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The potential demand in the market and customers’ perception of service value are crucial factors in
pricing strategies, resource allocation, and other operational decisions. However, this information is
typically private and not readily accessible. In this paper, we analyze a service system operating
across two stations, each with its own customer flow. Customers arriving at the system are informed
of the waiting times at both stations and can choose to either join the local station, switch to the
other station, or balk. Our objective is to estimate the arrival rates at each station and customers’
perceived service value based on the observed workloads at both stations. A significant challenge
arises from the inability to observe balking customers and the lack of distinction between local
arrivals and customers switching from the other station, as the switching cost is unknown. To
address this issue, we employ maximum likelihood estimation and validate the effectiveness of the

estimator through a series of simulations.

1. Introduction

Hospitals, restaurants, and supermarkets often operate through multiple providers across various
regions, aiming to meet the specific demands of each area. In today’s digital age, customers have
greater access to real-time information, enabling them to make more informed decisions. For
instance, the UHNM Live waiting times mobile app! provides real-time waiting times for NHS A&E and
Walk-in centers, helping patients select the most convenient location. Similarly, numerous real-time
waitlist apps for busy restaurants? are designed to reduce waiting times and improve service

efficiency. As a result, customers are increasingly aware of waiting times across different locations.
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They may choose to switch to another location if the payoff from switching outweighs the cost and

inconvenience of waiting at their local one.

For a company manager, accessing the real-time workload at each station is relatively
straightforward. However, customers’ perceptions of service value and their associated switching
costs are typically private and not directly observed. Consequently, the manager cannot determine
whether a joining customer is local or has switched from another station. This poses a significant
challenge in estimating the potential demand at each station. If few customers join, the manager

cannot discern whether the demand is genuinely low or if many customers are choosing to balk.

The manager is interested in understanding customers’ perceptions of service value and the potential

demand, as this information is critical for addressing key decision-making challenges, such as:

» How many servers should be allocated to each station?

« Isit profitable to raise the service fee, even if doing so necessitates increasing the service rate?

If low throughput is driven by low demand, shutting down some servers may be more cost-effective
than lowering the service price to attract more customers. Conversely, if the potential demand at one
station exceeds that of another, reallocating more servers to the higher-demand station may be the

optimal strategy.

In this paper, we analyze a two-station queueing system where customers may not necessarily join
the station they arrive at, or may choose not to join the system at all. As a result, the effective joining
process observed by the manager differs significantly from the arrival processes at the individual
stations. Our goal is to estimate customers’ perception of service value and the potential demand at
each station based on workload observations. To achieve this, we also need to estimate the switching
cost. With estimates of the potential arrival rates at each station and customers’ perceived reward
value, the system manager can address key operational decisions, such as how to allocate servers at
each station, what prices to set for different service rates, and whether it is necessary to upgrade or

shut down certain servers.

The method employed in our work is maximum likelihood estimation, which involves deriving the
likelihood function for three cases, depending on the workload difference between the two stations
and the station to which a customer joins. It is important to note that an arriving customer may

choose to balk, and a joining customer may have originally arrived at the other station.

geios.com doi.org/10.32388/NT1A1D


https://www.qeios.com/
https://doi.org/10.32388/NT1A1D

This paper is organized as follows. Section 2 reviews the relevant literature from three perspectives. In
section 3, we provide a detailed description of the model and the observed data. Then Section 4
examines three possible cases with the same observations and presents the likelihood function.
Numerical results demonstrating the performance of our estimator are presented in Section 5. Finally,
Section 6 offers concluding remarks and outlines directions for future research, highlighting the
challenges and methodological differences when considering alternative observation formats or

model variations.

2. Literature review

Our work is related to estimation methods based on customer behavior in queueing systems. The
literature review is organized from three perspectives. First, we discuss how customers’ private
information can be obtained through various channels. Next, we introduce behavioral queueing
models that analyze customer decision-making within queueing systems. Finally, we review

estimation methods commonly used in queueing systems.

2.1. Methods for estimating customer behavior

Surveys are often used to collect data about customers’ decisions. As pointed out bylll, surveys can be

used to collect opinions and attitude data, that cannot easily be concluded from panel data.

Seel2l and[3l for how surveys are used in healthcare and traffic systems. Many studies have shown

that waiting times and switch costs are significant variables for individuals’ willingness to join, and

are used in explicit benefit expressions, seel4l andl5l (figure 20).

However, surveys as a method for data collection also have many limitations, as has been pointed out
byll. It relies on answers to hypothetical questions, which may not accurately represent customer
decision-making.

Regression analysis can also determine customer perception of service value from panel data, for
example, 781191 The benefit of regression-based estimation is that more variables can be considered
since the calculation is more direct. This allows for comparing the significance of different
explanatory variables, making it a powerful tool for explaining customers’ decision-making.

However, regression-based models sometimes assume that the potential arrival and switching cost

are known (seel22l) and neglect the behavior of unobserved balking customers.
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2.2. Behavioral queueing models

Many studies in operational research have considered behavioral queueing models, where individuals
in the system can make decisions themselves. For a broad overview of different types of behavioral
queueing models, seelll2] The first influential work on this topic is by[23], where Naor studies
customers’ balking behavior in an M/M/1 queue, and concludes that social optima can be achieved by
levying an admission toll. In his work, the cost of joining the queue is the expected waiting cost, which
depends on the queue length and the service rate. Customers will balk if the expected waiting cost
exceeds the reward of receiving the service. In14], service durations are known at the time of customer
arrival, and decision-makers are informed of the system workload, defined as the total remaining
service time for all customers. That is, customers are aware of the exact waiting time when they make
the decision. Our work assumes that the workload (waiting time for a customer if she joins) is
observable, seel2) for more papers on strategic queueing with observable workload. In other cases,
the available information is the queue lengths instead of the exact waiting time. See, for example,
inl25), customers can purchase upon arrival the information on the queue lengths and decide which

queue to join.

L. Luskil®) was the first person to consider a model with multiple competitive queues. In his model, he
considers a duopoly, in which two stations compete for customers. Each customer chooses a queue so
that she minimizes her waiting time and service price. Many follow-up studies have researched this
model, or similar models, for example,‘[ﬂ]-[@‘. These models are different from the model we consider
since they assume that customers can switch freely between the different queues. In22}, customers
join a queue and see its length. They can then choose to purchase the information on the other queue

length and decide to switch or not.

2.3. Estimation for queueing systems

Even though many studies have analyzed queueing models, there are not many studies that have

tackled estimation problems. As22] has pointed out, these two fields are very different. In analytic
studies, there is certainty about the properties of the model, whereas in statistical inference there

exists an explicit uncertainty about the model and its parameters. A recent overview of inference
studies on queues has been made by[2ll. This includes estimation methods for queues with balking

customers, for example,[221(23],
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The queue inference engine is a method proposed byl24l. This estimation method relies only on
transactional data. This means that only data about customers who choose the service is available.
In251 and[261 this method has been used to study queues with balking. However, nobody has yet used

the queue inference engine in a setting with two or more competitive stations.

We will use a method similar tol27], where the authors estimate the parameters of the customers’
patience-level distribution and the corresponding potential arrival rate, for an M/G/s queue with
unobserved balking. We consider a two-station queueing model with unobservable balking, and allows
for switching between the stations at an immediate cost. The goal of this paper is to estimate the

regional demands, customers’ perception of service value, and the switching cost.

3. The two-station queueing system

We consider a system with two working stations, labeled s = 1,2. Each station contains one or more
servers providing the same type of service. Potential customers arrive at station s according to a
Poisson process with rate A,. Each customer has a service value in mind, which is independently and
identically distributed (i.i.d.). Let H be the service value distribution, and H be the tail function.
Specifically, H (z) gives the probability that a customer joins a station, if the cost of joining the system
is . We consider H in a parametric framework and denote it as Hy, with H written as Hy. Upon
arriving at a station, customers observe the waiting times at both stations. The cost of joining a
station consists of the waiting time plus a switching cost ¢, if the customer chooses a server other than
the one she arrives at. Based on the perceived service value and the joining cost, each arriving

customer decides to:

+ join the station where they arrive at,
» switch to the other station, incurring a switching cost c,

o balk (decide not to join either station).

Service times depend only on the station a customer joins. The cumulative distribution function of the
service time is G; for Station 1, and G for Station 2. Let V;(¢) denote the waiting time if a customer
joins station s at time ¢. Customers will join the station with the lower total cost, defined as the sum of
the waiting time and the switching cost (if applicable), and will balk if this cost exceeds their perceived

service value. If the j-th customer arrives at station s at time ¢, then she will
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join station s fVi(t7) < Vs(t7) +cAVs(t7) < Rj,
joinstation —s HV(¢7) >V (t7)+cAV,(t7)+c < Rj, (1)
balk if min(V,(t7), Vos(t™) +¢) > R;,

where —s € {1,2} denotes the station other than s, R; is the service value for the j-th customer, and

A denotes the logical AND.

Arriving customers who choose to join are referred to as effective arrivals. Since some customers may
choose to balk, the distribution of inter-arrival times for effective arrivals differs significantly from
that of potential arrivals. Likewise, the distribution of customers who arrive at station s and those who

ultimately join station s also differ, as customers may switch between the two stations

Let k € N be the label of effective arrivals. We define (A )r = 1,2, ... as the sequence of inter-arrival
time between the k-th joining customer and k& — 1-th joining customer, with A; being the arrival time
of the first effective arrival. Let (Ix)r = 1,2,... be the sequence of stations joined by the effective
arrivals. Both A;, and I are important in our next stage analysis, and we need the following variables

to determine Ay, and Ij.

Let j be the index of arriving customers, and T; be the inter-arrival time between the j-th arrival and
j — 1-th arrival, with 77 being the arrival time of the first customer. We use S; to denote the station
the j-th customer arrives at. Note that an arriving customer may choose to balk or join the other
station, which makes the difference between S; and I;. Let R; be the perceived service value of the j-
th customer, and BES) be the service time of the j-th customer if she chooses station s. The notations

used in the paper are represented in Table 1.
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s = The label of each station, s € {1,2}.
—-s |:= The label of the other station, other than s. If s = 1, then —s = 2; if s = 2, then s = 1.
As = Arrival rate at station s

Cumulative distribution function, in terms of parameter 6, of customers’ perception of the service
Hy =
value.
G, = The service time distribution at station s.
Vi(t) |:= The waiting time of a customer joining station s at time ¢.
Parameters related to the arriving customers

j = index of arriving customers

T; = Inter-arrival time between the j-th arrival and j — 1-th arrival.

S; |= The label of the station where the j-th customer arrives at.
R; |:= The perceived service value of the j-th customer.

Bgs) = The service time of the j-th customer if she chooses station s.
Parameters related to the effective arrivals

k = index of effective arrivals
A = the inter-arrival times between the k-th effective arrival and k — 1-th effective arrival.
I = the station where the k-th effective arrival joins.
X, |:= the service time of the k-th effective arrival.

_ the cumulative distribution function and tail function of customers’ perception of the service
Hy,Hy |:=
value, in terms of parameter 6.

Table 1. Table of Notation

We assume that at ¢ = 0 both queues are empty, and Hy(z) = 1 if z < 0. This means that the first
potential customer also becomes the first effective arrival, 4; = T} and I; = S;. If we let j, be the

index of j corresponding to the k-th effective arrival. Then we know j; = 1, and for k > 2,
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Gk :inf{j > g1 min{

Thus 4; = Y% T;, and

J=jk-1+1

S if Vs, ( i Tl_) < Vos, (Z?il Tl_) e

Iy = ) .
=5j, if Vs, ( ﬁle) > Vs, ( i Tf) +e

The k-th effective arrival leads to an upward jump of size X, = Bgﬁ’“) in the workload for station I.

Vi(t)
1
1
1
1 1
1 1
1 1
1 1
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Figure 1. An example of the queueing process, where the red ticks indicate the station each
potential customer arrived at, and the dotted lines indicate the virtual waiting time they

observed.

Figure 1 illustrates a queueing process. The red ticks on the horizontal line represent the arrival times.

The orange and blue dotted lines indicate the virtual waiting times observed by the customer at their
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arrival station and the other station, respectively. In this example,

The first customer arrives at and joins Station 2.

» The second customer arrives at and joins Station 1.

o The third customer arrives at Station 2 but finds that the waiting time at Station 1 plus the
switching cost c is less than the waiting time at Station 2. Therefore, she joins Station 1.

o The fourth customer arrives at Station 1 but chooses to balk.

Our objective is to estimate the arrival rate A, and ¢, by observing the workload process V;(t) for

s € {1,2}.That is, in Figure 1, we only observe the black lines in each station, but not the red ticks.

We use a simulation example in Figure 2 to illustrate that estimation of ), is important from the
managerial perspective. In the example, A; + A2 = 2. The system manager operates two servers, each
with an exponentially distributed service time at rate 1. Arriving customers observe the lower joining
cost between the two stations and choose to join with probability (z + 1)~* when the lower cost is z.
When A; > )y, it may be advantageous to allocate both servers to one station to improve overall
throughput. However, without knowledge of \;, this decision cannot be validated. We simulated the
process until 1000 effective arrivals were observed under two configurations: (I) one server at each
station, (II) two servers at Station 1 with no server at Station 2. The mean throughput was calculated
and plotted in Figure 2. The blue line represents configuration (I), while the orange line represents
configuration (II). It is evident that the orange line outperforms the blue line when J; is larger than a
value close to 1.5. This indicates that assigning both servers to Station 1 is only more effective than an

even distribution when ), is greater than a certain threshold.
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Figure 2. The mean throughput per unit time for different values of )\, given that

)\1 +)\2 =2,C=2,I§9(CL‘)=

(z+1)*”

4. Likelihood function

The goal is to estimate the potential arrival rates \; and ),, as well as the distribution parameter of
the service value, . To achieve this, we employ maximum likelihood estimation, which involves first

expressing the likelihood function in terms of the unknown parameters.

For the system manager, it is reasonable to assume that she can observe the workload flow V,(¢) at
each station. The information contained in these workload flows includes (Ay), (I;), and (X}). For
example, in Figure 1, the jump times correspond to A;, the station at which the jump occurs

represents [, and the size of the jump indicates X.

Let A, := Zle A;, be the time of joining for the k-th effective arrival. Assume that the observation
contains the first K effective arrivals, then the waiting time for the k-th effective arrival if she joins

station s is V, (4, )
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We will now consider the conditional likelihood of the observation (A, I;), given the observations

v,(:fl = Vi(Ap 1) + Xy-1ly, -5 fors € {1,2}, with v((]l) = v82) = 0. We can write this density as

fA ) (a,1) (4)

(1)
kAo 00y

.1 ; i (s)
= Aliglo EP(Ak € [a,a+ At), Iy = i|Ax > a,Vs(Ap_1) + Xipalyg, sy = v74)

P(A, > a|Vi(Ay_y) + Xp1lyg, =g = v,(:_)l))~

During [fik,l,/ik,l +a), each customer arriving at station s chooses to join the system with
probability max{H(V, (A 1+1)), H(V s(Ar_1+1t) +¢)} for 0 <t < Aj. Thus customers become
effective according to a time-inhomogeneous Poisson process with a time-dependent rate

M max{H(Vi(Ay_1+1)), HVa(Ar_1+t) + )}

~ - ~ _ 5
+Aymax{H(V;(Ak_1+1t) +¢), HVa(Ar_1+ 1))} ®)

To determine the exact rate, we will distinguish between three different cases: (i) |v§21 — vgc:i1)| <cg,
(ii) v,(jzl > US:B + ¢, (iii) vgil +c < véiil). Now we analyze the three cases one by one.

(i) When |v§21 - v5:1| < ¢, then it must hold that
Vi(Ap14t) —Va(Ap 1 +1)| <ec, 0<t< A.

To see this, note that the virtual waiting time decreases linearly with time until it reaches zero or

someone joins a queue.

A A
Vi(t) Vi)
Vs(hY< C 2o
V()
| I
A e
k-1 k-1
(a) v, — v, <c (b) oM, — v, > ¢

Figure 3. Virtual waiting time against time
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In Figure 3(a), the workload difference is less than c at /ik,l, and the workload at station 2 reaches

0 at 7, making the difference even less. In other words,

Vi(Ag_1 +t) = max(0, Vi (Ay_1) — ), (6)

holds forall 0 < ¢t < A;. We can use this formula to deduce that

H(Vy (A1 +1) = H(V (A1) — 1),

since H(z) = H(0) = 1, for all z < 0. Using (5), we find that the effective arrival rate at this time

t equals

MH@Y, —t) + X HoP, 1), (7)

and the probability
P(A € la,a+ At), Iy =i | A > a,Vi(Ag ) + Xpaly, g =00))
= AtNHGY  —1). (8)
(ii) When vgl > vgc:il) + ¢, the joining cost at station —i is lower at time Aj_1. We find that if
t < Ay —c, then V;(Ag_1 +t) > V_;(Aj_1 +t) + c. This means that the effective arrival rate during

this time is

and the probability of joining station ¢ is 0.

If t> Ay —c, then it holds that |Vi(Ay 1+t) —V_i(Az1+1t)| <c, which means the arriving

customers will choose the local station. Thus, the effective arrival rate during this time is

MH@D, — )+ 2HOP, 1), (9)

and the probability
P(A € [a,a+ At), Iy =i | A > a,Vs(Ag ) + Xpaly, g =00))
= AtNHGY | — 1), (10)
Figure 3(b) illustrates this situation if we treat ¢ as 1. When A > 7, the workload difference starts

decreasing and reaches ¢ when A; = 7. In the horizontal line, the red part represents A; < 7, which

isthe caset < Ay — ¢, and the orange part represents ¢ > A; — c.

(iii) When 11521 +c< v,(c:il), the joining cost at station ¢ is lower for arriving customers at both

stations, at time A;_;. If t < A;, — ¢, then arriving customers all choose station i, so the effective
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arrival rate is
-t)" +e), (11)
and the probability
P(A € la,a+ At), Iy =i | A > a,Vs(Ag ) + Xpaly, =g =00))
= AtNH@Y | — 1) + AL (), — )" +¢)). (12)
If t > A — c, then the arriving customers will choose the local station, thus the effective arrival rate
is
MHOY, — ) + MHOP, 1), (13)
and the probability
P(A; € [a,a+ Ab), Iy =i | Ay > a, V(A1) + Xl =g = vgi)l)
= AtNHY | ). (14)
Figure 3(b) illustrates this situation if we treat ¢ as 2.

It follows from (4) that

« ()when v, o | <,

F a1 o100 (a,i) = )\ZfI(szl — a)exp [—)\iA I;T('UI(QI —u)du — )\_i/o fI(v,iill) —u)dul; (15)

. (11)whenv) >”1(¢ 1)+c,

‘fAk Ik\vk 1 v,(cz)l(a’ i) =
0, a< v](c)l c,
/\1}}(1;](6’) exp|: —i fO )du a> ’Ug:zl — (16)
U(z) —C = —1 a
-\ ( 0 H((v,(cil) —u)t +C)du+fv§jjlfc (v,(c)1 )du)} ,
o (iii (i) (=9)
(iii) whenv,” | +c < v, ]
fAk,Ik\v;(ﬁl,)l,vg,)l (a,7) =
MNH@, - a) + L-H((vi”l —a)" + C) a<v ) —c
exp[ N [y H ’Uk L —u)du — A fo vk)l u)t + c)du} (17)
A I:T(rukl)1 —a) exp[ i fo —u)du a> vg;il) e
- (fovk H 1 —uw)t +e)du+ [T I-:T(vgc:il) — u)du)} ,
/kal —C
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Figure 4. Illustration of how the likelihood is derived.

Let A = (ay,...,a;), L:= (41,...,ik), and X = (z1,...,z;) be realizations for A;,..., Ay, L1,..., I,

and X3, ..., Xj. We can now determine the full likelihood function
LK()\la )\2, 0, C; A,I, X)

Note that the goal of deriving L is to calculate the unknown parameters that maximize it, and the
likelihood does not include X, since X depends on the service time distribution, but not on balking or
switching behavior. This means that the maximum likelihood estimator (5\1, 5\2, é, ¢) for the
observation, can be determined without considering the likelihood of X,

(5\1,5\2,5,6) :=arg max Lk (A1, A2,0,¢; A, I, X)

(18)
=arg max Lx (A1, A2, 0,¢c; A, 1| X).

Thus it is enough to have Lk (A1,A2,0,¢;A,I|X). In Figure 4, we illustrate how the likelihood

function can be derived. Given vgl) = véQ) = 0, we can compute f(ai,1; | v(()l),v[()z)). Then in addition

with the value of z;, we can infer the value of vgl) and v?) and subsequently obtain f(as, s | v(ll), v:(f)),
and so on. Thus we have

N
Ly (M2, 0,6 AT X) =[] £, o o (a,iks My Mo, 5). (19)
hIVE—1"k-1

n=1

5. Numerical results

In this section, we estimate (A, A2, 6, ¢) using (18). The estimation performance is demonstrated via
simulations. Specifically, we use observations obtained from simulations, to estimate unknown

parameters, and compare them with the parameters used in the simulations.

geios.com doi.org/10.32388/NT1A1D

14


https://www.qeios.com/
https://doi.org/10.32388/NT1A1D

In the simulation, we tried exponential service time, where
Gi(z)=P(X<z)=1—e" >0, forz>0

and Pareto distribution, where

1

GS(E)ZP(X§$)=1—W

, B>0,forxz>0.

We assume that the service value is Pareto distributed, that is Hy = 1/(1 + z)?. We assume the initial
state is empty, i.e. the virtual waiting times at both stations are 0. In the simulation, we have 1000
runs, and in each run, we stopped the simulation after observing K = 1000 effective arrivals. Let

~(t
)\5 ) be the estimate of A; in the £-th run, and define

-
() (0 ~(1)

S0 _ Yk ) J S =)

' ' L—-1 ’

)\1 I and 0'[)\1

as the mean and standard deviation pertaining to the estimates \; resulting from L runs. This applies
(L) =L
to other unknown parameters. We represent our numerical results as (,\§ ),a[)\g )]) in Table 2. For

deeper analysis, we also present the average joining and switching rate, calculated as the mean of

K and E

(A1 + )T K

from L runs, where T is the simulation time until we observe K effective arrivals in each run, and N is

the number of switches in the K joining customers in each run.
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True parameter Estimates average average
(As A2, 0, ¢) 5\1 5\2 0 é joining rate | switching rate
Gi(z)=1—¢€% Gylz)=1—e
(1,1,1,0.5) (1.021, 0.084) | (1.020, 0.072) | (1.148, 0.296) | (0.489, 0.011) 90.27% 12.99%
(0.996, (2.462,
(1,1,3,0.5) (0.981, 0.062) (0.479, 0.019) 80.06% 6.10%
0.079) 0.387)
(0.971,
(1,3,1,0.5) (1.001, 0.116) | (3.006, 0.196) (0.487,0.012) 90.97% 7.19%
0.456)
(2.842,
(1,3,3,0.5) (1.001, 0.113) |(2.992,0.179) (0.475,0.025) 80.16% 3.25%
0.557)
(4.974,
(1,5,1,0.5) (1.016, 0.153) (1.000, 0.320) | (0.489, 0.012) 89.82% 5.68%
0.040)
(4.987, (3.036, (0.478,
(1,5, 3,0.5) (1.010, 0.132) 76.45% 2.64%
0.022) 0.394) 0.025)
(4.866, (0.996, (0.949, (0.498,
(57 1,1, 05) 73.040/0 49.820/0
0.184) 0.165) 0.184) 0.004)
(2.904, (0.496,
(5,1, 3,0.5) (4.867,0.182) | (0.989, 0.124) 47.68% 30.15%
0.233) 0.006)
1 1
Gi(z)=1— ——, Gi(z)=1— ———
1(z) 1t 2(z) 1t a)
(1,1,1,0.5) (1.019, 0.086) | (1.016, 0.079) | (1.105, 0.307) | (0.488, 0.012) 89.07% 14.52%
(0.992, (0.981,
(1,1,3,0.5) (2.614, 0.432) | (0.472, 0.027) 78.93% 6.71%
0.080) 0.064)
(3.004,
(1,3,1,0.5) (1.001, 0.114) (1.005, 0.271) | (0.491, 0.010) 85.32% 9.24%
0.205)
(0.999, (2.970, (0.479,
(1,3,3,0.5) (2.991, 0.189) 75.54% £4.05%
0.108) 0.447) 0.022)
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True parameter Estimates average average
(A, As,6,¢) /i1 5\2 é joining rate | switching rate
(4.952, (0.496,
(1,5,1,0.5) (1.003, 0.145) (1.006, 0.155) 77.24% 9.57%
0.068) 0.007)
(2.979,
(1,5, 3,0.5) (1.010, 0.129) | (4.978, 0.033) (0.488, 0.017) 66.85% 4,13%
0.322)
(0.979, (0.498,
(5,1,1,0.5) (4.912,0.139) | (1.007, 0.192) 66.38% 54.12%
0.129) 0.004)
(2.958, (0.495,
(5,1,3,0.5) | (4.923,0.118) | (0.989, 0.124) £45.03% 32.79%
0.223) 0.006)

Table 2. Estimates of (A\;, Ag, 6, ¢) from 1000 runs. The service times used are exponentially distributed

with 8 =1, 5, and Pareto distributed with 5 = 2, 6, for stations 1 and 2, respectively.

Moreover, we plot the histograms of estimates of three cases, in Figure 5, 6, and 7, for comparison
later. To check the asymptotic normality, we include a black line representing a normal distribution

with the empirical mean and empirical standard deviation in the three figures. The code to generate

the table and plots is in https://github.com/encwang/TwoStationEstimation.

We have the following observations.

e The accuracy of ¢ improves with the number of observed switches, as more switches provide
additional information about the switching cost. For example, in Figure 6 and 7, estimates of c are
skewed towards smaller values, while in Figure 5, they are much closer to the true value. In Figure 6

and 7, where switching rates are below 10%, a higher estimate of ¢ value does not significantly

reduce switching behavior, leading most estimates to fall below the true value.

e When the arrival rate is high, the system becomes very crowded, so further increases in the
estimate of arrival rate have little effect on customer behavior. Although estimates of the higher

arrival rate are relatively accurate, they tend to be skewed toward smaller values, as seen in

estimates of A; in Figure 5 and )\, in Figure 7.
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» Conversely, when the arrival rate is low, servers are more likely to be idle, meaning that many
arriving customers will join without factoring in the reward distribution. In other words, these
joining observations provide limited information about the reward distribution, resulting in less

accurate estimates of ¢, as shown in Figure 6.

Estimating A; and A\, becomes more challenging when the average switching cost is low. To illustrate,
consider a scenario where ¢ = 0, allows customers to switch freely. This implies that customer
decisions are independent of the station they initially arrive at, making it impossible to infer the

difference between A; and )., based on their joining behavior.

There is a way to produce a lower bound on the switching cost ¢ via

s (k) _ y7(—ix) (ix) (—ik)
C: Og}gaé}%{Wk w, \ W > W, }. (20)

If we observe a customer joining station s while the virtual waiting time at station s is higher than at
station —s, it implies that the switching cost must exceed the waiting time difference; otherwise, the

customer would have chosen to switch.”
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Figure 5. Estimates from L = 1000 runs, given that the true value of (A, A2,0,¢) = (5,1,3,0.5), and the

service time distribution for server 1and server 2 has G1(z) = 1 — e %, and Go(z) = 1 — e~°. The average

joining and switching rates are 47.69% and 29.94%, respectively.
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Figure 7. Estimates from L = 1000 runs, given that the true value of (A, A2,0,¢) = (1,5, 3,0.5), and the

service time distribution for server 1and server 2 has G;(z) =1 — #, and Go(z) =1 — ( 11)6 .The
z+ z+

average joining and switching rates are 67.07% and 4.06%, respectively.

6. Conclusion

In this paper, we examine the problem of estimating customers’ perceived service value and potential
demand in queueing systems where customers can choose to join, or switch between stations after

joining. The challenge lies in two key aspects:

» Customers’ perception of service value is private, making it challenging to identify the number of

balking customers and, consequently, to estimate potential demand;
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» The switching cost is unknown, so the manager cannot determine whether a joining customer is

local.

We managed to estimate the patience parameter, switching cost, and arrival rate to each station using
only the workload process data from both stations—information typically available to the manager.
The performance of our estimator is illustrated through numerical examples where the perceived

service value follows a Pareto distribution, with results demonstrating its effectiveness.

Future research could explore several extensions. If observations focus on the number of customers at
each station rather than exact waiting times, an arriving customer’s decision will hinge on expected
waiting times, making the service time distribution a crucial factor. Furthermore, if switching costs
are incurred gradually over time—similar to travel costs—then transitions occurring during the travel
period must also be considered. A key challenge here is that these transitions are influenced by the

concurrent decisions of others.
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Footnotes

! http://www.waittimes.uhnm.nhs.uk/

2 https://www.tablesready.com/blog/waitlist-apps
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