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The revised version of the paper contains many additional interesting details about the process of measurement. It says
that the process of measurement consists of two

objects. The first is an observable or a collection of observables and the second is a unit which can be varied according to
our requirements depending on the magnitude of variations of the observable. The fact that the unit can be varied implies
that the result of all measurements is relative. In the case of quantum measurements, the units chosen should be such
that the corresponding phase volume is $>> h/2\pi$, $h$ being Planck's constant in order that variations of the
measurement outcome due to Heisenberg's quantum uncertainty do not

count as true variations of the values of the observables. For example, if we choose to measure the position and
momentum of an object, and $\Delta Q, \Delta P$ are the uncertainties in the measurement caused by perturbing the
object with a light signal, or more generally, by the signal generated by the measurement apparatus, then $\Delta Q.\Delta
P\approx h$. If the units chosen to measure $Q$ is $lambda$ and that chosen to measure $P$ is $\mu$, then we require
that $\mu>h/Alambda$ in order that that variations in $P$ due to the uncertainty arising from the quantum measurement
process do not count as genuine variations in $P$. For such a measurement to be successful, of course, we require that
$Q,P$ correspond to macroscopic bodies relative to the quantum scale, or more precisely, at least one of the variables
$Q,P$ assumes macroscopic values. In other words, the units chosen to measure non-commuting observables should be
such that their product is much larger than a quantum threshold, and hence at least one or both of the observables should
be macroscopic, because if both of these observables are of the quantum scale, the product of the uncertainities in their
measurement should be much smaller than $h$ and hence both cannot be simultaneously measured with complete

accuracy.

The second point is that if there are random errors $\delta x_i$ in the measurement outcome $x$ and also random errors
$\delta u_i$ in the implementation of the unit $u$, then the random error $\delta\xi_i$ in the measured value $ux=\xi$ of

the observable will be approximately,

0&; = u. ox;+ x. Ou;

so if our measurements are iid (identically distributed independent random variables), the sample-averaged value of the
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observable measurement error, given by

will have a variance of

Var(o®) = Po/n + @o2/n

where

0% = Var(6x), o, = Var(du)

which means that if the unit $u$ is too large or if the relative measurement outcome $x$ is too large, then the variance in
the Monte-Carlo-averaged error in the true value $\xi$ of the observable will also be large. On the other hand, if the unit
$u$ is too small, as in the quantum scenario, the variations in the measured values of two observables relative to the unit
$u$, would be attributed, according to the Heisenberg uncertainty principle, to perturbations caused by the measuring
instrument and not due to genuinely different values assumed by the observables. Moreover, suppose we sequentially
measure non-commuting quantum observables $O_1, O_2,... O_n$ with the initial state of the system being $\rho_0$.
Suppose that the eigenvalues of these $n$ observables are of different orders of magnitude. Let $E_1(\lambda),...,
E_n(\lambda)$ denote respectively the spectral projections of these $n$ observables.

Then, according to the collapse postulate, the joint probability of getting values $\lambda_{\sigma j}, j=1,2,..., n$ for the
observables measured in the order $O_{\sigma j}, j=1,2,..., n$, where $\sigma$ is a permutation of the index set $\{1,2,...,

n\}$, would be given by

P(Ag, -, Ayl 0) = THE 5p(Agp)- - - Eot(Ag1)P0: Ect(Aot)- - - EgnAgn)

which would be generally different for different permutations $\sigma$. Of course, if the observables commute, these
probabilities would be the same for all permutations $\sigma$ because all the $n$ spectral projections would then mutually
commute. Thus, non-commutativity and the collapse postulate would give us different joint probabilities for different
sequential orders in which the measurements are made. Now, since the $\lambda_i$'s are of different orders of
magnitude, we must use different units $u_1,..., u_n$ respectively for making joint measurements. Thus, writing
$x_i=\lambda_i/u_i$ for the value of the measurement of $O_i$ relative to the unit $u_i$, we get the joint probability of

getting the $x_i$'s in the order $1,2,..., n$ as

Po,...0,(Xqs- - XplUy, -, up) =

TALC (15 s\ C /(i xo NA L fid 0\ [ = TRV
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ll\En\Un}(n}. - E1\U1}(1 HJO E1\U1}(1} .. En\un/(n})

Then, if there are small shifts $\Delta u_1,..., \Delta u_n$ in the chosen units, the sensitivity or change in the joint
probability can be very large owing to sharp discontinuities in the spectral projections, especially at an eigenvalue of one

of the observables:

Po,...0, (X1, Xplug + DUy, ... U+ BUy) = Po 0 (X1, Xpl Uy, -0 Up) =

d

au
1Auk. « THE(UpXp). . - Eq(UyX9)pg- E1(UqXq). .. Ef(UnX)

T DM s

k

More generally, if there are random fluctuation errors $\Delta u_k,k=1,2,..., n$ in the chosen units, then the average shift

in the joint measurement probabilities would be given by the formula

I I
Z <Auf... Aups 9Tt

I I
| | 1 n
Fover 120,04+ 4121 rl..r! ouy'...oup

THE(UpXp). . . Eq(uyx9)0g- E1(UyXq). .. Ef(UaX,)

and the multiple partial derivatives here acting on the spectral projections could result in very large values of this

sensitivity.

Moreover, as Roger Penrose has stated, it should be noted that quantum mechanics is incompatible with the notion of
measurement because the measurement apparatus is always classical and hence can never be a part of any quantum
mechanical system. The apparatus perturbs the system and leads to state collapse after the measurement has been
made, and subsequent measurements are made on the collapsed state. Such a phenomenon is not a part of Schrédinger
dynamics, and the two processes of Schrédinger evolution and measurement can never be made compatible with each
other. Measurements on a continuously evolving quantum system are made at discrete times, and in between two
measurements, the state of the system evolves according to Schrédinger's equation; at the time of a measurement, the
state evolves discontinuously according to the state collapse postulate. Such a discontinuous evolution at the time of state
collapse is not unitary and can never be reconciled with Schrédinger dynamics, neither with noisy Schrédinger dynamics

described by the quantum master equation or, equivalently, by a quantum dynamical semigroup.

However, quite recently, as pointed out by V.P. Belavkin, in the context of quantum filtering, it is possible in many cases to
make "non-demolition measurements" on a quantum system by allowing quantum noise to interact with the system,
thereby causing the noise to get deflected by the system without affecting the future state of the evolving system. The
state is not affected because we are perturbing it by quantum noise, not classical noise, and moreover, the time samples
of this quantum noise form a commutative algebra which also commutes with the present and future state of the system,

thereby enabling us to obtain reliable estimates of the system state without perturbing it. It should be noted that such an
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estimate of the state will still have small errors because it is obtained by using a conditional expectation operation on the
current system observable given all measurements up to the current epoch; the very fact that we are able to construct
such a conditional expectation is because of the commutativity of the measurement noise samples and the commutativity
of this noise with the system state, in short, because of the non-demolition property. Commutativity leads to zero
Heisenberg uncertainty, thereby enabling us to define joint classical probability distributions and conditional expectations.
In other words, the absence of Heisenberg uncertainty does not mean the absence of classical randomness; it only
means that quantum randomness has been reduced to classical randomness, enabling us to describe the joint probability
law of two or more observables.

\bigskip

Finally, | would like to point out one important result related to independent classical measurements. If $e_1,e_2,..., e_n$

are iid measurement errors with zero mean and fixed variance $\sigma_e”2$, then according to the law of large numbers,

(e;+... +e,)/n—0a.s.P

while

(€ +... +e)~n— N0,

in distribution, where $N(0,\sigma”2)$ is the normal distribution with zero mean and variance $\sigma”*2$. It should be
noted that such sample average errors appear because we generally form sample averages of our measurements in order
to reduce the variance of the error. Both of these two limit formulae are independent of the probability distribution of the
individual errors. However, in practice, the number of measurements $n$ is large but not infinity. Thus, we are interested
in the rate at which the sample average error $(e_1+...+e_n)/n$ converges to zero. This rate will depend upon the

individual probability distribution of the errors and is computed using Cramer's large deviation principle:

Pll(ey +... +e,)/n| > 8] = exp(— nl(d)),n — o

or, more precisely,

1

" log(l(eg +... +e,)in| > 3] - &) = 0

where

I(3) = sup, olA. 0 - loglE[exp(Aey)]]]

In particular, when the $e_i$'s are iid $N(0,\sigma_e"2)$, this result becomes
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I8) = — 050°/2

In short, the usual limit theorems of statistics, namely the law of large numbers and the central limit theorem, are
distribution independent, and they give us results only about the limiting behaviour of the measurement errors. On the
other hand, in order to obtain results about the rate at which the errors converge when we use a large but finite number of
samples, we must make use of large deviation theory, and these asymptotic results are error-distribution dependent
because they do not merely give us the limiting distribution, they give us the rate at which the limiting distribution is

approached.
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