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Abstract

Riemann’s functional equation 7™zl (%) 2(s) = 7 Gr (% — %) (1—s)is
valid on the vertical line s = 1/2 + it. Each side is a real-valued function.
The Riemann’s Xi function is also a real-valued function along the vertical
line of s = 1/2 + it. Through the holomorphic extensions of the Riemann
zeta function, starting from the real-valued function at s = 1/2 + it into the
both sides of 0 < 1/2 and ¢ > 1/2, we can get two versions of the zeta
functional equation, eq. (45). The key property of the scaling and rotational
factors g(s) and g(1-s) behave as multiplicative inverses in the complex
plane, eq. (48). It is deduced that the Zeta function also has multiplicative
inverses, the symmetric pointis at (1/2,0) in the complex plane. The moduli
behave as a hyperbola. Especially, along the vertical line ¢ = 1/2 + it, the
amplitudes of both function g(s) and g(1-s) are equal to 1, its arguments
have opposite signs. If o # 1/2, the amplitudes of {(s) and {(1 — s) are
not equal to each other, because of their multiplicative inversion
relationship. It is deduced that the non-trivial zeros can only be on the
vertical line of s =1/2 4+ it. A gamma function vector field is given in
Appendix B, and some moduli of gamma function at special points are
given. Finally, another variation of the Zeta function is provided in an
integral form in Appendix D. The asymptotes behave as a cs cyclic group
for the large t values.
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1. Euler’s product and zeta function are reciprocal relationship

The Riemann zeta function is defined by the following infinite series:
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n=1

The Euler product formula and the Riemann zeta function have the
following relation:

N RN N(SE NCEE NIBE R ERH

This can be written more concisely as an infinite product over all primes p:

l;[ (1 - p—s) ) ((S) =1 (3)

prime

This equation shows that Euler's product and zeta function have a
reciprocal relationship.

Ifwe plot [] (1 —p~°) onthe y-axis and {(s) on the x-axis, the curve will
prime

be a hyperbola with asymptotes along the axes. This hyperbola is

symmetric with respect to the line y=x.

Dividing both sides by everything but the {(s) we obtain:

1
()= 11 A-p= [ (7m5m) =107 (4)
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The Euler product formula is an alternative expression of the Riemann ¢
function in terms of prime numbers. We define it as a function of f(p®).

Originally the function was defined for real arguments of s=o¢. It is
convergent when ¢ is greater than 1. It was Riemann who extended the
real-valued function to be a complex function with a complex variable s =
o + it rather than a real variable o. Through the extension onto the entire
complex plane C, the Riemann zeta function is now expressed as:

oo
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((o+it) = Z notit =1+ J0+it + 3o+it + 4o+it + co+tit t (9)

n=1

2. Fourier series and vector dot product expressions

Each term in the eq. (5) can be expressed as:

ns =n"9% =n=9- (cos(tw,) — i - sin(tw,)) (6)

where w, = In(n).

The complex conjugate of n=77 s:

n=s =n 9t =n=9. (cos(tw,) +i-sin(tw,)) (7)

Combining the Complex Power Function and its Conjugate

n~S +nS =n"F =n=9-2cos(tw,) (8)

Dividing by 2 cos(tw,,):



n—S n—S
n-o = n (©)
2cos(twy,) 2cos(twy,)

With the help of the following relations:

{n—s — n—a—it =nI. e—i(ta)n)
n-s = n—a+it =n°. ei(ta)n)

(10)

Hence, the Riemann zeta function for real arguments can be expressed
as:

- n?° - n¢
oY — — —iwnt lwnt 11
f®?) =<(0) Z 2 cos(w,t) ¢ T Z 2 cos(twy) ¢ (11)
n=1 n=1
where, tw, # k%, k is the positive integers, k = 1,2,3, -+

We can also express the eq. (11) more concisely as

oY |Tl| ’ elwnt
2f@°) = ZZ Z Cos(wnt) (12)

n=—oo

When tw,, = g we have

ez =i 77 =—i (13)

Equation (10) can be expressed as:



n-s = n_a_i% =-—n%-j
{ B - (14)

—o+iZ —
Namely:

nS+ns =0 (15)

Thus, the eq. (11) or (12) still holds.
With the Euler formula

2 cos(wyt) = el@nt 4 g=i@nt (16)

eq. (11) can also be rewritten as:

(2

N
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n=1 n=1

If we define a basis vector for angular frequencies

QY
Il
—

priwzt  p-iwit () plwit  piwpt L] (18)

and an amplitude coefficient vector:

ay
I

[ 27° 1 0 1 277 ] 19
2 cos(tw,) 2 2 2cos(tw,) (19)

Hence, for real arguments, eq. (11) is the Fourier series for Euler product
formula with complex Fourier coefficients:
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f(p%) =c-é= Z cpetont = ¥ [cpel®nt + ¢y + c_peiont] (20)

—00 n=1

It should be paid attention that the function f(p?) is a real-valued function.
Accordingly, the coefficients for positive and negative angular frequency
flow are conjugated with each other.

3. Physical Interpretations

The series of powers of natural numbers with real arguments, defined by
eq. (11), is convergent, if the real argument is greater than one, ¢ > 1.

Physically, it can be imagined as two rotational particles with opposite
rotational signs, namely, one particle is rotating clockwise and another one
anticlockwise. If we view the two particles as a whole system, then the
total rotational momentum (the sum of the rotational momentum of the two
particles) will be zero. But the total rotational energy is 2f (p?), the greater
the parameter, g, is, the smaller the total energy will be.

Initially, the two particles are located at the coordinate origin, they are
rotating in an over-damping field, this over-damping field finally causes the
entangled oscillators to return to equilibrium without oscillating. Fig. 1
gives an example of o = 2. Oscillators move slowly toward the equilibrium
state.



-----

Fig. 1. Initially entangled two particles (o = 2) is viewed as a system:
2
total rotational energy is 2f (p?) = %. After the decay the total vorticity=0

4. Riemann’s functional equation holds at Re(s) = ¢ = %

One of Riemann’s functional equations is

1 s

) (%) {(s) =z 2r (% = %) {(1—s) (21)

Recalling the infinite series definition of the Riemann zeta function of eq.
(1), this equation can be expressed explicitly as

St (g) et = B (i g5ttt 22

In this case, the amplitude vectors for negative and positive angular
frequencies are:



c(s) = [n2r (%) n]; El(s) = [n‘(%‘%)re—%) -n"‘l] (23)

and the angular frequency vectors are:

ey = [e7tont]; e = [eton] (24)
Hence, eq. (22) can be expressed more compactly as:

(00] (00)
Y T etent = 3 g etent (25)

n=1 n=1

We define a complex function as:

®(s) = 15T (s) (26)

Hence, the amplitude vectors of eq. (23) can be rewritten as:

@ =[o(3) ] mw=[oz-5) ] @

Both sides of eq. (25) are infinite series, each term must be equal.

S . 1 s .
®(3) n7 et = o (Z-g) oot (28)
Namely:
o |t -0 —iwnt 1 o 't o-1. jirwnt
CD<E+I,E>'TL ‘e n =¢<E—E—l§>'n e (29)



Isolating the function of @ (g)

t 1 t .
(S +iz)=0(3-2—iz) ot etzont (30)

0@t 12 = |o (B -2 )] -ner 1)

The amplitude of the RHS of eq. (31) multiplies a scaling factor of n29-1,
For amplitudes to match with the n2?~1 factor, we should consider special
values of o

n2o-1 =1 (32)

Hence:

0=% (33)

That is, given o = % the amplitude conditions for both sides of the infinite
series, eq. (25) are satisfied.

The arguments of the complex functions are related by 2w, t modulo 21r:

[q><0+'t)]— |c1><1 i 't)|+2 t+ 2k (34)
aryg S Tis)|=arg|®(5 -5 i3 wy, T

That means, for the infinite series, eq. (25) to hold, the complex variable s
must have its real part o equal to o = % Thus, s can be written as:

9



s==+it (35)

Namely, the real part of s is fixed at 1/2, and the imaginary part t can vary.

Given these conditions, the Fourier coefficients can be written explicitly:

T A TP I

Thus, eq. (25) can be expressed explicitly as:

oG ig) i) o= Do g ] e
Z (4 Y A - LY A B (37)
n=1 n=1

From eq. (37) We know that each term

1 pl-@nt 1 o—iont
Adding both terms together:
1 o—iwnt pl@nt
TR AT ) @

Thus, the Fourier expansion of the Euler product formula at ¢ = % is

10



e~ lwnt

) =21(G) =3 o

n=1 CI)

Z - I

This is a real-valued function, thus, this equation implies that the absolute
values of the arguments of ® G) ato = % equal the basis vectors of et @nt,
but with opposite signs.

In other words, equation (40) represents the complex form of the Fourier
expansion of the Euler product formula at o = % Or we can say that the

. . 1 .
Riemann zeta function at o = 5 can be expressed as a complex Fourier
series. The complex coefficients of the negative and positive angular

frequency flow are [CD G + i%)]_land [CD G - ig)]_l, respectively.

It has been proved by Siegel [1] that at o = % the Riemann functional
equation (21) is a real-valued function:

cp(%.p i%>(<%+ it> = CDG_ i%)((%—it) = real — valued (41)

Hence, the amplitude vectors can be rewritten as:

1 t
—)= _ ._ . _o' 42
c CD<4+12> n (42)

and its arguments have an opposite sign of ¢ (§+ it), namely have the
following form:

arg(c) = wpt (43)
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Fig. 2. The absolute values of the arguments of the functions ®(s/2)
and {(s) equal to each other, but with opposite signs.

Recalling the definition of Riemann’s Xi function,

£(s) = 551 —9) [ (5) ¢9)] (44)

Ato = % the complex numbers of s and (1-s) are conjugates, hence, in the

complex plane, along the line s = % + it, the Riemann’s Xi function of (42)
is a real-valued function.

5. Holomorphic extensions of the Riemann zeta function

There are two versions of the functional equation:

12



{(s) = 255~ 1sm( )r(1 —5){(1—5s) Re(s) <1

(49)
((1—s) =25~ cos( )F(s)((s) Re(s) = 0

Except for two points of s=0 and 1-s=0. Because the gamma function at
s=0 has a pole.

Where the gamma function is defined:
I'(s) =j x57le ™dx Re(s) >0 (46)
0
We define two complex functions:

g(s) = 255~ 151n( )F(l—s)

(47)
g(l—s) =215z cos( )F(s)

It can be proved that they behave as multiplicative inverses in complex
plane, with one function being the inverse of the other for all points in their
domain where both functions are non-zero:

g(s) g(l—s)=1 (48)

It was fully proved in Appendix C, for more details we can apply Appendix
C.

Hence, two Riemann zeta functions, eq. (45), can be rewritten as

{ ¢(s) =g(s)i(1—s)  Re(s) =1 (49)

(1 —=s)=g(1—-s)i(s) Re(s) =0
13



If we define the amplitude and argument of g(s) to be r and 8, respectively,
because of the complex multiplicative inversion behavior of g(s) and g(1-
s) of the eq. (48), thus, the Riemann zeta function in the complex plane
can be expressed as:

i(s) =71 —s)-re'

1 . 50
(1 —5) =(s) et )

where 6, is the argument of g(s) at the point of s = ¢ + it.

This implies that in the general case, the amplitudes of {(s) and {(1 — s)
are not equal to each other, rather, they behave as multiplicative inverses:

1S 181 =) =1 (51)

If we plot |{(1 — s)| on the y-axis and |{(s)]| on the x-axis, the curve of the
amplitudes will be a hyperbola with asymptotes along the axes. This
amplitude hyperbola is symmetric with respect to the line y=x, this is at the

. 1
location of 0 = s

Especially, in the complex plane, along the vertical line o = §+ it, the
amplitudes of g(s) and g(1-s) are equal to each other, and both equal one:

o) -

(L) =1
9(z-4)

They are conjugates, thus, along the line s = %+ it, the Riemann zeta
functions, eq. (49), can be expressed as:

14



’ (53)
(z-u) =3z i)
where 0, is the argument of g(s) at the point of s = % + it:
t
0, =t In(2m) + tan™! <tanh <7>> +p (54)

and where g is the argument of gamma function at the points of o = % — it:

B =arg [F G - it)] (55)

Thus, the operating effect of g (% + it) on the Z(% - it) leads the Z(% - it)
to rotate an angle of 6, clockwise, while g (% - it) leads the (G + it) to
rotate an angle of 6, anticlockwise, but the scaling factor of g (% + it) and

g (% — it) keeps as constant, both factors are equal to one.

Moreover, if the argument 8, = 0, we have the following trivial equations:

(56)

In this case, both equations take the same amplitude and argument
simultaneously. The non-trivial zero points of the Riemann zeta function
will be located at these points.

15



Hence, along the vertical line s = %+ it, the amplitudes of ¢ (% + it) and
¢ (% - it) are the same for all cases, and the difference of their arguments

is equal to 26,, namely, the rotation radii of ¢ (% + it) and (G - it) equal
each other. If one function is rotating and passing through the coordinate
origin clockwise, another one must be rotating and passing through the
origin anticlockwise, and furthermore, they will be located at the points of
Ht ES 0

In the general case, the amplitudes of {(s) and {(1 — s) are not equal to
each other, because of their multiplicative inversion relationship, eq.(51).
If the rotation radius of one function is bigger, another one must be smaller,
hence, both functions cannot pass through the coordinate origin, otherwise,
the multiplicative inversion relationship of eq. (51) cannot be held, unless
the amplitude, r, of the function g(s) is zero for all cases in the definition
domain. But from the definition of the eq. (47), it cannot be equal to zero.
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Appendix A: sin(1rs) and cos(1rs)

Given a complex variable s in the complex plane:

s=o+it (A1)

The definition of complex sine function is

sin(ms) = sin(mwo + int) = sin(wo) cosh(mt) + i - cos(om) sinh(mt) (A2)

With different values of o, we can get its algebraic expressions, e.g., as
following expressions:

Table A1: the most important expressions of sin(1rs)
og=0 sin(irrt) = i - sinh(mt)
1 . (T . 1 -
0= sin (Z + mt) =% [cosh(mt) + i - sinh(mt)]
g = % sin (g + int) = cosh(mt)
3 . (3m .\ _ 1 -
o= sin (T + mt) =% [cosh(mt) — i - sinh(mt)]
og=1 sin(m + i - wt) = —i * sinh(mt)

They are symmetric about o = %

Accordingly, in general, its Modulus (amplitude) is

|sin(ms)| = \/[sin(na) cosh(mt)]? + [cos(om) sinh(mt)]? (A3)

And its argument is

17



0 = tan"[cot(om)tanh(mt)] (A4)

The explicit algebraic expressions for the most important amplitudes
between 0 < o < 1 are as follows:

Table A2: the most important amplitudes of sin(1s)
o=0 |sin(i - wt)| = sinh(mt)
o= % sin (g + int) = %\/cosh2 (mrt) + 3 - sinh?(mt)
g = % sin G + int) = \/—%\/cosh(Znt)
o= % sin (g + int) = %\/3 - cosh?(mt) + sinh?(mt)

1

0= sin (g + int) = cosh(mt)
o= % sin (2?” + mt) = %\/3 - cosh?(mt) + sinh?(mt)
g = Z sin (%ﬂ + int) = \/—gw/cosh(Znt)
o= 2 sin (5— + mt) = %\/COShZ (mt) + 3 - sinh?(mt)
o=1 |sin(m + i - wt)| = sinh(mt)

The most important arguments between 0 < o < 1 are listed as follows:

Table A3: the most important arguments of sin(1s)
c=0 9=tan‘1[oo]=§
o= % 0 = tan[V3 - tanh(wt)]
o= % 0 = tan™[tanh(rt)]
o= % 0 =tan™?! [\/—1§ - tanh(ﬂt)]
a=% 0 =tan"1[0] =0

18



2 _ -1 1
0=7 0 = tan [_ﬁ tanh(nt)]
3
o=7 0 = tan ! [—tanh(mt)]
5
o= 0 = tan‘l[—\/§ - tanh(nt)]
o=1 9=tan‘1[—oo]=—§

It can be seen that both the amplitudes and arguments are symmetric
about o = %

When the variable t approaches infinity, the asymptotes of the amplitudes
are:

|sin(om + imt)| =~ sinh(nwt) ~ cosh(mt) (A5)
and the asymptotes of the arguments is
VA
0 ~ tan~[cot(om)] = 5~ on (AB)

Thus, some asymptotes of the arguments between 0 <o <1 are as
follows:

Table A4: some asymptotes of the arguments of sin(ms)
c=0 9=tan‘1[oo]=§
1 . m\] _n
o= Z 6 = tan [COt (Z)] =~ Z
1
0= 0 =tan~1[0] =0
3 1 Vs s
o= Z 6 = tan [—COt (Z)] =~ _Z
o=1 9=tan‘1[—oo]=—§

19



The vector field of sin(ms) is given in Fig. A1:

sin(z)

ﬂl
Y

Fig. A1 the sin(ms) vector field in the complex plane for0 < o <1

The definition of the complex cosine function is

cos(ms) = cos(mwo + imt) = cos(mwo) cosh(mt) — i - sin(om) sinh(mt) (A7)

20



Similar to the sine function, we can also get the most important algebraic
expressions of cos(ms) for 0 < o < 1. Correspondingly, it is very easy to
get the most important amplitudes and arguments. Here we give only its
vector field in the complex plane as in Fig. A2.

cos(z)

Im

A 4
A 4
A 4

RN PAYZANAN AN

Fig. A2. The cos(ms) vector field in the complex planefor0 <o <1
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Comparing Fig. A1 with Fig. A2, it can be seen that the arguments of
sin(ms) and cos(mrs) have a shift of g:

cos(ms) = sin (g + T[S) (A8)

22



Appendix B: Gamma Function and its Vector Field

Given a complex variable s = o + it in the complex plane, the gamma
function is related to sin(1rs) by the reflection formula:

[(s)T(1—s) = (B1)

sin(7s)

With the complex sin function definition in Appendix A, we have the
general reflection formula in the region of 0 < o < 1:

T

Mo +)(A-o-it) = sin(mo) cosh(mt) + i - cos(mo) sinh(t)

(B2)

With different values of o, we can get some important algebraic
expressions, e.g., as follows:

Table B1: some important algebraic expressions
P « P Tl'-
o=20 F(lt)r(l—lt)=—l'm
1 1 3 V2.1
i r <Z i lt) r <Z - lt) ~ cosh(mt) + i - sinh(mt)
1 1 1 s
o= r <E H lt) r <§ B lt) - cosh(mt)
3 3 1 V2.1
774 r (Z i lt) r (Z B lt) B cosh(mt) — i - sinh(mt)
o=1 (1 +i)[(=it) = i ﬁ

One of the properties of the Gamma function is its recurrence relation,
which relates I'(1 + s) to I'(s). The recurrence relation is:

s:-T(s)=T(1+5s) (B3)

23



On the imaginary axis, o = 0, substituting these values into the recurrence
relation, we have

(Yrae) =r@a+it); rde) = % (1 +it) (B4)

Substituting this equation into the reflection formula for the case of ¢ = 1,
we can get:

. . . — . 7-[
(O)T@)r(—it) =i —sinh(ﬂt) (BS)
Hence, the reflection formula on the imaginary axis is:
_ 1 T
IF'(ie)r(—it) = . Smh(D (B6)

Substituting (B4) into the reflection formula for the case of o = 0, we have
the reflection formula along the line ¢ = 1:

Fr1+i)r1—it)=t- (B7)

sinh(mt)

Given the value of ¢ = % we have the reflection formula along the line o =

%, as is listed in Table B1.

r(%ﬂt)r(%—it):ﬁ (B8)

Equations (B6), (B7), and (B8) are the conjugate pairs, respectively, thus
we can get some import moduli of the gamma function as follows:

24



The modulus of the gamma function on the imaginary axis:

1 Vr
IT(it)| = = ——= B9
Vit [sinh(rt) (89)
The modulus of the gamma function along the vertical line of ¢ = 1:
Vr
IT(1 + it)| =Vt —— (B10)

4/ sinh(7t)

and the modulus of the gamma function along the vertical line of o = %:

_ Vr
|r<%+u:)| =\/%(m (B11)

Obviously, when t=0, it degenerates to the value on the real axis:

Q)-ve

Hence, we have the following ratios of the gamma function moduli:

rGo1/|r (5 + )] = 7= oothGo (B13)
and
|F(1+it)|/|F<%+it>| — Vi - Jcoth(nt) (B14)

25



Assuming the modulus of the gamma function changes continuously in the
complex plane, then it can be deduced that along the horizontal line of ¢ =

const, in the left side region of ¢ < % the modulus |[T'(o + it)| is smaller
than the value of |l“(%+ it)|, while in the right side region of ¢ > % the

modulus |I'(o + it)| is greater than the value of |F (% + it)|.

Furthermore, it is observed from the reflection formula of (B1) and (B2),
the argument of the expression I'(s)I'(1 — s) has a reverse relationship of
the argument of sin(ms):

arg[T'(s)I'(1 — s)] = tan™[—cot(mo)tanh(mt)] (B15)

For large t, the asymptotes of the argument are

arg[T'(s)] + rg[lT(1 —s)] = tan"[—cot(mo)] =0 -7 —% (B16)

When ¢ = 0, I'(it) and I'(1 — it) have a negative complementary angle
relationship:

arg[T(it)] + arg[T(1 — it)] ~ —% (B17)
when o = 1, I'(—it) and I'(1 + it) have a positive complementary angle
relationship:

arg[T(1 + it)] + arg[T(—it)] = (B18)

NI

Obviously, when ¢ = % r (% + it) and l“(% - it) are conjugates, the sum
of their arguments is zero:

26



arg [F (% + it)] + arg [F (% - it)] =0 (B19)

If the argument of I’ G — it) is equal to B, then the argument of T (% + it)

must be equal to - 5. Fig. B1 gives a representation vector field for the
gamma function in the region of 0 < ¢ < 1.

Im(s)

+ : + sor)
3 1 (s)

Fig. B1 Gamma function vector field in the region 0 < o < 1.
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Appendix C: Complex Multiplicative Inverse of g(s) and g(1-s)

The complex scaling and rotation functions for the Riemann zeta function
are defined by eq. (47):

g(s) = 255~ 151n( )F(l—s)

(C1)
g(l—s) =215z cos( )F(s)

We will show multiplicative inverses behavior between g(s) and g(1-s),
namely, the identity of eq. (48):

g(s)-gl—s)=1 (C2)

The product of both functions is

s

g(s) - g(l—s)—— [2 sm(2

) cos ("2 )] r)ra - )1 (C3)

Using the double-angle formula for the sin function and the gamma
reflection formula to simplify it:

g(s) - g(l—s)—% [sin(s)] - [ (C4)

sm(ns)

Thus, for any complex variable of s = o + it, this multiplicative inverse
behavior always holds.

Hence, given a complex variable of s = ¢ + it, we have

28



glo+it) = (2m)® (2m) sin <E + ln—t> I'(1—o—it)
N it no  mt )
901~ 0 = it) = 7oz (2m) i cos (G+iZ)re+io

If we define the modulus and argument to be r and 6 for g(o + it),
because of the multiplicative inverse behavior, the modulus and argument
of g(1 — o — it) must be 1/r and —86, respectively.

Substituting these into the Riemann zeta function, we have

{ I(s) =¢1 —s) - [re]
(C6)

(1 -5)=1(s) [re]

It can be shown that when o = % the moduli of g(s) and g(1 —s) are
equal to 1.

Given o = ; the eq. (C1) become:

g<1+it)=£(mum(EH"_t)r(l_it)

2 N 4 2 2 )
o(3-it)= T2 @t eos (T4 ) (S + )

Using the modulus expression for sin (%+i%t) in table A2 and the
modulus expression for l“(% - it) of the eq. (B8), we can get the moduli

for functions g (% + it) and g (% - it):

29



&

\/cosh(nt =1
cosh(nt)
1
g <E - it) \/ cosh(rmt) -

j
Q
I
+
i*'/
ﬁl

cosh(nt)

}

These imply that when o = % the scaling factor g(s) and g(1-s) is always
1, independent of the variable of t, which implies also a reflection
symmetry of the moduli of zeta function about o = % namely, the moduli

in the regions of 0<% and 0>% have a multiplicative inverse
complementary relationship.

Substituting these into the eq. (C6), finally we get the equations of (53) for
o= % The scaling factor for the modulus of the zeta function keeps 1, while

g(s) function lets the zeta function rotate continuously, the conjugate pair
of the zeta functions have opposite rotational signs, but with the same
moduli.
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Appendix D: Other Variations of Zeta Function

Given any complex function, it is always true:

{ {(s) =4(s)
(1-5)=J{1-5)

Multiplying and divided by sin(ms):

sin(7s)
{(s) = Sin(s) ¢(s)
sin(rs)
((1=5) = s =)

where, s # 0, 1.

Using the gamma reflection formula:

((5) = =+ N1 = )] -sinrs) -¢(s)
(L~ 5) =~ [N~ )] sin(ns) {1~ 5)

Using the double-angle identity for sin function:

{ ((5) = 2T~ ) [sin () cos (3)] ¢

2
(1—s) = % [()F(1 - 5) [sin (” ) co (75)] 7(1—s)
Rearranging:
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{(s) = E sm( - s)] [— cos F(s) ((s)]
[V D5
/3 (D3)
((1-5s)= ﬁ COS F(s)] [— sin ) rA-s)c(1- s)]
We define the following functional equations:
((1-5)= [— cos F(s) Z(s)]
(D6)
{(s) = [— sin )r(1 e —s)]
Hence, we have
{(s) = % sin (%) - [F(1 = $)3(1 = 5)]
(D7)
V2
(-5) =+ cos () - M) ()]
Recalling the integral definition of the Riemann zeta function:
11 xSt
$(s) = ;E - F(S)oj eX —1 dx (D8)

Thus, we have the following equations:
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( T s—1

[($)7(s) = j S
; . (D9)
kF(l —s){(1—-5) = Oj pr 1dx

Substituting eq. (D9) into (D7), we can get another integral expression for
Zeta function:

( V2 T\ [ xS
{(s) =ﬁ-sm(7) j - 1dx
4 5 ° & ) (D10)
2 S x5~
Lq(l_S) =ﬁ.cos(7)lj 1
0
When s = %+ it, both equations become:
(( <1+ t) V2o <n+ _nt) joo x~it p
—+it)|=—='sin|-+i—) | ———dx
2 Vr 2 Vx(eX — 1)
4 % _ (D11)
Z<1 t) V2 <n+ nt) j x't p
——it)=—=-cos|—-+i—) | ——dx
L NG 4 2 . \/E(ex - 1)
Using the identity:
<7T + _T[t) . <T[ _nt) D12
cos(g+i—|=sin{7—i7 ( )

The equations (D11) can be rewritten as:
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((<1+ t) V2o <n+_nt> joo X p
—+tit)=—-sin(—-+i—=]- X
2 Vr 2 Vx(e* — 1)
\ % _ (D13)
(i) = (- 5) | e
——it|=—=-sin|l=—i—|" x
| \2 Vi 4 2 J Vx(e* — 1)
For large t, the asymptotes behavior of the both equations are
(( (1 + t) - h(”t) (1+10) jo A
oy l = —(CO0S el I l X
2 Vi 2 Vx(e* — 1)
4 % (D14)

The complex numbers (1 + i) and (1 — i) can be written in polar form:

[— cosh ] j \/—(ex — 1)
{ (D15)

z!—wsh ) [

It is recognized that the integrals in both equations are complex functions.

Multiplying the rotation factors eig and e'i% will change its angles. The
angles obtained by successive multiplications will eventually return to their
starting point after 8 multiplications, forming a cyclic group of order 8.
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These rotation operations, having magnitude 1, lie on the unit circle in the
complex plane and correspond to the 8th roots of unity.

Fig. D1 visualizes the unit circle in the complex plane, multiplication of 1+i
(normalized) corresponds to one of the 8 equally spaced points on the
circle, similarly, multiplication of 1-i corresponds also to one of the 8
equally spaced points on the circle, but anticlockwise.

(real=imaginary) (real=0) (real=imaginary)
. . \2_ : .
(1+i)’=-1+i (1+i)=2i (1+i)'=1+i
Po. | [t il =

L—/
NS

(1+i)“=-2{§r §(1+i)°=1

(imaginary=0) : i (imaginary=0)
. I
..'.’ .................. . ----------------- ...‘
(1+i)°=-1-i (1+i)°=-2i (1+i)'=1-i
(real=imaginary) (real=0) (real=imaginary)

Fig. D1. Cs cyclic group when multiplications of (1+i)

It should be noted, in the equations (D4), if we factorize the term 2 and 1
in the following manner:
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— —-s+1 _ . 21—
{ﬂ 2_25 S+ _25 2 S (D16)

-1 = p14s—s — =S . 51

Re-factorizing and re-defining the functions of (D6), we can also get the
original Riemann zeta functional definition of eq. (45).
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