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Motivated by recent studies of the projected dice lattice Hamiltonian [K. Swaminathan et al.,
Phys. Rev. Research 5, 043215 (2023)], we introduce the on-site/bond singlet (OBS) model, a one-
dimensional model of a flat band superconductor, in order to better understand the quasiparticle
localization and interesting coexistence of ergodic and non-ergodic behavior present in the former
model. The OBS model is the sum of terms that have direct counterparts in the projected dice lattice
Hamiltonian, each of which is parameterized by a coupling constant. Exact diagonalization reveals
that the energy spectrum and non-equilibrium dynamics of the OBS model are essentially the same
as that of the dice lattice for some values of the coupling constants. The quasiparticle localization
and breaking of ergodicity manifest in a striking manner in the level spacing distribution. Its near
Poissonian form provides evidence for the existence of local integrals of motion and establishes the
OBS model as a non-trivial integrable generalization of the projected Creutz ladder Hamiltonian.
These results show that level spacing statistics is a promising tool to study quasiparticle excitations
in flat band superconductors.

I. INTRODUCTION

The groundbreaking discovery of superconductivity in
magic angle-twisted bilayer graphene [1] has been an im-
portant milestone in unveiling the origin of unconven-
tional superconductivity. In unconventional supercon-
ductors, the attractive force that holds Cooper pairs to-
gether does not appear to originate from the electron-
phonon interaction. Rather, it may be mediated by other
bosonic modes of purely electronic origin such as spin
excitations [2]. In many unconventional superconduc-
tors including twisted bilayer graphene, superconducting
domes in the temperature-density phase diagram arise
when doping away from commensurate values of the elec-
tron density, where insulating phases characterized by
various forms of broken symmetries reside. This is the
case of copper and iron-based superconductors [3–5] and
also of magic-angle twisted bilayer graphene in which the
nature of the symmetry breaking in the correlated insu-
lating phases is currently under intense investigation [6–
8].

Twisted bilayer graphene and related moiré materials
offer exciting possibilities since their properties can be
tuned even in-situ in ways that are not possible with bulk
superconductors such as copper and iron-based ones [9–
11]. For instance, it is possible to easily change the
electron density by electrostatic gating without the need
for doping, which inevitably introduces disorder [12–14].
Thus, using a single sample it is possible to explore the
entire phase diagram. Another way to tune the elec-
tronic properties, which has proven crucial for twisted
bilayer graphene, is the possibility of carefully control-
ling the relative twist angle between the two graphene
sheets. Depending on the angle, the reconstruction of
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the electronic band structure can be very pronounced
with almost flat bands forming near the Fermi level. It
is precisely at the magic angle, at which the relevant
bands have minimal bandwidth, that superconductivity
emerges together with a wide variety of other correlated
phases. Remarkably, the ratio between superconduct-
ing critical temperature and Fermi energy in magic angle
twisted bilayer graphene is among the highest in known
superconducting materials, even if the critical tempera-
ture is small in absolute sense (∼ 1.7K) [1]. Therefore,
twisted bilayer graphene represents the first experimen-
tal validation of the general idea of increasing the critical
temperature of the superconducting transition by means
of band structure engineering, more specifically by real-
izing flat bands [10, 15–18] characterized by nontrivial
geometrical and topological properties. Indeed, only if
the quantum metric of the flat band is nonzero, long
range phase coherence can be established and the en-
suing superconducting phase is robust against thermal
fluctuations [10, 19, 20].

Whereas the general idea of using flat bands for in-
creasing the critical temperature is very promising, there
are considerable obstacles on the way to make it prac-
tical. One of the most serious ones is the theoretical
challenge posed by the class of strongly correlated quan-
tum many-body systems, which naturally includes ma-
terials with quasi-flat bands in the band structure. A
typical approach for simplifying the many-body prob-
lem is to reduce the Hilbert space size by projecting the
full Hamiltonian on a subset of relevant bands, some of
which may be flat [21–27]. This is a technique used ex-
tensively in the context of the fractional quantum Hall
effect for instance [28–31]. When projecting onto a flat
band or a group of degenerate flat bands, the result con-
sists of a Hamiltonian that departs substantially from the
Hubbard model paradigm since it contains many differ-
ent interaction terms (product of four field operators).
Particularly important for the transport properties and
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FIG. 1. (a) Initial state |ψ(0)⟩ = d̂†6↑d̂
†
9↑d̂

†
9↓d̂

†
12↑ |∅⟩ with an

on-site pair on site l = 6 and two unpaired particles on sites
l = 3 and 12 (N↑, N↓ = 3, 1) in a chain of length L = 12
with periodic boundary conditions. The size of the circles
denotes the particle density and the color denotes the spin
density on a scale from white Sz = 0 to red Sz = +1/2.
(b) Time-averaged asymptotic density obtained from the time
evolution with the Hamiltonian Ĥλ2,λ3 of the on-site/bond
singlet (OBS) model (8) with λ2 = λ3 = 0. The on-site
pair is trapped in between the localized particles and the spin
density is frozen. (c) Same as b, but for λ2 = 0 and λ3 =
1. The evolution dynamics is non-ergodic as the asymptotic
particle and spin density distributions retain memory of the
positions of the unpaired particles. (d) Same as b and c but
for λ2 = λ3 = 1. In this case the asymptotics particle and
spin density distributions are almost uniform, an indication
of ergodic behavior.

superconductivity in the flat band limit are terms of the
form d̂†i↑d̂

†
i↓d̂j↓d̂j↑, where i and j label different electronic

orbitals, that enable the correlated hopping of a whole
Cooper pair at once [22, 23]. These terms are ignored in
a Hubbard-like model, where the only interaction term
is strictly local, but they are important if the flat band
Wannier functions have a large spatial spread. In general
the projected Hamiltonian, that is the Hamiltonian ob-
tained by projecting a given interaction term, including
a Hubbard interaction, onto a flat band of a multiorbital
lattice model is a complicated object, which is difficult to
tackle with available analytical and numerical methods.

A possible way out is to study simple idealized mod-
els first and then proceed to tackle more realistic and
complicated ones. In two dimensions, one of the sim-
plest lattices with flat bands is the dice lattice [32, 33].
Due to the compact nature of the Wannier functions in
the dice lattice, the number of terms obtained after the
projection on the two lowest flat bands is limited. More-
over, for attractive interactions, the ground state of the
projected Hamiltonian is given exactly by the Bardeen-
Cooper-Schrieffer (BCS) wave function [23, 25, 34], that
is the wave function describing the superconducting state
at the mean-field level. The ground state is also stable
against thermal fluctuations since the quantum metric is

nonzero [35].
Contrary to the ground state, very little is known re-

garding the nature of the excited states in the dice lattice
and in general in flat band superconductors, in particu-
lar an outstanding question is whether the quasiparti-
cle excitations are localized [25, 36]. Recent results ob-
tained with exact diagonalization have provided evidence
that the dice lattice is an instance of a localized super-
conductor, that is a superconductor in which the quasi-
particle excitations are localized, at least at the level of
the projected Hamiltonian. The concept of localized su-
perconductor was introduced originally in the context of
strongly disordered materials [37, 38], while the results
of Ref. 25 refer to the disorder-free dice lattice. Local-
ization in the latter case is purely a consequence of the
band flatness.

As shown in Ref. 25, by simulating the exact out of
equilibrium dynamics of three and four particles, quasi-
particle localization manifests as a weak form of ergod-
icity breaking, since Cooper pairs are free to propagate
and thermalize rapidly, while quasiparticles with nonzero
spin diffuse very slowly and retain memory of the initial
state for very long times and possibly indefinitely. The
breaking of ergodicity and thermalization in closed quan-
tum systems has attracted a great deal of attention in
recent years [39–41], after the idea of many-body local-
ization was put forward as a theoretical concept [42–46]
and subsequently realized with ultracold gases in opti-
cal lattices [47–49]. The fundamental characterization
of many-body localization is as a form of emergent in-
tegrability, in which the dynamics is frozen and parti-
cles remain localized due to an extensive number of lo-
cal integrals of motion (LIOMs) that appear for strong
enough disorder [45, 50–53]. A form of weak ergodic-
ity breaking called Hilbert space fragmentation can also
be the result of the presence of an extensive number of
LIOMs since these break up the Hilbert space in many
disconnected sectors within which the dynamics is fully
ergodic [54, 55]. Hilbert space fragmentation is probably
the best way to characterize the non-ergodic quasiparticle
dynamics observed in the projected dice lattice Hamilto-
nian.

It is highly desirable, but generally very difficult, to be
able to produce explicitly an extensive number of LIOMs
for a many-body Hamiltonian [56, 57]. By doing so, the
Hilbert space dimension can be dramatically reduced and
it becomes feasible to numerically simulate large systems.
As shown in Ref. 25, in the case of one term in the pro-
jected dice lattice Hamiltonian the LIOMs are known ex-
plicitly and take the same form as the ones of the Creutz
ladder and other one-dimensional lattice models with flat
bands [24, 58]. More specifically, the conserved quantities
are the parities of the occupation numbers of all lattice
sites. This means that particles can move around only if
they form on-site pairs with zero total spin, while single
unpaired particles carrying a nonzero spin are immobile.
As a consequence, the spin density distribution is frozen.
On the other hand, the remaining terms in the projected
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dice lattice Hamiltonian do not respect this strong dy-
namical constraint as evidenced by the slowly diffusive
spin dynamics. However, this does not rule out that LI-
OMs with a somewhat more complicated structure may
be present and could be at the root of the weak ergodicity
breaking observed in the case of the dice lattice.

Given that it is very hard to construct explicity the
LIOMs of a generic many-body Hamiltonian, if they ex-
ist, we resort here to a powerful method for establishing
the integrability of a quantum system, namely level spac-
ing statistics [59–63]. Moreover, rather than tackling di-
rectly the projected Hamiltonian of the two-dimensional
dice lattice, here we introduce a new model, called the
on-site/bond singlet (OBS) model, which is designed to
capture as faithfully as possible the symmetries and the
dynamics of the dice lattice, but at the same time it is
much easier to analyze being one-dimensional and also
integrable for some parameters values.

The Hamiltonian of the OBS model is introduced in
Sec. II, its discrete symmetries are discussed in Sec. IIA,
while in Sec. II B the considerations that have lead us to
conceive this model are presented by relating it to other
lattice models, in particular the dice lattice. Indeed, the
Hamiltonian of the OBS model Ĥλ2,λ3

(8) is parameter-
ized by two coupling constants λ2 and λ3, that multiply
terms with direct counterparts in the projected dice lat-
tice Hamiltonian [25].

In Sec. III, the same analysis of Ref. 25 is repeated in
the case of the OBS model. In particular, it shown in
Sec. IIIA that for λ2 = 0 the pattern of degenerate and
quasidegenerate states in the OBS model is remarkably
similar to that of the projected dice lattice Hamiltonian.
The asymptotic particle and spin density distributions
obtained under time evolution with the OBS model are
illustrated in Fig. 1 and further discussed in Sec. III B.
Depending of the value of the parameters, qualitatively
different behaviors are obtained. For λ2 = λ3 = 0
(Fig. 1b) the propagating on-site pair remains trapped
between two localized unpaired particles, which act as
impenetrable barriers. This is a direct consequence of
the LIOMs imposing the constraint that the parity of the
particle number on each site is conserved. For λ3 ̸= 0
and λ2 = 0 (Fig. 1c) the two-particle bound state can
propagate throughout the whole chain and the spin den-
sity is nonzero also away from the initial positions of the
two unpaired particles. However, the dynamics is clearly
non-ergodic since both the particle and spin densities are
inhomogeneous and retain memory of the initial positions
of the unpaired particles. This inhomogeneity disappears
for λ2 ̸= 0 since the particle and spin density are almost
uniform and compatible with a rapidly thermalizing dy-
namics (Fig. 1d).

In Sec. IV the scattering problem consisting of a two-
body bound state impinging on a single unpaired particle
is solved in the case λ2 = 0 and the results are used to ex-
plain several features of the energy spectrum and the out
of equilibrium dynamics of the OBS model. In Sec. V, the
level spacing statistics of the OBS model is investigated.

The main finding is that the level spacing distribution
for λ2 = 0 and arbitrary values of λ3 is essentially identi-
cal to that of the special case Ĥ0,0, in which an extensive
number of LIOMs is known explicitly. On the other hand,
for λ2 ̸= 0 the level spacing distribution closely matches
the prediction of random matrix theory. In view of these
results, it is possible to conclude that for λ2 = 0 the OBS
model is integrable and the partial breaking of ergodicity
in the out of equilibrium dynamics is the manifestation of
an extensive number of LIOMs obtained by continuously
deforming the known LIOMs for λ3 = 0.

Finally, in Sec. VI the main results of the present work
are summarized and the perspectives for future applica-
tions of level spacing statistics to the study of quasipar-
ticle localization and weak ergodicity breaking in lattice
models with flat bands are discussed.

II. THE ON-SITE/BOND SINGLET MODEL

The on-site/bond singlet (OBS) model is a one-
dimensional fermionic lattice model inspired by the pro-
jected dice lattice Hamiltonian, which some of the au-
thors have considered in previous work [25]. This model
is also an extension of the Hamiltonian obtained by pro-
jecting the Hubbard interaction term onto the lowest flat
band of the Creutz ladder [24, 58, 64–67]. For a concise
representation the Hamiltonian of the 1D OBS model, we
introduce sets of operators that are bilinear combinations
of fermionic operators, d̂lσ, d̂†lσ, where the index l labels
different lattice sites on a simple 1D chain, see Fig. 1,
and σ =↑, ↓ is the spin index. The first set of operators
are the on-site spin operators defined as

Ŝz
l =

1

2

(
d̂†l↑d̂l↑ − d̂†l↓d̂l↓

)
, (1)

Ŝ+
l = d̂†l↑d̂l↓ = (Ŝ−

l )† , (2)

Ŝx
l =

1

2

(
Ŝ+
l + Ŝ−

l

)
, Ŝy

l =
1

2i

(
Ŝ+
l − Ŝ−

l

)
. (3)

The second set are the on-site pair operators, which de-
scribe the creation and annihilation of a pair of particles
with opposite spins on the same site [24]. These oper-
ators obey the same SU(2) algebra as the on-site spin
operators, and are defined as

B̂z
l =

1

2
(d̂†l↑d̂l↑ + d̂†l↓d̂l↓ − 1) , (4)

B̂+
l = d̂†l↑d̂

†
l↓ = (B̂−

l )† , (5)

B̂x
l =

1

2

(
B̂+

l + B̂−
l

)
, B̂y

l =
1

2i

(
B̂+

l − B̂−
l

)
. (6)

It is important to note that the on-site spin operators
and the on-site pair operators commute with each other,
[Ŝα

l , B̂
β
m] = 0 for α, β = x, y, z. The final set of operators

are the bond singlet operators that take the form

B̂+
⟨l1,l2⟩ = d̂†l1↑d̂

†
l2↓ − d̂†l1↓d̂

†
l2↑

= d̂†l1↑d̂
†
l2↓ + d̂†l2↑d̂

†
l1↓ =

(
B̂−

⟨l1,l2⟩
)†
.

(7)
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This operator creates a pair of particles with zero total
spin (a singlet) delocalized over two lattice sites (the sym-
bol ⟨l1, l2⟩ denotes an unordered pair of lattice sites). In-
deed, it can be observed from (7) that the state B̂+

⟨l1,l2⟩ |∅⟩
is antisymmetric under the exchange of the spin. The
B̂+

⟨l1,l2⟩ are called bond singlets operators since ⟨l1, l2⟩ will
always denote a pair of nearest-neighbor sites (l1 = l2±1)
in the following, therefore it is useful to regard the delo-
calized singlets as living on the bonds of the simple 1D
chain.

The Hamiltonian of the 1D OBS model can be written
as

Ĥλ2,λ3
= Ĥ1 + λ2Ĥ2 + λ3Ĥ3 , (8)

where each term Ĥi=1,2,3 has a direct counterpart in the
dice lattice projected Hamiltonian [25]. Using the sets
of operators introduced above, the three terms in the
Hamiltonian take the following forms

Ĥ1 = −A
∑
j

B̂+
j B̂

−
j − 4

∑
j

[(
B̂z

j +
1

2

)(
B̂z

j+1 +
1

2

)

+
1

2

(
B̂+

j B̂
−
j+1 + B̂+

j+1B̂
−
j

)]

+ 4

N−1∑
j=0

[
Ŝz
j Ŝ

z
j+1 +

1

2

(
Ŝ+
j Ŝ

−
j+1 + Ŝ−

j Ŝ
+
j+1

)]
, (9)

Ĥ2 = −
∑
j

[
B̂+

⟨j,j+1⟩B̂
−
⟨j+1,j+2⟩ + h.c.

]
, (10)

Ĥ3 = −
∑
j

[
(B̂+

⟨j,j+1⟩ − B̂+
⟨j−1,j⟩)B̂

−
j + h.c.

]
. (11)

The parameters λi in (8) are introduced to study the
effect of the individual terms Ĥi on the dynamics (see
Fig. 1) and integrability of the system.

The Hamiltonian Ĥ1 describes the hopping of on-site
pairs (singlets) on the 1D chain and the spin exchange
interaction between particles localized on neighboring
sites. The first term in Ĥ1, proportional to A, is a
chemical potential term since

∑
j B̂

+
j B̂

−
j is the num-

ber operator of on-site singlets. The last term describes
the antiferromagnetic Heisenberg exchange interaction of
the on-site spins [23], which can be written in the form
Ŝj · Ŝj+1 with Ŝj = (Ŝx

j , Ŝ
y
j , Ŝ

z
j )

T . The remaining terms(
B̂z

j + 1
2

)(
B̂z

j+1 +
1
2

)
and 1

2

(
B̂+

j B̂
−
j+1 + B̂+

j+1B̂
−
j

)
in (9)

represent the nearest-neighbor interaction and the hop-
ping of the on-site singlets on the 1D chain, respectively.
They can be combined and expressed as an isotropic
Heisenberg exchange term B̂j · B̂j+1 for the pseudospin
operators B̂j = (B̂x

j , B̂
y
j , B̂

z
j )

T . The second term Ĥ2 in
the 1D OBS model Hamiltonian (10) describes the hop-
ping of bond singlets along the 1D chain. The last term
Ĥ3, encodes the process through which on-site pairs are
converted into bond singlets and vice versa.

A. Symmetries

To understand the 1D OBS model, it is useful to iden-
tify and resolve the various discrete symmetries that exist
in the model. Therefore, the discrete symmetries of the
1D OBS model are listed in the following. It is important
to note that the presence of some of these symmetries is
dependent on the parameters λ2 and λ3. Often the nota-
tion in which X̂ denotes an operator and X its associated
eigenvalue or quantum number is used.

(a) Translational symmetry: The 1D OBS model is
translationally invariant, namely the Hamiltonian
commutes with the translation operator T̂ , whose
action on the fermionic operators d̂lσ is

T̂ d̂l,σT̂
† = d̂l+1,σ. (12)

The wave vector k determines the eigenvalues of
the operator T̂ , which take the form eik since T̂ is
a unitary operator. The possible values of the wave
vector for a chain with L sites are k = 2πl

L with l
an integer in the interval [0, L− 1].

(b) Reflection (Parity) symmetry: When λ3 = 0, the
1D OBS model possesses reflection symmetry de-
scribed by the operator R̂,

R̂d̂l,σR̂
† = d̂L−l+1,σ. (13)

The reflection center can be chosen at any site or
bond center due to the presence of the translational
symmetry mentioned above. The reflection opera-
tor has the property R̂2 = 1, therefore the only
possible eigenvalues are R = ±1. Since perform-
ing the reflection operation reverses the direction
of the wave vector, it is possible to find simulta-
neous eigenstates of T̂ and R̂ only for the wave
vectors k = 0 or k = π that are invariant under re-
flections. The inclusion of Ĥ3, the conversion term
between bond singlets and on-site pairs, breaks the
reflection symmetry otherwise present in the sys-
tem. More specifically, the symmetry is broken by
the opposite signs of the amplitudes associated to
the processes of bond singlet creation in the for-
ward (B̂+

⟨j,j+1⟩B̂
−
j ) and backward (−B̂+

⟨j−1,j⟩B̂
−
j )

directions in (11). It would have been possible to
choose the same amplitude for both the forward
and backward directions and thus preserve reflec-
tion symmetry, however doing so would lead to the
breaking of other symmetries that are important
for our purposes, in particular the conservation of
the total pseudospin discussed below.

(c) Spin-rotation symmetry: The 1D OBS model ex-
hibits SU(2) spin-rotation symmetry. This indi-
cates that the Hamiltonian commutes with the
components of the total spin operator, i.e.,

[Ĥi, Ŝ
α] = 0, (14)
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for i = 1, 2, 3 and α = x, y, z. The components of
the total spin operator are defined as Ŝα =

∑
l Ŝ

α
l

with the single-site spin operators Ŝα
l previously

defined in (1) and (3). The total spin operator is
given by Ŝ2 = (Ŝx)2+(Ŝy)2+(Ŝz)2. Thus, the total
spin S, defined in terms of the eigenvalue S(S + 1)

of the total spin operator Ŝ2, and the total spin
along the z-axis Sz are good quantum numbers.

(d) Pseudospin symmetry: Unlike the components of
the spin operator Ŝα, not all components of the
total pseudospin operators B̂α =

∑
l B̂

α
l defined

using Eqs. (4) and (6) commute with the com-
plete Hamiltonian of the 1D OBS model. Only the
B̂z component is conserved for arbitrary values of
λi=2,3, namely

[Ĥi, B̂
z] = 0 (15)

for i = 1, 2, 3. Note that B̂z = (N̂ − L)/2 is
equivalent to the total particle number operator
N̂ =

∑
jσ d̂

†
jσd̂jσ up to a constant. Together with

the conservation of Ŝz from Eq. (14), we see
that the number of particles for each spin compo-
nent is conserved, with N↑ = Bz + Sz + L/2 and
N↓ = Bz − Sz + L/2.

While Ĥ1 and Ĥ3 possess full pseudospin symme-
try, the bond singlet hopping term Ĥ2 breaks it
since

[Ĥ1 , B̂
+] = −(A+ 4)B̂+, (16)

[Ĥ3, B̂
+] = 0. (17)

[Ĥ2, B̂
+] ̸∝ B̂+, (18)

As a consequence of the first and last commutation
relation, one has

[Ĥ1, B̂
2] = [Ĥ3, B̂

2] = 0 . (19)

On the other hand, Ĥ2 does not commute with B̂2.
The commutation relation between Ĥ1 and B̂+ is
called a dynamical symmetry or spectrum gener-
ating algebra (SGA), which takes the generic form
[Ĥ , X̂] = ξX̂ with ξ ̸= 0 [54, 68, 69]. A SGA can
be used to generate towers of equally spaced en-
ergy eigenstates. Indeed, if |ψ0⟩ is an eigenstate of
Ĥ with eigenvalue ε0, then X̂n |ψ0⟩ are also eigen-
states with eigenvalues ε0 + nξ for n a positive in-
teger, provided that X̂n |ψ0⟩ ≠ 0 [54].

(e) Local integrals of motion: The presence of local in-
tegrals of motion is established for Ĥ1 as it is iden-
tical to that of the previously studied Creutz ladder
[24, 58] if A = 4. The LIOMs are given by the total
spin operators at each site Ŝ2

l , thus the total spin
quantum number at site l takes value Sl = 1/2 if
one particle is present and Sl = 0 otherwise. As

discussed extensively in [24], this implies that par-
ticles can move within the lattice only if they form
an on-site pair. Unpaired particles remain localized
to their sites as shown in Fig. 1b. However, these
LIOMs do not commute with the complete Hamil-
tonian due to the presence of the terms Ĥ2 and Ĥ3.
For the following, it is important to note that the
LIOMs operators Ŝ2

l along with the translation op-
erator T̂ generate a non-abelian symmetry algebra
due to the obvious relation T̂ Ŝ2

l T̂
† = Ŝ2

l+1.

In Sec. V, we analyze the level spacing statistics of
Ĥλ2,λ3

, particularly how it evolves when varying λ2.
Therefore, the symmetry blocks of the Hamiltonian of
the 1D OBS model are labeled by the quantum numbers
(N↑, N↓, S, k, [R]). The square brackets indicate that the
eigenvalue R of the reflection operator is included only
when applicable. When performing exact diagonaliza-
tion, we always consider symmetry blocks with wave vec-
tor k = 0. Only when λ3 = 0, is it possible to specify the
reflection symmetry eigenvalue, which is set to R = +1.
In order to avoid accounting for the spin inversion sym-
metry Sz → −Sz (not listed above), we only consider the
spin imbalanced case N↑ −N↓ = 2Sz ̸= 0.

B. Related models

The Hamiltonian of the 1D OBS model is analogous to
that of the projected dice lattice Hamiltonian albeit in
one-dimension. In order to capture faithfully the physics
of the latter one, it is essential that the OBS model main-
tains as many of its symmetries as possible. In this sec-
tion, we compare and contrast the OBS model with the
projected dice lattice Hamiltonian, as well as the closely
related Creutz ladder in particular with respect to the
symmetry properties.

As mention before, the term Ĥ1 (9) is identical (for
A = 4) to the Hubbard interaction term projected onto
one flat band of the Creutz ladder [24]. The correspond-
ing term in the Hamiltonian obtained by projecting the
Hubbard interaction term onto the two lowest flat bands
of the dice lattice is denoted by Ĥtri. in [25] and is re-
sponsible for the spin dynamics and the hopping of the
on-site singlets within the triangular lattice formed by
the Wannier functions centers. The symmetry proper-
ties of Ĥ1 and Ĥtri are essentially the same, in particular
they both possess an extensive number of LIOMs of the
form Ŝ2

l , where l labels different Wannier functions in
the case of the dice lattice. It should be noted that, in
contrast to the projected Hamiltonian of the dice lattice,
the 1D OBS model is not derived as the projection of an
Hubbard term onto the flat band of any lattice model, at
least to our knowledge.

An important advantage of working in one dimension
is that Ĥ1 is integrable [24]. This is a key reason for
introducing the 1D OBS model. The integrability of the
Hamiltonian Ĥ1 can be demonstrated as it possesses an
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extensive number of LIOMs, Ŝ2
l , as described in Sec. II A.

When the eigenvalues of the LIOMs are specified, the
positions of the unpaired particles are fixed at the sites
l on the chain where Sl = 1/2. These localized parti-
cles partition the chain into sections where the Hamilto-
nian simplifies to independent isotropic Heisenberg mod-
els for either the spin or pseudospin degrees of freedom.
Fig. 2 illustrates some examples of these partitions for
a chain of length L = 12 with different numbers of par-
ticles. In general, these Heisenberg models are subject
to open boundary conditions with additional boundary
fields. However, when no unpaired particles are present
or when unpaired particles fill the whole chain, the model
reduces to a single pseudospin or spin Heisenberg model
with periodic boundary conditions. The isotropic Heisen-
berg model under both open and periodic boundary con-
ditions is known to be integrable [70]. As Ĥ1 comprises
of several independent integrable models, it is itself inte-
grable.

FIG. 2. Illustration of possible eigenstates of the integrable
Hamiltonian Ĥ1 = Ĥ0,0 (9) for a chain of length L = 12 under
periodic boundary conditions containing different numbers of
particles. (a) A possible configuration for (N↑, N↓ = 2, 1)
with one section where the delocalized pair is present. (b)
A possible state for (N↑, N↓ = 2, 2). (c) A possible state for
(N↑, N↓ = 6, 5) with two equal-sized sections in which the
on-site pairs can propagate. In each section the Hamiltonian
reduces to an isotropic Heisenberg model for the pseudospin
degree of freedom with open boundary conditions and addi-
tional boundary fields, see (34).

The term Ĥ2 is analogous to Ĥkag. in the projected
dice lattice Hamiltonian, while Ĥ3 is comparable to
Ĥtri.−kag., see Ref. 25. The projected dice lattice Hamil-
tonian possesses both spin and pseudospin rotation sym-
metries. In particular it is shown in Ref. 25 that
[Ĥkag. + Ĥtri.−kag., b̂

†] ∝ b̂†, where the operator b̂† in
the same reference is the analogue of B̂+ in the case of
the dice lattice. Note that the SGA does not hold sepa-
rately for Ĥkag. and Ĥtri.−kag. in the projected dice lattice
Hamiltonian. By choosing the appropriate relative sign
of the forward and backward terms in Ĥ3 it is possible
to preserve the SGA in (16) at the cost of breaking re-
flection symmetry, as discussed in Sec. II A. In contrast
to Ĥtri.−kag., we were unable to adapt the bond singlet
hopping term Ĥkag. to one dimension, while preserving

the conservation of total pseudospin. Hence, the commu-
tator [Ĥ2, B̂

+] is not compatible with the SGA satisfied
by the other terms in OBS model (18). Nevertheless, we
find it useful to include Ĥ2 in the 1D OBS model as an
integrability breaking perturbation (see Sec. V).

Due to the terms Ĥkag. and Ĥtri.−kag., which describe
the motion of bond singlets and the conversion between
on-site and bond singlets within the projected dice lat-
tice, it is unclear whether an extensive number of LIOMs
exists in this model. Indirect evidence for the present
of LIOMs has been found in Ref. 25 by analyzing the
time-evolution dynamics. Similarly, we cannot make an
assertion regarding the existence of LIOMs in the OBS
model due to the presence of the terms associated with
bond singlets, Ĥ2 and Ĥ3. The aforementioned terms,
unlike Ĥ1, do not possess an obvious set of LIOMs.

In fact, the main goal of the present work is to explore
whether such conserved quantities exist for the 1D OBS
model. The results shown in the following sections, par-
ticularly the level spacing analysis presented in Sec. V,
suggest that Ĥ0,λ3 is integrable for any value of λ3. The
Hamiltonian presumably possesses an extensive number
of LIOMs that are comparable but not identical to those
of the Creutz ladder Hamiltonian Ĥ1. In contrast, inte-
grability breaks for Ĥλ2 ̸=0,λ3 and no LIOMs are present.

III. EXACT DIAGONALIZATION RESULTS

In this section, we analyze the energy spectrum and
the time evolution dynamics of the 1D OBS model. We
provide numerical results for the energy spectrum of the
Hamiltonian when the interaction terms Ĥ2 and Ĥ3 are
present or absent. Additionally, the time evolution dy-
namics for the same Hamiltonians are shown for a rep-
resentative initial state that includes both onsite pairs
and unpaired particles. This analysis is essential to es-
tablish the 1D OBS model as a platform to understand
the physics of its two-dimensional counterpart, the dice
lattice and more generally the class of Hamiltonians ob-
tained by projecting an Hubbard interaction term onto a
flat band.

All of the numerical results in the following sections are
obtained using the exact diagonalization package QuSpin
[71, 72]. The free parameter in Ĥ1 (9) is fixed to A = 10.
For the calculations in this section, periodic boundary
conditions are used, which amounts to the identification
d̂L+1,σ ≡ d̂1,σ in (9)-(11). With the QuSpin package, it
is possible to directly construct the Hamiltonian on the
subspace specified by the set of good quantum numbers
(N↑, N↓, k, [R]), discussed in Sec. II A. However, with
QuSpin it is not possible to specify the values of the total
spin S and pseudospin B. In order to resolve these sym-
metries, their corresponding operators are added to the
Hamiltonian multiplied by a sufficiently large coefficients,
i.e., Ĥλ2,λ3

+ αŜ2 + βB̂2 [73].
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FIG. 3. Energy spectrum of the Hamiltonian Ĥλ2,λ3 of
the 1D OBS model obtained from exact diagonalization for a
chain of length L = 10, particle numbers N↑, N↓ = 2, 1 and
A = 10, see (9). In the three columns, the energy eigenval-
ues for different choices of the coupling constants λ2, λ3 are
shown. The lower portion of each energy spectrum indicated
by the rectangle in the upper row is magnified in the lower
row. The quantum numbers for total spin S and total pseu-
dospin B are indicated by different colors according to the
legend. In the case λ2 ̸= 0 only the total spin is a good quan-
tum number.

A. Energy Spectrum

In Fig. 3, the eigenvalues for the Hamiltonian Ĥλ2,λ3

with three particles (N↑, N↓ = 2, 1) are shown for a chain
of length L = 10. The first column depicts the eigenval-
ues of the Hamiltonian Ĥ0,0 where the lowest L eigen-
states are exactly degenerate. The excited states in this
case can also be grouped into sets of the same energy
with the size of the sets being exactly equal to the ground
state degeneracy. A similar feature remains upon the ad-
dition of the term Ĥ3, as seen in the middle column of
Fig. 3. As one can observe from the bottom row of Fig. 3,
where the smallest eigenvalues are highlighted, the lowest
excited states of Ĥ0,1 can be grouped in sets of approx-
imately the same energy, with the size of the sets still
equal to their ground state degeneracy. This structure in
the excited state spectrum can be understood from the

existence of LIOMs for Ĥ1 (Sec. II A). The eigenvalues
Sl(Sl + 1) of the operators Ŝ2

l , i.e., the total spin on the
l-th lattice site, are good quantum numbers. The lowest
lying states have Sl = 1/2 for a single site, with Sl = 0
elsewhere since there exists only one unpaired particle
(see Fig. 2a). Given a simultaneous eigenstate of Ĥ1 and
all the spin operators Ŝ2

l , one can obtain new distinct
eigenstates that have the same energy by repeatedly ap-
plying the translation operator. These new eigenstates
are distinct since the localized unpaired particle is moved
to a different site as a consequence of the nontrivial com-
mutation relation T̂ Ŝ2

l T̂
† = Ŝ2

l+1. Thus, the degeneracy
of the lowest eigenstates is at least equal to the the length
of the chain L. The observation of a similar structure in
the excited state spectrum of Ĥ0,1 and Ĥ0,0 is an indica-
tion that the LIOMs survive for λ3 ̸= 0. This hypothesis
is further corroborated in Sec. V, where it is shown that
also the level spacing distributions of Ĥ0,0 and Ĥ0,1 are
remarkably similar. Indeed, the level spacing statistics
are an unbiased method for characterizing the similarity
of the energy spectra of two Hamiltonians [61, 74].

The aforementioned structure is lost in the energy
spectrum of Ĥ1,1 as a consequence of the addition of the
bond singlet hopping term Ĥ2 to the system. As shown
in the rightmost column of Fig. 3, there is no clear orga-
nization of the eigenstates in quasidegenerate sets, which
we interpret as evidence that Ĥ1,1 does not possess lo-
cal conserved quantities. Again, the level spacing statis-
tics analysis of Sec. V further supports this scenario. In
the dice lattice for comparison, quasidegenerate sets of
states similar to those in the middle column of Fig. 3 are
found when both Ĥkag. and Ĥtri.−kag. are present at the
same time, while the cases in which only one of the two
terms is included has not been considered in Ref. 25. As
a reminder, Ĥkag. and Ĥtri.−kag. correspond to Ĥ2 and
Ĥ3, respectively. Note that the ground state degeneracy
of Ĥ1,1 is significantly reduced compared to the cases
where λ2 = 0. The exact ground state degeneracy is
due to the SGA (16)-(17), which is not satisfied when
λ2 ̸= 0 (18). Indeed, from the SGA and the fact that the
single-particle state d̂†jσ |∅⟩ is a zero energy eigenstate, it
follows that the three-particle states

|j, σ⟩ = B̂+d̂jσ |∅⟩ (20)

are also eigenstates [25] and form in fact the degenerate
ground state manifold according to the numerical results.

The energy spectra in the case of N↑, N↓ = 3, 1 for the
same values of λ2 and λ3 are shown in Fig. 4. Again, the
lowest excited states of Ĥ0,1 are organized into quaside-
generate sets, obtained by slightly lifting the degeneracy
of the exactly degenerate sets of excited states with mul-
tiplicity L as in the case of Ĥ0,0. The presence of these
quasidegenerate excited states for Ĥ0,1 indicates the sur-
vival of the LIOMs. On the other hand, the total degen-
eracy of the ground state manifold is larger than

(
L

N↑−N↓

)
,

the number of possible ways of placing N↑−N↓ unpaired
particle in the chain. This formula for the ground state
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degeneracy holds in the case of the two-dimensional dice
lattice [25] but fails for the OBS model. The reason for
the larger ground state degeneracy in one dimension can
be understood from Fig. 2. The unpaired particles par-
tition the chain into sections where the Hamiltonian re-
duces to the isotropic Heisenberg model, as discussed in
Sec. II A. By solving explicitly the three-body scattering
problem (Sec. IV B), it is shown that the ground states
manifold of Ĥ0,λ3 is spanned by states of the form

|j1, σ1; j2, σ2⟩1 = B̂+
[j1+1,j2−1]d̂j1σ1

d̂j2σ2
|∅⟩ , (21)

|j1, σ1; j2, σ2⟩2 = B̂+
[j2+1,L+j1−1]d̂j1σ1 d̂j2σ2 |∅⟩ , (22)

where B̂+
[l1,l2]

is defined as

B̂+
[l1,l2]

=

l2∑
l=l1

B̂+
l . (23)

Here, the convention of labeling lattice sites by integers
modulo L is used, thus the on-site pair creation operators
are identified according to B̂+

l ≡ B̂+
L+l. The operator

B̂+
[l1,l2]

creates a particle in a plane wave state with k = 0

restricted to the lattice sites l = l1, . . . , l2. An example
of the states in (21)-(22) is illustrated in Fig. 2b. It
follows that the ground state degeneracy for N↑, N↓ =
3, 1 on a chain subject to periodic boundary conditions
is L+ 2

[(
L
2

)
− L

]
.

B. Evolution Dynamics

In this section, we consider the particle and spin den-
sities obtained from the time evolution with the OBS
model Hamiltonian Ĥλ2,λ3

of a four-particle initial state
of the form

|ψ(0)⟩ = d̂†6↑d̂
†
9↑d̂

†
9↓d̂

†
12↑ |∅⟩ . (24)

The initial state consists of an on-site pair and two un-
paired particles, as illustrated in Fig. 1a. The time-
averaged particle and spin densities for Ĥ0,0, Ĥ0,1 and
Ĥ1,1 are shown schematically in rows b, c, and d, re-
spectively, and also in Fig. 5, where in addition also the
standard deviation is reported. Here, the time-average
of an observable is defined as

⟨⟨Ô⟩⟩ = 1

t1 − t0

∫ t1

t0

⟨Ô(t)⟩dt , (25)

where ⟨Ô(t)⟩ is the expectation value of an observable
Ô at time t. The initial cutoff time t0 is large enough
to ensure that the expectation value ⟨Ô⟩ is close to its
long-time asymptotic value and t1 is the final time. The
standard deviation shown in Fig. 5 is computed as

σÔ =

√
⟨⟨Ô⟩2⟩ − ⟨⟨Ô⟩⟩2. (26)
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Ĥ0,1

S, B = 1, 4

S, B = 2, 3

S, B = 1, 3

0 1000
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FIG. 4. Same as in Fig. 3, for the case N↑, N↓ = 3, 1. When
λ2 = 0, the ground state degeneracy observed is larger than(
L
2

)
as expected for 2 unpaired particles on a chain. Equal-

sized sets of degenerate (λ3 = 0) or quasi-degenerate excitated
states (λ3 ̸= 0) are present in the spectrum when λ2 = 0,
which is interpreted as a signature of the presence of LIOMs.

The time averages of the spin and particle densities are
calculated from t0 = 500 to t1 = 2000.

The results for the different Hamiltonians showcase
various degrees of coexistence of ergodic and non-ergodic
behavior in the system. In the case of Ĥ0,0, the on-site
pair exhibits ergodic behavior whereas the unpaired par-
ticles are strictly localized on their respective sites. This
behavior is expected due to the presence of LIOMs for
Ĥ1, previously discussed in Sec. II A

In the case of the Hamiltonian Ĥ0,1, both the on-site
pair and unpaired particles propagate along the whole
chain, but the signature of the initial positions of the un-
paired particles are observed through the increased spin
and particle densities at their respective sites. This be-
havior was previously observed and studied for the 2D
case in the dice lattice [25]. The unique scattering pro-
cess responsible for the observed quasiparticle diffusion
will be analyzed further in Sec. IV. It particular it will
become apparent why the spin density is concentrated on
the even sites of the chain.

However, with the addition of the bond-singlet hopping
term Ĥ2, both the on-site pair and unpaired particles ap-
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pear to exhibit fully ergodic behavior since the informa-
tion about the initial state is completely lost. This is the
behavior expected in chaotic systems. The chaotic nature
of the Hamiltonian Ĥ1,1 is confirmed by the analysis of
the level spacing statistics in Sec. V.
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FIG. 5. Time-averaged particle and spin densities obtained
from the time evolution with the OBS model Hamiltonian
Ĥλ2,λ3 . Time evolution is performed for a chain of length
L = 20 with four particles (N↑, N↓ = 3, 1) initially in the
state (24). Different variations of the Hamiltonian are shown
in each row, from top to bottom: Ĥ0,0, Ĥ0,1, Ĥ1,1. The time-
average for the particle and spin densities at each site are
calculated from t0 = 500 to t1 = 2000 (25). The error bars
indicate the standard deviation (26) of each quantity over the
same time interval.

IV. THE FEW-BODY PROBLEM IN THE
ON-SITE/BOND SINGLET MODEL

In this section, we investigate analytically the few-
body problem for the OBS Hamiltonian Ĥ = Ĥ1+λ3Ĥ3.
We do not consider the term Ĥ2 in this section since
it does does not commute with the pseudospin operator

B̂+ (18), moreover including it would not provide signif-
icant insights into the physics of the OBS model.

A. Two-body problem

We first investigate the two-body problem for the
Hamiltonian Ĥ = Ĥ1 + λ3Ĥ3. A basis of the non-
trivial two-body subspace for this Hamiltonian is the set
of states containing a single one-site or bond singlet{

B̂+
j |∅⟩ , B̂+

⟨j,j+1⟩ |∅⟩
∣∣∣∣ j = 0, . . . , L− 1

}
. (27)

To take advantage of translational invariance, it is con-
venient to form plane wave linear combinations

|ϕ1(k)⟩ =
1

L

L−1∑
j=0

eikjaB̂+
j |∅⟩ , (28)

|ϕ2(k)⟩ =
1√
2L

L−1∑
j=0

eikjaB̂+
⟨j,j+1⟩ |∅⟩ , (29)

where a is the lattice constant for the chain. These states
form an orthonormal basis of the non-trivial subspace,
thus the two-body problem is solved by diagonalizing

H2b(k) =

[
−(A+ 4 cos ka) −λ3

√
2
(
1− e−ika

)
−λ3

√
2
(
1− eika

)
−4

]
.

(30)

The eigenstates of H2b(k) are denoted as |Φl(k)⟩, where
|Φ1(k)⟩ becomes the on-site pair state |ϕ1(k)⟩ in the λ3 →
0 limit, while |Φ2(k)⟩ reduces to the bond singlet plane
wave |ϕ2(k)⟩. The same occurs for any λ3 when k = 0
since the off-diagonal elements in H2b(k = 0) vanish.
The dispersions El(k) of the two-body bound states are
shown in Fig. 6. With increasing λ3, the flat band of bond
singlets hybridizes with the on-site singlets and acquires
a nonzero bandwidth. At the same time the bandwidth of
the lower band is decreased. On the other hand, around
k = 0, the band structure essentially unchanged due to
the fact that the off-diagonal terms in H2b(k) tend to
zero for k → 0.

B. Three-body problem

Here, we consider the three-body problem for the OBS
model. An orthonormal basis of the three-body subspace
for N↑, N↓ = 2, 1 is given by

|l,m, n⟩ = d̂†l↑d̂
†
m↓d̂

†
n↑ |∅⟩ with l > n . (31)

Many of these states are already eigenstates of the Hamil-
tonian, for instance in the case in which no two particles
are adjacent to each other or reside on the same site.
Thus, it possible to select a subset of relevant three-body
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FIG. 6. Dispersion of the OBS model Ĥ = Ĥ1 + λ3Ĥ3 for
different values of λ3 with lattice constant a = 1. For λ3 = 0
the bond singlet states (29) form a flat band, which acquires
a finite bandwidth for increasing λ3. The dispersion around
k = 0 is only slightly affected by the parameter λ3.

states on which the Hamiltonian acts non-trivially. The
specific choice depends on whether the interaction term
Ĥ3 is present or not.

First, we study the case in which the on-site/bond sin-
glet conversion term is absent and the Hamiltonian re-
duces to Ĥ1. In this case the bond singlets do not prop-
agate, thus only states that contain one on-site pair and
one unpaired particle need to be considered. In the no-
tation of (31), these states have the form

|n, n,m⟩ if m < n,

|m,n, n⟩ if m > n . (32)

Without loss of generality, we set m = 0 and introduce
the following more compact notation

|n⟩ = B̂+
n d̂0,↑ |∅⟩ =

{
|n, n, 0⟩ if n > 0 ,

− |0, n, n⟩ if n < 0 .
(33)

The state |0⟩ = B̂+
0 d̂0,↑ |∅⟩ = 0 does not exist as a conse-

quence of the Pauli exclusion principle.
The three-body Hamiltonian H3b is obtained by pro-

jecting the many-body Hamiltonian Ĥ1 on the subspace
spanned by the above states and reads

H3b =−A
∑
n ̸=0

|n⟩⟨n| − 2
(
|1⟩⟨1|+ |−1⟩⟨−1|

)
− 2

∑
n̸=0,−1

(
|n+ 1⟩⟨n|+ |n⟩⟨n+ 1|

)
.

(34)

Thus, one simply needs to solve the scattering problem
of a particle against a potential consisting of an infinite
potential barrier at site l = 0 and a finite potential well
at sites l = ±1, given by the second term in H3b. No
transmission of the on-site pair is possible through the
potential barrier, therefore the only unknown in the scat-
tering problem is the phase of the reflected wave. This

can be readily found by solving the Schrödinger equation
and one obtains the following scattering states separately
for the right- and left-hand sides of the chain

|ψ+(k)⟩ =
∑
n>0

(
eikn + eik(1−n)

)
|n⟩

= 2eik/2
∑
n>0

cos

[
k

(
n− 1

2

)]
|n⟩ ,

(35)

|ψ−(k)⟩ =
∑
n<0

(
eikn + e−ik(1+n)

)
|n⟩

= 2e−ik/2
∑
n<0

cos

[
k

(
n+

1

2

)]
|n⟩ ,

(36)

with energy E(k) = −A − 4 cos ka. Note that for k = π
there is no solution since |ψ±(π)⟩ = 0.

The three-body Hamiltonian for a finite chain of
length L with periodic boundary conditions is obtained
from (34) by identifying the states |n⟩ ≡ |L+ n⟩. The
same Hamiltonian describes the situation in which two
unpaired particles are located at sites n = 0 and n = L
of a chain of size L′ > L. In both cases, shown re-
spectively in Fig. 2a and 2b, the on-site pair can visit
only the sites with 0 < n < L. The eigenstates in a fi-
nite chain are found by imposing that the wave function
takes simultaneously the two forms (35) and (36) up to
an arbitrary phase factor. This is equivalent to imposing
suitable boundary conditions on the left- and right-hand
sides, respectively. In this way one finds the following
stationary states

|ψk⟩ =
L−1∑
n=1

cos

[
k

(
n− 1

2

)]
|n⟩ , k =

πm

L− 1
, (37)

with m = 0, 1, ....L − 2. These form a complete basis of
states for a single on-site pair confined between two un-
paired particles. A very peculiar feature of this solution
is that the plane wave with k = 0 is an eigenstate and
its energy is independent of L. This is a consequence of
the finely tuned boundary potential in H3b, that is the
term −2(|1⟩⟨1| + |L− 1⟩⟨L− 1|) in (34). For any other
choice of the magnitude of the boundary potential the
energy would depend on the chain length and the den-
sity distribution would not be uniform. Therefore, the
result that states of the form (20) are exact eigenstates
of the many-body Hamiltonian has been recovered from
the explicit solution of the three-body problem.

In fact, the explicit solution gives additional informa-
tion that cannot be obtained from the SGA alone, namely
the fact that the states in (37) are also eigenstates of
the four-body problem in which an on-site pair is con-
fined between two unpaired particles (see Fig. 2b). In
the special case k = 0, these are the states in (21) and
(22) that compose the ground state manifold in the case
N↑, N↓ = 3, 1.

When λ3 ̸= 0 the many-body Hamiltonian Ĥ = Ĥ1 +
λ3Ĥ3 is projected on the subspace spanned by the states
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in (31). The resulting three-body Hamiltonian is denoted as H3b = H1 + λ3H3, where the first term H1 reads

H1 = −A
∑
m,n
m<n

|n, n,m⟩⟨n, n,m| −A
∑
m,n
m>n

|m,n, n⟩⟨m,n, n|

− 2
∑
m,n
m<n

(
|n+ 1, n+ 1,m⟩⟨n, n,m|+ |n, n,m⟩⟨n+ 1, n+ 1,m|

)
− 2

∑
m,n
m>n

(
|m,n, n⟩⟨m,n− 1, n− 1|+ |m,n− 1, n− 1⟩⟨m,n, n|

)
− 2

∑
n

(
|n+ 1, n+ 1, n⟩⟨n+ 1, n+ 1, n|+ |n+ 1, n, n⟩⟨n+ 1, n, n|

)
− 2

∑
m,n
m<n

(
|n+ 1, n,m⟩+ |n, n+ 1,m⟩

)(
⟨n+ 1, n,m|+ ⟨n, n+ 1,m|

)
− 2

∑
m,n
m>n

(
|m,n, n− 1⟩+ |m,n− 1, n⟩

)(
⟨m,n, n− 1|+ ⟨m,n− 1, n|

)
,

(38)

while for the on-site/bond singlet conversion term H3 one obtains the following representation

H3 =−
∑
n,m
m<n

[(
|n, n,m⟩ − |n+ 1, n+ 1,m⟩

)(
⟨n+ 1, n,m|+ ⟨n, n+ 1,m|

)
+ h.c.

]
−

∑
n,m
m>n

[(
|m,n− 1, n− 1⟩ − |m,n, n⟩

)(
⟨m,n, n− 1|+ ⟨m,n− 1, n|

)
+ h.c.

]
.

(39)

Here, we are particularly interested in solving the scattering problem in which one two-body bound state propagates
(from left to right) and interacts with a a single unpaired particle. The initial site for the unpaired particle is set at
m = 1. Whereas for λ3 = 0 it is sufficient to restrict the basis to states where the unpaired particle remains fixed at
the initial site, see (33), this is not possible when λ3 ̸= 0. Consequently, we consider a larger subspace spanned by
states in the union S1 ∪ S2 of two sets

S1 =
{
|1, n, n⟩ , |1, n, n− 1⟩ , |1, n− 1, n⟩ for n < 1

}
, (40)

S2 =
{
|n, n,−1⟩ , |n+ 1, n,−1⟩ , |n, n+ 1,−1⟩ for n > −1

}
. (41)

These two sets are not disjoint, with the state |1, 0,−1⟩
being an element of both. The subspace spanned by
S1∪S2 is an invariant subspace for H3b as one can verify
directly from (39). It is interesting to note that states
of the form |n, n, 0⟩ and |0,−n,−n⟩ are not elements of
the invariant subspace. This implies that the interaction
of the propagating two-body bound state with the un-
paired particle can displace the latter by two sites, but
not by only one site, and explains why the spin density is
nonzero only on the even sites in Fig. 1c (see also Fig. 5).
The main effect of the on-site/bond singlet conversion
term is to create the possibility of tunneling through an
unpaired particle by means of the following process

|1, 0, 0⟩ → |1, 0,−1⟩ → |0, 0,−1⟩ . (42)

Note that this is a second order process since it requires

two on-site/bond singlet conversions.

In order to construct a scattering solution of the three-
body problem, the following Ansatz is considered

|ψl,k⟩ =
∑

|n1,n2,n3⟩∈S1∪S2

ψl,k(n1, n2, n3) |n1, n2, n3⟩ ,

(43)
where

ψl,k(1, n, n) = ⟨n, n|Φl(k)⟩+ rl(k) ⟨n, n|Φl(−k)⟩ , (44)
ψl,k(1, n, n− 1) = ⟨n, n− 1|Φl(k)⟩

+ rl(k) ⟨n, n− 1|Φl(−k)⟩ ,
(45)

ψl,k(1, n− 1, n) = ψl,k(1, n, n− 1), (46)
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with n < 0, and

ψl,k(n, n,−1) = tl(k) ⟨n, n|Φl(k)⟩ , (47)
ψl,k(n+ 1, n,−1) = tl(k) ⟨n+ 1, n|Φl(k)⟩ , (48)

ψl,k(n, n+ 1,−1) = ψl,k(n+ 1, n,−1), (49)

for n > 0. The wave function (43) is a linear com-
bination of incident |Φl(k)⟩ and reflected rl(k) |Φl(−k)⟩
waves on the left-hand side and a single transmitted wave
tl(k) |Φl(k)⟩ on the right-hand side. The reflection and
transmission amplitudes are denoted with rl(k) and tl(k),
respectively, while ⟨m,n|Φl(k)⟩ are the expansion coef-
ficients of the two-body bound state wave functions of
Sec. IV A in the two-body basis |m,n⟩ = d̂†m↑d̂

†
n↓ |∅⟩. The

conditions in (46) and (49) are a consequence of the fact
that the wave function of a bond-singlet is spatially sym-
metric. Note how, in the above wave function, the un-
paired particle is located at site l = 1 when the two-body
bound state is on the left-hand side. On the other hand,
the unpaired particle is found at l = −1 if the bound
state is on the right-hand side in agreement with (42).

The only unknowns in (43) are the coefficients that
appear on the left-hand sides of (44)-(49) for n = 0 to-
gether with the reflection and transmission amplitudes.
By requiring that the Schrödinger equation H3b |ψl,k⟩ =
El(k) |ψl,k⟩ is satisfied, one can determine the wave func-
tion completely. In particular the transmission coeffi-
cient |tl(k)|2 = 1− |rl(k)|2 is shown in Fig. 7. Exactly at
k = 0 the transmission coefficient vanishes since on-site
singlets are decoupled from bond singlets as discussed in
Sec. IVA, thus the solution for λ3 = 0 is recovered. It
also means that the four-body states in (21) and (22) are
exact degenerate ground states also when the term Ĥ3 is
included in the Hamiltonian.

Beside explaining the larger than expected degeneracy
of the ground state discussed in Sec. III A, the main merit
of the analytical solution of the three-body scattering
problem is to reveal how an unpaired particle can move
around the chain by repeatedly colliding with a two-body
bound state. The basic process is represented in (42)
and leads to the diffusion of the spin density observed
in Figs. 1 and 5 for λ3 ̸= 0 and λ2 = 0. Fig. 7 depicts
the transmission coefficients |tl(k)|2 from the three-body
problem.

V. LEVEL SPACING STATISTICS OF THE
ON-SITE/BOND SINGLET MODEL

A common approach to understand the statistical be-
havior of quantum many-body systems is random matrix
theory [75] originally developed by Wigner [59]. He pro-
posed that the gaps within the energy spectrum of heavy
nuclei should have the same probability distribution of
the spacings between the eigenvalues of a random ma-
trix. If this so-called Wigner surmise holds true, universal
statistical properties of the energy spectrum of a system

0

0.2

0.4

0.6

0.8

0

FIG. 7. Transmission coefficient |tl(k)|2 from the three-body
problem in the OBS model. |t1(k)|2 is represented by the solid
line and |t2(k)|2 by the dashed line for different values of λ3.
When λ3 = 0, tl(k) is completely suppressed. Note that the
transmission coefficient is suppressed around k = 0.

with strong interactions and complex behavior can be ob-
tained simply by identifying its symmetries [61]. There
are three random matrix symmetry classes with different
level spacing distributions: the complex Hermitian, real
symmetric or the quaternion self-dual symmetry classes
[60, 76]. The OBS model is time-reversal symmetric, thus
the relevant symmetry class is the one of real symmetric
random matrices, also called the Gaussian Orthogonal
Ensemble (GOE) in random matrix theory.

In order to compare the statistical properties of the en-
ergy spectrum of a Hamiltonian with the universal results
from random matrix theory, we consider their unfolded
eigenvalues. Unfolded eigenvalues are the renormalized
eigenvalues obtained from rescaling the energy spectrum
by the local average level spacing or local density of
states. These unfolded eigenvalues are dimensionless and
their local density of states is equal to one throughout
the spectrum [61, 77, 78]. In general, the unfolding pro-
cedure is performed by finding the system specific mean
level density or by parametrizing a numerically obtained
level density in the terms of smooth functions such as
polynomials. Here, we utilize an unfolding procedure
similar to that of Ref. 62, in which we first discard 2.5%
of the levels from each edge of the spectrum to remove
the contributions from the parts of the spectrum where
large fluctuations may exist. Next, we compute the level
spacings δn, i.e., the gaps between adjacent energy levels,

δn = En+1 − En ≥ 0 , (50)

where En are the eigenvalues for the relevant Hamilto-
nian listed in ascending order. These spacings are split
into 30 equal sections, where the size of each bin is depen-
dent on the total number of levels in the portion of the
spectrum analyzed. The mean energy level spacing M
is then calculated for each section from which we obtain
the unfolded level spacings sn = δn/M . The unfolded
level spacing distributions for the 1D OBS model with



13

0.00

0.25

0.50

0.75

1.00

1.25

1.50
P

(s
)

λ2=0.0001
λ3=0
〈r〉 = 0.3559

λ2=0.02
λ3=0
〈r〉 = 0.4047

λ2=0.06
λ3=0
〈r〉 = 0.4437

λ2=0.2
λ3=0
〈r〉 = 0.4956

λ2=0.5
λ3=0
〈r〉 = 0.5317

Poisson

GOE

0 1 2 3

s

0.00

0.25

0.50

0.75

1.00

1.25

1.50

P
(s

)

λ2=0.0001
λ3=1
〈r〉 = 0.1863

0 1 2 3

s

λ2=0.02
λ3=1
〈r〉 = 0.3616

0 1 2 3

s

λ2=0.06
λ3=1
〈r〉 = 0.4489

0 1 2 3

s

λ2=0.2
λ3=1
〈r〉 = 0.5162

0 1 2 3

s

λ2=0.5
λ3=1
〈r〉 = 0.5307

FIG. 8. Level spacing distribution for the 1D OBS model subject to periodic boundary conditions. Level spacings were
calculated for a chain of length L = 12 for various values of λ2 while λ3 = 0 in the top row and λ3 = 1 in the bottom row. The
Poisson and GOE distributions are indicated by the red and blue dashed lines, respectively. In the top row the Hamiltonian is
diagonalized in the subspace with quantum numbers (N↑, N↓, S, k,R) = (5, 6, 1/2, 0, 1) (subspace dimension N = 6294). The
same choice of quantum numbers is employed in the bottom row with the only difference that the quantum number R cannot
be specified since the reflection operator does not commute with Ĥ3. Then the subspace dimension is 2N . Note that the
distributions in the two rows are similar for any value of λ2.

varying contributions of Ĥ2 and Ĥ3 are shown in Figs. 8
and 9.

The distribution of these renormalized level spacings
for a Hamiltonian gives insight into the integrability of
the model. For integrable models possessing an exten-
sive number of conserved quantities, the distribution of
the level spacings should follow a Poisson distribution,
P (s) = e−s. On the contrary, The level spacing distri-
bution of a model that behaves chaotically will follow
that of a Gaussian ensemble of random matrices [61]. In
particular, a chaotic model with time-reversal symmetry,
follows the Gaussian Orthogonal Ensemble (GOE) whose
unfolded level spacing distribution has the Wigner-Dyson
form [74, 79],

P (s) =
πs

2
exp

(
−πs

2

4

)
. (51)

Figure 8 presents samples of the level spacing statis-
tics for the 1D OBS model under periodic boundary con-
ditions. The distributions depicted in the top row are
for the Hamiltonian Ĥλ2,0 for values of λ2 in the range
[0.0001, 0.5], while the bottom row shows the distribu-
tion for the Hamiltonian Ĥλ2,1 with the same values of
λ2. When λ2 = λ3 = 0, one would expect the Poisson
distribution due to the integrability of Ĥ0,0. However,
one observes that the bin with lowest level spacing s is

much larger than expected from the Poisson distribution
when λ2 ≲ 0.02.

The anomaly in the level spacing distribution of the
1D OBS model for λ2 = λ3 = 0 can be explained by the
presence of the LIOMs, which together with the trans-
lation operator generate a nonabelian symmetry algebra
(see Sec. II A). The eigenvalues Sl of the LIOMs deter-
mine the positions of the unpaired particles, as explained
in Sec. II B. Each configuration of unpaired particles di-
vides the system into independent sections in which the
Hamiltonian reduces to a simple Heisenberg model for
the spin or the pseudospin. Some of these partitions may
contain sections with the same length. This is shown in
Fig. 2c, illustrating one such configuration on a chain
of L = 12 with two equal-sized sections of length four
in which on-site pairs propagate. The energy eigenval-
ues of two identical sections with the same number of
particles are the same, leading to a large number of de-
generate states that manifest as the unusually large bin
with lowest s in the histogram of the unfolded eigenval-
ues. However, this degeneracy is lifted in the presence of
Ĥ2, a consequence of the fact that the LIOMs are broken
by this term. Indeed, with increasing λ2 ≳ 0.2, the level
spacing distribution approaches that of the GOE, which
is the level spacing distribution of a real symmetric ran-
dom matrix.

The key result illustrated in the lower row of Fig. 8 is
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FIG. 9. Level spacing distribution in the 1D OBS model for a chain of length L = 10 with open boundary conditions. The values
of the parameters λ2, λ3 are as in Fig. 8. In the top row the subspace quantum numbers are (N↑, N↓, S, k, ) = (4, 5, 1/2, 0, 1)
and the subspace dimension is N = 3656. For the bottom row (N↑, N↓, S, k) = (4, 5, 1/2, 0) and the subspace dimension is 2N .
Note that the distributions in the two rows are similar for any value of λ2.

that the large number of degenerate states persists even
with the addition of the on-site/bond singlet conversion
term Ĥ3, i.e., when λ3 = 1. The addition of this inter-
action term does not qualitatively change the statistical
properties of the level spacings for any value of λ2. We
interpret this as evidence that LIOMs exist even in the
presence of Ĥ3. However, the operators Ŝ2

l do not com-
mute with Ĥ0,1 and consequently the LIOMs for Ĥ0,λ3 ̸=0

necessarily have a different form, for which there is no
explicit expression at present.

Similar behavior in the level spacing statistics is ob-
served for the OBS model subject to open boundary con-
ditions as shown in Fig. 9. Again, for small values of λ2,
the number of level spacings with lowest s is much larger
than in the usual Poisson distribution. This observation
can also be explained by the existence of many parti-
tions of the chain with equal-sized sections when LIOMs
exist. Moreover, similar to the OBS model under peri-
odic boundary conditions, there is an evident transition
to chaotic behavior for λ2 ≳ 0.2. Crucially, the presence
of Ĥ3 does not appear to alter the statistics significantly,
furthering the evidence that the LIOMs are preserved by
this term.

An alternative method to analyze the statistical prop-
erties of the energy spectrum of a quantum many-body
systems was proposed by Oganesyan and Huse [42] in
terms of gap ratio rn of three consecutive energy levels,

defined as

rn =
min(δn, δn−1)

max(δn, δn−1)
. (52)

Since the ratio of consecutive levels is independent of the
local density of states, utilizing the gap ratio instead of
the level spacings eliminates the prerequisite knowledge
of the density of states. Consequently, this removes the
need to perform an unfolding procedure. The distribu-
tion of the gap ratio P (r) has been used in recent work
since it allows for a more precise comparison with experi-
ments as compared to the level spacing distribution P (s)
[42, 63, 80–82].

The quantity rn is always, by nature of its construc-
tion, a positive number in the interval [0, 1]. The mean
value of the gap ratio in the case of an integrable system
with level spacing statistics described by the Poisson dis-
tribution is ⟨r⟩ ≈ 0.3863. The numerical estimate for the
mean gap ratio of the G, which describes the statistics of
a chaotic system, is ⟨r⟩ ≈ 0.5359 [74, 79]. In the follow-
ing, the mean gap ratio of the OBS model for different
values of λ2 and λ3 is compared against these two limits.

In Fig. 10, the mean gap ratio of the OBS model close
to half filling is presented as a function of λ2. The mean
gap ratio is calculated for periodic boundary conditions in
the two cases where the contribution of the on-site/bond
singlet conversion term Ĥ3 is switched off (λ3 = 0) or
switched on (λ3 = 1). Regardless of the value of λ2,
the mean gap ratio transitions from a value lower than
the Poisson distribution, which characterizes integrable
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FIG. 10. Mean gap ratio ⟨r⟩ of the OBS model Hamiltonian
Ĥλ2,λ3 with periodic boundary conditions. The parameters
are as in Fig. 8. The blue and purple dashed lines indicate
the mean gap ratios for the GOE and Poisson distribution, re-
spectively. The value of ⟨r⟩ near λ2 = 0 is below the expected
value for the Poisson distribution. Note that the inclusion of
Ĥ3 does not affect the general behavior of the mean gap ratio.
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FIG. 11. Same as Fig. 10 but for a chain subject to open
boundary conditions. The parameters are the same as in
Fig. 9. Similar to Fig. 10, the addition of the term Ĥ3 to
the Hamiltonian does not change the qualitative behavior of
the mean gap ratio of the OBS model as a function of λ2.

models, to that of the GOE which describes chaotic be-
havior. The mean gap ratio quickly approaches the ex-
pected value for the GOE for values of λ2 ≳ 0.2. An
interesting feature when λ2 ∼ 0 is that the mean gap ra-
tio is smaller than that of the Poisson distribution. This
feature appears as a consequence of the large number of
degenerate or quasi-degenerate energy levels as shown in
Fig. 8. This, in turn, is a manifestation of the special
kind of LIOMs commuting with Ĥ1, as explained above.
It is possible that the size of the chain studied could im-
pact the number of degenerate states, with larger chains
leading to a growing number of degeneracies. However,
this finite-size effect can not be confirmed due to compu-
tational limits. Remarkably, this behavior is independent
of the presence of Ĥ3 as visible in Fig. 10. There is only

a minor qualitative difference as the system approaches
chaotic behavior relatively quickly when λ3 = 1 as com-
pared to when λ3 = 0.

In the case of open boundary conditions, the behav-
ior of the mean gap ratio is very similar to the one for
periodic boundary conditions. As seen in Fig. 11, the
transition of the mean gap ratio from lower than the Pois-
son distribution to the GOE value is similar to the case
with periodic boundary conditions. Similar to the model
with periodic boundary conditions, the sub-Poissonian
mean gap ratio for the model when λ2 ∼ 0 furthers the
argument for LIOMs for Ĥ3. Again, the only notable dif-
ference in the spectral statistics of the two Hamiltonians
Ĥλ2,0 and Ĥλ2,1 is that the the presence of the term Ĥ3

accelerates the convergence of the mean gap ratio to the
GOE value. This effect can also be observed in Fig. 9.

The anomalous level spacing distribution of the 1D
OBS model when Ĥ = Ĥλ2,0 for small λ2 can be at-
tributed to the local integrals of motion for Ĥ1 described
in Sec. II A. The similar level spacing distribution ob-
served for λ3 = 1 provides evidence for the existence of
LIOMs in the presence of the on-site/bond singlet con-
version term Ĥ3. It is clear from the numerical results
that the boundary conditions do not affect the LIOMs.
However, it is important to stress that the level spacing
statistics analysis can only provide indirect evidence for
the existence of local conserved quantities. Therefore, it
would be preferable to develop a direct method to con-
struct them.

VI. CONCLUSION AND DISCUSSION

We have introduced the OBS model as a one-
dimensional analogue of the projected dice lattice Hamil-
tonian, previously studied in Ref. 25, in order to better
understand the peculiar coexistence of ergodic and non-
ergodic behavior observed in the latter. The dice lattice
with an attractive Hubbard interaction is probably the
simplest example of a flat band superconductor in two
dimensions. Despite this, very little is known regarding
the nature of its excitations, in particular an outstanding
open question is whether the observed partial breaking
of ergodicity in the out of equilibrium dynamics is due to
the presence LIOMs.

As a first result, it has been shown with exact diago-
nalization that the energy spectrum and the out of equi-
librium dynamics of the OBS model are remarkably sim-
ilar to those of its two-dimensional counterpart when the
bond singlet hopping term is not included (λ2 = 0). In
this way, the OBS model is established as a useful tool
to investigate quasiparticle localization in flat band su-
perconductors in the simpler setting of one dimension.
For instance, we have been able to solve explicitly the
three-body scattering problem, gaining value insight on
the dynamical processes that govern quasiparticle and
spin transport.

A key advancement of this work is having demon-
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strated that level spacing statistics is a powerful tool for
unveiling the mystery of quasiparticle excitations in flat
band superconductors since it confirms and substantially
extends the results obtained from the analysis of the en-
ergy spectrum and the time dynamics of few particles.
From our point of view, the most important result of the
present work is showing that the level spacing distribu-
tion of the Hamiltonian Ĥ0,λ3 is essentially independent
of the parameter λ3. The Hamiltonian Ĥ0,0 is known to
be integrable in the sense of Bethe Ansatz and to pos-
sess an extensive number of LIOMs [24]. The results
regarding level spacing statistics make a compelling case
that the same holds true also for the more general OBS
Hamiltonian Ĥ0,λ3

.
The next natural step would be trying to construct

the LIOMs directly. Whereas generally difficult, the task
should be somewhat simpler in the case of the OBS model
than for the dice lattice. There are at least two differ-
ent strategies that can be followed. To begin with, one
could trying some sort of perturbative expansion in the
small parameter λ3 since for the unperturbed case the
LIOMs take a particularly simple form. Another option
is to diagonalize the OBS model using the Bethe Anstaz
method. The study of the scattering problem in Sec. IV
is a first step in this direction. Hamiltonians integrable in
the Bethe Ansatz sense are rare and hard to come by, but
at the same time have provided essential insights into the
complexity and richness of quantum many-body systems.
Showing that the OBS model belongs to this restricted
class would be an invaluable and potentially useful result

for understanding flat band superconductors. However,
one should note that there are several different notions
of integrability in the quantum context and a Poissonian,
or close to Poissonian, level spacing distribution does not
automatically implies integrability in the Bethe Ansatz
sense [83].

Finally, it would be interesting to extend the level spac-
ing statistics analysis presented here also to lattice mod-
els with flat bands in two dimensions. The most natu-
ral candidates are the dice lattice or the kagome lattice,
which has been realized with ultracold gases in optical
lattices. The two-dimensional case is more difficult, due
to the absence of an integrable limit in which the Hamil-
tonian is expected to have a Poissonian level spacing dis-
tribution and to the additional spatial symmetries. Nev-
ertheless, the experience gained with the OBS model will
be certainly invaluable and our hope is that the analysis
of level spacing statistics will lead to a deeper under-
standing of the nature of excitations in flat band super-
conductors.
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