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Abstract

Centrifuges are indispensable instruments in biology laboratories. For the safe operation of centrifuges, ensuring balance is a must.
Loading test tubes in opposite holes and adding dummy tubes are far from the only ways to balance the centrifuge rotors. The

balance can be sought through higher-order symmetrical configurations of tubes, which offer operational advantages, particularly in
dealing with tubes of unequal mass. Because these configurations are somewhat complicated, an open-source tool was introduced

to assist centrifuge users in the adoption of this non-trivial approach.
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1. Introduction

Centrifuges are essential devices for particle fractionation in biochemistry and molecular biology laboratories. Due to the extreme
forces generated during operation, the use of centrifuges requires safety practices to eliminate potential associated hazards (Clark,
2001). Accordingly, the importance of balancing test tubes in centrifuge rotors has been emphasized in classical texts on
centrifugation (Birnie and Rickwood, 1978; Ford and Graham, 1991; Graham, 2001; Rickwood, 1989) as well as in laboratory manuals
(World Health Organization, 2003). Specifically, a rotor is balanced when the center of mass of the test tubes and the center of
rotation of the rotor coincide (Baker, 2018; Blinder, 2020; Johnsson, 2016). For popular fixed-angle rotors with even numbers of
equally spaced holes such as 24 and 30, an even number of identical test tubes are conventionally balanced by loading tubes in
opposite holes (Fig. 1a). To balance an odd number of test tubes, the common practice (Birnie and Rickwood, 1978; World Health

Organization, 2003) is to add a “dummy” tube containing water or the same solution as the test tube(s) as a counterweight (Fig. 2a).
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Figure 1. Balanced configurations of identical test tubes with rotational symmetry of orders 2, 3, and 5 in a 30-hole rotor, forming a straight line, an equilateral

triangle, and a regular pentagon, respectively. Filled holes are marked with colors.

a b
2930 1 2 3
2 \ 7
e\ A
23 9
2 / 10
21 11
219
181716 1514
2 x 2 tubes + 1 x 3 tubes
c d
29301 2 3
1 x 2 tubes + 1 x 5 tubes Asymmetrical balance

Figure 2. Three approaches to balance 7 identical test tubes in a 30-hole rotor — adding a dummy tube (hole 19) to create balanced configurations with

rotational symmetry of order 2 (a), using balanced configurations with rotational symmetry of higher orders (b, ¢), and using asymmetrical configurations (d).

Filled holes are marked with colors. Holes that form a configuration with rotational symmetry (b, c) share the same color.

The search for alternative methods to balance the odd numbers of test tubes without using the dummy tube gave rise to the

“balanced centrifuge problem” (Baker, 2018, 2022; Krieger, 2018; Runia, 2020) which originally questioned which k identical test tubes
can be balanced in an n-hole centrifuge rotor. Sivek (2010) proved that the balance is perfectly possible “if and only if bothk and n - k
are expressible as linear combinations of prime factors of n with nonnegative coefficients”. For example, 7 identical test tubes can be

balanced in a 30-hole rotor if and only if 7 and 23 can be expressed as a sum of 2, 3, and 5. The involvement of these prime numbers
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stems from the fact that the configurations of tubes with rotational symmetry of orders 2, 3, and 5 are intrinsically balanced in a 30-
hole rotor since their mass centers always coincide with the rotor rotation center (Fig. 1). Consequently, the superimposition of these
configurations also maintains the balance (Fig. 2b, c) as long as there is no overlap of test tubes in the same hole, i.e., the exclusion

principle (Baker, 2018; Peil and Hauryliuk, 2010).

Based on the theorem of Sivek (2010), several efforts have been made to find the rotationally symmetrical balance ok tubes in
centrifuge rotors, providing one or multiple solution(s) for each valid k (Gao, 2022; Hernandez, 2021; Lundberg, 2019; O’Neill, 2020).
In fact, the 30-hole rotor supports the symmetrical balance of all possible numbers of tubes except 1 and 29 (Lundberg, 2019).
Notably, Peil and Hauryliuk (2010) showed that the balance can also be achieved with many asymmetrical configurations of tubes that
are seemingly not built upon the tube configurations with rotational symmetry (Fig. 2d). However, the asymmetrical balance of 7
tubes, for example, is merely one possible result of removing 23 tubes with rotationally symmetrical configurations from a fully filled
30-hole rotor. The next section discusses the merits of symmetrical configurations (with or without the dummy tube) and asymmetrical

configurations in balancing centrifuge rotors.

2. The Trivial, the Promising, and the Unnecessary

Adding a dummy tube to form the trivial configurations with rotational symmetry of order 2 (Fig. 2a) is the most intuitive approach to
balancing the odd numbers of test tubes (Fig. 3). Without the dummy tube, the symmetrical balance of tubes must entail the
configurations with rotational symmetry of higher orders (Fig. 2b, c), making it more difficult to grasp. However, what perplexes users
the most is the asymmetrical configurations (Fig. 2d), which would require more than mental calculation to verify the balance (Peil and
Hauryliuk, 2010). Given the high perceived difficulty (Fig. 3), the non-trivial configurations (i.e., asymmetrical and higher-order

symmetrical) should only be utilized by well-informed users.
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Figure 3. A comparison of three approaches to balance the odd numbers of identical test tubes in centrifuge rotors in terms of perceived difficulty

and operational convenience.
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Operationally, preparing a dummy tube of the same mass as a test tube could be time-consuming. The non-trivial configurations
obviate the need for the dummy tube and thus are more convenient (Fig. 3). However, the asymmetrical configurations are practically
unnecessary since they offer no operational advantage while being overly complicated compared with the higher-order symmetrical

configurations. Seeking higher-order symmetrical balance is a promising practice, as explained in the next section.

3. Inequality

One possible application of the higher-order symmetrical configurations is the balancing of non-identical test tubes (i.e., tubes of
unequal mass). For instance, in the case of 7 tubes in a 30-hole rotor (Fig. 2b), doubling the mass of the three tubes belonging to the
equilateral triangle configuration does not alter the center of mass of all 7 tubes. The balance can be sustained as long as the tubes
that form a configuration with rotational symmetry have the same mass (Fig. 1). It is worth noting that there is more than one way to

split 7 tubes into sets of 2, 3, or 5 tubes (Fig. 2b, c), giving more flexibility in handling tubes of unequal mass.

Previous works on the rotationally symmetrical balance without the dummy tube (Gao, 2022; Hernandez, 2021; Lundberg,

2019; O’Neill, 2020), unfortunately, have only focused on determining which rotor holes to be filled to achieve the balance but
overlooked the diversity of symmetrical configurations. The R package centrifugeR was introduced in 2020 to address this issue.
Briefly, centrifugeR used simple random sampling to list different ways to expressk test tubes as a sum of prime factors ofn holes.
For example, 19 test tubes in a 30-hole rotor can be decomposed in 9 unique ways (Fig. 4). The mechanics of centrifugeR are
demonstrated with n = 30 and k = 19 and summarized in the next section. Ask increased, more ways of decomposition into prime
factors were often expected (Fig. 5). Some of those ways, however, were invalid due to the exclusion principle (Baker, 2018; Peil and
Hauryliuk, 2010). For example, 23 can be theoretically expressed as a sum of 2, 3, and 5 in 13 different ways but only 8 of those

actually worked in the 30-hole rotor (Fig. 5).
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Figure 4. Nine ways to balance 19 test tubes in a 30-hole rotor by the decomposition into the sets of 2, 3, or 5 tubes, which are advantageous in handling non-

identical tubes. Filled holes are marked with colors. Holes that form a configuration with rotational symmetry share the same color.
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Figure 5. The number of unique valid ways to decompose the odd numbers of test tubes into the sets of 2, 3, or 5 tubes in a 30-hole rotor.
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4. Mechanics of centrifugeR

Step 1. Find the prime factorsp of n = 30:p = {2, 3, 5}.

Step 2. Find the possible coefficients a of each p with max(a) = n/ p:

{a1 eN | 0531515} ifp=2

ad{aeNjosa<10) itp-3

{as e N 0say<6} ifp=5.

Step 3. Compute the values LC of the linear combination of p; = 2, p, =3, and p; = 5

with coefficients a:

LC = aypy + ayp, + agps.
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Step 4. Check if both k = 19 and n— k = 11 appear in the list of (15 + 1)(10 + 1)(6 + 1) = 1232 values of LC. If yes, return the sets of

coefficients a4, a,, and as corresponding to the locations of k = 19 in the list (Table 1).

Table 1: Coefficients a in 9
ways to express 19 as a sum

of 2, 3, and 5.

Location p;=2 p,=3 p3=5

25 8 1 0
54 5 3 0
83 2 5 0
184 7 0 1
213 4 2 1
242 1 4 1
372 3 1 2
401 0 3 2
531 2 0 3

Step 5. Find the sets of rotor holes that form straight lines, equilateral triangles, and regular pentagons (Fig. 1) corresponding to
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p1 =2, pp = 3, and pg = 5, respectively:

{1,16},---,{15,30} ifp=2
{1,11,21},---,{10, 20, 30} ifp=3
{1,7,13,19,25},---,{6,12,18,24,30} ifp=>5.

Step 6. For each location of k = 19, randomly sample without replacement a4, out of 15 sets of straight line-forming holes,a, out of 10
sets of equilateral triangle-forming holes, and a5 out of 6 sets of regular pentagon-forming holes, e.g.,a; =8, a, = 1, and a3 = 0 in the
case of location 25 (Table 1). Repeat the random sampling process until all 19 obtained holes are different (i.e., no duplicates of

holes) or until a time limit is reached.

Step 7. Visualize k = 19 tubes as the sets of 2, 3, or 5 tubes in centrifuge rotors (Fig. 4).

5. Accessibility

centrifugeR is written in R (R Core Team, 2022) and publicly available on CRAN athttps:/cran.r-project.org/package=centrifugeR and
on GitHub at https:/github.com/phamdn/centrifugeR. A web application is available athttps:/phamdn.shinyapps.io/centrifugeR/.

Acknowledgment

The author thanks Prof. Inna Sokolova for access to laboratory centrifuges and Dr. Nikolay lkonomov for comments on the preprint.
The author received support from the Erasmus Mundus Scholarship via http://merconsortium.eu/. This preprint has been hosted
at https://engrxiv.org/preprint/view/828/version/1261 since 2020.

References

« Baker, M.H., 2022. Balancing Centrifuges with Number Theory. Math Horizons 30, 20—
23. https:/doi.org/10.1080/10724117.2022.2092372
o Baker, M.H., 2018. The Balanced Centrifuge Problem [WWW Document].
URL https://web.archive.org/web/20180904044739/https://mattbaker.blog/2018/06/25/the-balanced-centrifuge-problem/ (accessed
9.4.2018).
« Birnie, G.D., Rickwood, D. (Eds.), 1978. Centrifugal separations in molecular and cell biology. Butterworths, London; Boston.
« Blinder, A., 2020. Balanced Configurations of Multislot Centrifuges [WWW Document].
URL https://web.archive.org/web/20201031112159/http://demonstrations.wolfram.com/BalancedConfigurationsOfMultislotCentrifuges/

(accessed 10.31.2020).

o Clark, D.E., 2001. Safety and the laboratory centrifuge. Chem. Health Saf. 8, 7—13.https://doi.org/10.1016/S1074-9098(01)00263-
5

Qeios ID: NH82PX - https://doi.org/10.32388/NH82PX 7/8


https://cran.r-project.org/package=centrifugeR
https://github.com/phamdn/centrifugeR
https://phamdn.shinyapps.io/centrifugeR/
http://merconsortium.eu/
https://engrxiv.org/preprint/view/828/version/1261
https://doi.org/10.1080/10724117.2022.2092372
https://web.archive.org/web/20180904044739/https:/mattbaker.blog/2018/06/25/the-balanced-centrifuge-problem/
https://web.archive.org/web/20201031112159/http:/demonstrations.wolfram.com/BalancedConfigurationsOfMultislotCentrifuges/
https://doi.org/10.1016/S1074-9098(01)00263-5

Q Qeios, CC-BY 4.0 - Atrticle, December 19, 2022

e Ford, T.C., Graham, J.M., 1991. An introduction to centrifugation, The introduction to biotechniques series. Bios scientific publ,
Oxford.

o Gao, M., 2022. Centrifuge Problem [WWW Document]. URL https://web.archive.org/web/20220604173353/https://mingze-
gao.com/posts/centrifuge-problem/ (accessed 6.4.2022).

« Graham, J.M., 2001. Biological centrifugation, The basics. Bios, Oxford.

e Hernandez, A., 2021. The Centrifuge Problem [WWW Document].

URL https://web.archive.org/web/20210612121344/https://aldomann.com/post/the-centrifuge-problem/ (accessed 6.12.2021).
« Johnsson, M., 2016. Balancing a centrifuge [WWW Document]. URLhttps://web.archive.org/web/20201022174134/https:/www.r-

bloggers.com/2016/06/balancing-a-centrifuge/ (accessed 10.22.2020).

o Krieger, H., 2018. The Centrifuge Problem [WWW Document].
URL https://web.archive.org/web/20220604172941/https://www.numberphile.com/videos/centrifuge-problem (accessed 6.4.2022).

« Lundberg, D.S., 2019. Balance your centrifuge without using "blanks" [WWW Document].
URL https://web.archive.org/web/20210413005923/https://twitter.com/DerekSeveri/status/1087741624854241280 (accessed
4.13.2021).

« O'Neill, E., 2020. Prime numbers and balancing centrifuges [WWW Document].
URL https://web.archive.org/web/20210108133434/https://edjoneill.blog/2020/09/1 1/prime-numbers-and-balancing-centrifuges/
(accessed 1.8.2021).

o Peil, O., Hauryliuk, V., 2010. A new spin on spinning your samples: Balancing rotors in a non-trivial
manner. https://doi.org/10.48550/arXiv.1004.3671

« R Core Team, 2022. R: A language and environment for statistical computing. R Foundation for Statistical Computing, Vienna,
Austria.

« Rickwood, D. (Ed.), 1989. Centrifugation: A practical approach, 2. ed., repr. with corr. ed, Practical approach in biochemistry series.
IRL Press, Oxford.

¢ Runia, K.J., 2020. Lab centrifuges and prime numbers [WWW Document].
URL https://web.archive.org/web/20201001072701/https://opencurve.info/lab-centrifuges-and-prime-numbers/ (accessed
10.1.2020).

¢ Sivek, G., 2010. On Vanishing Sums of Distinct Roots of Unity. Integers 10.https://doi.org/10.1515/inteq.2010.031

« World Health Organization, 2003. Manual of basic techniques for a health laboratory World Health Organization.

Qeios ID: NH82PX - https://doi.org/10.32388/NH82PX 8/8


https://web.archive.org/web/20220604173353/https:/mingze-gao.com/posts/centrifuge-problem/
https://web.archive.org/web/20210612121344/https:/aldomann.com/post/the-centrifuge-problem/
https://web.archive.org/web/20201022174134/https:/www.r-bloggers.com/2016/06/balancing-a-centrifuge/
https://web.archive.org/web/20220604172941/https:/www.numberphile.com/videos/centrifuge-problem
https://web.archive.org/web/20210413005923/https:/twitter.com/DerekSeveri/status/1087741624854241280
https://web.archive.org/web/20210108133434/https:/edjoneill.blog/2020/09/11/prime-numbers-and-balancing-centrifuges/
https://doi.org/10.48550/arXiv.1004.3671
https://www.r-project.org/
https://web.archive.org/web/20201001072701/https:/opencurve.info/lab-centrifuges-and-prime-numbers/
https://doi.org/10.1515/integ.2010.031
https://apps.who.int/iris/handle/10665/42295

	centrifugeR: Non-trivial balance of centrifuge rotors
	Abstract
	1. Introduction
	2. The Trivial, the Promising, and the Unnecessary
	3. Inequality
	4. Mechanics of centrifugeR
	5. Accessibility
	Acknowledgment
	References


