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1. Introduction

Various approximations by orthonormal families of functions have been

investigated in the physical sciences, engineering, etc. This type of

numerical approximation can also be used in optimal control problems and,

in general, to approximate solutions of dynamical systems. Integral

equations arise in many physical problems, diffusion problems, concrete

problems of physics and mechanics, and some other problems of

engineering, different applications of potential theory, synthesis problems,

mathematical modelling of economics, population, geophysics, antennas,

genetics, communication theory, radiation problems concerning the

transport of particles, etc [1][2][3][4][5][6][7]. There are various problems such

as differential, integral, and partial integro-differential equations which use

polynomial series and orthogonal functions to approximate their numerical

solutions  [8][9][10][11][12][13][14]. Spectral methods are methods based on

polynomial approximation; we can see that the convergence of the

approximations is exponential when the functions to be approximated are

analytic, which means that the order of convergence is limited by the choice

of the regularity of the exact solution. In many scienti�c �elds, systems are

described by partial differential equations (PDE). In [15], Fakha et al. used the

Legendre collocation technique for solving parabolic PDEs. Radial basis

functions are also used for the approximate solutions of nonlinear parabolic

type Volterra partial integro-differential equations [14]. In [16], Brunner et al.

studied the numerical solution of parabolic Volterra integro-differential

equations on unbounded spatial domains. For more applications, we can

see [17][18][19]. A method based on the Hermite-Taylor matrix to solve partial

integro-differential equations is given in  [9]. A matrix method for solving

two-dimensional time-dependent diffusion equations is given by Zogheib

et al.  [20]. In  [12], the author presented a new technique by using the

Bernoulli operational matrix to solve SDEs. In this article, we use a pseudo-

spectral method based on orthonormal Bernoulli polynomials to

approximate the following PIDEs

with initial and boundary conditions

where    and    are constants, and the functions 

,   and   are supposed to be suf�ciently smooth

on   and   where  .

The existence and uniqueness of equation (1) are given in [21].

To approximate the integrals appearing in (1), we use the Gauss Legendre

quadrature on the interval   given by

where    are the roots of    and  , 

. For Gauss Legendre quadrature on  , we have

2. Orthonormal Bernoulli polynomials and

approximation

The Bernoulli polynomials  , are given in [22] and satisfy the following

relation

The Bernoulli polynomials form a complete basis over the interval  [23].

In this paper, we use the shifted OBPs    and    over    and 

 as follows

contains the �rst   orthonormal Bernoulli polynomials. Any function 

 has a best approximation   such that

and

where  , and   can be computed by the formula

Any function    de�ned over    can be approximated by

shifted OBPs as follows:

where   is a matrix of order   with

(x, t) + (x, t) = (x, t, s,u(x, s))ds +ut λ1uxx λ2 ∫
t

0
K1 λ3

∫ (x, t, s,u(x, s))ds + g(x, t),
T

0
K2

(1)

u(x, 0) = (x), u(0, t) = (t),u(b, t) = (t),h0 h1 h2 (2)

x ∈ [0, b], t ∈ [0,T ], ,λ1 λ2 λ3

g(x, t) (x, t, s,u)k1 (x, t, s,u)k2

Γ := [0, b] × [0,T ] D D := {(x, t, s) : x ∈ [0, b], s, t ∈ [0,T ]}

[−1, 1]

f(x)dx = f( ),∫
1

−1
∑
j=0

r

ωj xj (3)

xj (x)Lr+1 =ωj
2

(1 − )[ ( )x2
j L′

r+1 xj ]2

j = 0, 1, … , r [a, b]

f(x)dx = f( + ).∫
b

a

b − a

2
∑
j=0

r

ωj
b − a

2
xj

b + a

2
(4)

(x)Bn

( ) (x) = (n + 1) , n = 0, 1, . . . .∑
k=0

n
n + 1

k
Bk xn

[0, 1]
(t)Pi,T (x)Pi,b [0,T ]

[0, b]

(x) = (−1 ( )( )( ,  iPi,b
2i + 1

b

− −−−−−
√ ∑

k=0

i

)i−k i

i − k

i + k

k

x

b
)
k

= 0, 1, …

(5)

(. ) = ( (. ), (. ), … , (. ) ,ΦN,b P0,b P1,b PN,b )T (6)

N + 1
u ∈ [0, b]L2 ∈ span{ (. )}û ΦN,b

∀v ∈ span{ (. )} ,  ∥u − ∥ ≤ ∥u − v∥,ΦN,b û

u(x) ≃ = (x) = (x),û ∑
i=0

N

uiPi,b U T Φb,N (7)

U = ( , , , … ,u0 u1 u2 uN )T ui

= u(x) (x)dx,  i = 0, 1, … ,N.ui ∫
b

0
Pi,b (8)

u(x, t) [0, b] × [0,T ]

(x, t) = (x) (t) = (x U (t),uN,M ∑
i=0

N

∑
j=0

M

uijPi,b Pj,T Φb,N )T ΦT,M (9)

U = [ ]uij (N + 1) × (M + 1)
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3. Pseudo-spectral method for Solving PIDE

In this section, we describe our numerical technique t to solve PIDEs (1). Let

the solution of (1) be approximated by the polynomial   such that

In this work, we take  . It is easy to approximate the derivatives of the

approximate solution of (1). In view of (11), one can write

Now we give some relations for the derivatives of the shifted OBPs. We use a

technique used by various researchers for solving different kinds of integral

equations [15][24][25]. Let, given the vector de�ned in (6), we can write

where

with    being a lower triangular square matrix of order    with

entries

The matrix   is invertible. From equation (14), we have

where   is a square matrix of order   given by

and

where   is a square matrix of order   given by

Then, we get

and

Thus, by substituting (18) and (19) into equation (1) we get

with    and  , We collocate equation (20) at points  , 

  which are the Gauss-Legendre noeuds on the interval 

 de�ned by (3), then we obtain

The integrals appeared in equation (21) are approximated by using Gauss-

Legendre quadrature as follows

where    and  ,  .

are Gauss Legendre nodes and weight on  .

where    and  , 

  are nodes and weight of Gauss Legendre quadrature on 

. Substituting equations (22) and (23) in equation (21) we get

= u(x) (x) (x)dtdx,  i = 1, 2, …Nuij ∫
b

0
∫

T

0
Pi−1,b Pj−1,T

+ 1,  j = 1, 2, … ,M + 1.

(10)

(x, t)uN,M

(x, t) = (x) (t) = (x U (t).uN,M ∑
i=0

N

∑
j=0

M

uijPi,b Pj,T Φb,N )T ΦT,M (11)

N = M

[ (x, t)] = (x) [ (t)]
∂

∂t
uN,M ∑

i=0

N

∑
j=0

M

uijPi,b
∂

∂t
Pj,T

= (x U [ (t)],Φb,N )T
∂

∂t
ΦT,M

(12)

[ (x, t)] = [ (x)][ (t)]
∂ 2

∂x2
uN,M ∑

i=0

N

∑
j=0

M

uij
∂ 2

∂x2
Pi,b Pj,T

= [ (x) U[ (t)],
∂ 2

∂x2
Φb,N ]T ΦT,M

(13)

(x) = (x),Φb,N Tb,N ΨN (14)

(x) = [1,x, , … , , ,ΨN x2 xN−1 xN ]T (15)

Tb,N N + 1

= {[ ]Tb,N ij

(−1 ( )( ),)i−j 2i − 1− −−−−√ 1

bj−1/2

i−1
i−j

i+j−2
j−1

0,

if i ≥ j,

if i < j.

Tb,N

(x) = (x) = (x)
∂

∂x
Φb,N Tb,N

∂

∂x
ΨN Tb,NANΨN

= (x),Tb,NANT
−1
b,N Φb,N

(16)

AN N + 1

= ,AN

⎧

⎩

⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
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1
NT

−1
b,N Φb,N

(17)

A1
N N + 1
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0
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0

0

0

N(N − 1)
.

[ (x, t)] = (x) [ (t)]
∂

∂t
uN,M ∑

i=0

N

∑
j=0

M

uijPi,b
∂

∂t
Pj,T

= (x U [ (t)]Φb,N )T
∂

∂t
ΦT,M

= (x U (t),Φb,N )T TT,MAM T −1
T,M ΦT,M

(18)

[ (x, t)] = [ (x)][ (t)]
∂ 2

∂x2
uN,M ∑

i=0

N

∑
j=0

M

uij
∂ 2

∂x2
Pi,b Pj,T

= [ (x) U[ (t)]
∂ 2

∂x2
Φb,N ]T ΦT,M

= [ (x) U[ (t)].Tb,NA
1
NT

−1
b,N Φb,N ]T ΦT,M

(19)

(x U (t)Φb,N )T TT,MAM T −1
T,M ΦT,M

+ [[ (x) U[ (t)]]λ1 Tb,NA
1
NT

−1
b,N Φb,N ]T ΦT,M

=

+

(x, t, s,u(x, s))dsλ2 ∫
t

0
k1

(x, t, s,u(x, s))dsλ2 ∫
T

0
k2

x ∈ [0, b] t ∈ [0,T ] tj
j = 0, 1, … , r1

[0,T ]

(x U ( )Φb,N )T TT,MAM T −1
T,M ΦT,M tj

+ [[ (x) U[ ( )]]λ1 Tb,NA
1
NT

−1
b,N Φb,N ]T ΦT,M tj

=

+

(x, , s,u(x, s)λ2 ∫
tj

0
K1 tj

(x, , s,u(x, s))λ3 ∫
T

0
K2 tj

(x, , s,u(x, s))ds = (x, , ,u(x, )),∫
tj

0
K1 tj ∑

k=0

r1

βkK1 tj lk lk (22)

=lk
+tj tjxk

2
=βk

tj

(1 − [ ( )xk)2 L′
+1r1

xk ]2
k = 0, 1, 2, … , r1

[0, ]tj

(x, , s,u(x, s))ds = (x, , ,u(x, )),∫
T

0
K2 tj ∑

k=0

r2

ωkK2 tj sk sk (23)

=sk
T + Txk

2
=ωk

T

(1 − [ ( )xk)2 L′
+1r2

xk ]2

k = 0, 1, 2, … , r2

[0,T ]

(x U ( )Φb,N )T TT,MAM T −1
T,M ΦT,M tj

+ [[ (x) U[ ( )]] =λ1 Tb,NA
1
NT

−1
b,N Φb,N ]T ΦT,M tj

(x, , ,u(x, ))∑
k=0

r1

βkK1 tj lk lk
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Let   the residual function given by

Using relation (9) and the initial and boundary conditions given in (6), we

get

Now, we extract the below   algebraic system

where   and   are respectively the nodes of Gauss-

Legendre quadrature on   and  , with   as the corresponding nodes

on  .

4. Error bound of the present method

In  [26], the error estimates for some orthogonal systems are given in the

norms of the Sobolev spaces  , with    and    being a

bounded open interval of  . In this section, we consider orthogonal

approximations in multiple dimensions. Let  , 

,   be any non-negative integers, and  . For 

, we de�ne the Sobolev space

with the norm

where  . If   is the system of orthonormal in   with 

  then the system  , where    is

complete and orthonormal in   and any   is as follows

with  . Setting,

  is the set of all polynomials of degree at most    in each variable 

. Let   be the orthogonal projection on 

 in  .

Theorem 1. [26] For any real  , there exists a constant   such that

For the error estimation of    in the Sobolev space, we need the

following lemmas.

Lemma 1. [26] For any real   and   such that  , there exists a constant 

 such that

Lemma 2. For the two real   and   with   there exists a constant 

 such that for 

The following theorems give the error estimation of the approximation of 

Theorem 2. For the two real    and    with  , we can get a constant 

 such that

where

Proof 1. For  , 32 reduces to 29. Now suppose that 32 holds for any integer 

 by inductive hypothesis. Then

by taking the inductive hypothesis for   and by using 31, we get

we have  , then we get the result 32.

Theorem 3. Suppose that    and    with 

 be the exact and the numerical solution of equation (1), respectively. Also,

suppose   and   satisfy the following uniform Lipschitz conditions

Then, for any real   and   such that   the error bound   of the present

method is given by

where

Proof 2. Using equation 1, we get

+ (x, , ,u(x, )) + g(x, ).∑
k=0

r2

ωkK2 tj sk sk tj

RES(x, )tj

RES(x, ) = (x U ( )tj Φb,N )T TT,MAM T −1
T,M ΦT,M tj

+ [[ (x) U[ ( )]]λ1 Tb,NA
1
NT

−1
b,N Φb,N ]T ΦT,M tj

(24)

− (x, , ,u(x, )) −λ2 ∑
k=0

r1

βkK1 tj lk lk λ3

(x, , ,u(x, )) − g(x, ) = 0.∑
k=0

r2

ωkK2 tj sk sk tj

⎧

⎩
⎨
⎪⎪

⎪⎪

(x U (0) − (x) = 0,Φb,N )T ΦT,M h0

(0 U (t) − (t) = 0,Φb,N )T ΦT,M h1

(b U (t) − (t) = 0.Φb,N )T ΦT,M h2

(N + 1) × (M + 1)

⎧

⎩

⎨

⎪⎪⎪⎪

⎪⎪⎪⎪

RES( , ) = 0, 2 ≤ i ≤ N, 2 ≤ j ≤ M + 1,si tj

(x U (0) − ( ) = 0, 1 ≤ i ≤ N + 1,Φb,N )T ΦT,M h0 si

(0 U ( ) − ( ) = 0, 2 ≤ j ≤ M + 1Φb,N )T ΦT,M tj h1 tj

(b U ( ) − ( ) = 0, 2 ≤ j ≤ M + 1,Φb,N )T ΦT,M tj h2 tj

=si
b + bxi

2
=tj

T + Txj

2
[0, b] [0,T ] xi

[−1, 1]

(Ω)Hμ Ω = ⊂I d R
d I

R

k = ( , ; … , )k1 k2 kd

|k| = ∑d
i=1 ki ki Φ =∂ k

x
u∂ |k|

…∂ k1
x1 ∂ kd

xd

μ ≥ 0

(Ω) = {Φ, Φ ∈ (Ω), 0 ≤ |k| ≤ μ} ,Hμ ∂ k
x L2 (25)

∥Φ = dx,∥2
μ ∑

k∈ , + +… <μN
d k1 k2 kd

∫
Ω
( )Φ

∣

∣

∣
∣ ∏

j=1

d

D
kj
j

∣

∣

∣
∣

2

(26)

=Dj
∂

∂x(j)
{Φk}∞

k=0 (I)L2

deg = kΦk {Φk}k∈N d (x) = (Φk ∏d
j=1 Φkj x(j)

(Ω)L2 u ∈ (Ω)L2

u = , = ⟨u, ⟩,∑
k∈Nd

ukΦk uk Φk (27)

∥u = |∥2
0 ∑k∈Nd uk|2

= (Ω) = {span}{ : k ∈ , max(k) < N},SN SN Φk N
d (28)

SN N

, j = 1, … ,dx(j) : (Ω) ⟶PN L2 SN

SN (Ω)L2

μ > 0 C

∥u − u ≤ C ∥u , ∀u ∈ (Ω).PN ∥0 N−μ ∥μ Hμ (29)

u − PN

μ r 0 < r < μ

C

∥u ≤ C ∥u , ∀u ∈ .∥μ N 2(r−μ) ∥r SN (30)

r μ 0 ≤ r ≤ μ − 1
C j = 1, … ,d

∥( − )u ≤ C ∥u , ∀u ∈ (Ω).PNDj DjPN ∥r N (2r−μ+3/2) ∥μ Hμ (31)

u

μ r 0 ≤ r ≤ μ

C

∥u − u ≤ C ∥u ,  ∀u ∈ (Ω),PN ∥r N e(r,μ) ∥μ Hμ (32)

e(r,μ) = {
2r − μ − 1/2,

3r/2 − μ,

r ≥ 1

0 ≤ r ≤ 1

r = 0
r ≤ m − 1

∥u − u ≤ ∥ u − uPN ∥m ∑
j=1

d

Dj DjPN ∥m−1

≤ ∥ u − u + ∥ u − u ,∑
j=1

d

Dj PNDj ∥m−1 ∑
j=1

d

PNDj DjPN ∥m−1

∈Dj Hμ−1

∥u − u ≤ ∥ u + ∥uPN ∥m C ′N e(m−1,μ−1) ∑
j=1

d

Dj ∥μ−1 c′′N e(m,μ)

∥ ,μ

e(m − 1,μ − 1) < e(m,μ)

u(x, t) ∈ (Ω)Hμ (x, t) ∈ (Ω)ū Hμ

μ ≥ 0
K1 K2

| (x, t, s, ) − (x, t, s, )| ≤ | − |,K1 u1 K1 u2 l1 u1 u2

| (x, t, s, ) − (x, t, s, )| ≤ | − |.K2 u1 K2 u2 l2 u1 u2

(33)

μ r 0 ≤ r < μ EN

∥EN∥ (Ω)H μ

≤ [(C + C) + ( + )c ∥u ,λ1 N (2r−μ+3/2) l1λ2 l2λ3 N e(r,μ) ∥
∥ ∥ (Ω)H μ

(34)

e(r,μ) = {
2r − μ − 1/2,

3r/2 − μ,

r ≥ 1

0 ≤ r ≤ 1.

|| |EN | (Ω)H r =

−

≤

+

≤

+

|| (x, t) + (x, t)ut λ1uxx

− (x, t, s,u(x, s))ds − (x, t, s,uλ2 ∫
t

0
K1 λ3 ∫

T

0
K2

( (x, t) + (x, t)ūt λ1ūxx

− (x, t, s, (x, s))ds − (x, t, s, (x, sλ2 ∫
t

0
K1 ū λ3 ∫

T

0
K2 ū

|| (x, t) − (x, t)| + || (x, t) − |ut ūt | (Ω)H
r λ1 uxx ūxx | (Ω)H

r

|| ( (x, t, s,u(x, s)) − (x, t, s, (x, s)))dλ2 ∫
t

0
K1 K1 ū

+ || ( (x, t, s,u(x, s)) − (x, t, s, (x, s)))λ3 ∫
T

0
K2 K2 ū

|| (x, t) − (x, t)| + || (x, t) − |ut ūt | (Ω)H r λ1 uxx ūxx | (Ω)H r

|| (x, t, s,u(x, s)) − (x, t, s, (x, s))|λ2 ∫
t

0
K1 K1 ū |

H

+ || (x, t, s,u(x, s)) − (x, t, s, (x, s))|λ3 ∫
T

0
K2 K2 ū |
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since   and   satis�ed Lipschitz conditions, then we have

by using Lemma 31 and theorem 2, we get

where

Then if   is in�nitely smooth, then   as  .

5. Numerical implementation of the proposed

algorithm

In this section, some numerical test equations are considered to show the

accuracy of the presented algorithm, where we have calculated the

maximum absolute errors at different times. In these examples, the linear

and nonlinear algebraic systems are solved by the Newton iterative method

and using MATLAB software.

Example 1. Consider the PIDEs

with initial and boundary conditions  ,  , 

,  , and  .

The analytical solution for this example is  . The numerical
experiments are given in table (1).

K1 K2

|| |EN | (Ω)H r ≤

+

|| (x, t) − (x, t)| + || (x, t) − |ut ūt | (Ω)H r λ1 uxx ūxx | (Ω)H r

||u(x, s)) − (x, s))| dsl1λ2 ∫
t

0
ū | (Ω)H r

+ ||u(x, s)) − (x, s))| ds,l2λ3 ∫
T

0
ū | (Ω)H r

(36)

|| |EN | (Ω)H r ≤

+

≤

C ||u| + C ||u|N (2r−μ+3/2) | (Ω)H μ λ1 N (2r−μ+3/2) | (Ω)H μ

c ||u| ds + c ||u| dsl1λ2 ∫
t

0
N e(r,μ) | (Ω)H μ l2λ3 ∫

T

0
N e(r,μ) | (Ω)H μ

[(C + C) +( + )c ]||u| ,λ1 N (2r−μ+3/2) l1λ2 l2λ3 N e(r,μ) | (Ω)H μ (37)

e(r,μ) = {
2r − μ − 1/2,

3r/2 − μ,

r ≥ 1

0 ≤ r ≤ 1.

u ∥∥ ⟶ 0EN∥ (Ω)H ′ N ⟶ ∞

(x, t) − (x, t) = g(x, t) − u(x, s)ds,ut uxx ∫
t

0
es−t (38)

u(x, 0) = x u(0, t) = 0
x ∈ [0, 1],u(1, t) = e−t t ∈ [0, 1] g(x, t) = (2t − − x) exp(−xt)x2 t2

+
x(exp(−t) − exp(−xt))

x − 1
u(x, t) = xe−xt
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Table 1. Errors using the OBP method for test (1).

Example 2. Let given the nonlinear equation

with conditions  ,  ,  , , 
. The function    is obtained from the analytical solution 

. The numerical results are presented in �gure 1.

Figure 1. Exact (left) and approximate (right) solutions for example 2 for (N =

M = 3).

Example 3. [27] Let consider the following partial integro-differential equation

with conditions

With  . The exact solution is given by 

. The numerical results of example 3 are summarized in
table 2 and �gure 2. Table 3 gives a comparison between the proposed method

in  [27]  and Cardinal Chebyshev functions  [28]. Better accuracy than the other

methods.

Example 4. In this example [15], we take a diffusion problem as

where    is determined such that the solution is  . The

numerical results for this example are summarized in Figure 3. Our numerical

tests are better than that given by the Legendre multi-wavelets collocation

method [27].

(x, t) = (x, t) + g(x, t) − (x, s)ds,ut uxx ∫
1

0
u2 (39)

u(x, 0) = x2 u(0, t) = t2 x ∈ [0, 1] u(1, t) = + 1t2

t ∈ [0, 1] g(x, t)
u(x, t) = +t2 x2

(x, t) − (x, t) = g(x, t) − u(x, s)dsut uxx ∫
t

0
ex(t−s) (40)

u(x, 0) = 0, x ∈ [0, 1], u(0, t) = sin(t), u(1, t) = 0,

t ∈ [0, 1],

g(x, t) = (1 − ) cos(t) + 2 sin(t)x2

+
( − 1) cos(t) + x sin(t) −x2 ext

+ 1x2

u(x, t) = (1 − ) sin(t)x2

(x, t) = (x, t) + g(x, t) − u(x, s)ds,ut uxx ∫
t

0

t − s + 1

x + 1
x, t ∈ [0, 1],

(41)

g(x, t) u(x, t) =
1 − x2

1 + t2
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Table 2. Errors of the present method using the OBP method for test (3).

Table 3. Errors of the present method using the OBBP method for test (3).

Figure 2. Exact (left) and approximate (right) solutions for example 3 for (N =

M = 6).

Figure 3. Errors, Exact (left) and approximate (right) solutions for example 4

for (N = M = 6).

Example 5. We are given a linear problem as follows [27]

subject to the following   conditions:  , 

  and  , where    is determined such that

the analytical   solution is  . The results for this

example are given in Tables 4-5 and Figure 4. The numerical experiments

obtained for this example are better than that given by the Legendre multi-

wavelets collocation method [27].

(x, t) = (x, t) + g(x, t) − u(x, s)ds, x, t ∈ [0, 1],ut uxx ∫
t

0
(42)

u(x, 0) =
1 − x2

2

u(0, t) =
cosh(t)

2 + (t)sinh2
u(1, t) = 0 g(x, t)

u(x, t) =
(1 − ) cosh(t)x2

2 + (t)sinh2
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Table 4. Errors of the present method using the OBBP method

for test (5).

Example 6. Here, we take the following PIDE

Figure 4. Errors, Exact (left) and approximate (right) solutions for example 5

for (N = M = 8).

Table 5. Errors using the OBBP method for test (5).

with  ,  ,  ,  , where 
  is determined such that    is the analytical solution.

We remark that when    increases, the error decreases. The errors obtained by

our method for    are presented in 5 and give better results than those

given by the Hermite-Taylor matrix method for  [9]  and radial basis

functions  [14].

Figure 5. Errors, Exact (left) and approximate (right) solutions for example 6

for (N = M = 10).

6. Conclusion

In this article, a new numerical approach was proposed. This approach was

utilized to solve partial integro-differential equations with Volterra and

Fredholm types. The matrices of orthonormal Bernoulli polynomials were

derived and used to obtain the approximate solution of PIDEs. After, we take

Gauss-Legendre nodes in the intervals   and   as collocation points.

The approach was applied to obtain numerical solutions of some test

problems. The numerical results show the high accuracy of the scheduled

algorithm. The presented method is easily implementable and simple and

can be used for different types of PIDEs and also for differential equations.

Many test problems were inserted and compared with other algorithms to

appreciate the good ef�ciency of the proposed methodology. The proposed

algorithm can be employed in more dimensions.
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