
Recovering the relativistic kinetic energy.

Alain Haraux
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Abstract

We recover the relativistic kinetic energy as the result of the work of a force.
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1 Introduction

In special relativity, it is assumed that the mass of a moving massive object evaluated in a
given spatial reference frame R is given by the formula

m = m(v) =
m0√
1− v2

c2

(1)

where m0 is the mass of the same object at rest in R and v, c are respectively the scalar
velocity of the object measured in R and the scalar velocity of light. This formula refers to
the so-called mass dilation property. A naive approach to the kinetic energy of that object by
imitating the Newtonian framework would give the formula

KE =
1

2
m(v)v2 =

1

2

m0v
2√

1− v2

c2

,

However in the framework of special relativity (SR), the formula which is used is

KErel =

 1√
1− v2

c2

− 1

m0c
2 = (γ − 1)m0c

2 (2)

where γ = 1√
1− v2

c2

is the Lorentz factor, which gives a kinetic energy about twice as large as

v approaches c. This is usually justified by taking the difference between the total energy at
speed v and the total energy at rest through the celebrated formula E = mc2.

Actually, as shown in Section 2, one can recover the relativistic kinetic energy of any massive
object from the total work of forces used to pass from rest to velocity v. As a complement, in
Section 3 we compute the trajectory of a mass subject to an exterior force F in the relativistic
framework.

2 A proof relying on mechanical work.

Let us consider a massive object initially at rest (at time t = 0 in R with mass m0, and with
final velocity v = v(t) obtained by the action of a force

F = F (s), 0 ≤ s ≤ t.

We start from Newton’s second law in the form

F (s) = p′(s) =
d

ds
[m(v(s))v(s)] (3)

and, by the conservation of energy principle, we infer that the kinetic energy E acquired by
the massive object is equal to the total mechanical work of the force F , which provides the
formula

E = E(t) =
∫ t

0
(F (s), dx(s)) =

∫ t

0
(
d

ds
[m(v(s))v(s)] , v(s))ds (4)
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Integrating by parts, we obtain

E(t) = m(v(t))||v(t)||2 −
∫ t

0
m(v(s))(v(s), v′(s))ds

On the other hand we have

(v(s), v′(s) =
1

2

d

ds
(||v(s)||2)

so that ∫ t

0
m(v(s))(v(s), v′(s))ds = m0

∫ t

0

d
ds(||v(s)||

2)

2
√

1− ||v(s)||2
c2

ds

= −m0c
2

∫ t

0

d

ds

[√
1− ||v(s)||2

c2

]
ds = m0c

2

(
1−

√
1− ||v(t)||2

c2

)
We end up with

E(t) = m0
||v(t)||2√
1− ||v(t)||2

c2

+m0c
2

√
1− ||v(t)||2

c2
−m0c

2

Introducing v := ||v(t)||, the scalar velocity at time t, it turns out that

v2√
1− v2

c2

+ c2
√

1− v2

c2
=

v2 + c2(1− v2

c2
)√

1− v2

c2

=
c2√
1− v2

c2

Hence finally

E = E(t) =

 1√
1− v2

c2

− 1

m0c
2 (5)

We recover (2). We now make a few remarks.

Remark 2.1. As expected, the result depends neither on the path followed by the massive
object, nor on the evolution of v(s) on the time interval [0, t], it only depends on the mass m0

at rest and the final scalar velocity v.

Remark 2.2. If v << c, we have E(m0, v) ∼ m0v
2

2
as in the case of classical Newtonian

mechanics.

Remark 2.3. The author was induced to compute the relativistic kinetic energy when trying
to understand the origin of inertia. That problem seems to be one of the most important
of fundamental physics, together with the origin of the gravitational force, cf. about this the
references [1, 2, 3] .
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3 The evolution of velocity in the forced case

Here we compute the evolution of the velocity v for a point mass subject to a force F with
initial velocity 0. Equation (3) gives

m(v(t))v(t) =

∫ t

0
F (s)ds := G(t)

Taking the square of the norm on both sides of the equation yields, keeping the simplified
notation v = ||v(t)||, the simple formula

v2 =
c2

1 + m0c2

||G(t)||2
(6)

Which gives the evolution of the scalar velocity

||v(t)|| = c√
1 + m0c2

||G(t)||2

(7)

More precisely we have

v(t) =
cG(t)√

||G(t)||2 +m0c2
(8)

For instance if F is a constant vector, v tends to c as t tends to infinity, but v never equals
the velocity of light.

Remark 3.1. When F(t) = F is constant, the difference |v(t)− c F
||F || | tends to 0 as 1

t2
.

Remark 3.2. If we make c → ∞ in (8) , we recover the formula

v(t) =
G(t)

m0
.
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