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Abstract

We present an existence and localization result for periodic so-
lutions of second-order non-linear coupled planar systems, without
requiring periodicity for the non-linearities. The arguments for the
existence tool are based on a variation of the Nagumo condition and
the Topological Degree Theory. The localization tool is based on a
technique of orderless upper and lower solutions, that involves func-
tions with translations. We apply our result to a system of two coupled
Van der Pol oscillators with a forcing component.
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1 Introduction

We study the following second-order non-linear coupled system,

{ Z//(t> - f(t,z(t),w(t),z’(t),

w'(t))
W'(£) = g (£, 2(1), w(t), (1), w' (1)
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for t € [0,7], T > 0, with continuous functions f,g : [0,7] x R* — R, and the
periodic boundary conditions

Z(O) - Z(T)v z z
w(0) =w(T),  w'(0)=uw(T). (2)

Coupled ordinary differential systems arise in many domains of life, namely
Chemistry [1], Biology [2], Physiology [3], Mechanics [1], Economy [5], Electronics
[6], among others.

Finding periodic solutions in second-order differential equations or systems
can be delicate, specially when the non-linearities are non-periodic. The search
for periodic solutions in such problems has had an increasing interest, as it can
be seen by several papers from the last decades, for example, [7, 8, 9]. The most
common argument for obtaining periodic solutions is based on the assumptions of
periodicity in the non-linearities. As an example, we refer to the work [8], where
the authors study the problem

Ut — Ugy + Crug + Z1(t, x, u,v) = s1,
Vgt — Vg + Covp + Eo(t, 2, u,v) = S,
u(t+2m, ) = u(t,r + 27) = u(t, x),
v(t+2m,x) = v(t,x + 21) = v(t, x),

3)

with constants ¢; > 0, parameters s;, continuous functions Z; (¢, z,u,v) : R* — R,
2m-periodic in ¢t and x, obtaining an Ambrosetti-Prodi alternative for periodic
solutions.

In [7], the following second-order differential equation is studied,

alt)  b(t)
XH(E) - xv(t)

where ¥ € C((0,400),R), ¢, a and b are T-periodic, and in L([0,7T],R), m, x and
y are constants with m > 0 and p > y > 0. Here, asymptotic arguments are a key
argument to obtain periodic solutions.

The above problems, (3) and (4), require periodicity for the non-linearities. In
[9], the authors study the second-order differential problem,

X'(8) + T (x() X' (t) + ()X (t) — (4)

Z(t) = O(t, x),
z(0) = z(1), (5)
£(0) = (1),

without requiring periodicity for the non-linearities. However, the function © does
not depend on the first derivative, thus making problem (5) a particular case of



problem (1). Moreover, the obtained results require an order relation (for the well
and inverse order cases) between lower and upper solutions.

Other attempts to find periodic solutions in ordinary differential problems may
not present periodicity requirements but, typically, only approximate solutions are
found, see [10, 11, 12].

To overcome such constraints, in this work we present an original methodology
for finding periodic solutions in generalized second-order coupled systems.

Motivated by previous works existent in the literature, (see, for instance,
[15, 16, 17, 18]), it is the first time, to the best of our knowledge, where suffi-
cient conditions are given to prove the existence of periodic solutions for coupled
systems, without assuming periodicity in the non-linearities nor any order require-
ment between lower and upper solutions. Therefore, the set of admissible functions
for possible lower and upper solutions has a wider range.

Within this line of research, the present work is somehow a continuation of
[13, 14], which aim to provide a complete study on the existence and localization
of periodic solutions in first-order generalized coupled systems, with and without
impulses, using this technique of orderless lower and upper solutions, where the
lack of order is overcome with adequate translations.

The strategy employed consists of proving the existence of at least a periodic
solution (z(t),w(t)) applying the Topological Degree Theory and to localize the
existing solution in a strip bounded by lower and upper functions.

This paper is organized as follows. In Section 2 all the required definitions
and lemmas are presented. In Section 3 the existence and localization result is
formulated as the main theorem, together with the respective proof in four claims.
A numerical example shows the applicability of the main theorem. In Section 4 we
apply our methodology to the problem of two coupled Van der Pol oscillators with
forcing terms. As all the requisites of the main theorem in Section 3 are verified,
we suggest possible localizing functions for the existing periodic solutions of this
problem. We draw the conclusions of our study in Section 5.

2 Definitions

Consider the Banach space X := C'[0,T], equipped with the norm

Jul|x = max{[[ull, |«'[I},  [Jul| == max {|u(t)]},
t€[0,T]

and the vectorial space X2 := (C'[0,T])?, with the norm

[(w; 0) || x> = max{|jullx, o]l x}-
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In second-order differential equations it is important to have a control on the
first derivatives, which is achieved using a Nagumo-type condition:

Definition 1. Consider C* continuous functions ;,I; : [0,T] — R,i = 1,2, and
the set

S ={(t, 20, wo, z1,w1) € [0, T] x R* : 31 (t) < 29 < Tu(t),72(t) < wo < Ta(t)}

The continuous functions f,g : [0,T] x R* — R satisfy a Nagumo-type condition
relative to the intervals [y1(t),T'1(t)] and [y2(t),Ta(t)], for all t € [0,T], if there
exist continuous functions ¢, : [0, +00[—]0, +o0[ verifying

—+o00 ds —+o00 ds
/ o8 T L s = ©)

‘f(taz(]awO,Zlywl” < @(‘lev V(t, 207w07217w1) € Sa
|g(t,zo,w0,z1,w1)| < w(|w1|)7 V(t,ZO,wO,Zl,wl) € 5.

such that
(7)

The a priori estimates for the first derivatives are given by the following lemma.

Lemma 2. Suppose that the continuous functions f,g:[0,T] x R* — R satisfy a
Nagumo-type condition relative to the intervals [y1(t),['1(t)] and [y2(t),Ta(t)], for
all t €0, T7.

Then, for every solution (z(t),w(t)) € X? of (1), (2) verifying

1(t) < 2(t) <T1(t), and () <w(t) <To(t), Vte[0,T], (8)
there are N1, Ny > 0 such that
12l < N1, 'l < Na. (9)
Proof. Let (z(t),w(t)) be a solution of (1), (2) verifying (8).

By (2) and by Rolle’s Theorem, there exists tg € [0, 7] such that 2/(¢y) = 0.
Consider N; > 0,7 = 1,2 such that

N1 (s N2 ds
o7 BN 10
/o A IR Ci (10)

and assume, without loss of generality, there exist ¢1,to € [0, T] such that 2/(¢1) < 0
and 2’(t2) > 0.



By continuity of 2/(t), there exists t3 € [t1,t2] such that 2/(t3) = 0. Using a
convenient change of variables, and by (1) and (7),

2/ (t2) ds B to Z”(t) T |Z” t)’
L%)MMVZLwWWWﬁSA EEGDN
:/TU@&@%MﬂwW%w@Md
) 220

Z’(tg) Ny Ny
/ ds _ / ds <T < / ds ’ (1)
25 PUsl)  Joo ells]) o (sl

and, therefore, 2/(t2) < Nj. As ty is chosen arbitrarily, then 2/(¢) < Ny, for all
te[0,7T].

The case where 2/(¢1) > 0 and 2/(t2) < 0 follows similar arguments. Therefore,
|2'|| < Ny, for all t € [0,T]. Likewise, ||w’|| < N, for all t € [0,T].

Remark that the constant N; depends only on ~;, I';, ¢ and T. In the same
way, No depends only on v;, I';, ¥ and T.
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By (10),

O

We present below the definition of upper and lower solutions.

Definition 3. The pair of real functions (a1, a2) € (C1[0,T))? is a lower solution
of the periodic problem (1), (2) if

af(t) > f(t,al(t), a3(t), ai (t), wr), Yy € R,
Q4(t) = glt, ad(t), a(t), 21, 0h(t)), V=1 € R,
with
g (t) = ai(t) = [leull,
and

ai(0) = a;(T),  aj(0) = ai(T).

The pair of real functions (B1,2) € (CY[0,T])? is an upper solution of the
periodic problem (1), (2) if

1(t) < f(tBY(1), B2 (2), By (t), w1), Ywr € R,

" 0 0 / (12)
2 (t) < g(t,Bi(t), B3(t), 21, B3(t)), V21 € R,
with
BR(t) = Bi(t) + 1Bill, (13)
and
Bi(0) = Bi(T), Bi(0) < Bi(T). (14)



3 Main Result

The following theorem is an existence and localization result using orderless
lower and upper solutions.

Theorem 4. Let f,g:[0,T] x R* = R be continuous functions. Suppose (a1, as),
(51, B2) are lower and upper solutions of problem (1), (2), as in Definition 3.

Suppose f, g satisfy a Nagumo-type condition, according to Definition 1 relative
to the intervals [af(t), BY(t)] and [a3(t), BY(t)], for all t € [0,T), with

f(t, z0, wg, 21, w1) non-increasing in wo, fort € [0,T],2z9 € R fized, (15)
win { min (0. min 51(0) < 1 < max{ max 010, min (0} (10)

and

g(t, 20, wo, 21, w1) non-increasing in zy, fort € [0,T],wy € R fized,
. . Vi . / / /
min < min as(t), min t) » <w; <maxq max qs(t), min t) .
{tG[O,T] 2(t) t€[0,T] B )} == {te[o,T] 2(t) telo, T]B 2( )}

Then, there exists at least one pair (2(t),w(t)) € (C?[0,T))?, solution of prob-
lem (1), (2) and, moreover,

af(t) < 2(t) < BY(E),  of(t) Sw(t) <BY(H),  VEE[0,T].

Proof. Define the truncated functions §; : [0,7] x R — R,

18(1)( )7 Z>/Bl( ) 58@)7 w>/83(t)
0i(t,z) =z o) <2<B(), &ltw) =qw ayt) <w< B,
af(t), z<al() ag(t), w < ay(t)
(17)
For A, € [0,1], consider the truncated, perturbed and homotopic auxiliary prob-
lem

{Z"(t) —2(t) = A f(t, 01(t, 2(2)), 2(t, w(t)), 2'(1), w'(t)) — Adu(t, 2(t))
w”(t) — w(t) = pg(t, o1(t, 2(1)), 62(t, w(t)), ' (), w'(£)) — pda(t, w(t))
for all t € [0, T, with the boundary conditions (2).

Consider r; > 0,7 = 1,2, such that, for all \,u € [0, 1], every ¢ € [0,T], and
every Ni, NJ > 0 given by (9),

(18)

—r; <al(t) < Bt) < 1y, (19)
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with

A £t B(0), B3(0), 0, (6) — BH) + 71> 0, for [l < NG,

ot OB L0.0 = O +ra >0 r N
A f(t, (), a3(t),0,w' () — 2(t) —r1 <0, for ||w'|| < N,
pg(t,af(t),ay(t),2'(t),0) — af(t) —r2 <0,  for [|2']] < NY.

Claim 1. Every solution of (18), (2) verifies |z(t)| < r1 and |w(t)| < ra, for
all t € [0,T], independently of A, € [0,1].

Assume, by contradiction, that there exist A € [0, 1], a pair (z(¢), w(t)), solution
of problem (18), (2), and t € [0,T] such that |z(t)| > 1. If 2(t) > ry, define

t) := z(to). 21
nas z(t) := z(to) (21)

If t €]0,T[ and X €]0, 1], then 2/(¢t) = 0 and 2”(¢) < 0. By (19), (15) and (20),

the following contradiction holds:

0> 2"(to) = A f(to, 01(to, 2(t0)), d2(to, w(to)), ' (to), w'(to)) — A d1(to, 2(t0)) + z(to)
= A f(to, 87 (o), d2(to, w(to)), 0,w'(to)) — A 57 (to) + 2(to)
> A f(to, BY (o), 82(to, w(to)), 0, w' (o)) — BY (to) + =(to)
> X f(to, B (to), 02(to, w(tn)), 0,w' (to)) — B (to) + 71 > 0

If to =0 or tg = T, then, by (2),
0>2'(0)=2(T) >0.

So, 2/(0) = 2/(T) = 0, 2”(0) < 0 and 2”(T) < 0. Therefore, the arguments follow
the previous case.
If A =0, we obtain the contradiction

0> Z//(to) = Z(to) >1ry > 0.

Then, z(t) < r1,Vt € [0,T], regardless of \.

The same arguments can be made to prove that z(t) > —ry. Therefore, |2(t)| <
r1, for t € [0,T], independently of A.

Likewise, |w(t)| < rq, for t € [0, T, independently of 4.

Claim 2. For every solution (z(t),w(t)) of (18), (2), there are N{, N5 > 0
such that |2'(t)] < Ni and |w'(t)| < N3, Vt € [0,T), independently of A\, u € [0,1].



Define the continuous functions

F\(t, z0, wo, z1,w1)) := X f(t,01(t, 20), 02(t, wo), 21, w1) — Ad1(¢, 20) + 20,
Gu(t, 20, wo, 21, w1) == p f(t,61(¢, 20), 02(t, wo), 21, w1) — pd2(t, wo) + wo,
and, as f,g : [0,T] x R* — R satisfy a Nagumo-type condition relative to the

intervals [a(t), 8Y(t)] and [a9(t), BY(t)], then,
[F(t, 2(t), w(t), 2 (), w'(t))]
< [f (01t 2(1)), 628, w(t)), (1), w' ()| + |01 (2, 2(8))] + [2()]
< @(|2']) + 271,
|G u(t, 2(t), w(t), 2 (t), w'(1))]
< [f(t,01(t, 2(1)), 62(t, w(t)), 2 (1), w' ()| + [d2(t, w(t))| + |w(t)]
< YP(Jw'|) + 2rs.

Therefore, for continuous positive functions ¢*, ¥* : [0, +o00[—]0, +00[ given by
e (I2]) = (|2']) +2r, Y ([W']) = (|w']) + 2,
Fy and G, satisfy a Nagumo-type condition in

E= {(t,z,w,z’,w') € [O’T] X R4 : |Z| <7, |’LU| < TQ}a

oo s oo ds
[ — - = +OO,
/0 ©*(|2']) /0 ©(|2']) 4 27

oo (s oo ds

o (WD Jo w2

Therefore, by Lemma 2, there are Ny, Ny > 0 such that [2/(¢)] < N7 and
|w'(t)| < N3, Vt € [0,T], independently of A, u € [0, 1].

as, by (6), we have

(22)
+o00.

Claim 3. Problem (18), (2), for A\ = u = 1, has at least one solution
(2(1), w()).
Define the operators

L:(C?[0,T])% — (C0,7])? x R,

given by



and
Noay = (C?[0,T])? — (C0,T7)* x RY,

given by
Now (z,w) = (Zx(t), Wu(t), 2(T), w(T), 2/(T),w'(T)),

where

ZA(t) = A f(t, 01(8, 2(1)), 2(8, w(t)), 2 (£), w' () = Ao (£, 2(1)),
Wiu(t) = p f(t,61(t, 2(1)), 62(t, w(t)), 2'(8), w'(t)) — p b2 (t, w(t)).

We define the continuous operator
T : (C*[0,T)* — (C*[0,11)*,

given by
7E>\,u) (Zv w) = E_IMA,M) (Zv ’UJ)

For M := max{ry,re, N7, N5}, consider the set
Q= {(z,w) € (C*([0,T]))* : [|(z,w)l| x> < M} (23)

By Claims 1 and 2, for all A\, u € [0,1], the degree d(I — T ),2,0) is well
defined and, by homotopy invariance,

d(I - 7EO,O)a Qa 0) = d(I - 7-(1,1)a Q’ 0) (24)

As the equation (2, w) = T(p0)(z,w), that is, the homogeneous system

~

w” (t) — w(t) =0,

with the periodic conditions (2), admits only the null solution, then £~! is well-
defined and, by degree theory,

d(I = T(0,0), €%, 0) = £1

By (24), d(I — T(1,1),€2,0) = £1. Therefore, the equation (z,w) = T(1,1)(z,w) has
at least one solution, that is, the auxiliary problem with A = p =1,

2(t) = 2(t) = f(t, 61(t, (1)), 62(t, w(t)), 2 (1), w'(t)) — 0 (¢, 2(2))
w'(t) = w(t) = g(t, 61(t, 2(t)), 62(t, w(t)), ' (), w'(t)) — 02(t, w(t)),

together with the boundary conditions (2), has at least one solution (24 (), w.(t)).
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Claim 4. The pair (z.(t), w.(t)) € X2, solution of the auziliary problem (18),
(2), for A= =1, is also a solution of the original problem (1), (2).

This Claim is proven if the solution (z.(t),w.(t)) satisfies
Q1) < 2u(t) < BUE), () < wa(t) < BO(H), WEE0,T).  (25)

Suppose, by contradiction, that there is ¢ € [0, T] such that z.(t) > £{(t), and
define

max {z.(t) — 57 (t)} := z(to) — 7 (o) > 0. (26)

t€[0,T]

If tg €]0, T, then (zx — BY) (to) = 0 and (2« — £Y)"(to) < 0. Then, by (18),
(26), (15) and (12), the following contradiction holds,

0> 2/(to) — (8)" (to)
= f(to, 91(to, 2«(t0)), 92(to, w(to)), 2 (t0), w'(to)) — d1(to, 2« (t0)) + 2«(to) — B (to)
f(to, B (to), 6a(to, w(to)), B (to), w'(to)) — BY(to) + 2«(to) — B7 (to)
£ (to, 87 (t0), 82(to, w(to)), B (to), w'(t0)) — B (to)
f(to, BY(to), BI(to), B (to), w' (ta)) — BY (to) > 0.
(27)

If to = 0 or tg = T, then (2« — ) (0) <0 and (2. — 8Y)/(T) > 0. By (13), (2)
and (14),

0> (22— AYY(0) = (2 — 1) (0) = 2.(T) — B,(0)
> 2(T) — B(T) = (= — BYY(T) >0,
’ (2 — BYY(0) = (2 — BYY(T) =0, (25)

and (z, — 8Y)"(tg) < 0. Therefore, we can apply the previous arguments to obtain
a similar contradiction, and so, z(t) < 8Y(¢).
Similar arguments can be used to prove the other inequalities in (25). O

Example 5. Consider the following system, fort € [0, 1],
2
10¢t,

L+ (w'(8)? (29)
W' (t) = —z(t) + 10w () — e O _ 30/ (¢) — 12¢,

2 (t) = 223(t) — w(t) + 32/ (t) —

10



together with the periodic boundary conditions (2).
The functions oy, B; : [0,1] = R, i = 1,2, given by

ai(t) =1+ 2t% — 23, ()

=6/5 — 2t2 + 2t3,
as(t) = 2t — 2t% Ba(t) =1—

3t + 3t2,
(1) wi(t)
— Bil(t) : — Bolt)

— &) : : — o)
: : : - : + t

o n n n n .t o
2 4 8 L 0.2 0.4 0.8 0.8 1.0

6

Figure 1: Orderless o, 8; functions, with ¢ = 1, 2.

are, respectively, lower and upper solutions of problem (29), (2), according to Def-
mition 3, with
al(t) = —8/27 + 2% — 213, BY(t) = 12/5 — 212 + 23,
a9(t) = —1/2 + 2t — 22, BI(t) = 2 — 3t + 3¢t2.

Remark that the lower and upper functions, shown in Figure 1, are not ordered,

as it is usual in the literature.
The above problem is a particular case of (1), (2), with T = 1, and where the
non-linearities, according to Definition 1, satisfy a Nagumo-type condition in the

set
(t? ZO,WO,Zl,wl) S [0, 1] X R4 :

S = —8/27 4 2t% — 213 < 2y < 12/5 — 2t* + 23, 3 |
—1/2+2t —2t* <wy < 2 — 3t + 3t

11



such that

‘f(t,z,w,zf’w/)‘§2|Z]3+w+3}z’}+‘1 5| +10]t]

<2x %+2+3\z’\+2+10

94

~ 5

lg(t, 2,0, 2/ w')| < |2 + 10 [w]® + ‘e(ZI)Q’ +3 || + 121

12
<€+10><23+1+3|w"+12

ﬂ+3\ | o= §()).

It is clear that functions @ and 1/1 satisfy (6).
As the assumptions of Theorem J are verified, then the system (29), (2) has,
at least, a solution (z*(t),w*(t)) € (C?[0,1])? such that
—8/27 + 2t2 — 213 < 2*(t) < 12/5 — 212 + 23, (30)
—1/2 42t — 2t* <w*(t) <2 -3t +3t%, Vte[0,1],
as shown in Figure 2.

'(t) w(t)

—"____'_‘—‘—'-—-—-_._._____________________._.--""

Figure 2: Shifted functions, af, 3%,i = 1,2, localizing the solution pair

(27 (t), w(t)).

4 Coupled forced Van der Pol oscillators

The equation for the damped harmonic motion is

2" (t) + pa'(t) + z(t) = 0.

12



Balthazar Van der Pol (1889 — 1959) modified the damped harmonic oscillator by
considering a negative quadratic term for the friction term to obtain self-sustained
oscillations. This modification resulted in the Van der Pol oscillator [19, 20], which
can be represented by the following equation,

2" (t) — e(1 — 22(t)2’ (t) + z(t) = 0,

where z(t) is the time-dependent variable and —e(1 — 2%(¢)) is the non-linear
damping term, with € > 0.

A variant of this problem can be thought of, by coupling two Van der Pol
oscillators. We consider the following system, for ¢ € [0, 77,

w” (t) = w'(t)(Ay — Baw?(t)) — Cow(t) + Dy arctan(FEow(t) — Foz(t)) + Go cos(t)
(31)
with A;, B;,C;, D;, F; > 0 and E;,G; € R, i = 1,2, together with the periodic
boundary conditions (2).
The terms D;tanh(F1z(t) — Fiw(t)) and Dy arctan(FEaow(t) — Fyz(t)) corre-
spond, respectively, to each coupling and Gjcos(t) is a time-dependent periodic
forcing. We chose T' =1 and the parameter set

{z" t) = 2/(t)(Ay — B12%(t)) — C12(t) + Dy tanh(E; 2(t) — Fiw(t)) + G1 cos(t)

A=1 By =05 Cr=1 D=6 =3 =2 Gy =1,
A =1 By =0.5 Cy=1 Dy =38 Ey =2 =1 Gy = —1.

(32)
The functions o, 5; : [0,1] — R, i = 1,2, given by
al(t):_l+t_t27 Bl(t)zl_t2/2+t3/27
o(t) = =3/4+t —t2, Ba(t) =1 —t2 + 13,

are, respectively, lower and upper solutions of problem (31), (2), with the numerical
values (32) according to Definition 3, with

a(t)=—5/4+t—t2 Bt) =2 —t2/2 +13/2,
a(t) = -1+t —t2 BIt) =2 — 12 + 3.

The functions f and g verify the monotonicity requirements and the Nagumo-
type condition of Definition 1 in the set

(t, 20, wo, 21, wy) € [0,1] x R*:
S* = —5/44+t—t2 <2 <2-t2/2+13/2, 3,
—14t—t?<wy<2—t>+1t3

13



with
f(t, 20, w0, 21, w1) < |21] (14 0.5|20]) + |20] + 6] tanh(3z9 — 2wq)| + | cos(?)]
<3lz1] + 9 = " (|21))s
g(t, z0, wo, 21, w1) < Jwi| (1 + ().5|w0|2) + |wo| + 8| arctan(2wg — zo)| + | cos(t)|
< 3lwi| + 3+ 4m == P (Jwi]).

(1) w(t)

E_ —
— B f
— ) |
0 0.4 0.8 0.8 1.I3t 3: I :I.IE 3.'4 :I.If 3.'3 I 1.'3
-1+ _,-______———_'_'______'_'_———______
L —— L
Figure 3: Shifted functions, af, 3%.i = 1,2, localizing the solution pair

(27 (t), w ().

As all the assumptions of Theorem 4 are verified, then there is at least a
periodic solution for the system of two coupled forced Van der Pol oscilators (31)
with the periodic boundary conditions (2), and the parameter set of values (32).
Moreover, remark that, from (31) and (32), this solution is a non-trivial one.

Figure 3 shows the shifted functions that localize existing periodic solutions in
the system (31), (2), with parameter values (32).

5 Conclusions

When reviewing the literature, one realizes that there are several attempts to
find periodic solutions in second-order differential problems. However, either pe-
riodicity requirements are made [7, 8], or approximated solutions are presented
[10, 11, 12], or the problem does not present complete non-linearities [9].

In this work we present a general second-order differential coupled system,
with dependencies on both variables, z,w, their derivatives, z’,w’, and on time,
t. We provide sufficient conditions to prove the existence of periodic solutions for
problem (1), (2) without assuming any type of periodicity in the non-linearities.

To localize an existing periodic solution, no order requirement is made be-
tween lower and upper solutions. Therefore, we increase the range of possibilities
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when considering well-ordered and not well-ordered localizing functions «;, 5;, see
Example 5.

Our methodology is successfully applied to a system of coupled Van der Pol
oscillators with forcing terms. Under the conditions of the main result, Theorem
4, we prove the existence of a periodic solution for problem (1), (2), and local-
ize it within a strip bounded by shifted lower and upper solutions a?, B?, whose
requirements follow Definition 3.

When applying Theorem 4 to a specific second-order system, one must verify
that the non-linearities satisfy the Nagumo-type condition of Definition 1, as well
as the required monotonicities. Note that Theorem 4 does not guarantee the
existence of a non-trivial solution. That guarantee arises with the nature of the
system in study, i.e., whether if it allows for constant solutions or not.

As we deal with a generalized system, our study has applicability in several real-
case scenarios in Nature, and it can be an important tool for other mathematical
problems.
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