and s2 is our equivalent of c=speed of light and is defined
above in equation 6.
this distribution is normalized: meaning [ d*xpy(X) = 1

and leads to
—-s2 0 0 O
the following fisher information matrix g, = 0 100
0 0 1 0
0 0 0 1

After rescaling by a? [44].

Furthermore, we define n=number of events in dendrogram 1, n =number of events in
dendrogram 2,

N=|n-n| and we define the simultaneity matrix or operator for the positive signature space
like combinations

/N 000\
N+

syma=| o 1 0 0]

\0 01 0

o 0 0 1

dist(dendrograml,dendrogram2) = (sym,),g,,d0’',d0’,

One benefit of this construction is the transformation of the discrete parameter
space into a continuous one. Thus, every dendrogram is defined by its non-hermitian
distribution py(X) defined above (ref) and we operate on a smooth Riemann 4d parameter
space. In that way we can also find the null like parameters for a given dendrogram (although
they will (probably) not represent a dendrogram)

6. Concluding remarks

Exploring of the treelike geometry opens a new direction in modelling of the event universe
endowed with hierarchic relational structure. At the epistemic level, experimental data
collected by an observer is represented with the aid of clustering algorithm by a dendrogram
— a finite tree. Collection of new data restructures observer’s dendrogram. Such dynamical
restructuring is nonlocal w.r.t. the hierarchic relation between events: appearance of a new
event restructures whole dendrogram. We emphasize that this is relational nonlocality, w.r.t.
p-adic ultrametric on a tree, not nonlocality in the physical spacetime. As we know relational
mechanics and event universe play the important role in the modern development of quantum
foundations [35,36,38,45-49]. Our approach, DHT [1-8], gives the new mathematical and
physical insights to this area of research. Of course, it is important to connect relational
event physical models with conventional models based on the real space-time endowed with
Minkowski’s causal structure. In the present paper we proceed in this direction. We start with
introduction of the causal structure on the dendrogramic configuration space. This causality is
statistical and reflects dendrogramic dynamics for ensembles of observers. This is the novel
approach to causality. Then we encode dendrograms by real parameters. This gives the
possibility to determine the four-dimensional real space-time and information geometry on it
matching the statistical observers’ causality. The possibility to use dimension four for
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representation of dendrograms of any size is surprising and at the same time supporting for
dendrogramic modeling of causality and its coupling with causality in Minkowski spacetime.

We emphasize again, the real parameter spaces revealed through our numerical analysis,
while associated with a collective of observers, primarily encapsulate the entirely subjective
and observer-dependent knowledge of an individual observer concerning the universe.
Consequently, these spaces inherently exhibit subjectivity.

Via this construction, transformations of special relativity can be realized on the
dendrogramic configuration space. This is the topic for the further development of DHT.
Finally, we remark once again that DHT finds applications outside of physics, in modelling
of information processing by the brain and medical diagnostics of the brain disorders. The
method developed in the present paper gives the possibility to invent a kind of Minkowski
causal structure on the mental space. In future studies, we shall employ this structure for
medical diagnostics.
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Appendix
Al. Dendrogram representation of events-preliminaries

To achieve our objectives, we employ the following procedure to generate a relational
structure e.g. a dendrogram where each branch has a 2-adic expansion.

In our approach, we depict events (referred to as Bohr's phenomena) as branches
within a dendrogram, which is essentially a finite tree. Figure 1 provides an illustration that
describes the construction of a dendrogramic tree from data. These finite trees serve as an
observer's epistemic representation of reality and are constructed as follows:

1. Data collection: Measurements are performed to gather the necessary data.

2. Hierarchical clustering algorithm: A hierarchical clustering algorithm is applied, utilizing a
chosen distance metric and a specific clustering (linkage function) algorithm.

3. Agglomerative hierarchical cluster tree: Using the selected distance metric and clustering
algorithm, an agglomerative hierarchical cluster tree is constructed. Each event, with its
unique branch, can be represented by a binary string or a p-adic expansion of yes/no
questions.

4. Dendrogram representation: The set of branches in the tree (or the strings that fully
describe them) forms the dendrogram. Each branch, corresponding to a measured event,
extends from the root to a leaf (referred to as an edge).

5. Relation between events: A longer common path from root to leaf of two branches
signifies a closer relation between the corresponding events, based on the chosen distance
metric and clustering algorithm.
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To represent the dendrogram, we utilize a series of p-adic numbers, with each number
encoding the relationship of a single event to the remaining events acquired by the observers.
It's important to note that a dendrogram can only be constructed when the number of events is
greater or equal 2, as it relies on the relational structure among events. Initially, all N
observers have a trivial dendrogram with two branches.

Within the context of an infinite number of events, the ontic description of the event-
universe is portrayed as an infinite tree. One class of such trees is p-adic trees, which are
homogeneous trees with p > 1 edges branching from each vertex. These trees possess an
algebraic structure and a topology consistent with this structure. The p-adic topology is
governed by the p-adic ultrametric, satisfying the strong triangle inequality. The p-adic
distance between two branches of the tree is determined by their common root, where a
longer common root signifies a shorter distance. As branches represent measurements
outcomes of events, the space of events, whether finite or infinite, is equipped with a p-adic
ultrametric. Therefore, dendrograms encodes hierarchic relations between measurements of
events based on p-adic distances, rather than space-time localization of events. This common
root distance determines the level of similarity between the measured events. The geometry
of this field exhibits peculiar properties, such as all triangles being isosceles, which arise
from the strong triangle inequality. Moreover upon defininig “open” and “closed” balls as

B_(R;a) = {x i1,(a,x) < R},B(R; a) = {x i1(a,x) < R}

Where 7, (a, x) = |a — x|, is the p-adic distance between the points a and x.
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each dendrogram edge can be represented by a 2-adic number:
edge; = Y¥_oa; x 2/, where a; = 0,1.
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A2. Simulations of “observers” and the possible dendrograms they can reach
process 1 was to determine how many different, unique, dendrograms are possible in some
“number of events-level n”.
We followed these sub-steps : Here are the sub-steps of the given process:
1. Generate 100,000 vectors of n values (representing events) for eachn =5, 6,
and 7 by Randomly selecting n values from the interval [0, 1] for each vector.
2. Compute pairwise Euclidean distances between elements in each vector.
3. Construct agglomerative hierarchical cluster trees using the "single" linkage
method for each vector.
4. Identify distinct dendrogram structures for each "number of events-level n".
5. Count the number of different dendrogram structures obtained for each n.
For n=5, we found m=4 different dendrogram structures. For n=6, we obtained
m=9 different dendrogram structures, and for n=7, we discovered m=21
different dendrogram structures.
process 2 we produced 100 “observers” for each of the m=4,9,21 unique and different
dendrograms each in its corresponding n=5,6,7 event level.
1. randomly select n numbers from the interval [0, 1]
2. construct a dendrogram D out of the n numbers (as in steps 3 and 4 of
process 1)
3. identify to which of the m different dendrograms D equals to.
4. the n random numbers defines Observeriji=1,2..100 j=1,2..m
4.repeat until i=100 for all j
Thus although each of the 100 “observers” collected different n events/numbers their
relational observed universe is the same.
Process 3 producing all possible dendrograms an “observer” can evolve to by
edding k=1,2..6 events.
1.for each “observer” we add k random numbers (k=1-6) t times (
t=4000*(1+k/2) for n=5,6. t=6000*(2+k/2) for n=7)
2. construct a dendrogram D out of the n(constant numbers of the observer) and
k random numbers.
Overall, at the end, for all 100 observers we produced for all k=1,2..6 we produced
4*1600000, 9*1600000 and 21*3000000 non unique dendrograms for n=5,6,7 respectively
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Supplementary material
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Figure S1: Distribution of Dendrograms at n+k Level for Two Different Initial Dendrograms
with 6 Events. This figure illustrates the evolutionary process of two distinct initial dendrograms,
namely Dendrogram A and Dendrogram B, each consisting of 6 events. The diagram showcases the
distribution of dendrograms that emanate from each initial dendrogram at various n+k levels (k = 1, 2,
3,4, 5, and 6). At each level, the initial dendrograms undergo transformation and branching, leading
to the emergence of unique configurations represented by subsequent dendrogram structures. The
visualization offers insights into the dynamic nature of dendrogram evolution as they progress
through different levels.
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Figure S2: Al Number of Spacelike Dendrograms for Each k (Initial Level n=6)

This subfigure depicts the count of spacelike dendrograms at each k level for various initial
dendrograms, all having an initial level of n=6. Each k level demonstrates a distinct number of unique
spacelike dendrograms, specifically 21, 51, 127, 323, 835, and 2188, representing different
configurations of dendrogram structures. A2 Number of Spacelike Dendrograms for Each k
(Initial Level n=7) This subfigure displays the count of spacelike dendrograms at each k level for
different initial dendrograms, with a shared initial level of n=7. At each k level, there are 51, 127, 323,
835, 2188, and 5798 unique spacelike dendrograms, reflecting diverse configurations of dendrogram
structures. B1 Mean Significance of Intervals in Selected Parameters of Spacelike vs. Timelike
Dendrograms (Initial Level n=6) This subfigure presents the average significance values of intervals
within selected parameters for spacelike and timelike dendrograms at each k level, considering
various initial dendrograms with an initial level of n=6. The comparison between spacelike and
timelike dendrograms allows for an assessment of the significance variations across different intervals
in the selected parameters.B2 Mean Significance of Intervals in Selected Parameters of Spacelike
vs. Timelike Dendrograms (Initial Level n=7) This subfigure exhibits the average significance
values of intervals within selected parameters for spacelike and timelike dendrograms at each k level,
considering different initial dendrograms with an initial level of n=7. The comparison between
spacelike and timelike dendrograms enables an examination of the significance variations across
different intervals in the selected parameters.
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Figure S3: Time-Like and Spacelike Dendrogram Interval Values for the Negative Spacelike
Signature Parameter Space

This figure explores the interval values for time-like and spacelike dendrograms in the context of the
negative spacelike signature parameter space. The figure is divided into several panels, each
representing different aspects of the analysis. Top row first 3 panels from the left: Cumulative
Distribution Functions (cdfs) of Interval Values for Spacelike Dendrograms depict the
cumulative distribution functions (cdfs) of INterval values for spacelike dendrograms, focusing on
three specific initial dendrograms at the initial level n=6 and varying k values (k=1, 2, ..., 6). Each
panel showcases the distribution of interval values for spacelike dendrograms resulting from the
transformation and branching processes. Top row panel on the right: Cumulative Distribution
Function (cdfs) of Interval Values for All Spacelike Dendrograms presents the cumulative
distribution function (cdfs) of INterval values for spacelike dendrograms, encompassing all initial
dendrograms at the initial level n=6 and for each k value (k=1, 2, ..., 6). The visualization offers an
overall perspective of the interval value distributions across all spacelike dendrograms. Bottom row
first 3 panels from the left: Cumulative Distribution Functions (cdfs) of Interval Values for
Time-Like Dendrograms illustrate the cumulative distribution functions (cdfs) of INterval values for
time-like dendrograms, focusing on three specific initial dendrograms at the initial level n=6 and
varying k values (k=1, 2, ..., 6). Each panel provides insights into the distribution of interval values
for time-like dendrograms resulting from the transformation and branching processes. Bottom
rowrightpanel: Cumulative Distribution Function (cdfs) of Interval Values for All Time-Like
Dendrograms displays the cumulative distribution function (cdfs) of INterval values for time-like
dendrograms, encompassing all initial dendrograms at the initial level n=6 and for each k value (k=1,
2, ..., 6). The visualization presents an overall perspective of the INterval value distributions across all
time-like dendrograms.
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Figure S4: Time-Like and Spacelike Dendrogram Interval Values for the Positive Spacelike
Signature Parameter Space This figure explores the interval values for time-like and spacelike
dendrograms in the context of the positive spacelike signature parameter space. The figure is divided
into several panels, each representing different aspects of the analysis. Top row first 3 panels from
the left: Cumulative Distribution Functions (cdfs) of Interval Values for Spacelike
Dendrograms depict the cumulative distribution functions (cdfs) of INterval values for spacelike
dendrograms, focusing on three specific initial dendrograms at the initial level n=6 and varying k
values (k=1, 2, ..., 6). Each panel showcases the distribution of interval values for spacelike
dendrograms resulting from the transformation and branching processes. Top row panel on the
right: Cumulative Distribution Function (cdfs) of Interval Values for All Spacelike
Dendrograms presents the cumulative distribution function (cdfs) of INterval values for spacelike
dendrograms, encompassing all initial dendrograms at the initial level n=6 and for each k value (k=1,
2, ..., 6). The visualization offers an overall perspective of the interval value distributions across all
spacelike dendrograms.Bottom row first 3 panels from the left: Cumulative Distribution
Functions (cdfs) of Interval Values for Time-Like Dendrograms illustrate the cumulative
distribution functions (cdfs) of INterval values for time-like dendrograms, focusing on three specific
initial dendrograms at the initial level n=6 and varying k values (k=1, 2, ..., 6). Each panel provides
insights into the distribution of interval values for time-like dendrograms resulting from the
transformation and branching processes. Bottom row panel on the right: Cumulative Distribution
Function (cdfs) of Interval Values for All Time-Like Dendrograms displays the cumulative
distribution function (cdfs) of INterval values for time-like dendrograms, encompassing all initial
dendrograms at the initial level n=6 and for each k value (k=1, 2, ..., 6). The visualization presents an
overall perspective of the INterval value distributions across all time-like dendrograms.
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	We emphasize that the RQM postulates turn to be just consequences of the relational structures.
	1.3. Coupling to Smolin’s approach to emergence of quantum mechanics
	We note also Smolin’s work on emergence of quantum mechanics and spacetime by introducing rationalism perspectives (for example energetic causal set theory and [35–38]) . Again these works are similar in ideology, but their construction stems from con...

