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In the non-re�exive formulation of quantum physics, attention is given to a metaphysical view of

quantum objects (q-objects) as non-individuals, characterised as entities to which the standard notion

of identity lacks sense. The reference to the nature of q-objects is usually omitted in other

interpretations and the most we can �nd is some vague reference to “to each [quantum] system we

associate a Hilbert space”, and nothing more is said about them; we need to infer from the theory their

characteristics, and it gives us several alternatives. One of them, to be justi�ed here in broad aspects,

is the non-individual view. It is important to enlighten that we are not trying to just �nd a way to deal

with quantum entities but to defend a possible ontology of non-individuals, which can be applied also

to ‘particles’ arising from quantum �elds. Our account is based on two assumptions: (i) the ‘classical

theory of identity’ does not apply to q-objects, and (ii) their non-individuality must be attributed from

the start, that is, as a primitive notion and not ‘made a posteriori’ say by assuming symmetry

principles. The underlying logic is called non-re�exive because the re�exive law of identity 

 is supposed not to hold for q-objects. Since all the details demand a lot of space, here we

only sketch and justify our view. The references provide a more detailed account.

“All physics is steeped in metaphysics.”

Mario Castagnino, Argentinian physicist

“I beg to emphasise this and I beg you to believe it. It is not a question of our being able to

ascertain the identity in some instances and not being able to do so in others. It is beyond

doubt that the question of ‘sameness’, of identity [of elementary particles] really and truly
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has no meaning.”

Erwin Schrödinger[1], pp. 121–122]

“[the] non-individuality [of elementary particles] must be attributed right at the start.”

Heinz Post[2]

“No logic can be imposed a priori to our systematisations.”

Newton da Costa[3], p.140]

1. Introduction

In the foreword of Max Jammer’s book ‘Concepts of Space’, Einstein made the following remark (my

emphases):

“The eyes of the scientist are directed upon those phenomena which are accessible to

observation, upon their apperception and conceptual formulation. In the attempt to

achieve a conceptual formulation of the confusingly immense body of observational

data, the scientist makes use of a whole arsenal of concepts which he imbibed practically

with his mother’s milk; and seldom if ever is he aware of the eternally problematic

character of his concepts. He uses this conceptual material, or, speaking more exactly,

these conceptual tools of thought, as something obviously, immutably given; something

having an objective value of truth which is hardly ever, and in any case not seriously, to be

doubted. How could he do otherwise? How would the ascent of a mountain be possible, if

the use of hands, legs, and tools had to be sanctioned step by step on the basis of the

science of mechanics? And yet in the interests of science it is necessary over and over again

to engage in the critique of these fundamental concepts, in order that we may not

unconsciously be ruled by them. This becomes evident especially in those situations

involving development of ideas in which the consistent use of the traditional

fundamental concepts leads us to paradoxes dif�cult to resolve.”[4], pp.18-19]

It is beyond doubt that one of these ‘imbibed with the mother’s milk’ concepts are those of identity and

countability, being identity essential for countability.1 Even in the case of a non-denumerable collection

of things, in order to ‘count’ them, standardly we need to provide bijections, which presuppose the

identity of their elements.
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In quantum physics we do not deal with such a huge number of entities (an in�nite quantity of things),

but generally with just a �nite number of them, although, sometimes, a huge number. But, even in this

realm, some philosophers think that in order to attribute a number expressing a quantity of things (a

cardinal to a set of things), say to the electrons in a neutral Sodium atom, we need that they can be

discerned from one each other, that is, that they have identity[5][6][7].

But things cannot be taken so naively. In the electronic distribution of electrons in an atom, we consider

the solutions of the Schrödinger Equation (the wave-functions) obeying conditions imposed by the

potential in order to get the quantum numbers. These numbers, as well-known, provide the distribution of

the electrons in the electronic levels without particular individualisation of the electrons. That is, what is

taken into account is that the relevant things are entities of a kind (namely, electrons) and that they come

in certain quantities.2 No identity is presupposed, if by this term we understand that the electrons can be

identi�ed particularly (see[8], Chap.10]). Notice that even obeying Pauli’s Exclusion Principle, which

implies that no two electrons can share all the same quantum numbers, we are unable to specify which is

which. As Dalla Chiara and Toraldo di Francia have said, the quantum realm is a land of anonymity, where

proper names do not act as rigid designators[9] (see also[10]): if we call an electron ‘Peter’, this name will

not identify the same electron again in other situations.

Bosons pose a still stronger way to challenge the standard notion of identity: in some situations, such as

in a Bose-Einstein Condensate, a really great number of bosons behave in just one way, forming a Giant

Matter Wave[11];3 all the bosons behave as just one thing, sharing all their quantum numbers, so being

completely indiscernible from one each other; no differences exist, something that would be a fact if the

standard theory of identity applies to them. I think that nowadays no one questions the existence of

entities that cannot be put apart or then, even if put apart, as in some ‘practical situations’ (see below),

one is not able to tell which is which in a way that the identi�cation remains in other contexts – call the

two electrons in a neutral Helium atom ‘Mike’ and ‘Ike’. It is impossible to state ‘this is Mike’ and ‘that is

Ike’; as emphasised by Hermann Weyl, we cannot �nd an alibi for electrons[12], p.241].

Notwithstanding, our logic and our mathematics are grounded on a ‘Leibnizian’ idea that in being more

than one, the entities, whatever they are, must present some difference, either if we know it or not. In

buying this idea, even if the distinguishing properties are unknown, we buy also the existence of some

kind of hidden variables which could provide the distinctions. Consequently, in considering a

metaphysical view according to which quantum entities are devoid of identity conditions, it would be

interesting to �nd a compatible logic and mathematics in order to express this (to me) unavoidable

qeios.com doi.org/10.32388/NCXO2K 3

https://www.qeios.com/
https://doi.org/10.32388/NCXO2K


quantum fact which, in my opinion, does not assume the existence of discerning properties (by the way,

this would be against, say, the Bose-Einstein statistics — despite the claims of some, such as van

Fraassen, that this is not so[13], chaps.11,12].4 This is the motto of the non-re�exive formulation of

quantum mechanics (NRFQM).

Thus, summing up, the NRFQM is grounded on two main lines: (1) in certain situations, we cannot

attribute standard identity (given by the Standard Theory of Identity, STI) to quantum objects. This

seems to be consonant with Schrödinger’s view put in the epigraph, although he was not clear about the

meaning of the word ‘identity’. At that time, Schrödinger was speaking of orthodox quantum mechanics,

but it is easy to extend the idea to the ‘particles’ in quantum �eld theories; (2) the absence of identity

makes things non-individuals. Thus the second guideline: according to the philosopher of physics Heinz

Post, this non-individuality should be attributed to the entities “right from the start”[2], and not made a

posteriori as usually done (see below).

The lack of identity is related to the problem of individuation. But we do not superpose these notions; we

are with Hume when he says that “one single object conveys the idea of unity, not that of identity”[14],

p.200]. ‘Individuation’ needs to be discerned also from ‘isolation’ or ‘identi�cation’; something can be

isolated, say in a quantum trap, but this does not make it an individual so as it does not provide it an

identity. We shall need to qualify this claim, which we do below.

So, this paper is organised as follows. In the next section, we show how the standard theory of identity

(STI) encompassed by classical logic and by the standard mathematics entails that every object (that

obeys STI) is an individual. So, in assuming the above metaphysics that quantum entities can be viewed

as non-individuals,5 we can put classical logic in question and this motivates the introduction of non-

re�exive logics.

The subsequent section introduces the main ideas of a non-re�exive ‘set’ theory, termed quasi-set theory

termed ‘ ’, which grounds the development of a formulation of quantum mechanics in  -spaces, a kind

of Fock spaces where there are no label for the considered entities, so avoiding the trick of assuming the

identity and then going back and pretending that the entities are indistinguishable.

Due to the limitations of space, we cannot go into the details, to which we recommend the works in the

References. The paper ends with some Conclusions.

Q Q
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2 The Standard Theory of Identity, STI

Classical logic and standard mathematics (we assume the mathematics that can be founded in the ZF set

theory) are ‘Leibnizian’ in the sense that whatever two objects present some difference.6 We say that an

object does have identity if it obeys STI to be formalised soon. In terms of sets, it is easy to grasp the

intuition; being    and    with  , then the unitary sets    and  , seen as the extensions of two

properties   and   (the ‘identities’ of   and   respectively, de�ned as  ), grant that there

are discerning properties (we shall be using this example below). In order to attribute the cardinal   to the

set  , we need that its elements are different so that the bijection    does exist, being 

 the von Neumann’s cardinal ‘two’.

This can be generalised for any quantity   of objects (   is �nite from now on). Some philosophers say

that the distinguishing properties should not involve either the equality symbol or individual

constants[15]. But in ZF we can de�ne, as above, for any  , the predicate    and this

condition is ful�lled, showing that in any realm described by a theory like ZF, every object has identity.

STI is formulated in �rst-order predicate logic taking ‘ ’ as a primitive binary predicate symbol

subjected to the axioms of re�exivity   and substituvity,  , being 

 a formula with   free and   got from substituting   in some free occurrences of   in  . From

these postulates, one can prove that ‘ ’ is also symmetric and transitive.

In some situations, the predicate ‘ ’ can be de�ned if we �nd a formula   in two free variables so

that we can put   so that the above conditions can be obtained. This is the case with set

theories, but we shall not enter the details[16], Chap.1]). In higher-order languages, we can de�ne identity

by Leibniz Law; let us exemplify with a second-order language. Being   and   individual variable and   a

variable for predicates, then we put  . This is essentially Whitehead and

Russell’s de�nition in their Principia Mathematica[17], §*13].

The semantics is usual, made in a theory like ZF. Considering �rst-order languages, there is a non-empty

domain   so that the predicate of equality is interpreted in the identity of   (or the diagonal of  , namely,

the set  . But there is a challenge in this �rst-order schema; as exempli�ed in[18],

there are elementary equivalent structures which also interpret our language and where the equality sign

is not associated to the diagonal of the domain. So, we can say that, from the point of view of a �rst-order

language, we never know whether we are dealing with individuals (elements of  ) or with collections of

a b a ≠ b {a} {b}

Ia Ib a b (x) ≔ x ∈ {y}Iy

2

{a, b} f : 2 → {a, b}

2 = {0, 1}

n n

y (x) ≔ x ∈ {y}Iy

=

∀x(x = x) ∀x∀y(x = y → (α(x) ↔ α(y))

α(x) x α(y) y x α(x)

=

= α(x, y)

x = y ≔ α(x, y)

x y F

x = y ≔ ∀F(F(x) ↔ F(y))

D D D

= {⟨x, x⟩ : x ∈ D}ΔD

D
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them. In other words, �rst-order languages cannot �x the diagonal or, saying with other words, do not

de�ne (standard) identity.

So, we have this: in a set-theoretical ‘standard’ (that is, grounded on classical logic) framework, such as

ZF, every object can be discerned from any other, and this can be done absolutely, that is, using a monadic

predicate:7 they are individuals and cannot be completely indistinguishable (call entities of this kind

‘indiscernible’).8 Important to realise that we informally say that something is an individual if obeys the

following two conditions: (1) it is a one-of-a-kind, a person, a cat, and (2) it can be re-identi�ed as such in

different contexts; the person we see now is that person we met yesterday. This second condition is

precisely what quantum entities lack, so as portions of water and other kinds of natural kinds[19]. But

these conditions are ful�lled for any object obeying STI; see the section 4 below.

We can mimic indiscernible things employing some tricks made within ZF, say by considering deformable

structures. These are set-theoretical structures encompassing automorphisms other than the identity

function. For instance, the natural numbers    and    are indiscernible within the structure of the

additive group of the integers   since the application    is an automorphism of this

structure.

Within a deformable (or not-rigid) structure, things can look as if they were indiscernible as in the so-

called Permutation Models in a set theory with atoms, where atoms are made to mimic indistinguishable

elements (see the mentioned references). But this is no more than a subterfuge since every ZF-structure

can be extended to a rigid of not-deformable structure, including the permutation models.9 In a rigid

structure, the only automorphism is the identity function, so an object is indiscernible only from itself.

For instance, we can rigidify    by adding the usual ordering ‘ ’ to the structure. In the same vein,

permutation models treat atoms as indiscernible only inside the models, but they are distinct when seen

from the whole universe of ZFA. It can be proven that the ‘whole universe of sets’, captured by the idea of

the cumulative hierarchy  , is rigid[20], p.66]. So, leaving the structures for broad ones, we

realise that in the universe of standard sets, everything is an individual.10

Important to notice that the above holds for any other theory of sets such as NBG (von Neumann-

Bernays-Gödel), KM (Kelley-Morse) and many others.

2 −2

Z = ⟨Z, +⟩ h(x) = −x

Z <

V = ⟨V , ∈⟩
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3. Non-re�exive logics

The term ‘non-re�exive’ comes from the violation of the Principle of Identity in �rst-order logic (PI-FOL) 

 once it is assumed that it does not hold for all objects of the domain. This does not mean that

there are objects which are not identical to themselves, but that expressions of the form ‘ ’ have no

meaning for some entities. Since the referred principle is also called the Re�exive Law of Identity, the

name arises.

So, we de�ne non-re�exive logics as those systems that depart from STI in some aspect, even at the

propositional level, where the Principle of Identity is written as ‘ ’, being   a propositional variable

(for a system violating it, see[21]). We can also consider the violation of the self-deduction   in non-

re�exive systems[22]. But it will be with PI-FOL that we shall be occupied here.

The history of non-re�exive logics can be traced back to the beginning of the 20th century when some

scholars have questioned the Principle of Identity in some way, including the Aristotelian ‘ ’, being

‘is’ the ‘is’ of identity[23], although this mentioned paper just discuss the issue without presenting a well-

articulated logical system. The �rst non-re�exive logic was proposed by Newton da Costa in 1980[3],

pp.117ff]. It is a �rst-order two-sorted system draw to deal with two kinds of entities, those of kinds 1 and

2. To the entities of kind 1, the expressions of the form ‘ ’ are not well-formed. The inspiration was

to show that any logical principle can be questioned by a reasonable logical system where it does not

hold; so, in da Costa’s system,   is not universally valid. This logic was extended to higher-order

systems by the present author[24][25]  (see[26][27]) and to set-theory with the formulation of a theory of

quasi-sets which are collections of entities to some of which STI does not hold[28][29][30]. A quasi-set (qset)

is a collection of entities such that to some of them STI does not hold; a qset may have a cardinal, its

quasi-cardinal, but no ordinal is associated to it. We sketch the main lines of this theory below since it

grounds the NRFQM.

The basic idea of the higher-order Schrödinger logics is to provide a way to de�ne identity by Leibniz

Law and to consider indistinguishability as the agreement concerning all properties, without any

commitment to other things than properties and relations. That is, any form of substratum, haecceity and

so on is avoided. We are within the scope of the Bundle Theories of Individuation[31].

But we face a problem. In de�ning identity by Leibniz Law, we become committed with all properties in

the range of the universal quanti�er. The same would happen with a de�nition of indiscernibility put in

∀x(x = x)

x = y

p → p p

A ⊢ A

AisA

x = y

∀x(x = x)
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the same way:    and there would not exist any differences between these

notions. The solution is to ground a semantics in the theory of quasi-sets, leaving identity holding for

‘classical’ objects but not for those which will represent quanta, and indiscernibility holding for all

objects, with the proviso that   does not entail  .

As a consequence, we get interesting results we just refer to: we may have predicates, standing for

intensions, which may have several ‘distinct’ extensions, something unimaginable in standard accounts.

But such a fact shows that ideas such as those of Dalla Chiara and Toraldo di Francia in that the quantum

world is a world of intensions, get a formal description. As they say, the predicate ‘to be a collection with

two electrons’ can be realised (have extensions) of different kinds (‘different’ collections of electrons).

This emphasises the importance of considering intensions in the quantum realm. The details are

presented in[27][29].

But before going there, let us summarise the main motivation for our approach. After this, we advance

some hints about the theory of quasi-sets.

4. Individuals and non-individuals

As anticipated earlier, the rough idea of an individual is the following: an individual is something that is a

unity of a kind such as a chair or a person. But, fundamentally, they enable re-identi�ability, that is, an

individual can be recognised as such (as that individual) in different contexts. Julius Caesar was an

individual, being just one person and the same person either when passing the Rubicon, �ghting Pompey

and staying with Cleopatra. Jonathan Lowe has a similar characterisation of this notion, and says that

portions of water, for instance, are not individuals since they do not preserve the second condition[19];

when a cup of water is spilt in the sea, we no more will be able to identify ‘our’ portion of water again. The

same happens with electrons after ionisation, when a neutral atom loses an electron in order to turn a

cation; the expunged electron cannot be identi�ed anymore, if there is a sense to say that it had an

identity before (see below). This applies also to any quantum entity put in a trap; while in the trap, it can

be said to be isolated or individuated, but not that it acquires an identity since it lacks re-identi�ability.

Persons, chairs and all the usual objects of our surroundings are supposed to be individuals, although

there are disputes even concerning them. David Hume, for instance, suggested the re-identi�cation is

something we make due to the habit, “[a] principle which determines me to expect the same for the

future”[14], p.265, and Book I, passim], my emphasis. It seems that quantum entities, such as electrons,

x ≡ y ≔ ∀F(F(x) ↔ F(y))

x ≡ y x = y
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protons and so on lack the re-identi�ability condition. Without entering the discussion about what are

these entities precisely, since every particular theory has its own way of describing them,11 we can

consider that this seems to make complete sense; Schrödinger, for instance, said that

If I observe a particle here and now and observe a similar one a moment later at a place very

near the former place, not only cannot I be sure whether it is ’the same’, but this statement

has no absolute meaning. This seems to be absurd. For we are so used to thinking that at

every moment between the two observations the �rst particle must have been somewhere,

it must have followed a path, whether we know it or not. And similarly, the second particle

must have come from somewhere, it must have been somewhere at the moment of our �rst

observation. So in principle, it must be decided, or decidable, whether these two paths are

the same or not—and thus whether it is the same particle. In other words, we assume—

following a habit of thought that applies to palpable objects—that we could have kept our

particle under continuous observation, thereby ascertaining its identity.[1], p.131]

Hermann Weyl also gave his pronunciation about the fact that quantum entities would not conform to

the idea of individuals and called them precisely ‘non-individuals’, entities “without identity”[32], App.B].

Other important physicists who expressed the same feelings were Max Born and Werner Heisenberg

(see[29] for the historical details).

These people used to say that these quantum entities have lost their identities, but in our point of view,

nothing can lose what it lacks.12 Quantum entities can be discerned from others in certain situations as

being of different kinds (say electrons and protons) or even when they are of the same kind but are, say,

located in different laboratories. But this is different from saying that they are different, this notion

coming from STI, since this would entail that there is a property of one of them which is not shared by

the other. Yes, you may be thinking of the spatial location, so let us consider this case. Let our two q-

objects of the same kind (say two electrons) be located in Lab 1 and Lab 2 which are in different cities.

Then we can describe the state of the �rst q-object by a wave-function   and the state of the other by 

. This seems to distinguish them, but not. When we consider the join system, and we are doing that

once we are speaking of both of them, the state of the system q-objects 1 and 2 is given by an anti-

symmetric state of the form  , being   a normalisation factor. In such a

situation, despite the fact they obey Pauli’s Principle, we cannot say which is which, so there is no precise

sense in constructing a bijection from the collection of the two q-objects in the cardinal    (see the

ψ1

ψ2

| ⟩ = A(| ⟩ | ⟩ − | ⟩ | ⟩)ψ12 ψ1 ψ2 ψ2 ψ1 A

2
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section 6.1 below). In fact, the value of    involves an interference term which only for practical

purposes can be dispensed with. Simply to eliminate it is a logical mistake similar to ignore the

in�nitesimals in the earlier calculus of Newton and Leibniz without going to Non-Standard Analysis; for a

discussion on this speci�c topic, see[33][34].

Suppose we have a collection of such entities, that is, entities to which we cannot say that they are equal

or different, but which count as more than one. Typical physically accepted cases are bosons in bosonic

condensates and even fermions in entangled states, which despite differing in something (usually in

their values of spin) due to Pauli’s Exclusion Principle, do not enable us to say ‘this is Peter’ and ‘this is

Paul’. There is no ‘which-is-which’ in the quantum world. The question is how we can associate a

quantity (a cardinal) with such a collection. Usually, a cardinal is a kind of ordinal[20] so it seems that we

need to accept �rst that the elements of our collection can be ordered, hence discerned from one another.

But this is not necessarily so as we shall see below.

5. Quasi-sets

It is time to make some general remarks about the theory of quasi-sets,  . A quasi-set (qset) generalises

the notion of a standard set of a chosen theory (we take ZFA) enabling two kinds of atoms; those that

obey ZFA are called ‘M-atoms’, and those which do not are the ‘m-atoms’; primitive monadic predicates 

 and   are assumed to express that. The second ones are drawn to mimic quantum non-individuals, so

the identity of STI does not hold for them: if either   or   stand for an m-atom, then expressions such as ‘

’ are not well-formed formulas.

A primitive binary relation ‘ ’ of ‘indistinguishability’ is assumed as primitive, having the properties of

an equivalence relation, but it is not a congruence, and this makes its difference to identity. A qset is

something that is neither an m-atom nor an M-atom, obeying a de�ned predicate    put as 

. A de�ned notion of extensional identity, ‘ ’ is assumed to hold for M-atoms

that belong to the same qsets or to qsets having the same elements (all of this is expressed in the

language of the theory, as exposed in[30]). This extensional identity has all the properties of standard

identity for the objects it applies, termed ‘classical’. In this ‘classical part’ of the theory, we can develop all

mathematics that can be built in ZFA.

Even devoid of identity conditions, those entities represented by the m-atoms can appear in ‘species’, or

‘kinds’ since we can attribute them properties; so we can speak of ‘electrons’, ‘protons’, and so on. But

∥ ∥ψ12
2

Q

M m

x y

x = y

≡

Q

Q(x) ≔ ¬m(x) ∧ ¬M(x) =E
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even those of the same kind can be assumed not to be ‘completely’ indiscernible from one another. As we

have anticipated above, the attribute ‘to be an electron of a collection of two electrons’ can be

paraphrased in the theory by a formula of the form ‘  is a m-atom that has this and that characteristic

and belongs to a qset whose quasi-cardinality (see below) is two’. The ‘this and that’ copes with the

properties of electrons, such as a certain mass, a certain electric charge, etc and we know already that this

predicate may have several extensions. The important thing is that even belonging to qsets of different

natures (say one having other kinds of m-atoms as elements), the elements are such that they can be

‘permuted’ without altering the resulting collections. Let me explain.

In a certain way, we distinguish among m-atoms that belong to speci�c qsets but we cannot say that they

do have identity or that they are individuals, since the theory is such that if some m-atom of a qset is

substituted in some way (in the theory, by the ‘qset-operations’) by some ‘other’ indiscernible m-atom,

the resulting qset will be indiscernible from the former (they will partake the relation of indiscernibility)

— see[29], §7.2.6]. Notice that this is what happens if we take a neutral Helium atom and make ionisation,

getting a cation He+. The realised electron is lost and even if we capture ‘another’ electron, we will never

be able to say that the captured electron is that which was realised nor that the new neutral atom ‘is the

same’ as the original one. A principle such as the Axiom of Extensionality of ZFA does not hold here in

full (but just for ‘classical’ things).

One of the core ideas is that of quasi-cardinality. The idea is to be able to associate to a qset (let us take a

qset with   indiscernible m-atoms a natural number   expressing its quasi-cardinal. But in order to avoid

the identi�cation of the elements, it is adequate that the natural number is not an ordinal, that is, it is not

taken from the model of the arithmetics that we can �nd in  . In order to give a sense to this idea, we

proceed as follows.

Let us consider the theory    and denote by    the qsets, some of them having absolutely

indiscernible m-atoms as elements, and let   be a natural number. In short, we de�ne the notion of ‘the

quasi-cardinal of the set   is the natural number  ’ as follows — see[35] for details. Let PA1 the �rst-order

Peano arithmetics formalized with a signature  . Let  ’ =   + PA1, meaning that

we add the vocabulary of PA1 and its axioms to  . Notice (again) that we are not taking a model of PA1

there may exist in  , but we are considering that the arithmetics runs in parallel with  , in the same

sense that the theory of �elds can ‘runs in parallel’ with the theory of vector spaces and group theory can

run in parallel with the theory of vector spaces in representation theory. So, the natural numbers to be

x

n n

Q

Q x, y, z, …

n

x n

S = ⟨0, s, +, ⋅; 0, 1, 2, 2⟩ Q Q

Q

Q Q
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attributed to the sets of   are not taken from the set theory itself (that is, from the model of PA1), so they

are not ordinals.

Let 0,1,2,…,  stand in  ’ for the corresponding natural numbers, where  ,   and so on; this

can be done by adding new individual constants to the language of  . Thus, in saying that a set   has a

quasi-cardinal  , we write   in the language of  ’. With this move, we can say that the set   has a

cardinal   without committing it with any ordination of its elements.13

Thus we can attribute a quasi-cardinal to a qset without ‘counting’ its elements, just by positing a natural

number to the collection by a way provided by the physical theory, as in the case of the electrons in the

orbitals. For instance, chemistry teaches us that in the second energy level of an atom there can be eight

electrons and the theory simply make reference to the number of electrons there. For some details, see

again[34].

Notice that there is no counting process if by this we understand a process which could be like this: ‘Peter

and Paul, go to level 1s’, ‘Sarah, go to the second level’, and so on. No, it is not this way that things happen

as we have seen.

Quasi-set theory can be developed as a mathematical theory, but the interesting fact is its use to ground a

formulation of quantum theory that avoids the use of particle labels. Let us have a look on the main ideas.

6. A glimpse on a non-re�exive quantum theory

Finally, having (so I hope) justi�ed the reasons to adopt a non-re�exive formulation of quantum physics,

let us brie�y sketch how to approach quantum theory. The details can be seen in[36][37][30]. Let me

emphasise that the main reasons are two: (1) to follow Schrödinger’s view that identity (here taken from

STI) does not apply to quantum entities and (2) that their indiscernibility is to be assumed ‘right from the

start’ and not made by hand when some mathematical trick is done within a standard set theory.14

In the standard formalism via Hilbert spaces, it is assumed that quantum systems, when described

jointly, are subjected to two types of pure states,15 So, ‘state’ here means ‘pure state’ (but see the

subsection 6.1), the other being considered as surplus structures, that is, as something that can be written

in the formalism but are never realised since they would correspond to nothing in the real world[38]. The

only admissible states are either symmetric, which hold for bosons or anti-symmetric, which are states of

fermions. The Spin-Statistics Theorem says that the particles with entire spin are bosons and obey Bose-

Einstein statistics while particles with half spin are fermions and obey Fermi-Dirac statistics; the

S

n Q 1 ≔ s0 2 ≔ ss0

Q x

n qc(x, n) Q x

n
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Symmetrization Postulate states that the states of a system containing    particles of the same kind

(which physicists term ‘identical’) are either symmetric or anti-symmetric with respect to any

permutation of the particle labels[39], p.595]. The labels are introduced due to the nature of the language,

which is a language of individuals endowed with identity conditions, so that permutation conditions

need to be assumed in order to pretend that they have no individuality, that is, that an exchange of labels

do not alter the results. The language to be presented now, which grounds NRFQM does not need such a

trick and the symmetry conditions arise ‘naturally’. In the above-mentioned papers, it is shown how we

can construct a quantum theory (NRQM for ‘non-re�exive quantum mechanics’) by means of a Fock

space formalism which considers the notion of indistinguishability as a primitive notion and not

introduced a posteriori as usually made, when the physicist assumes that only symmetric and anti-

symmetric states are viable for quantum systems, that is, by using standard languages and logic and

distinguishing q-objects by attributing them labels such as ‘1’, ‘2’ and them assuming symmetry

conditions; for instance, the Hamiltonian for the two electrons in a Helium atom is usually written

which is invariant by the permutation of the labels ‘1’ and ‘2’. As Eugen Merzbacher says,

“The coordinates of the electrons are labelled 1 and 2 under the provisional assumption

that the particles are in principle distinguishable. Of course, we know that this assumption

is false but (…) with this assumption we can obtain the entire spectrum of the two-electron

system.”[40], pp.442-3], my emphasis

Thus, the NRQM approach departs from the standards and it is in this point that it gains its advantages.

The mathematical basis is the theory  . Two ‘Q-spaces’ are build, one for bosons and another for

fermions. Basically, they differ relatively to the inner product where odd and even permutations are used

to simulate anti-symmetric and symmetric situations. Particles are not labelled in any step of the formal

construction. This is possible because these spaces are constructed using the non classical part of  ,

where we may refer to intrinsically indistinguishable entities. Vectors in these spaces are only

distinguished by the occupation number in each (energy) level. With these tools and using the language of 

, the formalism of quantum mechanics may be completely rewritten giving a straightforward answer to

the problem of giving a formulation of quantum mechanics in which intrinsic indistinguishability is

taken into account from the beginning, without arti�cially introducing extra postulates.

n

H = ( − ) + ( − )
−ℏ

2

2m
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2e2
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−ℏ
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As Domemech et al. have said in their �nal discussion,

“We have shown that it is possible to construct the quantum mechanical formalism for

indistinguishable particles without labelling them in any step. To do so, we have built a

vector space with the inner product, the Q-space, using the non-classical part of  (…).

Vectors in Q-space refer only to occupation numbers and permutation operators act as the

identity operator, re�ecting in the formalism the fact of unobservability of permutations,

already expressed in terms of the formalism of  [29]. We have also argued that it is useful

to represent operators (which are intended to represent observable quantities) as

combinations of creator and annihilation operators, in order to avoid particle indexation in

the expression of observable quantities. We have shown that creation and annihilation

operators which act on Q-space can be constructed. We have proved that they obey the

usual commutation and anti-commutation relations for bosons and fermions respectively,

and this means that our construction is equivalent to that of the Fock-space formulation of

quantum mechanics. (…) this implies that we can recover the n-particles wave equation

using Q-space in the same way as in the standard theory. Though both formulations are

equivalent ‘for all practical purposes’, when subjected to careful analysis, the conceptual

difference turns very important. Our construction avoids the LTPSF [Redhead and Teller’s

‘Labelled Tensor Product Space Formalism’[38]] by constructing the state spaces using  , a

theory which can deal with truly indistinguishable entities, and so, it gives an alternative

(and radical) answer to the problems posed in[38], so as (we guess) answers Manin’s

problem posed in[41]; Yuri Manin proposed the development of a ‘new theory of sets’ to

cope with collections of quanta, and   is a serious candidate for taking such a place].

This last point seems remarkable, for our construction incorporates intrinsical

indistinguishability from the beginning. Thus, our approach ful�ls not only Post’s claim

already mentioned [namely, that the non-individuality of quanta should be ascribed ‘right

from the start’], but also both Manin’s claim that we should �nd an adequate ‘set theory’

for expressing collections of indistinguishable quanta (…)”

6.1. An alternative view

Of course, there are alternatives to the treatment of indistinguishable quantum entities. Bohmian

mechanics treats them as individuals endowed with identity conditions, and when considering ‘identical

Q

Q

Q

Q
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quanta’ (in the physicist’s jargon), the theory uses permutation symmetries as well (see[42], §6.1.4] for

seeing the trick).

Dennis Dieks and Andrea Lubberdink also proposed to interpret quantum entities as emergent from

certain quantum states[43][44]. To them, the primitive notion is that of state, and in some situations, the

entities are so apart that can be treated as they were individuals obeying classical physics and hence the

mathematics could be the usual (say, grounded in ZFC). With such a move, they are ignoring the

interference terms that appear when we take the square of the wave-function in order to get the

probabilities once, as they say, in general, these values can be neglected. As they say, this is in accordance

with the practice of physics, and really physicists seem to act this way. Only when suf�ciently close do the

entities mix in a way that their states cannot be put apart, as when the state is entangled. In this case,

they say, we can assume quantum entities as non-individuals.

So, there are two situations to be referred to. The �rst is that Dieks and Lubberdink don’t get rid of non-

individuals, accepting them in certain situations. The second point is that, as said above, they ignore the

interference terms; this can be useful for the physicist, but not for someone occupied with logical

foundations. As suggested above, disregarding the interference terms could be compared with the

disregarding of in�nitesimals in the old in�nitesimal calculus. As pointed out ever since Berkeley in his

The Analyst, from 1734, this leads to a logical contradiction, so we can guess that the physicist’s action

does it too, despite we can work as an engineer does when using ‘in�nitesimal elements of volume’.

Within certain approximations, it works and for the applications, this may be enough. So, duly quali�ed,

we see their ‘Alternative View’ as complementary to ours (termed the ‘Received View’ — see[29][45] for an

exposition), and not as a competing one[34].

7. The challenge of the ‘physical properties’

From the philosophical and logical foundational analysis to which we are dedicated, it is important to

consider that some philosophers guess (truly, they af�rm this categorically!) that the distinguishing

properties, that is, those properties that could lead to a distinction among quanta would be ‘physical’, and

we suppose we can say that they get rid the ‘purely logical’ ones. In this section, we shall consider this

possibility.

First of all, we need to say what it to be ‘physical’ concerning some property.161616Notice that we are

proposing a logical analysis of the situation, and not a physical one. In this second sense, a good
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discussion is in[46], Chap.2]; see also[33] where the authors take the motivations from Bridgman. Let us

use   for variables for properties of individuals (that is, they have type  , where the individuals

have type  ); the individuals (basic entities in the logical sense) are denoted by  . Furthermore, let us

take a constant predicate   of order  . Notice that, in being a constant predicate, we shall not quantify

over it, so we remain in a second-order language. Thus if   is a predicate variable,   says that   is

(or stands for) a physical property. Then we could say that objects    and    are ‘physically discerned’ (

) this way:

but this is just saying that   and   are indistinguishable by these physical properties, not excluding by �at

the existence of other properties that could state their differences. To be ‘physically discernible’, there

must exist a   obeying   so that   but   or the other way around.

But according to the standards, physical properties should be ‘measurable’. But what could be the

postulates of   to characterise ‘measurable properties’? Of course, they would be described in the object

language, and we can’t imagine what they might be. You can say that this characterisation will depend on

the physical theory, and this is right, but the problem is that there is no apparent reason to disregard

properties such as ‘purely logical’ ones such as the identities   de�ned above.

Logic is mandatory, and its theorems are theorems of any theory grounded on it, and this fact should not

be neglected. So, if we use ZFC or something encompassing STI in the background, there will be no

escape: every entity is an individual, has identity and can be discerned absolutely from any other

individual. If we don’t wish to use alternatives involving mathematical tricks or meta-assumptions, the

only way to treat absolutely indiscernible things is to change the logic.

Notes

This works surveys the subject of my invited talk at the 17th CLMPST, Buenos Aires, August 2013 and is

dedicated to Newton da Costa for his 94th Anniversary.
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Footnotes

1 But as we shall see, identity is not essential for attributing a quantity (a cardinal) to a given collection of

objects, say electrons in a certain orbital.

2 This is more or less in consonance with S. Lavine’s suggestion that quantum mechanics would not

seem as atomistic theory, but as “a theory of kinds of stuff”[47] (and of course of their quantities). This is

precisely what the theory of quasi-sets — to appear below — provides us: kinds and quantities, no

individuation. In guessing that we may have non-individuals, we are not compromised with any form of

atomism in the sense of accepting invariant units[48].

3 In 2007, scientists have to get BECs (Bose-Einstein Condensates) with circa   atoms, and

presently surely there are more[49].

4 Recent experiments in quantum technology and quantum optics have shown the necessity to resort to

the complete indistinguishability of quanta in order to explain the phenomena; see the Hang-On-Mandel

Effect[[30], §5.5].

5 Notice that I am not saying that quantum entities are non-individuals. I suspend the judgment; there

are other approaches where they do obey STI – for instance, Bohmian mechanics; see also[44]  and the

references therein.

6 We shall not consider other logics such as modal systems since usually, the physicist does not make use

of them.

7 Philosophers term ‘absolute discernibility’ when objects can be discerned by monadic properties.

8 For a more detailed discussion, see[29][50][30]. See section 7 below.

9 In this case, or course we are speaking of a theory with atoms.

10 If we are assuming the Axiom of Choice, it is enough to add a well-ordering of the domain to the

structure. In the �nite case, the unitary sets provide rigidi�cation.

11 At chapter 6 of his book[51], Brigitte Falkenburg traces the ‘metamorphoses’ of the concept of particle

from classical physics til the standard model; this can be generalised to other concepts as well.

12 This claim differs from the acceptation of alternative approaches that see q-objects as endowed with

identity. We acknowledge that there are such moves, as said already. But no approach can be said to

120 × 106
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determine what q-objects are; all we have are our suppositions engraved in our theories.

13 As in[34], we can use the following postulates for this new concept: 1.  . 2. 

  3.    4. 

14 Recently, A. Sant’Anna suggested that some permutation models of ZFA could play the role of

expressing non-individuals. This idea may work FAPP — this is John S. Bell’s term for ‘for all practical

purposes — but goes against the metaphysics of non-individuals, since indiscernible are made to be so

only within the permutation model. See[52] and the criticisms in[53].

15 We shall not discuss mixtures, although our arguments can be extended also to them.
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