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Abstract

We consider the propagation of the electromagnetic field within an
optical fibre. The field consists of a classical component and a quan-
tum component. The classical component is large and it interacts with
the matter within the fibre comprising of atoms that are vibrating, ie,
phonons. This interaction causes scattering of the classical field com-
ponent that interacts with the quantum component of the field, thereby
altering the state of the quantum field. After constructing this model, we
propose two methods for reducing this ”classical-photon-phonon interac-
tion noise”. The first method is based on an optimal control algorithm
wherein we generate a ”control potential” in such a way that after in-
corporating this potential in the Schrodinger dynamics of the state the
state tracks as closely as possible a desired "noiseless state”. The sec-
ond approach is based on Belavkin’s quantum filtering theory wherein we
model the classical photons as a quantum Bosonic white noise process
and by taking non-demolition measurements on the system, we generate
on a real-time basis, an estimate of the evolving state which by applica-
tion of a control potential is made to track a desired state. Analysis of
the spectrum of the transmitted quantum electromagnetic field is carried
out by using a quantum stochastic differential model for the noise based
on the Hudson-Parthasarathy quantum stochastic calculus. Further, the
basic ideas of Cq channel capacities in quantum information theory are
used to analyze the rate of information transmission through this optical
fibre quantum mechanical channel. Transmission of other kinds of par-
ticles like non-Abelian matter and gauge particles are also discussed and
the role of superstring theory in building a foundation for corrections to
the Yang-Mills action is also discussed. We also highlight the use of the
quantum effective action of a field when it interacts with other fields and
with random current sources. The quantum effective action, obtained us-
ing Feynman’s path integral methods for fields provides a firm foundation
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for corrections to the classical action by quantum effects and enables one
to describe the quantum corrections to the field equations accurately.

1 The quantum mechanical model
Let
Ap(x) = Aep(x) + Agu(z) — — = (1)

denote the electromagnetic four potential, with A., comprising the classical
component and Ag, the quantum field component. For simplicity, we assume
that there are no charges within the fibre, so that the scalar potential Ay = 0
and on adopting the Coulomb gauge, we have

divA. =0,divA; =0— — — (2)

The classical interaction Hamiltonian of the field with the atomic phonons in
the fibre has the form

Hi(t) =Y (Pa+ eAc(t,Qa))?/2m — eV (Qa)) — — — (3)

a

where (P,, Q) are the canonical momentum and position vectors of the electron
in the a*" atom with V(Q,) denoting the binding potential between the electron
of the a’ atom and its nucleus. The Hamiltonian of the quantum field has the
general form

where K is tne number of propagating modes, with the ¢(k)’s being the anni-
hilation operator of the k" photon mode and c(k)* the corresponding creation
operators. It should be noted that there is also an interaction energy between
the quantum and the classical field because the total electromagnetic field en-
ergy is given by the standard form

(1/2)([ curt(de+ A2 + @l e + A~~~ (5)
The quantum component of this energy is
(1/2)(/ curl(Aq)* + (9,(Ag)*)d*x =y w(k)e(k)*c(k) — — — (6)
k
and the classical-quantum interaction component of this energy is

Hio(t) = / (curlAg, curlAo) + (8, Aq, 8 AL)|d%x

= S Urt)etk) + Flte(k)) = = = (7)
k



where the f;(t)'s are complex-valued functions of time determined by the clas-
sical component A, of the field. We note that the classical component of the
field within the fibre can be expressed in the form

A(z) = A(t,r) =Y fr(t)us(r) — — — (8a)
k
and the quantum field as
Ag() = Ag(t,r) =D (c(k)vr(t, 7) + c(k) Dy(t, 7)) — — — (8)
k

where the uy(r)’s are the modal functions of the spatial variables within the
guide and are determined completely by the geometry of the fibre and the
boundary conditions on the field and likewise for the vy (t,7). Writing down
the total Hamiltonian as

H(t) = Ho+ Hp1(t) + Ho(t)

=D wlk)e(k) e(k) + Y (frt)e(k) + fr(t)e(k)")+
k k

D (Pated fltyun(Qa))?/2m — eV (Qa)) — — = (9)
k

a

The dynamical variables in this Hamiltonian are c(k), ¢(k)*, Qq, P, which satisfy
the standard commutation relations

[Qaa Pb] = 7;5(0'7 b)v [C(k‘), c(m)*} = 6(k’ m)’ [C(k)’ c(m)] = 0’ [C(k‘), Qa] = [C(k)’ Pa] = 0___(10)

The wave function for this problem can be expressed as

Wt Q) >=> 9(t,n,Q))ln >,Q = ((Qu)s_y — — — (11)

where ¥ (t,n, Q) is a complex valued function, and n = (n(1),n(2),...,n(K)) is
a K-tuple of non-negative integers so that |n > is a photon number operator
state:

c(k) e(k)n >=n(k)n >, k=1,2,,.... K — — —(12)

Note that from the standard harmonic oscillator algebra, we have

c(k)n >= v/n(k)In — e, >, c(k)*|n >= /n(k) + 1jn > — — —(13a)

with
ex = [0,0,...,0,1,0,...,0]7 — — — (13b)
being a vector of size K with a one at the k** position and zeros at all the

other positions. Substituting this expression for the wave function into the
Schrodinger equation

00 (t, Q) >= H(t)[¢(t,Q) > — — —(14a)



we get

K
10(t,n, Q) = Zw P(t,n, Q)
k=1
Z OVn(k) +19(t,n + e, Q) + fr(t)V/n(k)y(t,n — e, Q))

+ DIVl + eAQu) 2+ V(Qu(1,, @) — = = (1)

The aim is to introduce an additional control potential Vy(¢, Q) into this dy-
namics so that this differential equation gets modified to

K
10(t,n, Q) = Zw P(t,n, Q)
k=1

D (fe®Vn(k) + 1t n + e, Q) + filt)V/n(k)(t, n — ex, Q))
k

+ Z —iVa+€A(Qa))*/2m + V(Qu)tb(t, n, Q) + Vo(t, Q)¢(t,n, Q) — — — (15)

The control potential Vp(t, Q) will be determined by a classical optimal con-
trol algorithm that causes the wave function ¥(¢,n, Q) to track a desired wave
function ¢4(t,n, Q) ,ie, minimize

Z/O ‘Ql)d(t,ﬂ,Q),w(t,n?Q)PdQ - = = (16)

More generally, we can think of introducing a control potential V;(¢, Q) and
also Lindblad coupling operators L; between the field within the fibre and a
bath so with control parameters 6(¢) so that the mixed state of the field tracks
a desired state. A brief summary of this methodology is as follows. Let Hy(t)
be the Hamiltonian of the quantum electromagnetic field and let dH (t) be the
unwanted Hamiltonian, ie, the Hamiltonian produced by the interaction be-
tween the classical field and the phonons with consequent scattering affecting
the quantum field dynamics. The control potential is V5(6(t)) and the Lind-
blad coupling operators are L;(#(t)) so that the state of the field follows the
dynamics of an open quantum system with control potential:

p'(t) = —i[Ho(t) + Vo(6(1)), p(t)] + [6H (1), p()] + K (0(2), p(t)) — — — (17a)

where

K(0,p) = —(1/2) Z(LM)LJ'(9)*p+p~Lj(9)Lj(9)**2Lj(9)*p-Lj(9))***(17b)



The desired state satisfies

pa(t) = —i[Ho(t), pa(t)] — — — (18)

This means that we wish to adapt the control parameters 6(¢) with time so
that the counter-term K(0(t), p(t)) — i[Vo(0(t)), p(t)] cancels out the effect of
the disturbance —i[0H(t), p(t)]. One way to solve this problem is to assume
that the disturbance §H (t) is a random Hamiltonian and then choose a large
set of "test states” p;,j =1,2,..., N and control parameters 6(t) so that

E(0(t) =D wk,j) <Il =il6H (1), ps]=i[Vo(6(2)), ps]+K (6(t), p5) |I> ———(19)
k.

is minimized. However, this optimization problem requires knowledge of the
statistics of the random Hamiltonian §H (¢). An alternate approach based on
adaptive signal processing techniques is to use an adaptive algorithm like the
stochastic gradient algorithm in which we design a TPCP map T(.|0(¢)) and
pass the state of the system p(t) through this TPCP map with the control
parameters 6(t) designed so that

| T(p(£)|6()) — palt) [|* — — —(20)
is minimized, ie, the algorithm reads
0(t + dt) = 0(t) — u.dtV o) || T(o(t +dDI0()) — palt +di) |2 — — —(21)

The TPCP map T may as suggested above, be realized via a control potential
and Lindblad operators. This can be made more precise, by using a differential
version of the TPCP map: We minimize || dT;(p(t)|0)/dt — dpa(t)/dt ||* where

dTi(p(t)[0)/dt = —i[Vo(0), p(t)] + K (0, p(t)) — — — (22)

wherein, we substitute

dpa(t)/dt = —i[Ho, pa(t)] — — — (23)

The full algorithm then reads

do(t)/dt = —1.Voq) | =ilVo(0(t)), p(t)|+ K (0(t), p(t))+ilHo, pa(t)] || ———(24)

This adaptive learning of the control parameters in fact defines a quantum neural
network at the training stage. After the training run, we can use this learnt
parameter trajectory to cancel out the disturbance in the same fibre with any
other electromagnetic field input.

Of course, this methodology requires us to be able to measure the actual state
p(t) of the evolving system. However, this is a very difficult task in general ow-
ing to quantum uncertainty during the measuring process, ie, any measurement
will cause the state to collapse to a different state determined by the outcome of



the measurement and then further evolution of the state will begin at the col-
lapsed state. Belavkin’s theory of quantum filtering as perfected by John Gough,
comes to our aid here. This involves assuming that the disturbance Hamilto-
nian §H(t) is white quantum noise coupled to System Lindblad operators and
based on nondemolition measurements, we can get a good real-time estimate
of the state p(t) and then use this in the adaptation algorithm in place of the
true state p(t). Alternately, suppose we parameterize the state p(t) by classical
parameters ¢ and estimate ¢ using the maximum likelihood method applied to
a POVM and then use this estimated state and the control TPCP map to cal-
culate the control parameters, then we would do well enough, but the problem
with this approach is that our measurement scheme must be continuous in time
which is the reason why Belavkin’s method works much better. It involves mod-
eling the disturbance Hamiltonian as quantum white noise comprising creation,
annihilation and conservation component processes in the language of Hudson
and Parthasarathy and then allowing input non-demolition noise again built out
of the same creation, annihilation and conservation components to be incident
upon the system, ie, the quantum field within the fibre and then take measure-
ments of the output deflected noise, noting that the nondemolition property of
the noise will not affect the future system dynamics, but it will get affected
by the system dynamics and hence will contain information about the system
state. The resulting estimate of the system state is then passed through the
control TPCP map which along with an estimate of the desired system state,
would yield optimal control parameter trajectories that can be used during the
testing stage.

2 Some alternative approaches to removing clas-
sical electromagnetic noise

The total magnetic vector potential has the decomposition
A(z) = Ac(z) + Ag() — — — (25)

where A., A, are respectively the classical and the quantum components. The
quantum field is small and hence dominant noise that corrupts the quantum
field is caused by the classical field getting scattered by the phonons in the fibre
and the resulting scattered classical field then interferes with the quantum field.
We therefore assume that the incident classical field is Aqo(x) and the scattered
classical field is A.s(x) so that the total scattered field is their sum:

Ac = ACO + Acs - _(26)

Let E.o, Ecs, Beo, Bes, Ee, B. denote the corresponding electric and magnetic
fields:
Eep = —01Aco, Bes = =01 Acs — — — (27a)7



B.o = curlAz, Bes = curlAqs — — — (270),
E.=—-0iA.=E.+ E.s — — — (27¢),
B. = curlA. = B,y + Bes — — — (27d)

Let Qq, @, denote the position and velocity of the a’® atom carrying a charge
Ze. Then we have with M denoting the mass of the atom,

Qi = (Ze/M)(Ee(t, Qu) + Q4 X Belt; Qu)) = VU(Qa — &) — — — (280)

where U is the binding potential associated with an atom and &, is the atom’s
equilibrium position. Further, the classical field satisfies Maxwell’s equations

PA( Q) — PVPA(L Q) = J. = Ze Y 6°(Q — Qa)Q), — — — (28D)

This has the retarded potential solution

Acs(t,Q) = ZZeQ /(1Q=Qal(1=(Q4(ta), Q—Qu(ta)) /|Q—Qa(ta) ) ———(29a)

Ves(t,Q) = ZZe/ |Q=Qa(ta)|(1-(Q4(ta), Q—Qa(ta))/|Q—Qa(ta)]))) ———(290)
with ¢/, denoting the retarded time:

la=1— |Q - Qa(ta”/c_ - (296)

If we neglect retardation, ie, we use a non-relativistic approximation, then

Acs(t,Q) = ZZeQ /1Q = Qu(t)| — — — (29d)

Ves(t,Q) = ZZe/|Q Qa(t)| = — — (29¢)

The electric and magnetic fields at the site of the a'" atom are then

E.(t,Qu) = Exo(t,Qu)+ ZcurlQacurlQa(Zng(s)/|Qa—Qb(s)|)ds———(30)

0 pzq
where in the latter expression, we have used the Maxwell equation

curl B = curlcurlA = OE /0t — —(31)

in a region free of currents, or equivalently,

E(t,Q) = /t curlcurlA(s,@Q)ds — — — (32)
0



and

Bc(tv Qa) = BCO(t? Qa) + ZCUTZQQ (ZeQ;)(t)/lQa - Qb(t)l) - (33)
b#a

Solving (a), (b), (c), we get {Qa ()}, Acs(t, Q). We require the scattered field
Acs. Assuming that we have solved the above equations for this, we obtain the
interaction field energy between the quantum field A, and the scattered classical
field A, as

H(t) = /(curlAq,curlAco+curlAcs)d3x+/(8tAq7atAco—i—atAcs—i—VVcs)de =60H(t)———(34)

and we wish to cancel this interference component from the state dynamics of
the quantum field:

p'(t) = —i[Ho + 0H(t), p(t)] — — — (35)
where
Hy = (1/2) / (curl4g)? + (9 Ag)2)d%s = 3 w(k)e(k) c(k) — — — (36)
k

This cancellation can be achieved by the methods of optimal control and filtering
discussed above.

Remark: If dH(t) behaves like zero mean white noise, then we can write
approximately for small 7,

p(t+7) = p(t) + 7.p'(t) + (7°/2)p" (t) — — — (37)
= p(t)—i[Ho+O6H (t), p(t)|+(7%/2)(—i[§H' (1), p(t)}—[Ho+O H (), [Ho+0 H (¢), p(t)]]) ———(38)
Taking the statistical average on both sides, we get
< p(t+1) >=< p(t) > —it[Ho, < p(t) >]=(r2/2) < [0H (1), [FH (1), p(1)] > ———(39)

where we neglect O(72) terms, noting that < (§H(t)7)?> > is O(7), because
0H (t) is white noise. We further observe that

T2 < [OH(t), [H(t), p(t)] >4
=712 <SH()?p(t) + p(t)SH(t)? — 26H (t)p(t).0H (1) >4;
= 72[< SH )ik 0H (t)km >< pmj(t) > + < pire(t) >< 6 Hpn (¢)0 Hj (t) >
—2 < §Hpp ()0 Hp; (t) >< prm (L) >] — — — (40)

with summation over the repeated indices k, m being implied. By expanding
the Hermitian matrix

K(1]|km)) =< (SHij(t)(SHkm(t) >=< 5Hij(t).5Hmk(t) > - — —(41)



using the spectral representation for self-adjoint matrices, we get the Lindblad
form on noting that 72.K (ij|km) is O(7), we obtain the Lindblad form:

(72/2) < [SH(1), [BH(t), p()] >=

= (1/2)Y_[L;L; < p(t) > + < p(t) > L;L; — 2L} < p(t) > L;] — — — (42)

J

and hence calling < p(t) > as p(t), we obtain the master equation

p'(t) = —i[Ho, p(t) + 0(p(t) — — — (43)

on taking lim7t — 0, where

0(p) = (—1/2) > [L;L}.p+ p.LjL; — 2L .p.L;] — — — (44)

J

In other words, the disturbance to the state of the quantum field caused by the
classical field after getting scattered by the phonons appears in the form of the
Lindblad term 6(p). The operator ¢ depends on the Liw which in turn depends
on the statistical correlations of the perturbing Hamiltonian dH (¢) which in
turn, depends on the incident classical field and the structure of the phonon
lattice of the optical fibre. In many cases, these statistics can be computed from
basic classical physics (more precisely, classical statistical mechanics) along the
lines indicated above. Specifically, making appropriate approximations, letting
U(Q), Q = (Qa)Y_, denote the binding potential energy of the phonon lattice,
the approximate equations of motion of the lattice are

Qa = (ea/M)(Eco(t, Qu) + @ X Beo(t, Qa)) — Vo, U(Q)
~ (ea/M)(Eco(t, &) + Q) % Beo(t, &) + > K(a,b)(Q — &) — — — (45a)

b
where
K(a,b) = =V, V5,U(€) — — — (45b)

These form a system of linear second-order coupled time-varying differential
equations and can be solved by the standard Dyson series method. Specifically,
in matrix form, we can write

Q"(t) = A1(H)Q'(t) — A2Q(t) +b(t) — — — (46)

where Q(t) = ((Qa(t)) is an N x 1 vector valued function of time, and A;(t)
is a time varying N x N matrix, Ay is a constant N x N matrix, b(¢) is an
N x 1 time varying vector. Here, the matrix A;(t) is a linear function of
the magnetic field (Byo(t,&) : a = 1,2,...,N), while b(¢) is a linear func-
tion of the electric field (Eqo(t, &) : @ = 1,2,...,N) and Az has components
K(a,b),a,b =1,2,...,N. We can assume that the initial positions and veloc-
ities of the phonons in the lattice have the Gibbsian distribution with total



energy E(Q,Q") = Zflvzl mQ2/2 + (1/2)QT AQ. Thus, the initial probabil-
ity distribution of the positions and velocities of the phonons in the lattice at
temperature T = 1/kf is the multivariate normal distribution

fo(Q(0),Q(0)) = Z(B) ™ exp(—B.E(Q(0), Q(0))) — — — (47)
and then, writing the solution to the above linear differential equations as
Q). Q'(t)) = ¥(t,Q(0), Q"(0)|Eco, Beo) — — — (48)
with the inverse of this function being given by
(Q(0),Q'(0)) =¥~ (£, Q(t), Q' (1) Eco, Beo) — — — (49)
it follows that the joint probability density of (Q(t),Q’(t)) is given by
£1(Q,Q") = fo¥™(t,Q,Q'|Ceo, Beo)) Jyp1 (£, Q' Q'| Eco, Beo) — — — (50)

where Jy-1 is the Jacobian determinant of ¥~ wr.t (Q,Q’). It should be
noted in fact, that with the above approximations, v is a linear function of
(Q(0),Q’'(0)). In fact, the differential equation (a) can be cast in state variable
form as

¢'(t) = A(t)E(t) +n(t) — — — (51a)

o= (g0 )---ow

where

A(t)z(_

4
w0 =( 40y ) - =610

and hence if ®(t,s) is the state transition matrix corresponding to A(t), ie, it
satisfies
O®(t,s) = A(t)®(t,s),t > s >0— — — (52a),

D(s,s) = Ioy — — — (52b)

then the solution is
¢
§(t) = @(¢,0)£(0) + / ®(t, s)n(s)ds = 1(t, §(0)[ Eco, Beo) — — — (52¢)
0
and thus the probability density of £(t) is again a Gaussian density

fi(§) = fi(§|Eeo, Beo) =

fo(®(t,0)71 (¢ —/ O(t, s)n(s)ds))|®(¢,0)| " — — — (53)

0

10



Of course, if we do not make the linearized approximation in the equations of
motion of the phonon lattice then, the positions and velocities of the phonon
lattice will be nonlinear functions of their initial values and further the initial
density of the phonon lattice will also be non-Gaussian:

fo(Q(0),Q'(0)) = Z(B)~"-exp(— ZmQ )?/2+U(Q))) — = — (54)

and then the non-Gaussian density f; of £(t) = (Q(¢t),Q’'(t)) will be given by
(¢). The statistics of the perturbing Hamiltonian §H (¢t) = H;(t) can now be
readily computed. Specifically, we have that

0H(t) = /curl(A (t,r), curl(Aco(t,r +ZeaQ )/Ir = Qa(t)]))d?

+/<at o027, 1At 1)+ 3 Q0= QuO) 49 (E ca/ = Qa0

(tlQ( )’ ( )) = F(t,C(k),C(kJ)*,k‘ =1,2, aK‘Q( )7 ( ))
with

Ayt,r) = z:(c(k:)uk(t7 r) + (k) ag(t,r))

k
with Q% (t) being given in terms of Q(t), Q’(t) by the equations of motion

Qg(t) == (ea/M)(ECO(tvfa) + Q; X BCO(t7 ga)) + Z K(a7 b)(Qb - gb)
b

The statistics of the random operator §H (t) is then obtained using the joint
density f; of (Q(t), Q'(¢)) calculated above. Specifically, for example, the corre-
lations of the perturbing Hamiltonian can be computed as

<O0H(t)®dH(t) >=

/ F(t,c,c*[€) ® Fle,a*]€) f(€)de

Basic method of optimal control: Suppose that the state dynamics of the
noisy quantum system with the coupling of the system to the noisy bath compris-
ing of the classical field interacting with the random photon lattice is described
by the master equation

p'(t) = —i[Ho, p(t)] + (p(t))

where Hj is the Hamiltonian of the quantum field and 6 is the Lindblad noise
term which we wish to cancel by making p(t) track pg(t). We shall achieve this
tracking by introducing a control time varying potential term

N
= Z U (t)Vk
k=1

11



with the V}/s being Hermitian matrices and wuy(t) real control functions of time.
The controlled system then becomes

p(t) = —i[Ho + V(u(t)), p(t)] + 0(p(t)) = d(u(t), p(t))

paq satisfies the noiseless equation

Py(t) = —i[Ho, pa(t)]

and u(t) = ((ur(t))) shall be designed so that

/ (I o(t) — pat) 12 +u(t) Qu(t))dt = / L(p(t), u(t))dt
0 0

is a minimum where @ is an N x N positive definite matrix. This cost function
ensures that by spending minimum control energy fOT u(t)T Qu(t)dt, we are able
to make the density track the desired density thereby enabling us to control the
system so as to reduce the noisy effects significantly. To this end, we define

T
Clt,p(t) = minugoyacocr [ Lipls) u(s))ds
t
Then, standard optimal control methods give
C(t, p(t)) = miney (L{p(t), u(®)dt + C(t + dt, plt + dt)))

or equivalently,

min (L) + (G . p)

+3tC(t, ,0) =0

The algorithm for solving this Bellman-Hamilton-Jacobi equation is to start with
0 = C(T,p). Then, assuming that C(t, p) is known, calculate u(t) = u(t, p) so

that
aC(t, p)

F(t,u,p) = (L(p, u) + Z(qusz](uvp))

is minimized and then calculate C(t — dt, p) using
C(t—dt,p) = C(t,p) = F(t, ult, p), p)

Keep continuing this iteration with progressively decreasing time in steps of dt
until time ¢ = 0 is reached. A total of N = [t/dt] optimizations will be required.

Getting an accurate value of the Lindblad operators for determining the
map ¢ to implement the optimal control algorithm can sometimes be very hard
as we just saw. However, we can use the results of filtering theory especially

12



when the state dynamics is corrupted by noise, to get a filtered estimate, like a
Belavkin filter estimate of p(t) on a real-time basis. Specifically, if Y (¢) denotes
the Abelian measurement family, the quantum filtered estimate of p(t) which
we will denote by p(t) will satisfy a stochastic Schrodinger equation of the form

dp(t) = Fo(p(t), u(t))dt + G(p(t))(dY (t) — H(t, p(t))dt)

and it is possible by the same methods of optimal control to minimize

/0 L(p(t), u(t))dt

The filtering method has in addition, certain advantages: For example, if the
Lindblad noise operators used for constructing #;, ¢ are not accurately known,
then we can introduce some additional parameters 7(¢) in them and treat the
extended state to be estimated as [p(t),n(t)] where n(t) will satisfy a classical
stochastic differential equation of the form

dn(t) = de(t)

with €(¢) being a classical vector-valued Brownian motion process. Then a
combination of quantum and classical filtering can be used to estimate the
extended state very much like a quantum generalization of the extended Kalman
filter.

A simple way to look at this filtering-based algorithm from the viewpoint of
classical stochastic filtering theory is to consider the controlled dynamics of p(t)
as a classical stochastic differential equation with white Gaussian noise added to
the control potential or equivalently to the Hamiltonian so that this dynamics
is

dp(t) = —i[(Ho + V(u(t))dt + odB(t), p(t)] + 0(p(t)[n(t))
dn(t) = de(t) = 0.dB(t)

where 7(t) contains the unknown information in the Lindblad noise parameters.
and taking measurements as the average of a vector of observables X,k =
1,2,...,p, so that the measurement process is

dz(t) = Tr(p(t) Xy )dt + opdB(t),k = 1,2, ...,p

where B,k = 1,2,..., N, B are independent Brownian motion processes. The
extended Kalman filtered estimate of p(t),n(t) can be constructed given the
measurements Z(t) = o(zx(s) : k = 1,2,...,p,s < t) and in particular, the un-
known information in the Lindblad operators can be estimated reliably. The
basic idea here is that the effect of noise in the form of the classical field in-
teracting with the phonon lattice on the state of the quantum field is reflected
in the average values of the observables X} being measured and hence such a
measurement can be used to estimate this classical noise.
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Mixture of classical and quantum filtering for estimating both the quantum
state of the field and the classical parameters upon which the Lindblad operators
depend.

The Hudson-Parthasarathy gsde for the joint unitary evolution operator of
the field and the noisy bath has the form (assuming absence of the conservation
noise process)

dU(t) = (—i(H(n(t)) + P(n(t))dt + L(n(t))dA(t) — L(n(t))dA)")U(t)
dn(t) = de(t) = 0.dB(t)
Non-demolition measurements are
Y(t) =U@)"Yi(t)U(t), Yi(t) = cA(t) + cA(t)"

We take a system observable Xa and a function f(7) of the parameter 1 and
construct the conditional expectation

T (fX) = E(f(n(t))je(X)Ino(t)) = Eje(fX)[no(¢))
where ji (fX) = f(n(t))j:(X) and
No(t) = o(Yo(s) : s <)

The stochastic differential equation satisfied by 7:(fX) can be derived from the
orthogonality principle, also called the reference probability approach due to
J.Gough and C.Kostler, given by

E@Gi(fX) = m(fX))C(t)) =0

with
dC(t) = g(t)C(t)dY (t),t > 0,C(0) =1

so that C(t) can be expressed as a nonlinear functional of 7,(¢) which is an
Abelian Von-Neumann algebra. The filter m; may be assumed to satisfy a
stochastic differential equation

dri(fX) = Fi(fX)dt + G (f X)dY (t)

with Fy(fX),Gi(fX) € n,(t) obtained from the orthogonality principle above
or equivalently, since g is an arbitrary real function of time, as

E(dje(fX) — dmi(fX)no(t)) = O,

E(je(fX) — me(fX)no(t)) + E(djie (fX) — dme(fX))dY (t)|no(t)) = 0

The crucial step here is computing dj;(fX) or more precisely, E(dj.(fX)|n.(t))
and E(dj:(fX).dY (t)|n.(t)) using a combination of quantum and classical Tto’s
formula:

Je(fX) = f(n(1)je(X) = f(n(®)U ()" XU (t)

14



dje(fX) = f'(n())e(X).dn(t) + f" (n(t))odt.je(X)

+f(n(t))dje (X)

where
dje(X) = ji(00(X))dt + je (61 (X))dA(t) + jo (02(X))dA(t)”

This gives
E(dji(fX)|no(t)) =

dt[(o® /2)me(f"X) + me(£00(X)) + me(F01(X)) + e (£02(X)]

Note that if we write
m(X) = [ Trlae.n)X)dn

so that p(t,n) stands for the joint density of the quantum system and the clas-
sical parameter 7, then

E(j¢(fX)Ino(t))/dt =

/TT[(ff?/?)aﬁp(t, n) + 05 (p(t,n) + 07 (p(t,n) + 05(p(t,n)) f(n)X]dn

/ Tr[Do(p(t, n)) f () X]dn

where Dy is a second-order differential operator in 7 acting in the space of
the tensor product of the space of all second-order real-valued differentiable
functions on the parameter space with the space of linear operators in the system
Hilbert space. Continuing in this way, we obtain the forms of Fi(fX), G¢(fX)
as

F(fX) = / Tr(Dy (Pt ) £ (1) Xdn, Go(£X) = / Tr[Da(p(t,m) £ (m) X

where D1, Dy are third-degree nonlinear second-order differential operators act-
ing in the same space as discussed above. Thus, our Stochastic Schrodinger
equation for p(t,n) has the form

dp(t, 77) = Dl(pA<t7 W))dt + D2(pA(t’ n))dy(t)

Once p(t,n) has been solved for using this equation, we can compute the maxi-
mum likelihood estimate of n(¢) by maximizing its conditional pdf:

p(t,mlno.(t)) = Tr(p(t,n))

15



3 frequency, wavelength and bandwidth aspects
of the quantum information transmission prob-
lem

Assume that the Hamiltonian of the field perturbed by the noisy classical field
after it interacts with the photon lattice is as above, ie,

H(t) = Ho + 0H(t)

where

SH(t) =Y fu(t)Vi

with the fi(t)’s being real classical random processes in time and the V}/s being
self-adjoint operators specifically constructed out of the quantum photon cre-
ation and annihilation operators c(k), c(k)*. Let X,Y be observables in quan-
tum field space, ie, once again constructed as functions of the c(k), c(k)*. For
example, X,Y can be certain components of the electric and magnetic fields at
time zero at a specific spatial point. The initial state of the quantum field is p(0),
for example, it could be the Gibbs Gaussian state Z(3).exp(—8 >, w(k)c(k)*c(k))

with
Z(B)" = Tr(eap(—B.>_ w(k)e(k)*c(k))
k

The observables X, Y after time ¢t become according to Heisenberg matrix me-
chanics,

XO)=U@)*'XU@t),Y(t)=U@t)*YU(¢)
where

Ut) = T{exp(—i/o H(s)ds)}

is the random Schrodinger unitary evolution after time ¢ in accordance with the
random Hamiltonian H(¢). It is well known (ie, by Dirac’s interaction picture
of the dynamics) that

U(t) = U()(t)W(t), U()(t) = emp(—itHo)

and W(t) satisfies
W'(t) = —idH(t)W (t),

where

OH(t) = Uo(t)*SH(t)Us(t) = > fr(t)Vi(t),

Vie (t) = Uo(t)* ViU ()

We get the Dyson series solution

W(t) =1+ Z(—i)”/ §H (s1)...0H (s,)dsy...ds,,

n>1 0<spn<sp-1<...<s1<t
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In particular, since the noise is small, we have approximately
t t R
Wt)~1- z/ OH(s)ds =1 — Z/ k fi(s)Vi(s)ds
0 % Jo

The quantum correlation between the processes X(.), Y (.) is given by
R(t+7,t) = Rxy(t+ 7,60 =<Tr(p(0) X (t + 7).Y (¢)) >

Actually, we should symmetrize this expression in order to get a real correlation
function, ie, define it as

R(t+,t) =< Tr(p(0)(X(t+ )Y () + Y ()X (t + 7)) >
Let us however consider the first non-symmetrized expression:
R(t+7,t) =< Tr(p(0)U(t + 7)* XU (t + 7).U ()" YU () >
=< Tr(p(O)W (t+7)*Up(t+7)* XU (t+7)W (t+7)W (£)*Up (£) Y Up (£)) W (1)) >
—< Tr(pO)W (t+7)" X (t+ )W (t + 7)W (1) Y ()W (1) >

=Tr(p(0) < W(t+7) X (t+7)W(t+ 1)WY ()W (t) >)

Note that < .,. > stands for the classical statistical average w.r.t the proba-
bility distribution of the §H(.) or equivalently, of the processes fi(.). X(t) =
Uo(t)* XUy(t) and likewise for Y (t), ie, these stand for the evolution of the
observables X, Y under the unperturbed Hamiltonian Hy. Writing

/0 “SH(s)ds = 7,(1),

/ SH(51)5H (55)ds1ds = Zs(t),
0<s2<s1<t

upto quadratic approximations in the noise amplitude 0H(.), we can write,
noting that §H (.) is assumed to have zero mean,

W(t) =1—iZi(t) — Zo(t)

and
W) =1+1iZ:1(t) — Za2(t)*

and more generally,

tr
W(t+ )W ()" = T(eap(—i /f 5H (s)ds))

=1—iZi(t,t+7) 4+ Zo(t,t + 7)
where

t+71
Zi(t,t+71) = / 0H (s)ds,
¢
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Zo(t, t +7) :/ 0H (s1)0H (s2)dsydss
t<so<s1<t+T
so that again up to quadratic orders in 6 H, we get

W(t4 1) X(t+7)W(t+7)W ()Y (#)W(t) =

= (14021 (t47)— Zo(t+7) ) X (t47) 1—i Zy (£, t47) — Zo (£, t47))V (1) (1—i Z4 (£)— Zo (1))
X(t+r)Y(t)
+Z1(t+7)X(t+7)Z1(t,t +T)Y (1)
+Z0(t+T)X(E+ 7)Y () Z1(2)

—X(t+7)Z1(t, t + 7)Y (1) Z1 (1)
—Zo(t+ 1) X(t+ 1)V (¢
~X(t+7)Za(t,t + 7)Y ()

—X(t4 7)Y (t) Zo(t)

Therefore,

<WEt+T) Xt +7)W(t+7)WEY@)W(t) > —X(t+ 7)Y (t)

4 Analysis of the power spectrum of observ-
ables when the noisy perturbation is modeled
in accordance with the Hudson-Parthasarathy
quantum stochastic calculus

We assume the noise component in the Hamiltonian of the quantum field to be
described by the Hudson-Parthasarathy generalized noise processes Af(t), a,b >
0 with A§(t) = t only being the signal component. These generalized noise
processes satisfy the quantum Ito formula

dAZ(t).dAG(t) = eGdA; (0
The generalized HPS gsde is then given by
dU(t) = (LidAg ())U (1)

with summation over the repeated indices a,b = 0,1, ..., N being implied. L] =
—iHy is the unperturbed Hamiltonian of the quantum field so that the perturb-
ing white quantum noisy Hamiltonian is given by

SH(t)=1i. Y Ly(dAb(t)/dt)

a+b>1
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Writing
U(t) = Up(t)W(t),Uo(t) = exp(—itHo)

we get using standard interaction picture arguments:

W(t)= > Li(t)dA,(HW(t)
a+b>1

where
Ly(t) = Uo(t)" Ly Uo(2)

The solution is then the following chaos expansion

W(t)=1+Y / Lty (b)) L) (1) AA ) (01) . AL (2 )l . dit,
0<t,<..<ti1 <t

a(n)
n>1

If X,Y are two system observables, and we define
X(t) = Uo(t)" XUo(t), Y (t) = Un(t)*Y Uo(t)
then the correlation between the processes
X)) =U@)'XU@t)=W@E)' X)W (@),Y(t)=U@)*YU(t) = W)Y ()W (t)

is given by
R(t,t+7)=Tr(p(0)X(t+ 7)Y (1))

where
p(0) = ps(0) @ |p(u) >< d(u)|

with ps(0) being the initial system state and the noisy bath being assumed
to be in the coherent state |¢(u) >. This expression for the correlation can
equivalently be expressed using the above interaction picture as

R(t,t+7) =Tr(p(O)W (t +7)* X (t + 7)W (t, t + 7)Y ()W (t))

where

Wtt+7)=WEt+n)W(E)* =

a a(n b b(n
I+ Z/ Lyt (t) L) () AN (1) AN (t )t .,

a(1) a(n)
o1V t<tn <. <t1<t+7

Since we are interested only in noise effects up to second order in their amplitude
while computing the correlations and power spectra, we write

W(t) = 14+ Wi(t) + Wa(t)

where

Wa(t) = / L2 (12)dA (1),
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a a b b
W= [ e e)an) )
0<ta<t;<t
t+7
Wl(t,t+7)=/ Ly (t1)dAq (1),
t

Walt,t+7) = [ LD (1) L) (42) AN (42)dALD) (82)
t<to<ti<t+T1

and we can then write up to second order,
R(t, t47) = Tr(p(0)[(1+W1 (t+7) +Wa (t47)) X (t+7) (L+W (£, t+7)+Wa (¢, t4+7))Y () (14+W1 (£) +Wa(t))])
=Tr(ps;(0)X (t 4 7)Y (t))
+Tr(p(0)...

as before. Consider, for example, the computation of the term

Tr(p(0)(Wi(t + 7)* X (t + T)Wi(t, t + 7)Y (1))

= /M et Tr(ps(0)(Lg (1)) X (t+7) Lg(t2)Y () < d(w)|dAG (t1)dAZ (t2)|(u) >

= /0 Tr(ps(0) (L (t1))* X (t4+7) LG(t2)Y ()t (tr Yua(to) s (1) e (t2)dtrdis
<ty <tTt<to<t+T

+/t<t . Tr(ps(0)(LE(t2))* X (¢ 4+ 7)L5(£2)Y (£) < (u)|e?Ad(t)|d(u) >

where the last term on the rhs comes from the quantum Ito formula. This
further evaluates to

Tr(p(0)(Wi(t + 7)* X (t + T)Wi(t, t + 7)Y (1))

/O<t e etes Tr(ps (0)(Lg (1))* X (t4+7) LG(t2) Y (8) Jua (tr ) ualte) s (t1)ac (t2) drdby

+ / Tr(ps(O)(Lg(tg))*X(t + T)L§(tg)f/(t)).egud(tg)ﬂb(tg)dtg
t<ty<t+T
Now observe that writing the spectral decomposition of Hy as
Hy = Z|n > E(n) <nl,

we get

X(t) = exp(itHy). X .exp(—itHy) = Zexp(itE(nm)) < n|X|m > |n><m|

n,m

where
E(nm) = E(n) — E(m)
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and likewise, for Y (t) as also for
Ly(t) =) exp(itE(nm)) < n|L{m > |n >>< m|

Therefore, the integrand of the first term on the rhs is given by

Tr(ps(0)(Ly (12))" X (¢ + 7) Lg(t2) Y (¢))
X g (t1)ug(te)p(t)uc(t2)
=< k|ps(0)|m >< m|L{|n >* exp(it, E(mn)) < n|X (t+7)|r > exp(ita E(rs)) < r|LS|s >< s|Y (t)|k >
X g (t1)uq(te)uy(t1)uc(tz)
=< klps(0)|m >< m|Lg|n >* exp(it E(mn))exp(i(t+7)E(nr)) < n|X|r > exp(itaE(rs))
x < r|L|s >< s|X|k > exp(it E(sk))uq (t1)uq(te)up(t1)tc(t2)

with summation over the repeated indices k, m, n, 7, s, a, b, ¢, d being understood.
This expression can be rearranged as

< Elps(0)|m >< m|LEn >*< n|X|r >< r|Lf|s >< s|X|k > ug(t1)ua(te)up(t1)dc(t2)

xexp(it(E(nr) + E(sk)))exp(itE(nr)).exp(it1 E(mn)).exp(ita E(rs))

The integral w.r.t t1,ts over the required range, ie, the first term on the rhs of
the earlier equation is given by

-/ Tr(p. (0)(Li(1)" X (¢ + 7)Lilt2)7 (1)
0<ty <t+T7,t<to<t+T

Xua(tl)ud(tg)ﬁb(tl)ﬁc(tg)dtldtz
= exp(it(E(nr)+E(sk)))expitE(nr)) < k|ps(0)|m >< m|Ly|n >*< n|X|r >< r|Lgls >< s|X |k >
X/ Uq (t1)ua(te)ty(t1)uc(tz).exp(ity E(mn)exp(ita E(rs))dt 1 dts
0<ty <t+T7,t<to<t+7
Define the complex functions

t
F(u,a,b,s,t,w) = / ua(t1)Up(t1)exp(iwty)dt;,0 < s <t
S
Then, we can express the above integral as

exp(it(E(nr)+E(sk)))exp(itE(nr))(< klps(0)|m >< m|Ly|n >*< n|X|r >< r|Ljls >< s| X |k >

xF(u,a,b,0,t + 7, E(mn)).F(u,d, c,t,t + 7, E(rs))

Likewise, we evaluate the second term, ie, the term arising from Quantum Ito’s
formula:

/Kt . Tr(ps(0)(Lf (t2))* X (t + 7) Li(t2)Y (1))-€lualtz) s (t2)dt
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= exp(it(E(nr)+E(sk)))expitE(nr))(< k|ps(0)|m >< m|Li|n >*< n|X|r >< r|Lls >< s|Y |k >
[ ctualta)u(te)caplita(Ers) + Emn)))des
t<ty<t+r

a

= exp(it(E(nr)+E(sk)))expitE(nr)) < k|ps(0)|m >< m|Lg|n >*< n|X|r >< r|Ljls >< s|Y |k > €&
X F(u,d,b,t,t +7,E(rs) + E(mn))

Combining the two expressions, we get

Tr(pO) (Wit +7)* Xt +7)Wi(t, t + 7)Y (t)) =

exp(it(E(nr)+E(sk)))exp(itE(nr))(< klps(0)|m >< m|Ly|n >*< n|X|r >< r|Lgls >< s| X |k >
x F(u,a,b,0,t + 7, E(mn)).F(u,d,c,t,t + 7, E(rs))
+exp(it(E(nr)+E(sk)))exp(itE(nr)) < klps(0)|m >< m|Li|n >*< n|X|r >< r|L§|s >< s|Y|k > €
X F(u,d,b,t,t + 7, E(rs) + E(mn))

Likewise, we evaluate the other terms below:
R(t, t47) = Tr(p(0)[(1+Wy (t+7) +Wa (t47)) X (t+7) (L+W (£, t+7)+Wa (¢, t4+7)) Y () (14+W1 (£) +Wa(t))])
In the second-order expansion of this, we consider the term
Tr(p(0)Wa(t +7)X (t + 7)Y (1))
/ Tr(pa (0) L5 (1)L (12) X ¢ + )7 (1)
0<ta<ti<t+T

< ¢(u)]dAG (1) A (t2) | 6(u) >
=< k|ps(0)|m >< m|L§|n >< n|L§|r >< r|X|s >< s|Y |k >

></ exp(i(E(mn)ti+E(nr)to+E(rs)(t+7)+E(sk)t) yup(t1)bq (61 )ua(ta)te(ta)dt1dts
O<to<ti<t+T1
=< klps(0)|m >< m|Lg|n >< n|Lg|r >< r|X|s >< s|Y|k >
t+7
xexp(i(E(rs)(t+7)+E(sk)t)) / exp(iE(mn)ty)up(ty)iq(t1)F(u,d, ¢, 0,t1, E(nr))dt
0

Now, this expression can be cast in a more convenient form involving only the
function F as follows:

t
F(u,b,a,s,t,w) :/ up(t1) g (1) exp(iwt)dt

so that taking the inverse Fourier transform after defining

Osi(x) =0(x—s)—0(x —t),s <t
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where 6 denotes the Heavyside step function, or alternately, 0s.(x) = 1 if x€
[s,t] and zero otherwise, we get on inverse Fourier transforming,

Ub(tl)aa (tl)e&t(tl) =

(271')71/F(u,b,a,s,t,w)ea:p(—iwtl)dw
R

so finally, we can write

Tr(p(O)Wa(t+ )Xt + 7)Y (t)) =
=< k|ps(0)jm >< m|L|n >< n|Lg|r >< r|X|s >< s|Y|k >
2m)texp(i(E(rs)(t + 7) + E(sk)t))

t+1
X / / F(u,d,c,0,t1, E(nr))F(u,b,a,0,t + 7,w)exp(—iwty )dt; dw
RJO

=< klps(0)|m >< m|Lg|n >< n|Lg|r >< r|X|s >< s|Y|k >
(2m) " texp(i(E(rs)(t + 1) + E(sk)t))

><//G(u,d,c,O,t+T7w)7E(nr))F(u7b,a,0,t—|—T,w)exp(—iwtl).dw
R

where .
G(u7d,c,0,t,w,€):/ F(u,d,c,0,t,0)exp(—iwty)dty
0

Remark: The final aim of all these calculations would be to obtain the short-
time Fourier transform (STFT) of the cross-correlation function, ie, with w a
definite window function centred around the origin, we seek to evaluate

S’(t,w\X,Y,u,w)/R(t7t+7')w(7)exp(—iw7)d7'

Note that the coherent state parameter v = ((u(t) : ¢ > 0) determines the mean
value of the noisy Hamiltonian in the following sense:

<o(u)| Y LydAy ()¢ (u) >

a+b>1
= Y Ljuy(t)ta(t)dt
a+b>1
or equivalently, in terms of white quantum noisy Hamiltonians,

<o) 3 LEdAL(r)/dtlg(u) >=

a+b>1
= Y Ljup(t)ua(t)
a+b>1

This expression contains linear terms in the u(t) occurring when either a = 0
or b = 0 in the summation, and also quadratic terms in the u(t) occurring when
a,b>1.
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5 The complete expansion of the quantum cor-
relation function

Rather than making computations for each term separately, we now outline a
procedure for getting all the terms, to all orders (ie, not only until the second
order. To this end, we write

W (s,t) = sumpso(—i)" / Lty (1) L) (tn)AAD (1) AL (b )y .,
<tp<..<ti1<t

=) Wals,1),0< s <t
n>0

where
Wols, t) = I, Wp(s, t) = (—i)”/ Lyt () L) () AN (1) o AN (t )ty .t 1 > 1
§<tpn<...<t1<t

Then

7

R(t+ 7,t) = Tr(p(0)W(0,t + T)*X(t +7)W(t, t+ T)?(t)W(t))

= > Tr(pO)Wu(0,t+7)" X (t + 7)Wi(t, £ + 7)Y (£) Wi (t))

n,m,k>0

=Y / Tr(ps(0) L) (t) - Lty (01)* X (4 7) Lo (1) L) (8,)Y ()

n,m,k

e(l e(k a
LS 0 LG () < o(w) A (bn) - dAG ) (1)

dAAS (8. NS (th,). AN (). dAL () (4 o (u) >
where the integral is over

O0<ty, <th1 <..<ti <t+r,

t<tl, <t ;<..<th<t+r,
0<ty<.<t!<t

The various terms are now evaluated using the following formulae: Let X1, ..., X,
be system observables and let

Xi(t) = Up(t)* X Uo(t)
Then, for any times t1,...,t,, we have
Tr(ps(0) X1 (t1)... Xp(tp)) =

< Npyips(0)ng >< ng|Xing > ... < np|Xp|np1 > exp(i(E(ning)ti+...+E(npnpi1)ty))
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with summation over the repeated indices n1, ..., np4+1 being implied. Secondly,
for any times ¢y, ..., ¢, consider the evaluation of the matrix element

< B(w)|dAGy) (1) AP (1) 6 (u) >

In the next section, we outline an algorithm for evaluating this matrix element.

6 A problem in quantum stochastic calculus
Problem: Derive a recursion formula for evaluating the matrix element

S(@(1),b(1), t1, s a(n), (1), ) =< S(u) AL (1), dALS) (8 () >

where ti,...,t, are arbitrary non-negative real numbers, ie, no restriction is
placed upon the order in which they occur.
hint: Use the following formulae:

AL (tn) = dAy () (tn)* d Ay (tn) /dt
and also by quantum Ito’s formula,
[dA.(s),dAy(t)*] = d(a,b)d(s,t)dt + dAy(t)*dAs(s)

where §(u,v) is the Kronecker delta symbol, ie = 1 when v = v and = 0
otherwise. Also use

dA,()|p(u) >= uy(t)dt|d(u) >
Then define for r =0,1,2,...,n
Tor(a(1),b(1),t1,...a(r),b(r), t.|b(r + 1), tr11, ..., b(n), t,) =

< G(w)|dAg) (t1)..dNGT) (t) dAp(rr) (Erpn) . d Ay () |6 () >
Then, show that
Sn(@(1),b6(1), 11, .oy a(n), b(n), tn) =< G(u)|dAG ) (t1)..dAG ) (tn)]S(u) >
=T,0(a(1),b(1),t1,...,a(n),b(n), t,) =
() AN (t1)- AN 1) (b ) d Ay ) (£n) | 6(1) >t ()

= Up(n) (tn)Tn,l(a(1)7 b(1)7 b1,y a(n - 1)7 b(n - 1)7 tn—1|b(n)7 tn)
Further,

T (a(1),b(1),t1, ..., (1), b(r), t|b(r + 1), try1, ..., b(n), tn) =
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dt;t < pu)|dAp ) (0. dAp Y (b )d Ay (b)) dAa (e (b)) d Ay (1) oo d Ay (E) [ 0() >
= dtr_l < ¢( )|dA (1)( ) dAZ((: 11)( T— 1)'dAb(r(tT)*[dAa(r)(tT')adAb(rJrl)(tT-‘rl) dAb(n ( ) ]|¢( )

tdt; < p(u)|dApy) (t) . dAg ) (b 1) dAp (b)) dAprgn) (br1) " dApy () d Ay (£ D) >

=( Z 5(a(r),b(k))d(tr,tk)).T,L_M_l(a(l),b(l),tl,...,a(r—l),b(r—l),t,n_1|b(r+1),tr+1,...,Zb(k),tk),...

k=r+4+1
ity (br) < S(u)|dAG) () dAG 1) (e )d Ay () d Ay (1) o d Ay oy (E) | B(10) >

where the notation (b(k)7 t;) means that that term is omitted. Thus, we obtain
the important recursion:

T r(a(1),b(1),t1,...a(r),b(r), t.|b(r + 1), tr11,....,0(n), t,) =

= ( Z d(a(r),b(k))o(tr, tr)). Tn—1,r—1(a(1),b(1),t1,...,a(r—1),b(r—1),t,_1|b(r+1),t TH,...,Zb(k),tk),...

k=r+1
gy (tr) Tnr—1(a(1),b(1),t1, ..., a(r—1),b(r—1),t,_1]a(r),b(r), t,, ...,a(n), b(n), t,)

7 Quantum information theory applied to the
noise removal problem while transmitting quan-
tum electromagnetic signals through an opti-
cal fibre:Computation of maximum bit rate
for data transmission using the Cq Shannon
coding theory due to A.Winter and A.S.Holevo

The information transmission problem here can be viewed in two ways that are
dual to each other: The first is the Heisenberg view wherein the state of the
field (system) and the noise (bath) is fixed while the electromagnetic signals
being transmitted vary with time and space, the second is the Schrodinger view
wherein the state of the field evolves with time while the fields are fixed in
time. For our purposes, the Schrodinger picture is better because while dealing
with the Heisenberg view, we can study just one observable’s evolution with
time, say a given component of the electric or magnetic field at a given spatial
point owing to the uncertainty principle. On the other hand, in the Schrodinger
picture, we study the state of the entire field at different times and from the state
at any given time, we can evaluate the quantum expectations of all the spatial
moments of the field at the different spatial points at that time. We can also
think of the interaction picture viewpoint wherein quantum observables such as
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the different components of the electric or magnetic field at a given spatial point
evolve according to the unperturbed quantum field Hamiltonian while states
evolve according to the noisy perturbing Hamiltonian after a unitary rotation
applied to the latter by the unperturbed field Hamiltonian. Now, taking the
Schrodinger viewpoint, let p,(0) ® |¢(u) >< ¢(u)| be the initial state of the field
and the bath. If U(t) = Uy(t)W (t) denotes the unitary evolution, then the state
of the system at time ¢ would be given by

ps(t) = Tra[U(t)(ps(0)®|¢(u) >< (w) U ()] = Uo(t)- Tr2[W (t).(ps(0)@[¢(u) >< d(w) )W (£)*]Uo(t) = Un(t).

where g, (t) is the evolved system state in the interaction picture. Now, consider
the problem of transmitting a classical information-bearing sequence at the in-
put of the optical fibre. We assume that the entire information-bearing sequence
is encoded into a binary string of a very large length n. Let (x12023...2,),2; €
{0,1} denote this binary string. If 2", (R < 1) is the total number of information-
bearing messages to be transmitted over the fibre, then each of these messages is
encoded into a binary string of length n, and the total time taken for transmit-
ting any one bit z; after encoding it into a quantum state p(x;) € {p(0), p(1)}is T
so that the total bit rate of transmission becomes R/7 bits per second. It should
be noted that if p(0) is the probability of transmitting a zero and p(1) the prob-
ability of transmitting a one, then in order to transmit a given binary bit, we are
transmitting I(p, p) = H (p(0)p(0)+p(1)p(1))~p(0) H (p(0))—p(1)H (p(1)) qubits
of information where H(W) = —T'r(W.log2(W)) is the Von-Neumann entropy of
the state W. The reason for this comes from Schumacher’s noiseless quantum
compression theorem which roughly states that for large n, the maximum of
Tr(E) where E varies over all projections in H®" for which Tr(W®"E) > 1—¢
equals 2"HW) Tt should be noted that the projection E that maximizes the
above will be a Bernoulli or entropy typical projection, namely, the projection
onto the range spanned by the eigenvectors of W®” corresponding to e-typical
sequences. Thus, nH (W) can be regarded as the number of qubits required to
store the quantum state W®™, or equivalently, since Tr(E) = dimR(FE) is the
size of the typical projection E, the number of messages in the optimally com-
pressed data is T'r(E) which require logTr(E) ~ nH (W) qubits for storage, so
that for each transmitted classical bit x; that has been encoded into the state
W, the number of qubits transmitted equals logTr(E)/n = H(W). Now, in
our situation, to transmit one classical bit X, we are transmitting one of two
possible states p(0) or p(1) with probabilities p(0),p(1). So the average state
received is Y = p(0)p(0) + p(1)p(1). The information transmitted thus over the
channel in order to transmit one classical bit is thus in accordance with classical
information theory H(X)—-H(X|Y)=H(Y)—-H(Y|X) = I(p,p) with H(Y) =
H(p(0)p(0) + p(1)p(1)) and H(Y|X) = p(0)H(p(0)) + p(1) H(p(1)). The maxi-
mum rate at which information can be transmitted over the channel is thus C/7
where C' = maz,I(p, p). In order to be able to construct detection operators for
asymptotically zero error for transmission of the 2”% messages as n — oo, we
know from the Cq capacity theorem of Winter and Holveo that R < C must be
satisfied, ie the rate of classical data transmission R/7 in bits per second must
be smaller than the maximum rate of quantum information transmission C'/7 in
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qubits per second. More precisely, suppose we encode the N (n) = 2"% messages
into the distinct binary strings u(l) = ((u(l,m)))m € {0,1}™,1=1,2,..., N(n).
We denote this code by C,. Corresponding to the {*" string u(l), we form the
state W (u(l)) = @, _1W(u(l,m)) where 0 is encoded into W(0) and 1 into
W (1). We also construct N(n) detection operators D(l),l = 1,2,..., N(n) sat-
isfying D(1) > 0,3, D(I) = 1. In order for a code C, and detection operators
D(l),l = 1,2,...,N(n) to exist so that the average decoding error probability

Prp(error) = 1— N%n) Zl]i(ln) Tr(W(u(l))D(l)) to converge to zero as n — oo, it
is necessary and sufficient that R = limloga(IN(n))/n < C. This is the essential

content of the Winter-Holevo result.

If we prepare the input quantum field in a state p4(0|f) given by an appro-
priate function of the field creation and annihilation operators c(k), c(k)*, k =
1,2, ..., p, then after time ¢, this state will get changed to p4(¢|8) = Tr2(U(t)(ps(0]0)®
|p(u) >< ¢(u)|)U(t)*) where 6 is one of the 2™ possible messages to be trans-
mitted. More precisely, we encode each of the 2"% messages 6 to be trans-
mitted into a string of n classical bits u(f) and transmit each of these classi-
cal bits by encoding it into a quantum state ps(0]x),2 = 0,1. This state at
time ¢ is then received as ps(t|z) = Tr2(U(t)(ps(0]z) ® |d(u) >< d(u)])U(t)*).
The received state when the message 6 is to be transmitted is then given by
ps(t]0) = @zeu(g)ps(t|lr) and 0 can be decoded by applying an appropriate de-
tection operator. The results of Cq coding theory state that the recovery error
probability can be made to converge to zero as n — oo provided that R < C
where C' = maxpo),p1)I (p, p) is the Cq capacity of the channel.

One way of performing the Cq encoding process is to choose two Gibbs states

W (k) = Z(B(k)) ‘exp(—B(k). > _w(m)e(m)*e(m))),k = 0,1

m

corresponding to two different temperatures T'(k) = 1/KB(k),k = 1,2 so that
any given sequence u = ((u(k)) € {0,1}" is encoded into the state

8
W (u) = @y W (u(k)) = (If_y Z(B(u(k)))-exp(— Y _(u(k))w(n)e(n, k) e(n, k))

k,n

)

where (¢(n, k), c(n, k)*),k = 1,2, ...,n are tensor independent copies of (¢(n), c¢(n)*),
ie,

[e(n, k), c(m,j)] = 0,[c(n, k), c(m, )] = §(n,m)d(k, j)

We require to calculate the TPCP map generated by the optical fibre carrying
electromagnetic waves in the presence of classical electromagnetic disturbance
followed by the application of a correction control potential. First, observe that
the quantum electromagnetic field in the fibre at time ¢ = 0 can be expressed

(BT, Bt,r)T]" = (c(n)ga(t,r) + c(n)*gu(t, 7))

n
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where the g, (t,r)’s satisfy the wave equation
(07 = V*)ga(t,r) =0
within the cavity with appropriate boundary conditions that lead to
gn(t,7) = exp(—iw(n)t)gn(r)
where g, (r)’s satisfy the Helmholtz equation
(V2 +w(n)®un(r),n =1,2,...

with appropriate cavity boundary conditions for the fibre. The boundary con-
ditions cause only a discrete set {w(n(} of frequencies to propagate within the
fibre cavity. The Hamiltonian of the cavity electromagnetic field is given by
the standard formula making use of orthogonality of the eigenfunctions of the
Laplace operator (since this operator is self-adjoint):

Ho= [ (2B 1B

:Zc(n)*c(m)/ ) Gn(t,7)* gm (t,7)dPr

= Z e(n)*e(m)w(n)d(n,m) = Zw(n)c(n)*c(n)

n

It should be noted that alternative to using the wave equation to obtain the
time dependence of the quantum electromagnetic field within the fibre, we can
use Heisenberg’s matrix mechanics in the form

dc(n,t) /0t = i[Hp, c(n,t))
with equal time commutation relations
[e(n,t), c(m,t)*] = 6(n,m), [e(n,t),c(m,t)] =0
so that

[Ho, e(n, 8)] = [Y_w(m)e(m, t)"e(m, 1), e(n,1)] = ~w(n)e(n, 1)

m

yielding thereby
Oc(n,t) /0t = —iw(n)e(n,t)

which gives
c(n,t) = c(n)exp(—iw(n)t)

Now, when the Hamiltonian gets perturbed by a random term dH (t), we have
seen that the state dynamics (Schrodinger picture) get modified to

Oip(t) = —i[Ho + 6H (1), p(t)]
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or after taking classical statistical averages,

p'(t) = —i[Ho, p(t)] + 0(p(t)) = (—iad(Ho) + 0)(p(t))

where
0(p) = (—1/2) > (LiLip(t) + p(t) Ly Li — 2Lip(t) L)

m

Solving this gives
p(t) = Uo(t)p(t)Uo(t) = exp(—it.ad(Ho))(p(t)), Uo(t) = exp(—itHo)
where
p'(t) = exp(it.ad(Ho)).0.exp(—itad(Ho))(A(t))
= 0(t)(p(1))

where

0(t) = exp(it.ad(Hy)).0.exp(—itad(Hy))

Solving this gives the quantum dynamical TPCP evolution map for the density
operator:

p(t) = Ti(p(0)),
where
T; = exp(—it.ad(Hy)). St
with ~
dSt/dt == 6(t>St7t Z 0, S() == 1

having solution

Aazﬂmméé@@n

=1+§:/‘ O(t1)...0(t,)dty...dtn
no1/0<tn <. <ti<t
The bit & € {0,1} is encoded into the state W (k) so that after time T, the

output state is
W(k,T) =T(W(k))

where T = T, and by the above discussion, the maximum bit rate allowed for
error-free decoding is given by

C/r
where
C = maa,[H (p(0)T (W (0))+p(L)T (W (1)) ~p(0) H (T (W (0))—p(1) H(T (W (1))]

The question then is, can we increase the maximum allowable bit rate by using
one of the several methods outlined in this paper involving noise reduction by
either optimal control methods or filtering methods? All these methods can be
summarized in the form of applying another ”"Noise removal TPCP map” K,
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so that after applying this operator, the composite TPCP map becomes KoT.
The maximum bit rate for error-free transmission after appropriate asymptotic
encoding of the messages into bit strings followed by discrete memoryless Cq
encoding is then given by

Cx = maxy[H (p(0) KoT(W(0))+p(1) KoT(W(1)))=p(0)H (K0T (W (0))—p(1) H(KoT (W (1))]

Now we observe that the quantum relative entropy between the two states ap-
pearing in the expression below is (p(z), z]inA is a probability distribution on an
alphabet A of size d and |z >,z € A is an orthonormal basis for C¢, x — W (x)
is a mapping from A into the space S(H) of states in a finite-dimensional Hilbert
space H)

DO pla)lz >< z[@ W(z)[Ia/d® Y p(a)W (z)®)

= —H(p) =Y _pl@)H(W(x)) + log(d) + H(Y_ p(x)W ()

> I(p, W)

since log(d) > H(p) with equality iff p(x) = 1/dVe € A. Now let K be any
quantum operation, ie, TPCP map from S(H) — S(H) into itself. Then, K’ =
I® K is again a TPCP map from S(C?®H) into itself. Hence, by monotonicity
of quantum relative entropy (Hayashi, Quantum Information Theory), it follows
that

D(K'(Y_pla)le >< 2| @ W(@)|K'(Ia/d@ ) p(a)W (2)®))

<D p@)lr >< x| @ W(z)|[lg/d® Y pla)W(z)®)
x x
Using the above formula, this results in
I(p, K(W)) < I(p,W)

where K(W)(z) = K(W(z)),x € A. This formula shows that if we try to
apply a control TPCP map K to reduce the effects of the noisy Hamiltonian
0H(t) on the system dynamics, then the channel capacity will reduce, ie, we
have to transmit at a smaller bit rate Cx /7 rather than C/7. However, can we
hope to reduce noise by applying TPCP maps that are not in the form of some
TPCP map composed with the original TPCP map? Specifically, if the original
dynamics is

p'(t) = 01(p(t))

and we modify the dynamics to

p'(t) = 01(p(t)) + O2(p(t))
then the original TPCP map after time ¢ is

T; = exp(tby)
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while the modified TPCP map is
Sy = exp(t(01 + 02))

This is of the form K;oT; with K; = exp(tf2) only if 6, commutes with 6;.
If not, then we can write using the interaction picture method for quantum
dynamical semigroups,
St = KtOTt
where
(ath)Tt + KtoTt91 = KtOTtO(el + 62)
or equivalently,
(’9th == KtOTtGQTt71
so that
K, =1+ Z/ 03(t1)...05(t, )dty...dt,,
n>1 7 0<tn<..<t1<t

where
92 (t) = TtOQQOTfl
Now, T3, S; are TPCP for all ¢ > 0. But there is no guarantee that Tt_1 =T

will be CP for t > 0. Hence, K; = S;0T_; will be TP but not necessarily CP.
So, we can hope to increase the bit rate while simultaneously reducing noise.

Some remarks:

1.Let T be a TPCP linear map acting as a space of square matrices of a
certain size. T can be invertible as a linear operator in the space of matrices
but its inverse need not be TPCP. If its inverse is also TPCP, then from the
monotonicity of quantum relative entropy, we get

D(T(p)|T (o)) = D(plo)
for all states p, o in the given space of matrices.
2. Let T, K1, Ko be TCP maps. Then, so is K;0T0K5. More generally sup-
pose T, K;, L;;i = 1,2, ...,n be TPCP maps and p(i),7 = 1,2, ...,n a probability
distribution. Then, so is the map

S = Zp(i)KioToLi
i=1

In particular, K0T 0K corresponds to the system obtained by first applying a
preprocessing operator K to the input state, followed by transmitting the state
through the fibre via the operation T and finally, followed by postprocessing
the output state by K;. It should be noted that D(S(p)|S(c)) can be greater
than D(T'(p)|T(c)) which means that we can increase the bit rate by using
the preprocessor K5. Note that post-processing alone can only decrease the
bit rate. Applying the operation S above, corresponds to applying the pre
and post-processing pair (L;, K;) with probability p(i) while passing the input
state through the fibre and we can use this method to increase the bit rate
significantly.
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8 Bit rate of data transmission from the view-
point of quantum electrodynamics

Consider the matter of which the fibre is made to be a collection of electrons and
positrons. The total Hamiltonian of the quantum electromagnetic field interact-
ing with the matter can be expressed in terms of the free photon and Fermion
creation and annihilation operators as well as the classical random electromag-
netic field arising as discussed above by the scattering of the input classical
electromagnetic field component by the random motion of the phonons within
the fibre. The Feynman diagrammatical methods of computation of scattering,
absorption and emission amplitudes in quantum electrodynamics become im-
portant if the initial and final states of the photon and Fermion fields consist
of a finite number of particles with specified momenta and helicities. The com-
putation of these amplitudes by the Feynman diagrammatic methods involves
the use of the photon and electron propagator which acquire corrections due
to their mutual interactions (The Dyson-Schwinger equations) as well as due
to interactions with the classical random electromagnetic field. The total La-
grangian of the electron and photon field taking into account these interactions
is then
L=1Ly+ Lo+ Lia+ L3+ Lo3

where

Ly = (=1/2)F,, F*

is the Lagrangian of the quantum electromagnetic field,

Ly = .(in" 0y —m))y
is the Lagrangian of the quantum (ie, second quantized) Dirac field,
L1y = Py*pA,

is the interaction Lagrangian between the quantum electromagnetic field and
the quantum Dirac field,

Lis = (—1/2)F* F,,,

is the interaction Lagrangian between the quantum electromagnetic field and
the classical random electromagnetic field and finally,

Loz = 1;7”1/)“’40”

is the interaction Lagrangian between the quantum Dirac field and the classical
electromagnetic field. It should be noted that the classical electromagnetic field
has a well-defined classical probability distribution and hence the unperturbed
Lagrangian of the quantum electromagnetic field is to be taken as L + L3 and
likewise, the unperturbed Lagrangian of the quantum Dirac field is to be taken
as Lo+ Los. Thus, the perturbing interaction Lagrangian between the quantum
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photons and the quantum Fermions is Loz. If we adopt the interaction pic-
ture, then the quantum fields evolve according to the unperturbed Lagrangian
(L1 + L13) 4+ (L2 + Log) while the states evolve according to the interaction
Lagrangian. However, for reasons which will become clear subsequently, it is
better to take the unperturbed Lagrangian as L; 4+ Lo and the perturbing La-
grangian as L3 + Log + L1. Thus, after integrating over the spatial variables,
the total Hamiltonian of the field has the form

H(t) = Y wp(R)e(k) (k) + 3 we(k)a(k) a(k)
k k

+ Y (fe®)e(k) + fu)e(k)) + Y (girs(Da(k)a(i) + garj (Ha(k)*a(f) + h.c)
ki

k

37 (g (k) a(m) +hai g (Delk)* e a(m) 4+ hissgon (k) () alm) +h.c)

kjim

where ¢(k), ¢(k)* are the photon annihilation and creation operators while a(k), a(k)*
are the electron and positron annihilation and creation operators. Owing to our
choice of the unperturbed Lagrangian in our interaction picture dynamics, the
operators c(k), a(k) evolve as c(k)exp(—iw,(k)t) and c(k)exp(—iwe(k)t) which
explains the fact that the first two terms in H(t¢) corresponding to the free
photon and free electron fields are constant in time. The term

Hig(t) = Y (fit)e(k) + fr(t)e(k))

k

represents the interaction Hamiltonian coming from L;3 and hence fi(t)'s are
random complex functions of time with known probability distribution while
the term

Hoas(t) = Z(glkj(t)a(k)a(j) + g2k (t)a(k)*a(j) + h.c)
k,j

represents the interaction term coming from Los and hence gjx;(t)’s are random
complex functions of time with a known probability distribution. Finally, the
term

Hiz(t) = Y (hagm(B)alk)a(f)e(m)+hargm (H)a(k)*a(f)e(m)+harjm(t)alk)* a(j)* c(m)+h.c)

kjim

represents the interaction term coming from L2 and hence the functions hyyjm ()
are complex non-random functions of time. Let the initial state of the photons
be

psl(o) = Xl(cv C*)v

and that of the electrons and positrons be

ps2(0) = x2(a,a”)
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The initial state of the photon and electron-positron field is taken as

ps12(0) = ps1(0) @ ps2(0)

Note that the electron-positron operators satisfy the canonical anticommutation

relations
{a(k),a(j)} = 0,{a(k),a(5)"} = &(k, J)

where
{a,b} = ab+ba

Note that H(t) above has been expressed as the Hamiltonian in the interac-
tion picture, and this implies that fi(¢) contains an extra factor proportional
to exp(—iw,(t)) apart from its original dependence on time coming from the
dynamics of the classical field. Likewise, g14;(t) contains an extra factor pro-
portional to exp(—i(we(k) +we(j))t) apart from its original dependence on time
coming from the classical field. gox;(t) contains an extra factor proportional to
exp(i(we(k)—we(7))t) On the other hand, His is the interaction Hamiltonian be-
tween two quantum fields containing no classical component. Thus, hixjm(t) =
hikjm (0)exp(—i(we(k) + we(§) + wp(m))t), hokjm(t) = horjm(0)exp(i(we(k) —
We(j) — wp(m))t) and hgpjm (t) = hagjm(0)exp(i(we (k) + we(j) — wp(m))t). The
state of the electrons and positrons after time ¢ in the interaction picture is then

ps12(t) = E(W () ps12(0)W (t)*)

where the expectation operator E is taken w.r.t the probability distribution of
the classical random processes fi(s), gix;(s),s < t. In this expression,

W (t) :HZ/M o SH(ty)...0H (t,)dty ...dt,
:T(exp(—i/o 0H (s)ds))

where
OH(t) = Hiz(t) + Hos(t) + Hia(t)

The state of the photons alone after transmission at time ¢ is then given by
psi(t) = Ti(ps1(0)) = Trapsi2(t) = TroaE(W (8)psi2(0)W (1)")

in the interaction picture and in the Schrodinger picture, the photon state at
time ¢ is

Uo1 (8)T¢(ps1(0))Uoa ()7,
Uoi (t) = exp9 — itHo), Ho = > wy(k)e(k) e (k)
k
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9 Propagation of other kinds of particles through
the optical fibre

The other particles that we have in mind are the non-Abelian gauge Bosons
and Fermions that together form a super-Yang-Mills multiplet and also a super-
gravity multiplet consisting of gravitons and gravitinos. The gauge Bosons that
appear in the super-Yang-Mills action have the gauginos appearing as Fermionic
super-partners of the former. The general form of the action functionals for
super-Yang-Mills and super-gravity theories taking into account higher order
correction terms can to a certain extent, be derived from superstring theory,
in such way that the higher order corrections appear in powers of the string
length parameter. The super-Yang-Mills and super-gravity Lagrangians can be
derived using standard prescriptions of quantum mechanical string amplitudes
calculated in analogy with classical operator theoretic methods that involve
sandwiching of the string propagator between vertex functions followed by tak-
ing a product of any number of such sandwiched terms, and finally followed by
taking the matrix element of such products between an initial and a final state
with the initial and final states being either ground states of the string corre-
sponding to massless or massive particles or even Tachyons. A typical quantum
mechanical amplitude of this form would be expressible as products of the po-
larization vectors/tensors appearing in the vertex function and supplemented by
momentum vectors. The product of a polarization vector or tensor with a mo-
mentum vector can be interpreted in field theoretic language as corresponding
to the space-time partial derivative of the corresponding Yang-Mills gauge po-
tential or the Yang-Mills field tensor without the nonlinear term. Higher order
string theoretic corrections in such amplitude calculations would be expressible
as higher order polynomials in the Yang-Mills field that can be interpreted in
conventional quantum field theoretic language as coming from the quantum ef-
fective action of the low energy field theory, ie, if S[¢] is the classical action of
the field, the corresponding quantum effective action in the tree approximation,
would involve path integrating exp(iS[po+ ¢1]) w.r.t the ”quantum fluctuation”
¢1 over all one-particle-irreducible subgraphs. Superstring theory promises to
deliver all the higher order correction terms merely by the simple procedure
of computing superstring amplitudes between two states of operators built out
of the superstring propagator and Bosonic and Bosonic and Fermionic string
vertex functions.
Examples: The super-Yang-Mills action has the form

(—1/4) / FUvFS d 0z + / YIuD,pd" 0z

where I'* are the 10 Dirac Gamma matrices in ten-dimensional space-time while
Dy pq = 0,9 + g.C’(abc)Azwc is the gauge covariant derivative in the adjoint
representation. Here A} is the gauge potential while Fj, is the gauge field

corresponding to the gauge potential. ¥® is the gaugino field, namely the su-
perpartner of the gauge field. It should be noted that ten is one of the finite
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number of critical dimensions of space-time at which supersymmetry of this La-
grangian is guaranteed, owing to some miraculous cancellations taking place, in
particular, cancellation of the triple product term in the gaugino field when AJ
gets changed by a supersymmetry transformation proportional to ¥ in the co-
variant derivative D,. This cancellation takes place owing to certain properties
of the Dirac Gamma matrices in ten-dimensional space-time, or more precisely,
in any one of a finite set of space-time dimensions. Now, we abbreviate the
above super-Yang-Mill action to

S[A, ] = (—1/4)/F.Fd%+/zz.(a+g.A).¢.dDa;
The quantum effective action is calculated as
D[A,0] = ~ilog [ eap(iS|A-+ Ar, + 1)) DAD

with the path integral being calculated after expanding the action functional
in the integrand up to quadratic orders in Ap,17. Of course, we can consider
better and better approximations by expanding the action up to higher degree
terms in the quantum fluctuations. What is important is that the resulting
quantum effective action can be expressed as a superposition of products of a
finite number of terms of the form Ay, A7, ¢, ¢, which in the D-momentum
domain, can be abbreviated as { (Fourier transform of Af), k&, u® (Fourier
transform of %), k,u® Now the fundamentally important fact is that such
finite product terms can also be arrived at in the form of quantum mechanical
amplitudes of a superstring with the amplitudes being given by terms such as

< f|AV(k1, 21,61).A.V(k’2, ZQ,EQ).A...V(]CM7 ZM,gM)A‘Z >

where A is the superstring propagator and V(k, z,£) is a superstring Boson or
Fermion vertex function of the form exp(ik.X (2)) or £.(X'(2)+(1)T Ryp(1))exp(ik. X (2))
or £.4)(2).exp(ik.X(z)). The first vertex function is the scalar Boson vertex
function the second is a vector Boson vertex function while the third is a
Fermion vertex function. Note that since the Bosonic string propagator <
T(X(21)X(22)) > becomes infinite when z; = z3, a vertex function of of the
form £.X'(z).exp(ik.X(z)) would make sense only if £&.k = 0, ie, the vector
Boson cannot have any longitudinally polarized component. Likewise, a vertex
function of the form k.X'(z).exp(ik.X (z)) would make sense only if it represents
massless vector particles, ie k? = 0. The above expression for the quantum me-
chanical matrix element is based on the situation that one usually encounters in
conventional quantum field theory: if Hy is the unperturbed Hamiltonian and
V' the perturbing Hamiltonian so that the total Hamiltonian is H = Hy + V,
then the unitary evolution under perturbation can be expressed as

U(t) = exp(—itH) = Up(t)W (¢), Uy (t) = exp(—itHy)

where

W'(t) = =iV ()W (t), V() = Uo(£)*VUo(t)
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and hence if O(t) is a Heisenberg observable at time ¢, then the quantum average
of the product O(t1)...0(t,) with ¢t > ... > ¢, in the state |¢; > (In the
Heisenberg picture, states do not evolve while observables evolve) is given by

< ¢Z‘O(t1)0(tn)|¢z >=
< Gi|W (t1)*O(t1)W (t1,t2)O(t2) .. W (tn—1, 1) O(tn) W (£, 0)| i >
< ¢f|W (00, t1)O(t))W (tr, t2)O(t2).. W (tn—1,tn)O(tn )W (£, 0)|; >

where

W (t1,ta) = W(t1)W (ta)*, t1 > ta, O(t) = Up(t)*OUy(¢)
is the evolution operator for states in the interaction representation and
@5 >=W(o0,0)|; >

is the final state in the interaction picture. A(ta,t1) = exp(—i(te—t1)H)O(ta—1t1)
is the quantum mechanical propagator, for it satisfies the differential equation

O, At t1) = —iHA(ta,t1) + 6(ta — t1)
with formal solution
A=i(io, — H)™!
A(ty, ty) = W(ty, t1)0(ty — t1) is the propagator in the interaction picture as it
satisfies the differential equation

D1, A(ta, ty) = —iV (t2)A(ta, t1) + 0ty — t1)

with formal solution

A =i(id, — V(t))~?

Now consider an interaction action between the current and vector field as
Si(J, A) = / TH(2) A, (2)de = / JA
Let Sp(A) be the unperturbed action of the field A,. Then, the total action is

given by

and then the quantum effective action of A, would be given by

T[A] = Eat,[—idogZ(J) — / A

where

Z(J) = /emp(iSo(A) +15;(J,A)DA
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Note that if So(A) were a quadratic functional of A, then the integral defining
Z(J) is a Gaussian integral and hence evaluates to

Z(J) = exp(iSo(Ag) + iS;(J, Ao))
or equivalently,

—i.lOgZ(J) — /JAO = So(Ao)

apart from a multiplicative constant where Ay extremises So(A) + S;(J, A) for
fixed J, ie,
Sy(Ag) +J =0

Then,
—i.InZ(J) — Si(J, Ag) = So(Ao)

On the other hand, by the duality property of the Legendre transform,
Eata[T[A] + / J.A| = —ilogZ(J)
or equivalently,
F[Al] +/J.A1 = 7i.l0gZ(J)

where A; satisfies
I'[A]+J =0

Comparing the above equations, we get
Ay = Ao, I'[Ag] = Sp(Ao)

ie, in the special case when Sp(A) is linear quadratic, the quantum effective
action coincides with the classical action. Generally, the quantum effective
action for arbitrary Sp(A), not necessarily quadratic, can be computed using
the series expansion for Z(J):

Z(J) =Y i"Zn(J)

n>0

where

Zn(J) = /exp(iSo(A))(/ JA)"DA
:/exp(iSo(A))(/ J(x1)J(x2)..J(xn). A(z1)... A2y )d21 .. .d2y ) DA

:/J(xl)...J(xn)dml...dacn/eacp(iSo(A))A(xl)...A(xn)DA

where assuming without loss of generality z0 > 29 > ... > 29 > 0, we have

/ cxpliSo(A)) A(w1).-.. A(z) DA exp(iSo(A)) DA
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< 0|Ug (00, 29)A(x1)Up (29, 29) A(z2)... A(2,)Up (22, 0)]0 >

where we have assumed that the vacuum is invariant under the unperturbed
Hamiltonian. This form of the general term in the series expansion of the
quantum effective action in terms of sandwiched propagator between the fields
at different times strongly suggests to us that the formula used in string theory
for computing the amplitudes can be interpreted in terms of low energy field
theory with string theoretic corrections.

10 Calculating scattering probabilities in quan-
tum field theory in the presence of interac-
tions of the field with classical random cur-
rent source fields

Consider a vector ¢(x) = (¢pq(x)) of fields having an action functional Sy(¢) =
[ Lo(¢(z), ¢,.(x))d*z and interacting with a randorn current source field in
accordance Wlth the interaction action Si(¢,J) = [ F,( LG u(2) o (z)d
with summation over the repeated index a belng nnphed

An example: Consider the second quantized quantum electromagnetic field
potential A, () interacting with the classical random electromagnetic field po-
tential A.,(z) and also with a classical random current field J.,(x). Also
present is the Dirac second quantized wave field v (z) interacting with the
quantum electromagnetic field A, (z) in accordance with the interaction action
e [(z)y"(x)Au(z)d*x and also with the classical random electromagnetic
field in accordance with the interaction action e [ 1 (x)y*1)(x)Acu(z)d*z. The
total Lagrangian of gqed modified by these random source 1nteractions clearly
has the form

L= (=1/4)F" F,, +¢(iv.0 — m)ipy"ip. Ae,
The corresponding action is
S[A Y Ac, Je] = So1(A) + So2(¥) + S12(¥, A) + S13(4A, Ac) + S14(4, Je)

+523(7~/}a AC)

The first three terms are the standard ones appearing in the usual ged. The last
three terms involve extra terms coming from the interaction of the two quantum
fields with the random source fields.

Coming now to the original general formulation, the scattering amplitude
matrix element between the initial and final states |i > and |f > is given by the
series expansion

<f / exp(i(So(6) + S1(6, 1)) Dol >
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or equivalently noting that |¢ > can be expressed as a superposition of state of
the form

I aqr) (2x)]0 >
and likewise |f > as
T2 1 bag ([0 >

in order to calculate the above matrix element, it suffices to calculate the path
integral

/ exp(iSo(6) + iS1 (6, T o s (1) Db

This method transforms a general quantum mechanical amplitude into a vacuum-
to-vacuum amplitude. The total scattering probability from the initial state |i >
to the final state |f > can therefore be expressed as linear combinations of (after
averaging the scattering probability w.r.t the random current source)

/HZI{”%(M (@) T aq) (i) -e2p(iS0 () —iS1 () ) E g [exp(i(S1(¢, Je)—S1(, Je))) DDy
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