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Abstract

The work [1] describes equations relating the dependence of the partial vapour pressures of components
above a binary solution on its composition with the Henry constants and the second virial coefficients of the
solution.

An attempt has been made to generalize these equations to three-component solutions.

In [1], equations were derived that connect the dependence of the partial vapour pressures of components
above a binary solution on its composition with Henry’s constants and second virial coefficients:
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Here P, and P, are the partial vapour pressures of the first and second components above their binary solu-
tion, P, and P; are the vapour pressures above the corresponding pure components, x and y are their mole

fractions in the solution (x + y = 1) and
F(y) = ay? + (12B — 8A + 28 — 6a)y° + (214 — 24B + 9a — 6B)y* + (12B — 124 + 45 — 4a)y" )
@(x) = Bx? + (124 — 8B + 2a — 68)x% + (21B — 244 + 98 — 6a)x* + (124 — 12B + 4a — 4f)x5

wherein the parameters 4, B, a and [ are related to the Henry constants and the second virial coefficients of
the solution as follows [1]:
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where K, and K,, are Henry's constants, W, and W, are the second virial coefficients, V;? and V;? are the mo-
lar volumes of pure components.

The purpose of this work is to generalize these formulas (1-2) to three-component solutions. This would
make it possible, knowing the behaviour of three binary solutions composed in pairs from the components of
the ternary solution, to predict the behaviour of the ternary solution, including possible areas of unmixing

[2].

Further we use the following notations: x, y and z are the mole fractions
of the components in a three-component solution (x +y + z = 1), and
parameters (3) for three binary solutions (XY, YZ and ZX — see Fig. 1)
have subscripts indices indicating the absence of the third component
(for example, A, denotes parameter A in the absence of component Z,
i.e. for a binary solution XY).

We will look for a solution in a form similar to (1):
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Fig. 1 Roseboom-triangle.
Explanations in the text.
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and we will look for functions under exponents (similarly to a binary solution) in the form of 5-degree poly-
nomials of two arguments:
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wherein, the coefficients a;;, b

tions.

ij» bij, c;j must be related to the constants A;, B;, @; and p; for three binary solu-

On the side of the triangle z = 0, all terms of the polynomial containing z vanish; it remains:
f,z=0) = ag + aioy + azy® + azey® + asey* + asey®
(p(Z = O, x) == boo + ble + bozxz + b03x3 + b04_x4 + b05x5

From comparison with formulas (2) it immediately follows:

ago =0 boo =0

a;o =0 bo1 =0

Ao = Uy bo2 = B,

asy = 12B, — 84, + 2, — 6a, by; = 12A, — 8B, + 2a, — 63, %)
40 = 214, — 24B, + 9a, — 603, by, = 21B, — 24A, + 905, — 6a,

aso = 12B, — 124, + 45, — 4a, bys = 124, — 12B, + 4a, — 45,

Similarly, from a comparison of the formulas on the side of the triangle x = 0 it follows:

boo =0 Coo =0

bip =0 Co1 =0

byo = ay Coz = Px

by = 12B, — 8A, + 2[5, — 60, Co3 = 12A, — 8B, + 2a, — 60, (6)
b,y = 21A, — 24B, + 9a, — 6p, Cos = 21B, — 24A, + 90, — 6,

bsg = 12B, — 12A, + 40, — 4a, Cos = 12A, — 12B, + 4a, — 4P,

and on sidey =0 —

Ago =0 Coo =0

apg, =0 Cc10=0

Aoz = ﬁy C0 = Ay

ap3 = 124, — 8B, + 2a,, — 6f3, c30 = 12B, — 84, + 2, — 6a, (7
agq = 21B, — 24A, + 9B, — 6a,, C40 = 21A,, — 24B,, + 9a,, — 6,

aps = 124, — 12B,, + 4a,, — 4P, Cso = 12B, — 124, + 4, — 4a,,

30 parameters remain unknown.

Inside the Roseboom triangle, the functions must satisfy the Duhem—Margules equation:

Znidlnai =0,

where q; is the activity of the i-th component of the solution (al- =P,/ Pio). Taking into account (4), we ob-
tain:

Ina, =Inx + f(y, z); Ina, =Iny + ¢(z,x); Ina, =Inz+ &(x,y); then
dx Of af dy OJdo do dx dy 0¢ ¢
dlna, X +6xdx+aydy' dina, y +6xdx+aydy' dlna, Z S +6xdx+6y y

Substituting the last three formulas into the Duhem—Margules equation leads to the equality:

af dp 0¢ af dp ¢ B
<x—x+ya+za)dx+<xay+yay+zay)dy =0
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Since x and y are independent arguments, this equal
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Substituting functions (5) into equations (8) and taking into account that z = 1 — x — y, we obtain a system
of 30 linear equations for 30 unknown coefficients a;;, b;j, ¢;; (for detailed calculations, see the Appendix);
it is tabulated (see Table 1). This table is an expanded matrix of an equations system; the matrix of the left
side consists of columns from a,4 to ¢,q, the matrix of the right side — of column from A, to ,. To make the
table easier to understand, we explain its meaning using the example of its first line: it means by; + byq +
b3y 4 byy + 11 = 2Py

The system was solved using Excel matrix functions.

Unexpectedly, it turned out that the matrix on the left side is singular (its determinant is equal to zero). At
the same time, the right side of the system of equations is not equal to zero. This means that the system is
inconsistent.

This result is surprising: the physical meaning of the problem implies that a solution must exist.

Therefore, the announced purpose of this work has not been achieved, and the task has not been solved.
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Appendix: mathematical calculations.

From z = 1 — x — y it follows:

Ofly 2] ofor __ of

d0x 0z 0x 0z
= —2a0,XZ — 3a93X2% — 4ag,x23 — S5agsxz* — a1 xy — 2a,,XVZ — 3a,3Xy2% — da 4 xyz3 — ayxy?
— 205,Xy%Z — 3a53xy%2% — az1xy3 — 2a3,xy32 — ay xy*

dplz(x,y);x]  dp ~ 0pdz  d¢p  O¢
Y"ox Yax Yazox Yox Yoz
= 2bo,xy + 3bo3x%y + 4boyx3y + Sbosx*y + by, yz + 2by,xyZ + 3by3x%yz + 4by 4 x3yz + by yz?
+ 2byyxyz? + 3by3x?yz? + by yz3 + 2bsyxyz3 + by yz*t — byyxy — bipx?y — by3x3y — byuxty
— 2byoyz — 2by1XyZ — 2byyx2%yZ — 2by3x3yz — 3b30yz% — 3bs xyz? — 3bsyx%yz? — 4byyyz®
— 4by xyz3 — S5bsyyz*

,206Y)

0x
= 11 VZ + C1pV22 + c13V3Z2 + €14V Z + 2050XZ + 2051XYZ + 2055xV%2 + 2¢,3xy3Z + 3c30x%2
+ 3031X2YZ + 3C3,X%y2Z + 4Cyox32 + 4cyy X3yz + Scsoxtz

We replace z with (1 — x — y), dissolve the brackets and combine the similar terms:

af
Xa =
= —2a9,x(1 —x —y) — 3ay3x(1 — 2y + y? — 2x + 2xy + x?)
—4ag,x(1 — 3y + 3y? — y3 — 3x + 6xy — 3xy? + 3x% — 3x%y — x3)
— 5apsx(1 — 4y + 6y% — 4y3 + y* — 4x + 12xy — 12xy? + 4xy3 + 6x? — 12x%y + 6x2y? — 4x3
+4x3y + x*) — a;1xy — 2a,xy(1 — x — y) — 3a,3xy(1 — 2y + y? — 2x + 2xy + x2)
—4a,xy(1 =3y +3y2 —y3 —3x + 6xy — 3xy? + 3x% — 3x%y — x3) — a1 xy? — 2a,,xy*(1 —x —y)
— 3a,3xy%(1 — 2y + y2 = 2x + 2xy + x%) — a3 xy> — 2a3,xy3 (1 — x — y) — agxy* =

= —2a0,X + 2a0,X?% + 200Xy — 3ag3X + 6a03xy — 3Ag3xXY? + 6ag3x% — 6ay3x%y — 3a¢3x> — dag.x
+ 12ag,xy — 12a0,xy% + 4agaxy3 + 12a04,%2% — 24a04x%y + 12a04x%y?% — 12a04x3 + 12a9,x3y

+ 4ag,x* — 5agsx + 20agsxy — 30agsxy? + 20aysxy3 — 5agsxy?* + 20aysx% — 60aysx2y

+ 60aysx%y? — 20aysx%y3 — 30aysx3 + 60 agsx3y — 30a5x3y? + 20ay5x* — 20aysx*y — 5agsx°
— Ay Xy — 201Xy + 2a15x%y + 2a,,xy? — 3a.3xy + 6a,3xy% — 3a,3xy3 + 6a,3x%y — 6a,3x2y?
—3a,3x3y —daxy + 12a.,xy?% — 12a1,xy3 + 4a,xy* + 12a0,x%y — 24a,,x%2y? + 12a,,4x%y3
—12a,4x3y + 12a14x3y? + 4a4x*y — ay1xy? — 20a55xy% + 20a5,x%y% + 2a,5,xy3 — 3a,3xy°

+ 6a,3xy3 — 3ay3xY* + 6a,3x%y?% — 6a,3x2Y3 — 3a,3x3y?% — az xy3 — 2a3,xy3 + 2a3,x%y3

+ 2azxy* — agxy* =

= x(—2ag, — 3ag3 — 4ays — 5ap5) + xy(2ay, + 6ay; + 12a44 + 20ags — a1 — 2a45, — 3a43 — 4a4,)
+ xy?(—3ag3 — 12a94 — 30ays + 2a,, + 6a,5 + 12a,4 — ay; — 2a,, — 3a53)

+ xy3(4ag, + 20ags — 3a;3 — 12a,4 + 2a,, + 6a,3 — az; — 2as,)

+ xy*(=5ags + 4a;4 — 3ay3 + 2a3, — asy) + x%2(2ag; + 6ag3 + 12a44 + 20ays)

+ x2y(—6ag; — 24ay, — 60ays + 2a,, + 6a,5 + 12a,,)

+ x2y2(12a94 + 60ays — 6a,3 — 24a,4 + 20y, + 6ay3) + x%2y3(—20ays + 12a,, — 64,3 + 2as,)

+ x3(—3ag3 — 12a94 — 30ays) + x3y(12ay, + 60ags — 3a,3 — 12a,4)

+ x3y2(—30ays + 12a,4 — 3a,3) + x*(4ag, + 20ays) + x*y(—20ays + 4a,4) + x°(—5a,5)



%
Yaox —
= 2bg,xy + 3bo3x%y + 4bgyx3y + Sbosx*y + by, y(1 —x — y) + 2bxy(1 — x — y)
+ 3by3x2y(1 —x — y) + 4byx3y(1 — x — y) + by y(1 — 2y + y? — 2x + 2xy + x?)
+ 2by,xy(1 — 2y + y2 — 2x + 2xy + x2) + 3b,3x2y(1 — 2y + y? — 2x + 2xy + x2)
+ b3 y(1 — 3y + 3y? — y3 — 3x + 6xy — 3xy? + 3x% — 3x%y — x3)
+ 2bg,xy(1 — 3y + 3y%2 — y3 — 3x + 6xy — 3xy? 4+ 3x% — 3x%y — x3)
+ by y(1 — 4y + 6y2 — 4y3 + y* — 4x + 12xy — 12xy? + 4xy3 + 6x2 — 12x%y + 6x2y? — 4x3
+4x%y + x*) = by1xy — byox?y — bi3x®y — biyx*y — 2byey(1 — x —y) — 2byxy(1 —x — y)
— 2byx%y(1 — x —y) — 2by3x3y(1 — x — y) — 3b3oy(1 — 2y + y? — 2x + 2xy + x?)
— 3bg1xy(1 — 2y + y? — 2x + 2xy + x2) — 3b3,x2y(1 — 2y + y? — 2x + 2xy + x2)
—4b,oy(1 — 3y + 3y? — y3 — 3x + 6xy — 3xy? + 3x2 — 3x2%y — x3)
— 4b,yxy(1 — 3y + 3y%2 — y3 — 3x + 6xy — 3xy? 4+ 3x% — 3x%y — x3)
— S5bgoy(1 — 4y + 6y? — 4y3 + y* — 4x + 12xy — 12xy? + 4xy3 + 6x2 — 12x%y + 6x2y? — 4x3
+ 4x3y + x*) =

= 2bgzxy + 3bg3x?y + 4bosx*y + 5bosx*y + by1y — by xy — b11y? + 2bipxy — 2b15x%y — 2byyxy?
+3by3x?y — 3by3x®y — 3by3x?y? + 4byyx3y — 4byax*y — 4byxPy? + by1y — 2by1y% + by y?

— 2by1xy + 2by1xY?% + by X2y + 2byxy — 4byyxy? + 2byyxy3 — 4byyx?y + 4byyx?y? + 2by,x3y

+ 3by3x%y — 6by3x2y? + 3by3x2y3 — 6by3x3y + 6by3x3y2 + 3by3x*y + by y — 3bg1y? + 3bg,y3

— b31y* — 3b31xy + 6b31xy* — 3b31xy® + 3b3;x*y — 3b3;x?y? — b31x%y + 2b3,xy — 6b3yxy?

+ 6b3,xY3 — 2b3,xy* — 6b3,x2%y + 12b3,x2y?% — 6b3,x2y3 + 6b3,x3y — 6b3,x3y2 — 2bgyx*y + byyy
— 4byy? + 6by Y3 — 4by y* + by y® — 4bgixy + 12byxy? — 12by xy3 + 4by xy* + 6by; X%y

— 12b41x%y? + 6b41x%y® — 4by1 X3y + 4byyx°y? + by x*y — byyxy — bypx?y — by3x®y — byx*y

— 2byoy + 2by0xy + 2by0y?% — 2by1xy + 2by X%y + 2by xy? — 2byyx?y + 2byyx3y + 2by,x2y?

— 2by3x3y + 2by3x*y + 2by3x3y% — 3bsoy + 6b3q V2 — 3b3oy> + 6b3oxy — 6b30xy? — 3bgox?y

— 3b31xy + 6b3 xy?% — 3b31xy3 + 6b31x%y — 6b31x%y? — 3b31x3y — 3b3,x2%y + 6b3,x%y? — 3bg,x2y3
+ 6b3,x3y — 6b3,x3y% — 3bs,x*y — 4bygy + 12b4oy? — 12byoy3 + 4bygy* + 12bygxy — 24by0xy?

+ 12b,gxy3 — 12b40x2%y + 12b4ox?y? + 4byox3y — 4by xy + 12by xy? — 12bsxy3 + 4by  xy*

+ 12byx%y — 24b, 1 x%y? + 12by x%y3 — 12by x3y + 12by1x3y? + 4by x*y — 5bgoy + 20bggy?

— 30bsoy3 + 20bsoy* — 5bsgy® + 20bsxy — 60bsgxy? + 60bsoxy> — 20bsoxy* — 30bsox?y

+ 60bgox?y? — 30bsox2y3 + 20bsox3y — 20bgox3y? — Shggx*y =

= ¥(b1y + bzy + bgy + byy — 2byg — 3b3g — 4byo — Sbsp)

+ y2(—=byy — 2by; — 3b3q — 4byy + 2byy + 6b3g + 12byy + 20bg,)

+ y3(byy + 3b3q + 6byy — 3b3g — 12b,yg — 30bsy) + y*(—3bgy — 4byqy + 4byg + 20bs,)

+¥°(bay — 5bs)

+ xy(2boy — 2by1 + 2by, — 4byy + 2byy — 6b3q + 23y — 8byq + 6bgy + 12b,, + 20bs,)

+ xy2(=2by, + 4byy — 4byy + 12b3; — 6b3, + 24byy — 6bgy — 24b,, — 60bs,)

+ xy3(2byy — 6b3y + 6b3, — 24b,; + 12b,o + 60bsy) + xy*(—2b3, + 8byy — 20bs,)

+ x2y(3by3 — 3byy + 3by3 + 3byy — 6byy + 3byz + 9b3y — b3y + 18b,y — 3bzy — 12b4e — 30bsg)
+ x2y2(—=3by3 + 6by; — 6by3 — 9bsy + 18bs, — 36b,, + 12byg + 60bs;)

+ x2y3(3by3 — 9b3, + 18b,, — 30bs,)

+ x3y(4byy — 4by3 + 4by4 + 4byy — 8byy — 4bgy + 12b3, — 16b,, + 4byy + 20bs,)

+ x3y2(—4b,, + 8bys — 12bs, 4+ 16b,, — 20bsy) + x*y(5bgs — 5by4 + 5bys — 5bsy 4 5byy — Shsp)

9
“ox T
= y(A—x=y) +cy*(M—x—y) + ez’ (A —x —y) + cuy* (1 —x = y) + 2c,0x(1 —x — y)
+ 205, xy(1 —x — ) + 20532 (1 —x — ¥) + 2¢3xy3(1 — x — y) + 3c30x2(1 — x — y)
+ 3031 x2y(1 —x — y) + 3c3,x%y2 (1 —x —y) + 4cyox3(1 —x — y) + 4y x3y(1 —x — y)
+ 5cgox*(1—x—y) =



= C11Y = C1 XY — C11Y% + €12Y? = Cpxy? — cpy? + Ci3y? — ci3xy® — eyt + cpay® — cnaxy* — cpay®
+ 250X — 2C50x% — 2C50XY + 2Cp1 XY — 2021 X%y — 2051XY% + 2C55xY?% — 2055x2 Y% — 205,xy3

+ 2053xY3 — 2¢,3x%y3 — 2¢53xY* + 3c30%2% — 3c30x3 — 3c30%2Y + 3¢31x%y — 3¢31x3y — 3c5,x2y?

4 3C32%2Y% — 3c3,x3y2% — 3C3,x%Y3 4+ 4cyox3 — degoxt — 4eyox3y + 4ey X3y — dey xty — 4y x3y?
+ 5c50x* — 5c50x° — 5cgoxty =

= y(c11) + ¥2(=ci1 + c12) + ¥3(=c1z + ¢13) + ¥*(—c13 + ¢14) + y°(—c1a) + x(2¢3)

+xy(—c1q = 2¢30 + 2¢31) + xY?(—C1z — 2C1 + 2632) + xy3 (=13 — 2¢55 + 2¢53) + xy*(—c14 — 2¢23)
+ x%(=2c30 + 3¢30) + x%y(—=2c31 — 3c30 + 3c31) + x°y*(—=2¢5; — 3c31 + 3c35) + x2y3 (=253 — 3c3,)
+ x3(—=3c30 + 4ca0) + x3y(—3c31 — 4Cag + 4Caq) + x3V2(—3c35 — 4cyq) + x*(—4cyo + 5c50)

+ x*y(—4c4q — 5¢50) + x°(=5¢50)

af dp 08
xa + ya + Za =
= y(b1y + bpy + bgy + byy — 2byg — 3bgg — 4byg — Sbsp + ¢_11)
+ yz(_bll - 2b21 - 3b31 - 4b4_1 + 2b20 + 6b30 + 12b40 + 20b50 - Cll + Clz)
+y3(byy + 3bgq + 6bsy — 3b3q — 12b,g — 30bsg — €15 + C13)
+y*(=3bgy — 4byy + 4bsg + 20bsg — €13 + €14) + ¥°(bay — Sbso — €14)
+ x(—2a02 - 36103 - 46104 - 5a05 + ZCZO)
+ xy(zaoz + 6a03 + 126104 + 20a05 - a11 - 26112 - 3a13 - 4a14 + 2b02 - 2b11 + 2b12 - 4b21 + 2b22
- 6b31 + 2b32 - 8b4_1 + 6b30 + 12b4_0 + 20b50 - Cll - 2C20 + 2C21)
+ xyz(_3a03 - 12a04 - 30(105 + 2a12 + 6a13 + 12(114 - a21 - zazz - 3a23 - 2b12 + 4b21 - 4’b22
+ 12b31 - 6b32 + 24b4_1 - 6b30 - 24b40 - 60b50 - C12 - 2C21 + 2C22)
+ xy3(4a04 + 20a05 - 3a13 - 126114 + 2a22 + 6a23 - a31 - 2a32 + 2b22 - 6b31 + 6b32 - 24b41
+ 12b4_0 + 60b50 - C13 - 2C22 + 2C23)
+ xy4(_5a05 + 4a14 - 36123 + 2a32 - a41 - 2b32 + 8b41 - 20b50 - C14 - 2623)
+ x2(2a02 + 6a03 + 12a04 + 20a05 - 2C20 + 3C30)
+ xzy(_6a03 - 24a04 - 60a05 + 2a12 + 6a13 + 126114 + 3b03 - 3b12 + 3b13 + 3b21 - 6b22 + 3b23
+ 9b31 - 9b32 + 18b41 - 3b30 - 12b40 - 30b50 - 2C21 - 3C30 + 3C31)
x2y2(12a04 + 60a05 - 6a13 - 24a14 + 2a22 + 6a23 - 3b13 + 6b22 - 6b23 - 9b31 + 18b32 - 36b41
+ 12b4_0 + 60b50 - 2C22 - 3C31 + 3C32)
+ x2y3(_20a05 + 126114 - 6a23 + 2a32 + 3b23 - 9b32 + 18b41 - 30b50 - 2C23 - 3C32)
+ x3(_3a03 - 12a04 - 30a05 - 3C30 + 4‘C40)
+ x3y(12a04 + 60a05 - 3a13 - 12(114 + 4‘b04_ - 4b13 + 4’b14 + 4b22 - 8b23 - 4’b31 + 12b32 - 16b41
+ 4‘b40 + 20b50 - 3C31 - 4‘C40 + 4’C41)
x3y2(_30a05 + 126114 - 3a23 - 4b14 + 8b23 - 12b32 + 16b41 - 20b50 - 3C32 - 4’C41)
+ x4(4a04 + 20a05 - 4C40 + SCSO)
+ x4y(_20a05 + 4a14 + 5b05 - 5b14 + 5b23 - 5b32 + 5b4_1 - 5b50 - 4C41 - SCSO) + xs(—5a05 - 5C50)

Coefficients that are expressed through the parameters A; , B;, a; and f; in accordance with formulas (5-7),
are marked in blue, and those in red are those that give in sum zero.

Similarly, for the second equality from system (8):

izl _ of | ofdz _ of  of _

3y Yoyt oz0y Yoy Yoz-



= (a1 — 2a92)(x — x%2 — xy) + (a;, — 3ag3) (x — 2xy + xy? — 2x2 + 2x%y + x3)

+ (a3 — 4aq4) (x — 3xy + 3xy? — xy3 — 3x% + 6x%y — 3x2y% + 3x3 — 3x3y — x%)

+ (ay4 — 5a45) (x — 4xy + 6xy?% — 4xy3 + xy* — 4x? + 12x%y — 12x%y? + 4x%y3 + 6x3 — 12x3y
+ 6x3y2 — 4x* + 4x*y + x°) + (2azo — a11)xy + 2ay; — 2a,,)(xy — x%y — xy?)

+ (2a,, — 3a;3)(xy — 2xy? + xy3 — 2x%y + 2x%y? + x3y)

+ (2a,3 — 4ay4)(xy — 3xy? + 3xy3 — xy* — 3x%y + 6x2y? — 3x2y3 + 3x3y — 3x3y? — x*y)

+ (Bazg — az1)xy? + (Baz; — 2a,,) (xy? — x?y? — xy?)

+ (3azy — 3ay3) (xy? — 2xy3 + xy* — 2x2y2 + 2x2%y3 + x3y?) + (4ayo — az,)xy?

+ (4ay; — 2a3,)(xy® — x%y® — xy*) + (5asy — ay )xy* =

= x(ay1 — 2a9; + ay; — 3ag3 + a3 — 4ags + a4 — 5a,5)
+ xy(—2a,; + 2ag, — 4a,, + 6ag3 — 6a,3 + 12a44 — 8ay4 + 20ays + 2a,¢ + 2a,;1 + 2a,, + 2a,3)
+ xy2(Ba,, — 3a9; + 9a,5 — 12a44 + 18a,4, — 30ays — 3a,; — 6a,, — 9a,3 + 3aze + 3as; + 3as,)
+ xy3(—4a;3 + 4ags — 16a,4 + 20ays + 4a,, + 12a,5 — 4az; — 8as, + 4as + 4ay)
+ xy*(5a,4 — 5a9s — 5a,3 + 5a3, — 5a41 + 5asg)
+ x2(—ayq + 2a9; — 2a4, + 6093 — 3a,45 + 12a9, — 4a,4 + 20ays)
+ x2y(4a,, — 6ay; + 12a,3 — 24ay, + 24a,4 — 60ags — 2a,; — 4a,, — 6a,3)
x2y%(—=9a,5 + 12a44 — 36a,4 + 60ays + 6a,, + 18a,; — 3az; — 6as;)
+ x2y3(16a,4, — 20ays — 12a,3 + 8az, — 4ay;) + x3(a;, — 3ags + 3a;3 — 12a4, + 6a,4 — 30a,s)
+ x3y(—6a;3 + 12ay, — 24a,4 + 60ays + 2a,, + 6a,3) + x3y2(18a,4, — 30ays — 9a,3 + 3as,)
+ x*(—ay3 + 4ag, — 4ag, + 20ays) + x*y(8ay, — 20ays — 2a,3) + x°(a;, — 5ays)

dplz(x,y),x]  0d¢ 0z dg
ay Yoz oy Yoz

= —by1xy — bipx?y — byzx®y — byyx*y — 2by0y(1 —x — y) — 2byyxy(1 —x — y)
— 2byx2y(1 — x —y) — 2by3x3y(1 — x — y) — 3b3oy(1 — 2y + y? — 2x + 2xy + x?)
— 3bg1xy(1 — 2y + y? — 2x + 2xy + x2) — 3b3,x2y(1 — 2y + y? — 2x + 2xy + x2)
— 4b,oy(1 — 3y + 3y? — y3 — 3x + 6xy — 3xy? + 3x2 — 3x2%y — x3)
— 4byxy(1 — 3y + 3y%2 — y3 — 3x + 6xy — 3xy? 4+ 3x% — 3x%y — x3)
— S5bgoy(1 — 4y + 6y? — 4y3 + y* — 4x + 12xy — 12xy? + 4xy3 + 6x2 — 12x%y + 6x2y? — 4x3
+ 4x3y + x*) =

= —by1Xy — bypx%y — by3x3y — biyx*y — 2b,0(y — xy — y?) — 2by1 (xy — x*y — xy?)

_ szz(xzy - x3y - x2y2) — 2b23(x3y — x4y — x3y2) _ 3b30(y _ 2y2 + y3 _ zxy + nyz n xzy)

— 3bs; (xy — 2xy? + xy® — 2x%y + 2x2y? + x°y)

— 3b3, (x%y — 2x2y? + x2y% — 2x3y + 2x3y? + x*y)

— 4byo(y — 3y* + 3y® — y* — 3xy + 6xy? — 3xy°® + 3x%y — 3x%y® — x7y)

— 4b,y (xy — 3xy? + 3xy® — xy* — 3x%y + 6x%y? — 3x2y3 + 3x3y — 3x3y% — x*y)

— 5beo(y — 4y% + 6y3 — 4y* + y° — 4xy + 12xy? — 12xy3 + 4xy* + 6x%y — 12x2y? + 6x2y3 — 4x3y
+ 4x3y2 + x4y) =

= y(=2byg — 3b3g — 4bsg — 5bsg) + y?(2byg + 6b39 + 12b4q + 20bso) + y3(=3bsg — 12bse — 30bs,)
+ y*(4byy + 20bsy) + y°(=5bso) + xy(—byy + 2byg — 2by; + 6b3g — 3b3y + 12byg — 4byq + 20bs,)
+ xy2(2by; — 6bsg 4 6b3y — 24byy + 12b,y — 60bsy) + xy3(—=3bsy + 12b,y — 12b,; + 60bs,)

+ xy*(4by; — 20bsy) + x2y(—byy 4 2by; — 2byy — 3bsg + 6bsy — 3bsy — 12,0 + 12by; — 30bs;)

+ x2y2(2by, — 6bgy + 6bsy + 12byy — 24by, + 60bsy) + x2y3(—3bs, + 12by; — 30bg,)

+ x3y(=by3 + 2byy — 2by3 — 3b3y + 6b3y + 4bsg — 12byy + 20bs,)

+ x3y2(2by3 — 3bs, + 12by; — 20bsy) + x*y(—by4 + 2by3 — 3b3, + 4byy — 5bsy)



9§
Zay =
= 2c0, (¥ —xy = ¥?) + 3cos (v? — xy? —¥%) + 4cos(y® — xy® — y*) + 5cos (v — xy* — y°)
+ e (x — x% —xy) + 2¢,(xy — x%y — xy?) + 3cy3(xy? — x%y? — xy?) + 4y (xy® — x%y% — xy?)
+ e (0 — %% = x%y) + 2¢5, (x%y — X%y — x?y?) + 3cp3(x%y? — x%y? —x%y?) + 5, (x° — x* — x%y)
+ 205 (Fy —x*y —x3y?) + c (x* —x° —xy) =

= y(2¢p,) + yz(_zcoz + 3cp3) + yg(_3co3 + 4coy) + }’4(_4(504 + 5cps5) + y5(—5605) + x(c11)
+xy(=2¢co2 — €11 + 2¢13) + xy*(=3co3 — 2¢15 + 3c13) + xy>(—4cos — 3¢y3 + 4C14)
+xy*(=5co5 — 4c14) + X2 (—C11 + €21) + X2Y(=2¢15 — €21 + 232) + x2y?(—3C13 — 2€52 + 3¢23)
+ x2y3(—4cl4 — 3cy3) + x3(—021 +c31) + x3y(—2022 — 31+ 2c3) + x3y2(—3623 — 2¢37)

+ x*(—c31 + c41) + x*y (=233 — €41) + x°(—C41)

af  dp 0§
x@ + yw + Z@ =
= y(—2byo — 3b3g — 4bsg — 5bsy + 2¢o3) + Y2 (2byo + 6b3g + 12byg + 20bsy — 2¢o5 + 3¢o3)
+¥3(=3b3p — 12b4g — 30bsg — 3¢z + 4Cos) + ¥*(4byo + 20b5o — 4Co4 + 5¢o5) + y°(=5bsg — 5¢o5)
+x(ay; — 2a0; + ayz — 3ap3 + ay3 — 4ag4 + A14 — 5a05 + €131)
+ xy(—2a4;1 + 2a9, —4a,; + 6093 — 6a43 + 12a, —8ay, + 20ays + 2a,, + 2a,1 + 2a,, + 2a,3 — byg
+ 2b,y — 2byy + 6b3y — 3b3q + 12b,g — 4byq + 20bgy — 2¢55 — €11 + 2€13)
+ xy2(Bay, — 3a9; + 9a,3 — 12a44 + 18a,, — 30ays — 3a,; — 6a,, — 9a,3 + 3as + 3az; + 3as,
+ 2by; — 6b5g + 6b3y — 24b,y + 12byy — 60bsy — 3cp3 — 2€15 + 3¢43)
+ xy3(—4a;3 + 4ags — 16a,4 + 200y + 4ay, + 12a,5 — 4az; — 8as, + 4as + 4ay, — 3bsy + 12byy
— 12by; + 60bgy — 4coy — 3C13 + 4C14)
+ xy*(5a,4 — 5a¢s — 50,3 + 5a3, — 5a4q + 5as + 4by; — 20bs,)
+ x2(—ayq + 209, — 2a4, + 6093 — 3a45 + 1209, — 4ay4 + 20ags — €14 + C21)
+ x2y(4a,, — 6ay; + 12a,3 — 24ay, + 24a,4 — 60ags — 2ay; — 40y, — 60,3 — byy + 2byy — 2by,
— 3b3o + 6b3y — 3b3, — 12by + 12byy — 30bsy — 215 — €1 + 2C53)
+ x2y2(—9a,3 + 12ay, — 36a,4 + 60ays + 6a,, + 18a,;3 — 3az; — 6as, + 2b,, — 6bgy + 6bsy + 12by,
— 24by, + 60bgy — 3¢5 — 2C55 + 3C23)
+ x2y3(16a,4 — 20ays — 12a,3 + 8as, — 4a,; — 3bsy + 12by; — 30bsy — 4c14 — 3C53)
+ x3(ay, — 3a93 + 3ay3 — 12a9, + 6a,4 — 30ays — €31 + C31)
+ x3y(—6a,3 + 12ay, — 24a,4 + 60ays + 2a,, + 6ay3 — bz + 2by, — 2bys — 3bgq + 6b3, + 4by,
— 12by; + 20bgy — 2¢55 — €31 + 2C33)
+ x3y2(18a,4 — 30ays — 9ay3 + 3az, + 2by3 — 3bsy + 12by; — 20bsy — 3¢p3 — 2€35)
+ x*(—ay3 + 4ag, — 4ay, + 20ags — C31 + Cap)
+x*y(8ay4 — 20ags — 253 — by + 2by3 — 3bgy + 4byy — 5bsg — 2¢35 — €41) + x°(A14 — 5005 — Ca1)

Equating the coefficients at the same powers of x, y and z to zero, we obtain a system of 30 linear equations
with 30 unknown parameters.



