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This paper starts with a basic formulation of a distributed parameter transmission line with

memristor per unit length in series and also memristor per unit length in parallel apart from the

other standard distributed parameters. The result of having memristors distributed along the line is

a nonlinear effect in the form of coupling between charge and current and coupling between charge

and voltage. These nonlinear effects result in the generation of an infinite number of higher

harmonic components along the line even when the input voltage is of a fixed frequency or a finite

superposition of voltages of different frequencies. Taking into account random white noise line

loading effects, we formulate the resulting line equations based on KCL and KVL in the form of an

infinite dimensional nonlinear stochastic differential equation. We study the problem of quantizing

the transmission line dynamics using the well known Hudson-Parthasarathy theory of quantum

stochastic differential equations derived from the Hudson-Parthasarathy noisy Schrodinger

equation constructed from an appropriate transmission line Hamiltonian and Lindblad operators.

We then conclude by discussing the effect of quantum stochastic noise and quantum stochastic

supersymmetric noise on the action functional of a field theory and how such a model can be used to

obtain corrections to the quantum effective action functional or more precisely, to the TPCP map

that evolves an initially mixed state of the field to another mixed state after a finite duration. Some

remarks on training and testing of quantum neural networks based on the Belavkin quantum filter

are presented. This involves constructing a quantum evolution of a mixed state in such a way that

the evolving pdf of a system observable will be obtained from the conditional expectation of the
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noisy quantum state given non-demolition measurements that are strongly correlated with actually

measured signals.

1. Formulation of the basic distributed memristor transmission

line

The distributed parameter circuit we have in mind consists of memristors and inductors distributed in

series along the transmission line as well as memristors and capacitors distributed in parallel along

the line. Let  R(q(t, z))i(t, z)dz  and  L∂ti(t, z)dz  denote respectively the voltage along an infinitesimal

memristor and and infinitesimal inductor along the line in the length interval  [z, z + dz]. Then, the

voltage difference between the points z and z + dz is given by 

−∂zv(t, z)dz = R(q(t, z))i(t, z)dz + L∂ti(t, z)dz

 or equivalently, after taking into account distributed white noise line loading, 

−∂zv(t, z) = R(q(t, z))∂tq(t, z) + L∂2
t q(t, z) + f(z)∂tB(t, z)

This represents the line KVL. Here q(t, z) and i(t, z) = ∂tq(t, z) are respectively the charge and current along

the line. Likewise, assume that along the line parallel (ie, perpendicular to its length), the current

flowing between z and z + dz is given by G( − ∂zq(t, z)dz)v(t, z) due to parallely distributed memristors and 

C∂tv(t, z)dz due to parallely distributed capacitors. The parallel line equation is then 

−∂zi(t, z)dz = G( − ∂zq(t, z)dz)v(t, z) + C∂tv(t, z)dz

Note that the charge that flows perpendicular to the line between the points  z  and  z + dz  is given by 

−∂zq(t, z)dz. We assume that G(0) = 0 for consistency. Then, by Taylor expansion, 

G( − ∂zq(t, z)dz) = − G ′ (0)∂zq(t, z)dz + O(dz2)

so the parallel equation reduces to (after accounting for line loading again) 

−∂zi(t, z) = − G∂zq(t, z)v(t, z) + C∂tv(t, z) + g(z)∂tW(t, z)

where G = − G ′ (0). Note that our argument shows that the parallely distributed memristor acts as a

simple parallel resistor of value 1/ (Gdz) in [z, z + dz]. Not the case for the serially distributed memristor.

This equation can alternately be expressed as 

−∂z∂tq(t, z) = − G∂zq(t, z)v(t, z) + C∂tv(t, z) + g(z)∂tW(t, z)
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Here, B(t, z) and W(t, z) are independent Brownian fields, ie, they are Gaussian fields having zero mean

and covariance 

E(B(t, z)B(t ′ , z ′ )) = min (t, t ′ ). δ(z − z ′ )

They can be expanded in a Fourier series along the line length: 

B(t, z) = ∑
n
Bn(t)en(z), en(z) = exp(j2π. nz /d) /√d, n ∈ Z

Then, 

∑
n ,m

E(Bn(t)Bm(t ′ ))en(z)em(z ′ ) = min(t, t ′ ). ∑
n
en(z − z ′ ), 0 ≤ z, z ′ ≤ d

and this equation immediately gives us 

E(Bn(t)Bm(t ′ )) = δ[n + m]. min(t, t ′ )

Since fields are real, we have 

B̄n(t) = B − n(t)

and hence we can express the above correlation identity as 

E(Bn(t)B̄m(t)) = δ[n − m]. min(t, t ′ ), n, m ∈ Z

We write 

Bn(t) = BRn(t) + j. BIn(t)

where BRn  and BIn are real processes. Then, we get 

BRn(t) = BR− n(t), BIn(t) = − BI− n(t)

and hence, for n, m ≥ 0, we have 

E(BRn(t)BRm(t ′ )) = δ[n − m]. min(t, t ′ ) /2

E(BIn(t)B
I
m(t ′ )) = δ[n − m]. min(t, t ′ ) /2

E(BRn(t)BIm(t ′ )) = 0

and likewise for the Gaussian field W. Now expressing 

q(t, z) = ∑
n
qn(t)en(z), v(t, z) = ∑

n
vn(t)en(z)

and also 

f(z) = ∑
n
fnen(z), g(z) = ∑

n
gnen(z)
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we obtain from the above line equations, 

−∂zv(t, z) = R(q(t, z))∂tq(t, z) + L∂2
t q(t, z) + f(z)∂tB(t, z)

−∂z∂tq(t, z) = − G∂zq(t, z)v(t, z) + C∂tv(t, z) + g(z)∂tW(t, z)

the corresponding Fourier series space nonlinear stochastic differential equations: 

( − 2πjn /d)vn(t) = ∑
m , n1 + . . . + nm+ k= n

Rmqn1
(t). . . qnm(t)q ′

k(t) + Lq ″
n (t) + ∑

m
fn−mB

′
m(t)

( − 2πjn /d)q ′
n(t) = − G∑

m
(2πjm /d)qm(t)vn−m(t) + Cv ′

n(t) + ∑
m
gn−mW

′
m(t)

where 

R(q) = ∑
n≥ 0

Rnq
n

We now seek a perturbative algorithm for solving these equations, compute the statistics of the charge

and voltage fields  q(t, z), v(t, z)  and then to take discrete measurements along the line and using the

extended Kalman filter alogrithm (EKF), to estimate the line voltage, line charge and memristor

parameters Rn, n ≥ 0, G. Defining the complex infinite dimensional vectors 

v(t) = ((vRn(t), vIn(t))n≥ 0, q(t) = ((qRn(t), qIn(t)))n≥ 0, B(t) = ((BRn(t), BIn(t)))n≥ 0,

W(t) = ((WR
n(t), WI

n(t)))n≥ 0

these equations can be cast in the following form: 

q ″ (t) = A1v(t) + ∑
n≥ 0

A2(n)(q(t)⊗ n
⊗ q ′ (t)) + A3B

′ (t)

v ′ (t) = A4q
′ (t) + A5(q(t) ⊗ v(t)) + A6W

′ (t)

Here, A1, A2(n), A3, A4, A5, A6  are real, infinite dimensional matrices that depend upon the parameters 

θ = ((Rn, n ≥ 0, L, C, G) that we seek to estimate. We define the state vector 

X(t) = (v(t)T, q(t)T, q ′ (t)T)T

as well as the infinite dimensional Brownian motion vector 

V(t) = (B(t)T, W(t)T)T

and then the above equations can be expressed in a more convenient form: 

X ′ (t) = C1(θ)X(t) + ∑
n≥ 2

C2(n | θ)X(t)⊗ n + C3(θ)V ′ (t)

or equivalently, in stochastic differential form 
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dX(t) = (C1(θ(t))X(t) + ∑
n≥ 2

C2(n | θ(t))X(t)⊗ n)dt + C3(θ(t))dV(t)

with 

dθ(t) = σ. dϵ(t)

where ϵ(t) is another standard infinitesimal Brownian motion. Thus, [X(t)T, θ(t)T]T is our extended state

vector. The form of the matrices  C1, C2(n), C3  can be easily written down in terms of the matrices 

A1, A2(n), A3, A4, A5, A6.

2. A digression on quantization of the dynamics based on the

Hudson-Parthasarathy-Evans-Hudson flow method

The basics of quantum stochastic calculus are explained in[1].

It is of interest here to note how a stochastic differential equation of this kind can be quantized using

the Hudson-Parthasarathy-Evans-Hudson flow method. To see how this is accomplished, we assume

that the state vector  X  comprises of a position vector component  Q  and a momentum vector

component P. The Hudson-Parthasarathy-noisy Schrodinger evolution for the unitary operator U(t) on

the tensor product of the system and bath space has the form 

dU(t) = ( − (iH + P)dt + ∑
k
LkdAk(t) − L∗k dAk(t)

∗ )U(t), P = (1/2)∑
k
LkL

∗

k

where  Ak, A
∗

k   are the standard annihilation and creation processes of the Hudson-Parthasarathy

quantum stochastic calculus satisfying the quantum Ito formula: 

dAk(t). dAj(t)
∗ = δ(k, j)dt, dAk(t). dAj(t) = 0, dAk(t)

∗ . dAj(t)
∗ = dAk(t)

∗dAj(t) = 0

We choose as our Hamiltonian the Harmonic oscillator one: 

H = (1/2)∑
k

(P2
k /2 + ω(k)2Q2

k /2)

This Hamiltonian leads to linear Heisenberg dynamics for Q, P and hence this portion of the dynamics

corresponds to only linear non-dissipative terms in the transmission line dynamics, ie, that generated

by only the distributed series inductances and parallel capacitances in the transmission line. To get the

linear dissipative effects generated by the series and parallel resistances, we can use Lindblad

operators  Lk  that are linear functions of position and momentum. To get the nonlinear terms

generated by memristors and resistances, capacitances and inductances that are functions of charge
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current and voltage, we can use Lindblad operators that are nonlinear functions of position and

momentum. Thus, we consider Lindblad operators 

Lk = Fk(Q, P), L∗k = F̃k(Q, P)

specifically, we can using the canonical commutation rules, define Fk(Q, P)  in such way that in each

term, all the Q ′ s appear to the left of all the P ′ s. Then in F̃k(Q, P) = Fk(Q, P)∗ , all the P ′ s will appear to

the left of all the Q ′ s. If X  is any system observable, its quantum noisy Heisenberg dynam ics will be

given by 

X(t) = jt(X) = U(t)∗XU(t) = U(t)∗ (X ⊗ I)U(t)

and by quantum Ito’s formula, it satisfies 

djt(X) = dU(t)∗XU(t) + U(t)∗XdU(t) + dU(t)∗XdU(t) = jt(θ0(X))dt +

jt(θ1k(X))dAk(t) + jt(θ2k(X))dAk(t)
∗

with summation over the index k being implied, where 

θ0(X) = i[H, X] − (1 /2)∑
k

(L∗k LkX + XL∗k Lk − 2L∗k XLk)

= i[H, X] − (1 /2)∑
k

(L∗k [Lk, X] + [X, L∗k ]Lk)

θ1k(X) = [X, Lk], θ2k(X) = [L∗k , X]

Thus, 

θ0(Qn) = Pn − (i /2)∑
k

(
∂F̃k
∂Pn

. Fk − F̃k.
∂Fk
∂Pn

)

= Pn + G0n(Q, P)

say. 

θ1k(Qn) = i
∂Fk
∂Pn

= G1nk(Q, P)

θ2k(Qn) = − i
∂F̃k
∂Pn

= G1nk(Q, P)∗

θ0(Pn) = − ω(n)2Qn + (i /2)∑
k

(
∂F̃k
∂Qn

. Fk − F̃k.
∂Fk
∂Qn

)

= − ω(n)2Qn + K0n(Q, P)

say. 
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θ1k(Pn) = − i
∂Fk
∂Qn

= K1nk(Q, P)

θ2k(Qn) = i
∂F̃k
∂Qn

= K1nk(Q, P)∗

The Hudson-Parthasarathy noisy Heisenberg equations are therefore given by 

dQn(t) = Pn(t)dt + G0n(Q(t), P(t))dt + ∑
k

(G1nk(Q(t), P(t))dAk(t) + G1nk(Q(t), P(t))∗dAk(t)
∗ )

dPn(t) = − ω(n)2Qn(t)dt + K0n(Q(t), P(t))dt + ∑
k

(K1nk(Q(t), P(t))dAk(t) + K1nk(Q(t), P(t))dAk(t)
∗ )

Defining the two classical Brownian motion processes (which do not however commute with each

other) 

BRk (t) = Ak(t) + Ak(t)
∗ , BIk(t) = − i(Ak(t) − Ak(t)

∗ )

and also introducing the Hermitian operators 

SRnk(Q, P) = (1 /2)(G1nk(Q, P) + G1nk(Q, P)∗ )

SInk(Q, P) = (i /2)(G1nk(Q, P) − G1nk(Q, P)∗ )

TRnk(Q, P) = (1 /2)(K1nk(Q, P) + K1nk(Q, P)∗ )

TInk(Q, P) = (i /2)(K1nk(Q, P) − K1nk(Q, P)∗ )

we can express these qsde’s in Hermitian form as 

dQn(t) = Pn(t)dt + G0n(Q(t), P(t))dt + ∑
k

(SRnk(Q(t), P(t))dBRk (t) + SInk(Q(t), P(t))dBIk(t))

dPn(t) = − ω(n)2Qn(t)dt + K0n(Q(t), P(t))dt + ∑
k

(TR1nk(Q(t), P(t))dBRk (t) + TI1nk(Q(t), P(t))dBIk(t))

By appropriate choice of the canonical position and momentum variables in the transmission line

along with the Lindblad operators, we can cast the line equations in such a quantum stochastic format,

ie, we can introduce the notion of a quantum stochastic transmission line. The position variables will

be the Fourier coefficient of current and the momentum variables will be those of the voltage, the

purely conservative case, ie, when the line consists of only distributed inductors and capacitors. This

fact can be seen from the conservative linear situation in which the line voltage and current satisfy 

∂zv(t, z) + L∂ti(t, z) = 0, ∂zi(t, z) + C∂tv(t, z) = 0

or equivalently, in the Fourier series domain 

(2πin /d)vn(t) + Li ′
n(t) = 0, (2πin /d)in(t) + Cv ′

n(t) = 0
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so that taking real and imaginary parts, 

−(2πn /d)vIn(t) + LiR
′

n (t) = 0, (2πn /d)vRn(t) + LiI
′

n (t) = 0

 

−(2πn /d)iIn(t) + CvR
′

n (t), (2πn /d)iRn(t) + CvI
′

n (t) = 0

which give on eliminating vIn, i
I
n, the following two second order linear differential equations: 

iR
″

n (t) + (2πn /d)2(1 /LC)iRn(t) = 0, n ≥ 0

vR
″

n (t) + (2πn /d)2(1 /LC)vRn(t) = 0, n ≥ 0

These differential equations are those of an infinite sequence of independent harmonic oscillators

with characteristic frequency of oscillation of the nth mode being given by 

ω(n) = (2πn /d)(LC) − 1 / 2, n ≥ 0

This suggests to us that we can derive these differential equations from the Hamiltonian given by 

H = H(Q, P) = (1 /2) ∑
n≥ 0

(P2
1n + ω(n)2Q2

1n + P2
2n + ω(n)2Q2

2n),

Q = ((Q1n, Q2n)), P = ((P1n, P2n))

where 

Q1n = iRn , Q2n = vRn , P1n = iR
′

n = (2πn /dL)vIn, P2n = vR
′

n = (2πn /dC)iIn

The Hamiltonian equations are 

Q ′
kn = ∂H /∂Pkn = Pkn, P ′

kn = − ∂H /∂Qkn = − ω(n)2Qkn, k = 1, 2

Elimination of Pkn from these equations gives us the above line equations: 

Q ″
kn = − ω(n)2Qkn, k = 1, 2, n ≥ 0

When resistances in series and in parallel are present, this linear conservative dynamics gets damped

and this situation can also be described quantum mechanically by using the Lindblad master equation

for open quantum systems in the form 

dX /dt = i[H, X] − (1 /2)∑
k , n

(LknL
∗

knX + XLknL
∗

kn − 2LknXL
∗

kn ) =

i[H, X] − (1 /2)(Lkn[L
∗

kn , X] + [X, Lkn]L
∗

kn )

with H as above and 
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Lkn = a(k, n)Qkn + b(k, n)Pkn

with coefficients a(k, n), b(k, n) depending upon the series resistance and parallel conductance per unit

length. Specifically, 

[L∗kn , Qkn] = − ib̄(kn), [Qkn, Lkn] = ib(kn)

[L∗kn , Pkn] = iā(kn), [Pkn, Lkn] = − ia(kn)

These result in the differential equations 

Q ′
kn = Pkn − (1/2)( − ib̄(kn)(a(kn)Qkn + b(kn)Pkn) + ib(kn)(ā(kn))Qkn + b̄(kn)Pkn)

= Pkn − Im(a(kn)b̄(kn))Qkn

P ′
kn = − ω(n)2Qkn − (1/2)(iā(kn)(a(kn)Qkn + b(kn)Pkn) − ia(kn)(ā(kn)Qkn + b̄(kn)Pkn))

= − ω(n)2Qkn − Im(a(kn)b̄(kn))Pkn

Defining the real constants 

γ(kn) = Im(a(kn)b̄(kn))

we can express these equations as 

Q ′
kn = Pkn − γ(kn)Qkn, P ′

kn = − ω(n)2Qkn − γ(kn)P(kn)

Now assume that  k = 1, 2, n ≥ 0. Consider a line with a series distributed resistance and a parallel

distributed conductance. The line equations in this case are 

∂zi(t, z) + Gv(t, z) + C∂tv(t, z) = 0

∂zv(t, z) + Ri(t, z) + L∂ti(t, z) = 0

In the Fourier series domain, these translate to 

(2πin /d)in(t) + Gvn(t) + Cv ′
n(t) = 0

(2πin /d)vn(t) + Rin(t) + Li ′
n(t) = 0

or equivalently, in terms of real and imaginary parts, 

−(2πn /d)iIn(t) + GvRn(t) + CvR
′

n (t) = 0

(2πn /d)iRn(t) + GvIn(t) + CvI
′

n (t) = 0

−(2πn /d)vIn(t) + RiRn(t) + LiR
′

n (t) = 0

(2πn /d)vRn(t) + RiIn(t) + LiI
′

n (t) = 0
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In the presence of distributed memristors, nonlinearities are introduced into the dynamics and the

resultant line equations assume the form 

∂zi(t, z) + Gv(t, z) + C∂tv(t, z) + F1(∂zq(t, z), v(t, z)) = 0

∂zv(t, z) + Ri(t, z) + L∂ti(t, z) + F2(q(t, z), i(t, z)) = 0

assuming that we do not have any random line loading effects. Equivalently, in the Fourier series

domain, with v(t) = ((vn(t))) and i(t) = ((in(t))), q(t) = ((qn(t))), 

v ′ (t) = − iαD. i(t) − (G /C)v(t) + F1(q(t), v(t))

i ′ (t) = − iβD. v(t) − (R /L)i(t) + F2(q(t), i(t))

where 

D = diag[2πn /d : n ∈ Z],  α = 1/C, β = 1/L

or equivalently, taking real and imaginary parts, 

vR
′
(t) = αDiI(t) − γ1v

R(t) + FR1(qR(t), qI(t), vR(t), vI(t))

vI
′
(t) = − αDiR(t) − γ1v

I(t) + FI1(qR(t), qI(t), vR(t), vI(t))

iR
′
(t) = βD. vI(t) − γ2i

R(t) + FR2(qR(t), qI(t), iR(t), iI(t))

iI
′
(t) = − βD. vR(t) − γ2i

I(t) + FI2(qR(t), qI(t), iR(t), iI(t))

with the relationship 

i(t) = q ′ (t)

or equivalently, 

iR(t) = qR
′
(t)

iI(t) = qI
′
(t)

In principle, we can solve (a) and (c) to express  (iI, vI)  as a function of  vR
′
, iR

′
, vR, iR, qR, qI. These

expressions, we substitute into  (b), (d)  to obtain second order differential equations for  vR, iR  in

involving qR, qI, qR
′

= iR, qI
′

= iI. For iI we again substitute its expression in terms of vR
′
, iR

′
, vR, iR, qR, qI to

obtain finally second order differential equations for  vR, iR  involving qR, qI  and of course  vR
′
, iR

′
, vR, iR

 but no derivatives of qR, qI. These differential equations are supplemented by (e) and (f) where in the

latter, we substitute for iI, its expression in terms of vR
′
, iR

′
, vR, iR, qR, qI. The jist of these calculations is

finally, a second order nonlinear differential equation for the "position vector" 

Q(t) = [vR(t), iR(t), qR(t), qI]
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This can be used as the starting point for quantization using the theory of open quantum systems or if

line loading noise is included, quantization based on the HPS qsde.

An alternate way to start the quantization process is to begin with the original complex form of the

line differential equations 

v ′ (t) = − iαD. i(t) − γ1v(t) + F1(q(t), v(t))

i ′ (t) = − iβD. v(t) − γ2i(t) + F2(q(t), i(t))

From these, we derive 

i(t) = iα − 1D − 1(v ′ (t) + γ1v(t) − F1(q(t), v(t)))

and hence 

iα − 1D − 1(v ″ (t) + γ1v
′ (t) − ∂tF1(q(t), v(t))) = − iβD. v(t) − γ2iα

− 1D − 1(v ′ (t) + γ1v(t) − F1(q(t), v(t)))

+F2(q(t), i(t))

This can be rearranged as 

v ″ (t) + γ1v
′ (t) + αβ. D2v(t) = ∂tF1(q(t), v(t)) − γ2(v ′ (t) + γ1v(t) − F1(q(t), v(t))

− iα. D. F2(q(t), i(t))

or equivalently, as 

v ″ (t) + (γ1 + γ2)v ′ (t) + (α. β. D2 + γ1γ2)v(t) =

∂tF1(q(t), v(t)) + γ2F1(q(t), v(t)) − iα. D. F2(q(t), i(t))

= F(q(t), i(t), v(t)) = F(q(t), q ′ (t), v(t))

This equation is to be supplemented with the equations 

q ′ (t) = i(t) = iα − 1D − 1(v ′ (t) + γ1v(t) − F1(q(t), v(t)))

Defining 

v(t) = Q(t), v ′ (t) = P(t), q ′ (t) = p(t)

these equations can be cast into the form 

Q ′ (t) = P(t)

P ′ (t) = − γ. P(t) − Ω2. Q(t) + F(q(t), p(t), Q(t))

p ′ (t) = d /dt(iα − 1D − 1(v ′ (t) + γ1v(t) − F1(q(t), v(t)))

= iα − 1D − 1(P ′ (t) + γ1P(t) − F1 , 1(q(t), Q(t))p(t) − F1 , 2(q(t), Q(t))P(t))
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= iα − 1D − 1(γ. P(t) − Ω2. Q(t) + F(q(t), p(t), Q(t)) − F1 , 1(q(t), Q(t))p(t) − F1 , 2(q(t), Q(t))P(t))

where 

Ω2 = α. β. D2 + γ1γ2, γ = γ1 + γ2

Note that the choice of v(t) as the position variable Q(t) and the charge q(t) as another position variable

is in agreement with our understanding that charge and voltage in a capacitor have their squares

proportional to the electrostatic potential energy while current which is the time derivative of charge

and also being proportional to the current through the capacitor with square proportional to the

magnetic energy in an inductor in an LC circuit should be the momentum. The position variables 

Q1(t) = (Q(t), q(t)) and the corresponding momentum variables P1(t) = (P(t), p(t)) (More precisely, their real

and imaginary parts as defined above thus satisfy dynamics of the form 

Q ′
1(t) = P1(t),  P ′

1(t) = − Γ. P1(t) − D0. Q1(t) + F(Q1(t), P1(t))

Here  D0  is real and symmetric but not necessarily positive definite.  Γ  is real but not necessarily

diagonal. These equations can also be derived from the theory of open quantum systems by assuming

an appropriate Hamiltonian and Lindblad operators.

3. A special case of the Lindblad equation corresponding to linear

velocity damping with coefficients nonlinear functions of position

In the special case when the Lindblad operators Lkn are of the form 

Lkn = a(kn)Qkn + b(kn)Pkn + fkn(Q), Q = ((Qkn)), P = ((Pkn))

 ie, tbese operators are linear in the P and the Hamiltonian is of the form 

H(Q, P) = (1 /2)∑
kn

(P2
kn + ω(n)2Q2

kn) + U(Q)

 we find from the Heisenberg equation 

dX /dt = i[H, X] − (1 /2)(Lkn[L
∗

kn , X] + [X, Lkn]L
∗

kn )

 that 

Q ′
kn = Pkn − γ(kn)Qkn

P ′
kn = − ω(n)2Qkn − γ(kn)Pkn − (1/2)(Lkn[f̃kn(Q), Pkn]

+ iā(kn)fkn(Q) + [Pkn, fkn(Q)]L∗kn − ia(kn)f̃kn(Q))

= − ω(n)2Qkn − γ(kn)Pkn − (1/2)(i(a(kn)Qkn + b(kn)Pkn + fkn(Q))∂f̃kn(Q) /∂Qkn
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+ iā(kn)fkn(Q) − i(∂fkn(Q) /∂Qkn)(ā(kn)Qkn + b(kn)Pkn + f̃kn(Q)) − ia(kn)f̃kn(Q))

= − ω(n)2Qkn − γ(kn)Pkn − Im[(∂fkn(Q) /∂Qkn)(ā(kn)Qkn + b(kn)Pkn + f̃kn(Q)) + a(kn)f̃kn(Q)]

= − ω(n)2Qkn − γknPkn − h1kn(Q)Pkn + h2kn(Q)

 with h1kn being linear in  fkn and h2kn being linear-quadratic in  fkn. Eliminating P from these equations

results in a second order differential equation for Q having the form 

Q ″
kn = − ω(n)2Qkn − (2γkn + δkn(Q))Q ′

kn + ρkn(Q)

 where ρkn(Q), δkn(Q) are given by 

ρkn(Q) = − γ2
knQkn + h2kn(Q)

δkn(Q) = h1kn(Q)

  This example illustrates how to realize linearly damped oscillations in quantum mechanics with

potential being a small perturbation of the harmonic potential and with velocity damping coefficients

being small perturbations of constant damping coefficients.

4. The case when Poisson noise is also present at the quantum level

We start with the HPS equation in the form 

dU(t) = ( − (iH + P)dt + ∑
k

(L1kdAk − L2kdA
∗

k + SkdΛk))U(t)

 where 

dAkdA
∗

j = δ(k, j)dt, dΛk. dΛj = δ(k, j)dΛk

dAkdΛj = δ(k, j)dAk, dΛkdA
∗

j = δ(k, j)dA∗j

 Conditions for unitarity are easily derived using these quantum Ito’s formula and are given by 

P = (1/2)∑
k
L∗2kL2k

L1k − L∗2k − L∗2k Sk = 0

S∗k + Sk + S∗k Sk = 0

 Equivalently, these conditions are expressed by defining 

Zk = Sk + 1

 as 

Z∗k Zk = 1, L1k = L∗2kZk
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 The resulting Evans-Hudson flow for 

jt(X) = U(t)∗XU(t)

 are 

djt(X) = jt(θ0(X))dt + ∑
k
jt(θ1k(X))dAk(t) + jt(θ2k(X))dAk(t)

∗ + jt(θ3k(X))dΛk)

 where 

θ0(X) = i[H, X] − (1 /2)∑
k

( − 2L∗2kXL2k + L∗2kL2kX + XL∗2kL2k)

= i[H, X] − (1 /2)∑
k

(L∗2k [L2k, X] + [X, L∗2k ]L2k)

θ1k(X) = − L∗2kX + XL1k − L∗2kXSk + S∗k XL1k

θ2k(X) = − XL2k + L∗1kX − S∗k XL2k + L∗1kXSk

θ3k(X) = S∗k X + XSk + S∗k XSk = Z∗k XZk − X

5. Quantum Belavkin filter for line voltage and line parameter

estimation

For the basics of quantum filtering as first discovered by V.P.Belavkin, we refer to [2].

We start with the joint unitary dynamics of the system and bath 

dU(t) = ( − i(H + P)dt + ∑
k
LldAk(t) − L∗k dA∗k (t))U(t)

and derive 

djt(X) = jt(θ0(X |ϕ(t)))dt + jt(θ1k(X |ϕ(t)))dAk(t) + jt(θ2k(X |ϕ(t)))dAk(t)
∗

with summation over k being understood. Here, ϕ(t) is the set of classical line distributed parameters

satisfying the sde 

dϕ(t) = σ. dϵ(t)

where ϵ(t) is classical Brownian motion. Assume that we take noisy measurements along the line of the

voltage and current at a discrete set of points. Such noisy measurements can be derived from

Belavkin’s non-demolition model: 

Yok(t) = U(t)∗Yik(t)U(t)
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where 

Yik(t) = c(k)Ak(t) + c̄(k)Ak(t)
∗

with k=1,2,..., p. To see how these measurements correspond to measuring line voltage and current, we

calculate the differentials of the output measurements using quantum Ito’s formula: 

dYok(t) = dU∗YikU + U∗YikdU + dU∗YikdU + dYik + dU∗dYikU + U∗dYikdU =

dYik + dU∗dYikU + U∗dYikdU =

= dYik − jt(c̄(k)Lk + c(k)L∗k ), k = 1, 2, . . . p

If the Lindblad operators  Lk  are thus chosen to linear combinations of the  Qn, Pn, then in the

transmission line formalism,  dYok  will represent noisy versions of the quantum stochastic process 

−(c̄(k)Lk + c(k)L∗k )(t) which will be linear combinations of the Fourier series coefficients iRn , iIn, v
R
n , vIn of the

line current and line voltage. The time derivative of the line current is a linear combination of the line

current and voltage and the time derivative of the line voltage is also a linear combination the line

current and voltage in the Fourier series domain. It should be noted that the Fourier series coefficients

of the line voltage and current are respectively given by weighted linear integrals of the same and

hence if the discrete spatial points at which the line voltage and current are measured have uniform

small spacings, then the Fourier series coefficients of the line voltage and current can well be

approximated by the discrete Fourier transform of the line voltage and current spatial samples. Now,

the standard reference probability approach of John Gough and C.Kostler can be used to determine the

quantum filtering equations of Belavkin for this model: 

πt(fX) = E(jt(fX) | ηo(t))

ηo(t) = σ(Yok(s) : k = 1, 2, . . . , p, s ≤ t)

dπt(fX) = Ft(fX)dt +
p

∑
k= 1

Gkt(fX)dYok(t)

with Ft(X), Gkt(X) being measurable w.r.t the Abelian algebra ηo(t) and calculated using the orthogonality

principle in statistical estimation theory: 

E[(jt(fX) − πt(fX))Ct] = 0

where 

jt(fX) = f(ϕ(t))jt(X) = f(ϕ(t))U(t)∗XU(t)

and 

qeios.com doi.org/10.32388/YHPFTT 15

https://www.qeios.com/
https://doi.org/10.32388/YHPFTT


dCt =
p

∑
k= 1

gk(t)dYok(t)Ct

We do not discuss the details here.

5.1. Hudson-Parthasarathy noisy Schrodinger equation for fields

Let  Ak(t) = At(ϕk), k − 1, 2, . . .   be a countably infinite set of annihilation operator processes. Here, 

ϕk, k = 1, 2, . . .  is an orthonormal basis for L2(R4). If a(ϕ) denotes the annihilation field on L2(R4), then we

can write the CCR as 

[a(ϕ), a(ψ)∗ ] =< ϕ, ψ >

Then, we define the annihilation process field as 

At(ϕ) = a(ϕ. χ [ 0 , t ] ), t ≥ 0, ϕ ∈ L2(R4)

It is then easy to see that 

dAt(ϕ). dAt(ψ)∗ =< ϕt, ψt > dt = (∫R3ϕ̄(t, r). ψ(t, r)d3r)dt

We also introduce the conservation field by 

λ(H) = ∑ < ϕk |H |ϕm > a(ϕk)
∗a(ϕm)

where H is an operator in L2(R4). The conservation process field is then 

Λt(H) = λ(H. χ [ 0 , t ] )

where H is an operator in L2(R4) that commutes with χ [ 0 , t ] . In terms of the position representation, 

ϕ(x) =< x |ϕ > , x ∈ R4, ϕ ∈ L2(R4)

we can we introduce quantum noise distributions At(x), At(x)
∗ , 

a(ϕ) = ∫R4a(x)ϕ̄(x)dx, a(ϕ)∗ = ∫R4a(x)∗ϕ(x)dx

 

λ(H) = ∫R4 × R4λ(x, y)H(x, y)dxdy

 This is equivalent to 

a(ϕ) = a(∫ | x > dx < x |ϕ > ) = ∫a(x) < ϕ | x > dx = ∫a(x)ϕ̄(x)dx

a(ϕ)∗ = a(∫ | x > dx < x |ϕ > )∗ = ∫a(x)∗ < x |ϕ > dx = ∫a(x)∗ϕ(x)dx

λ(H) = λ(∫ | x > dx < x |H | y > dy < y | )
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= ∫λ( | x >< y | ) < x |H | y > dxdy = ∫λ(x, y)H(x, y)dxdy

Thus, specifically taking ϕ ∈ L2(R3) so that ϕ. χ [ 0 , t ] ∈ L2(R4), we get 

At(ϕ) = a(ϕ. χ [ 0 , t ] ) = ∫a( | x > χ [ 0 , t ] )ϕ̄(x)dx = ∫At(x)ϕ̄(x)dx

At(ϕ)∗ = ∫At(x)∗ϕ(x)dx

Λt(H) = ∫Λt(x, y)H(x, y)dxdy

where 

At(x) = a( | x > χ [ 0 , t ] ),  At(x)
∗ = a( | x > χ [ 0 , t ] )ϕ(x)dx

Λt(x, y) = λ( | x >< y | χ [ 0 , t ] )

Another way to express these relations is 

a(ϕ) = a(∑
k

|ϕk >< ϕk |ϕ > ) = ∑
k
a( |ϕk > ) < ϕ |ϕk >

= ∑
k
a(ϕk)∫ϕk(x)ϕ̄(x)dx

= ∫ (∑
k
a(ϕk)ϕ̄k(x))ϕ̄(x)dx

implying thereby that 

a(x) = ∑
k
a(ϕk)ϕ̄k(x)

where {ϕk} is an onb for L2(R4) and ϕ ∈ L2(R4). Likewise, 

a(x)∗ = ∑
k
a(ϕk)

∗ϕk(x)

and 

Λ(H) = ∑
k ,m

a(ϕk)
∗a(ϕm) < ϕk |H |ϕm >

= ∑
k ,m

∫a(x)∗a(y)ϕk(x)ϕ̄m(y) < ϕk |H |ϕm > dxdy

= ∫a(x)∗a(y)∑
k ,m

< x |ϕk >< ϕk |H |ϕm >< y |ϕm > dxdy

= ∫a(x)∗a(y)H(x, y)dxdy

Thus, in the language of quantum noise field distribution theory, 

λ(x, y) = a(x)∗a(y),  x, y ∈ R4

Note that 

qeios.com doi.org/10.32388/YHPFTT 17

https://www.qeios.com/
https://doi.org/10.32388/YHPFTT


∫ ϕ̄(x)ψ(x)dx =< ϕ, ψ >= [a(ϕ), a(ψ)∗ ]

= ∫R4 × R4[a(x), a(y)∗ ]ϕ̄(x)ψ(y)dxdy

and hence 

[a(x), a(y)∗ ] = δ4(x − y)

Likewise, for H an operator in L2(R4) and ϕ ∈ L2(R4), we have 

[Λ(H), a(ϕ)]

= ∑
km

[a(ϕk)
∗a(ϕm), a(ϕ)] < ϕk |H |ϕm >

= ∑
km

[a(ϕk)
∗ , a(ϕ)]a(ϕm) < ϕk |H |ϕm >

= − ∑
km

< ϕ |ϕk >< ϕk |H |ϕm > a(ϕm)

= − ∑
m

< ϕ |H |ϕm > a(ϕm)

= − ∑
m
a(ϕm) < H∗ϕ |ϕm >= a(∑ |ϕm >< ϕm |H∗ϕ > ) = − a(H∗ϕ)

or 

[a(ϕ), λ(H)] = a(H∗ϕ)

This gives 

[λ(H), a(ϕ)] =

= ∫ [λ(x, y), a(z)]H(x, y)ϕ̄(z)dxdydz

= − ∫a(x) < H∗ϕ | x > dx = ∫a(x)(H∗ (x, y)ϕ(y))∗dxdy = − ∫a(x)H(y, x)ϕ̄(y)dxdy

= − ∫a(y)H(x, y)ϕ̄(z)δ4(z − x)dxdy

and therefore, 

[a(z), λ(x, y)] = a(y)δ4(z − x)

This identity could also have been seen directly: 

[a(z), λ(x, y)] = [a(z), a(x)∗a(y)] = [a(z), a(x)∗ ]a(y) = δ4(z − x)a(y)

The quantum Ito formula 

dAt(ϕ)dAt(ψ)∗ =< ϕt |ψt > dt

can be expressed in quantum white noise distribution notation as 
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∫dAt(x)dAt(y)∗ ϕ̄(t, x)ψ(t, y)dxdy = dt. ∫ ϕ̄(t, x). ψ(t, x)dx

so that 

dAt(x). dAt(y)
∗ = δ3(x − y)dt,  x, y ∈ R3

Note that for ϕ ∈ L2(R4), we have 

At(ϕ) = a(ϕχ [ 0 , t ] ) = ∫ [ 0 , t ] × R3a(s, x)ϕ(s, x)dsdx

with  (s, x) ∈ R4. In particular, if  ϕ(t, x) = ϕ(x), x ∈ R3  (ie  ϕ ∈ L2(R3)  so that  ϕχ [ 0 , t ] ∈ L2(R4)) is

independent of t, we get 

At(ϕ) = ∫ [ 0 , t ] × R3a(s, x)ϕ(x)dx = ∫R3At(x)ϕ(x)dx

so that 

At(x) = ∫t0a(s, x)ds,  x ∈ R3

or equivalently, 

a(t, x) = dAt(x) /dt,  x ∈ R3

Also the relation 

a(x)∗a(y) = λ(x, y), x, y ∈ R4

can be used to show that 

dΛt(x, y) = dAt(x)
∗dAt(y) /dt, x, y ∈ R3

as follows. We start with 

(dAt(x) /dt)∗ (dAt(y) /dt) = a(t, x)∗a(t, y) = λ((t, x), (t, y)), t ∈ R, x, y ∈ R3

Thus, 

dAt(x)
∗dAt(y) /dt = dt. λ((t, x), (t, y))

Now, for H acting in L2(R3), 

Λt(H) = λ(H. χ [ 0 , t ] )

so that 

dΛt(H) /dt = λ(H. dχ [ 0 , t ] ) /dt) = λ(H. δt)

where 

δt(s) = δ(t − s)
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Now, 

λ(H. δt) = λ(∫ | x >< x |H. δt | y >< y | dxdy)

= ∫R4 × R4 < x |H. δt | y > λ( | x >< y | )dxdy

= ∫R × R3 × R × R3 < t1, x |H. δt | t2, y > λ( | t1, x >< t2, y | )dt1dxdt2dy

Now, 

< t1, x |Hδt | t2, y >= H(x, y) < t1 | δt | t2 >= H(x, y)∫δ(t1 − s)δ(t − s)δ(t2 − s)ds

= H(x, y)δ(t1 − t). δ(t2 − t), x, y ∈ R3

Therefore, 

λ(H. δt) = ∫λ( | t1, x >< t2, y | )H(x, y)δ(t1 − t)δ(t2 − t)dt1dt2dxdy

= ∫R3 × R3H(x, y)λ( | t, x >< t, y | )dxdy

This results in 

dΛt(x, y) /dt = λ((t, x), (t, y)), t ∈ R, x, y ∈ R3

On the other hand, we’ve seen above that 

dtλ((t, x), (t, y)) = dt. a(t, x)∗a(t, y) = dAt(x)
∗dAt(y) /dt

Therefore, we conclude that 

dΛt(x, y) = dt. dΛt(x, y) /dt = dt. λ((t, x), (t, y)) = dAt(x)
∗dAt(y) /dt

Note that in particular, we have 

Λt(x, y) = ∫t0λ((s, x), (s, y))ds

Now consider the quantum Lindblad noise term in the HPS equation with countably infinte degrees of

freedom: 

dW(t) = ∑
k

(L(k)dAt(ϕk) − M(k)∗dAt(ϕk)
∗ ) + ∑

k , j
S(k, j)dΛt( |ϕk >< ϕj | ))

where now ϕk ∈ L2(R3) so that ϕk. χ [ 0 , t ] ∈ L2(R4). As noted above, we can write 

At(ϕk) = a(ϕk. χ [ 0 , t ] ) = ∫ [ 0 , t ] × R3a(s, x)ϕ̄k(x)dsdx = ∫R3At(x)ϕ̄k(x)dx

At(ϕk)
∗ = ∫R3At(x)

∗ϕk(x)dx

Λt( |ϕk >< ϕj | ) = λ( |ϕk >< ϕj | χ [ 0 , t ] )

= ∫R3 × R3λ( | x >< y | χ [ 0 , t ] )ϕk(x)ϕ̄j(y)dxdy
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= ∫R3 × R3Λt(x, y)ϕk(x)ϕ̄j(y)dxdy

Thus, defining the “Lindblad operator fields” 

L(x) = ∑
k
L(k)ϕ̄k(x), L(x)∗ = ∑

k
L(k)∗ϕk(x), x ∈ R3

 

S(x, y) = ∑
k , j

S(k, j)ϕk(x)ϕj(y), x, y ∈ R3

we can express the Lindblad noise term in the language of quantum noise field processes as 

dW(t) = ∫R3(L(x)dAt(x) − M(x)∗dAt(x)
∗ )d3x + ∫R3 × R3S(x, y)dΛt(x, y)dxdy

Along the lines indicated by Timothy Eyre, we can also think of constructing supersymmetric

quantum noise. Specifically, if ϕk, k = 1, 2, . . .   is an orthonormal basis for  L2(R3), then we choose an

integer r > 0 and define the operator H in L2(R3) relative to this basis as 

H = diag[0r, I]

ie, 

H |ϕk >= 0, k = 1, 2, . . . , r, H |ϕk >= |ϕk > , k = r + 1, r + 2, . . .

Equivalently, 

H = ∑
k> r

|ϕk >< ϕk |

In other words, H  is the orthogonal projection in  L2(R3)  onto the subspace spanned by  |ϕk > , k > r.

Define 

G(t) = ( − 1)Λt (H ) = exp(iπλ(Hχ [ 0 , t ] )) = Γ(exp(iπH. χ [ 0 , t ] ))

in the language of Weyl operators or more precisely, the projective unitary Weyl representation

defined by its action on exponential vectors. We then define the supersymmetric noise processes 

dξab(t) = G(t)σ ( a , b )dΛa
b(t), a, b = 0, 1, 2, . . .

where A0(t) = t, Aa(t) = At(ϕa) = a(ϕaχ [ 0 , t ] ), a ≥ 1 

Λa
b(t) = dAb(t)

∗dAa(t) /dt
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6. Quantum neural network for synthesizing the line voltage and

current probability density by fine tuning of weights

First we make a small modification to the parallel component of the memristor line model. We assume

that the parallel memristors along the line each has a spatial width of  Δ  which is very small, ie,

comparable to dz. This means that the current through the parallel section between the spatial points z

 and z + dz is given by 

dz. G( − ∂zq(t, z). Δ)v(t, z) ≈ G(0)v(t, z)dz − G ′ (0)Δ. ∂zq(t, z)v(t, z)dz

We assume that G ′ (0)  is very large of the order of  1/Δ, so that G ′ (0)Δ  is a finite constant which we

denote by −G1. We denote G(0) by G0. Thus, taking into account line loading, we can express the line

equations as 

∂zv(t, z) + R0i(t, z) + L∂ti(t, z) + R1(q(t, z))i(t, z) = f1(z)dB1(t) /dt

∂zi(t, z) + G0v(t, z) + C∂tv(t, z) + G1∂zq(t, z)v(t, z) = f2(z)dB2(t) /dt

In terms of the real and imaginary parts of the Fourier series components of the line voltage and

current and line charge, these equations assume the form 

Dv(t) + Ldi(t) /dt + R0i(t) = − F1(q(t), i(t)) + f1dB1(t) /dt

Di(t) + Gv(t) + Cdv(t) /dt = − F2(q(t), v(t)) + f2dB2(t) /dt

or equivalently, in Ito stochastic differential form, 

di(t) = − ((D /L)v(t) + (R0 /L)i(t) + F1(q(t), i(t)))dt + f1dB1(t)

dv(t) = − ((D /C)i(t) + (G /C)v(t) + F2(q(t), v(t)))dt + f2dB2(t)

where  F1 /L  has been denoted by  F1  and  F2 /C  has been denoted by  F2. These equations are to be

supplemented with 

dq(t) = i(t)dt

In short, the state vector 

ξ(t) = [v(t)T, q(t)T, i(t)T]T

satisfies an Ito stochastic differential equation of the form 

dξ(t) = (A0ξ(t) + δ. F(ξ(t)))dt + H. dB(t)
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where the constant matrix A0 is built out of D /L, R0 /L, D /C, G /C and the nonlinearity δ. F is built out of 

F1, F2, namely the nonlinearities that characterize the series and parallel memristors. We are assuming

that the effect of the series and parallel memristors is small and hence we can introduce a small

perturbation parameter δ that characterizes the degree of this smallness. Finally, the constant matrix 

H  is built out of the matrices  f1, f2  which in turn are built using the Fourier series coefficients of the

functions  f1(z), f2(z). The pdf  f(t, ξ) = f(t, v, q, i)  satisfies the Fokker-Planck or forward Kolmogorov

equation 

∂tf(t, ξ) = − ∇T
ξ [(A0ξ + δ. F(ξ))f(t, ξ)] + (1 /2)Tr(HHT

∇ξ∇
T
ξ f(t, ξ))

The aim is to design the potential field of a multidimensional Schrodinger equation for which the

magnitude square of the wave function will track this pdf. More generally, we can use the Hamiltonian

and the Lindblad operators of an open quantum system as our weights to be adapted so that the

evolving mixed state that defines a probability density for an appropriate observable tracks this

desired line pdf. This can be achieved by using the Belvakin filter whose output is the conditional

expectation of an evolving observable given the measured output process derived from the

measurement model 

dYok(t) = jt( − c̄(k)Lk − c(k)L∗k ) + dYik(t)

with the c(k), Lk selected so that it corresponds to the measuremnent of the line voltage and current of

the quantum system (ie a quantum transmission line) at a finite discrete set of points. The Belavkin

filter in the state formalism would then give the evolving conditional expectation of the quantum

mixed state given these output measurements.

After this training stage, suppose we take another line on which some additional small disturbance

has occurred. Then, we extract out an extra signal from this line that is correlated with this

disturbance and model this extra signal by a measurement noise corrupted version of a function of the

line voltage and current and design an extended Belavkin filter to provide fine tuned estimates of the

Hamiltonian and Lindblad parameters taking into account this additional measurement. In other

words, during the training stage, we estimate the state given noisy measurements of the line voltage

and current and during the testing state, we fine tune the state estimate by constructing a further

conditional expectation given signal measurements that are strongly correlated with the additional

attack/disturbance on the system.
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7. The effect of quantum stochastic noise fields in the computation

of quantum effective action and also in the computation of the

evolution of the state of a quantum system

We note that most of the classical action functionals of free Boson and Fermion fields can be cast in

the form 

S[A] = ∫A(x)K(x, y)A(y)d4xd4y

or if there are vector or spinor indices in the field, 

S[A] = ∫Aμ(x)Kμν(x, y)Aν(y)d
4xd4y

For example, consider the Maxwell photon field in a background gravitational field: 

S[A] = ( − 1/4)∫Fμν(x)Fμν(x)√−g(x)d4x

= ( − 1/4)∫gμαgνβ√−gFμνFαβd
4x

where 

Fμν = Aν ,μ − Aμ , ν

Aμ(x) are taken as the position fields. Note that we can always add a gauge fixing term to this action

without affecting the physics: 

S[A] → S[A] + a. ∫ (∂μ(A
μ√−g))2( − g) − 1 / 2d4x

Note that the above gauge fixing term is indeed a scalar according to general relativity because 

(∂μ(A
μ√−g))2( − g) − 1 / 2 = (Aμ:μ)

2√−g

We have in the absence of the gauge fixing term, 

S[A] = ∫ (Pμναβ(Aν ,μAβ ,α − Aμ , νAβ ,α)d4x

= ∫ (Pμναβ − Pνμαβ)Aν ,μAβ ,αd
4x

where 

Pμναβ(x) = ( − 1/2)gμαgνβ√−g(x)

We define 

Qμναβ = Pμναβ − Pνμαβ
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Using integration by parts, we have 

S[A] = ∫QμναβAν ,μAβ ,αd
4x

−∫Aν(x)∂xμ(Qμναβ(x)∂xαδ
4(x − y))Aβ(y)d

4xd4y

= ∫Aν(x)Kνβ(x, y)Aβ(y)d
4xd4y

where 

Kνβ(x, y) = − ∂xμ(Q
μναβ(x)∂xαδ

4(x − y))

If the above gauge fixing term is taken into account, then we can still express the action in the above

form but with 

Kνβ(x, y) = − ∂xμ(Q
μναβ(x)∂xαδ

4(x − y)) − a. gμν(x)√−g(x)∂xμ[√−g(x)∂xα(gαβ(x)√−g(x)δ4(x − y))( − g(x)) − 1 / 2)]

Now consider adding quantum white noise terms in the position field to this electromagnetic action:

Let  aμ(x), x ∈ R4  denote the quantum annihilation white noise field and  aμ(x)
∗ , x ∈ R4  the

corresponding quantum creation white noise field. They satisfy the CCR 

[aμ(x), aν(y)
∗ ] = ημνδ

4(x − y)

assuming that the space-time manifold is flat. In order to define the quantum white noise fields in

curved space-time, we note that if we introduce the tetrad Vaμ(x) of the metric field, then we have 

ηabV
a
μ(x)V

b
ν(x) = gμν(x)

and hence defining 

bμ(x) = ak(x)V
k
μ(x)

and then 

[bμ(x), bν(y)
∗ ] = ηkmV

k
μ(x)V

m
ν (y)δ4(x − y) = gμν(x)δ

4(x − y), x, y ∈ R4

Note that this equation is still not diffeomorphic invariant. In order to make it so, we modify the noisy

CCR to 

[bμ(x), bν(y)
∗ ] = f(x)gμν(x)δ

4(x − y)

If under a space-time coordinate diffeomorphism xμ → x̄μ, we define with 

Tαμ = ∂x̄α /∂xμ

then we get assuming that f(x) transforms to f̄(x̄), 
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f(x)gμν(x)δ
45(x − y) = [bμ(x), bν(y)

∗ ] = [Tαμ(x)b̄α(x̄), Tβν(y)b̄β(ȳ)
∗ ] =

Tαμ(x)Tβν(y)f̄(x̄)ḡμν(x̄)δ
4(x̄ − ȳ)

8. Adding Bosonic and Fermionic noise to a general Hamiltonian

system with an example from quantum electrodynamics

The Hamiltonian can be expressed as 

H = H1(Q, P) + H2(q, p) + H3(Q, P, q, p)

where  (Q, P)  are position and momentum variables of the Bosonic system,  (q, p)  are position and

momentum variables for the Fermionic system and H3  is the interaction Hamiltonian between the

Bosonic and Fermionic systems. As an example, we consider the Lagrangian functional in qed:

L = (1/2)∫ ( − (curlA)2 + (∂tA)2)d3x + ∫ ψ̄. (iγ. ∂ − m)ψd3x + e∫ ψ̄(γ. A)ψd3x

A is the Bosonic position field, ψ is the Fermionic position field, 

P = δL /δ∂tA = ∂tA

 is the Bosonic momentum field, 

p = δL /δ∂tψ = iψ∗

 is the Fermionic momentum field and the total Hamiltonian can be expressed as 

H = ∫P. ∂tAd
3x + ∫p. ∂tψ. d3x − L

= (1/2)∫ (P2 + (curlA)2)d3x + ∫ψ∗ ((α, − i∇) + βm)ψ + e∫ψ∗ (α, A)ψ. d3x

= (1/2)∫ (P2 + (curlA)2)d3x − i∫pT. ((α, − i∇) + βm)ψ. d3x − ie∫pT(α, A)ψ. d3x

Here, A is the magnetic vector potential 3-vector. Writing Q = A, q = ψ, we can equivalently express this

as 

H = (1/2)∫ (P2 + (curlQ)2)d3x − i∫pT. ((α, − i∇) + βm)q. d3x − ie∫pT(α, Q)q. d3x

We can thus identify the Bosonic, Fermionic and interaction Hamiltonians respectively as 

H1(Q, P) = (1 /2)∫ (P2 + (curlQ)2)d3x

H2(q, p) = Im(∫pT. ((α, − i∇) + βm)q. d3x)

H3(Q, P, q, p) = H3(Q, q, p) = e. Im(∫pT(α, Q)q. d3x)
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Note that Q, P, q, p are to be regarded as Hermitian operators in an appropriate tensor product of Boson

and Fermion Fock space. They satisfy respectively the CCR and CAR 

[Q(t, x), P(t, x ′ )] = iδ3(x − x ′ ), {q(t, x), p(t, x ′ )} = iδ3(x − x ′ )

[Q(t, x), Q(t, x ′ )] = [P(t, x), P(t, x ′ )] = 0, {q(t, x), q(t, x ′ )} = {p(t, x), p(t, x ′ )} = 0

[Q(t, x), q(t, x ′ )] = [Q(t, x), p(t, x ′ )] = [P(t, x), q(t, x ′ )] = [P(t, x), p(t, x ′ )] = 0

While calculating the amplitudes for various scattering, absorption and emission processes of

photons, electrons and positrons using the Feynman path integral, we must use the Bosonic path

integral w.r.t Q and the Fermionic Berezin path integral w.r.t q.

Remark: More precisely, the Fermionic position fields q are to be taken as the real and imaginary parts

of the wave operator field ψ and likewise, the corresponding Fermionic momentum fields p are to be

taken as the real and imaginary parts of  iψ∗   or equivalently, as the imaginary and real parts of ψ

  respectively. It follows therefore that this is a constrained Hamiltonian problem with constraints

given by 

pR = qI, pI = qR

Of course, these constraints are compatible with the CAR 

{qR(t, x), pR(t, x ′ )} = iδ3(x − x ′ ), {qI(t, x), pI(t, x
′ )} = iδ3(x − x ′ )

Now, given the total Bosonic and Fermionic Hamiltonian as H(Q, P, q, p), we can add quantum noise to

this Hamiltonian by replacing  Qa  with  c(a, b)dAb(t) /dt + c̄(a, b)dA∗b (t) /dt  and  qa  with 

d(a, b)dJa(t) /dt + d̄(a, b)dJ∗a (t) /dt where Aa(t) are the Bosonic annihilation processes A∗a (t) are the creation

processes, and  dJa(t) = ( − 1)Λ ( t )dAa(t)  are the Fermionic annihilation processes with  Λ(t) = λ(I. χ [ 0 , t ] ).

These processes satisfy respectively the CCR and CAR: 

[Aa(t), Ab(s)
∗ ] = min(t, s)δ(a, b), {Ja(t), Jb(s)

∗} = min(t, s)δ(a, b),

[Aa(t), Ab(s)] = [Aa(t), Jb(s)] = [Aa(t)
∗ , Jb(s)] = 0

If instead, we deal with quantum field theories, wherein Qa(t, x), Pa(t, x), qa(t, x), qa(t, x)  are the Bosonic

position momentum and Fermionic position and momentum fields, then we would have to add

quantum noise to this theory in the following form: 

Qa(t, x) → Qa(t, x) + ca(t, x)dAa(t, x) /dt + c̄a(t, x)dAa(t, x)
∗ /dt

qa(t, x) → qa(t, x) + da(t, x)dJa(t, x) /dt + d̄a(t, x)dJa(t, x)
∗ /dt

Note that the conservation process field is given by 
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dΛt(a, x; b, y) = dAb(t, x)
∗dAa(t, y) /dt, a, b ≥ 1, x, y ∈ R3, a, b ≥ 1

The quantum Ito formulas read 

dAa(t, x)dAb(t, y)
∗ = dt. δ(a, b)δ3(x − y)

so that 

dΛt(a, x; b, y)dAc(t, z)
∗ = dAb(t, y)

∗dAa(t, x)dAc(t, z)
∗ /dt = dAb(t, y)

∗δ(a, c)δ3(x − z)

or equivalently, in terms of ϕ, ψ, χ ∈ L2(R3), 

dΛt(a, ϕ; b, ψ)dAc(t, χ)
∗ = dAb(t, y)

∗δ(a, c)δ3(x − z)ψ(y)ϕ̄(x)χ(z)d3xd3z

 

= δ(a, c) < ϕ | χ > . dAb(t, ψ)

9. Some versions of supersymmetric quantum stochastic processes

Consider first the generalized noise processes  Λa
b(t), a, b = 0, 1, . . . , N  where 

Λ0
0(t) = t, Λa

0(t) = Aa(t), Λ0
a(t) = Aa(t)

∗   and  Λa
b(t) = λ( | eb >< ea | χ [ 0 , t ] ), a, b = 1, 2, . . . , .   where  | ea > , a = 1, 2, . . . ,

 is an onb for L2(R3). More generally, with x, y ∈ R4, we have 

λ(x, y) = λ( | x >< y | ) = ∑
n ,m

< ϕn | x >< y |ϕm > a(ϕn)
∗a(ϕm)

= ∑
n ,m

a(ϕn)
∗a(ϕm)ϕ̄n(x)ϕm(y)

= a(∑
n

|ϕn >< ϕn | x > )∗ . a(∑
m

|ϕm >< ϕm | y > ) = a( | x > )∗a( | y > ) = a(x)∗a(y)

where  |ϕn > , n = 1, 2, . . .  is an onb for L2(R4).

Now if H is an operator in L2(R3), we have 

Λt(H) = λ(Ht) = λ(H. χ [ 0 , t ] )

= λ( ∑
a , b≥ 1

| ea >< ea |H | eb >< eb | χ [ 0 , t ] )

= ∑
a , b≥ 1

λ( | ea >< eb | χ [ 0 , t ] ) < ea |H | eb >

= ∑
a , b≥ 1

Λb
a(t)H(a, b)

where now 

H(a, b) =< ea |H | eb > , a, b, ≥ 1
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If we extend this definition by setting H(0, 0) = c, H(a, 0) = ma, H(0, b) = n̄b, a, b ≥ 1 and put e0 = 1, then we

can formally write 

λ(H. χ [ 0 , t ] ) = λ( ∑
a , b≥ 0

H(a, b) | ea >< eb | . χ [ 0 , t ] )

= H(0, 0)t + ∑
a
H(a, 0)Aa(t)

∗ + ∑
b
H(0, b)Ab(t) + ∑

a , b≥ 1
H(a, b)Λb

a(t)

= ct + At(m)∗ + At(n) + Λt(H)

where H = ((H(a, b)))a , b≥ 1.

Note that more generally, if H is an operator in L2(R4), we have 

λ(H) = ∑
a , b≥ 1

λ( |ϕa >< ϕb | )H(a, b)

where now 

H(a, b) =< ϕa |H |ϕb > , a, b ≥ 1

We define for H an operator in L2(R3), 

G(t, H) = Γ(exp(Ht)) = W(0, exp(Ht)), Ht = H. χ [ 0 , t ]

 Note that the family G(t, H), t ≥ 0 forms a commutative family of operators in the Boson Fock space 

Γs(L
2(R3) ⊗ L2(R + )) = Γs(L

2(R3 × R + ))

and that if H is skew-Hermitian, then all the operators in this family are unitary. Let 

Λt(K) = ∑
a , b≥ 0

K(a, b)Λb
a(t) = K(0, 0)t + K(0, b)Ab(t) + K(a, 0)Aa(t)

∗ + ∑
a , b≥ 1

K(a, b)Λb
a(t)

where K = ((K(a, b)))a , b≥ 0 or equivalently, K corresponds to the operator  ∑a , b≥ 0K(a, b) | ea >< eb |  in L2(R3).

Now, define 

dξt(H, K) = G(t, H)dΛt(K)

or equivalently, 

ξt(H, K) = ∫t0G(s, H)dΛs(K), t ≥ 0

 For s < t, we have the obviously proven identities 

< e(v) | dξt(H, K1). dξs(H, K2)) | e(u) >=

< e(v) | Γ(Ht). Γ(Hs) | e(u) >< v(s) | exp(H)K2 | u(s) >< v(t) |K1 | u(t) > dtds

< e(v) | dξs(H, K2). dξt(H, K1) | e(u) >
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=< e(v) | Γ(Ht)Γ(Hs) | e(u) >< v(s) |K2. exp(H) | u(s) >< v(t) |K1 | u(t) > dtds

This means that (again, keeping in mind s < t and u0(t) = 1), for a, b, c, d ≥ 0, 

< e(v) | Γ(Ht). dΛa
b(t). Γ(Hs). dΛc

d(s) | e(u) >=

ua(t). v̄b(t)dt < e(v) | Γ(Ht)Γ(Hs) | e(u) > uc(s)(exp(H)∗ v̄(s))dds

=< e(v) | Γ(Ht)Γ(Hs) | e(u) > . (exp(H)∗ v̄(s))d. uc(s). v̄b(t)ua(t)dtds

and 

< e(v) | Γ(Hs). dΛc
d(s). Γ(Ht). dΛa

b(t) | e(u) >=

< e(v) | Γ(Ht). Γ(Hs) | e(u) > . v̄d(s)(exp(H)u(s))c. v̄b(t)ua(t)dtds

Multiplying these equations by K1(b, a)K2(d, c) and summing over all a, b, c, d ≥ 0, we get 

< e(v) | Γ(Ht)dΛt(K1). Γ(Hs)dΛs(K2) | e(u) >=

< e(v) | Γ(Ht). Γ(Hs) | e(u) > ∑
a , b≥ 0

(K1(b, a)v̄b(t)ua(t)). ( ∑
c , d≥ 0

K2(d, c)(exp(H)∗ v̄(s))duc(s))dtds

=< e(v) | Γ(Ht). Γ(Hs) | e(u) >< v(t) |K1 | u(t) > . < v(s) | exp(H)K2 | u(s) > dtds

and likewise, 

< e(v) | Γ(Hs)dΛs(K2). Γ(Ht)dAt(K1) | e(u) >

=< e(v) | Γ(Ht)Γ(Hs) | e(u) >< v(s) |K2. exp(H) | u(s) >< v(t) |K1 | u(t) > dtds

Note that  u0(t) = 1  and  ua(t), a ≥ 1  are complex functions on  R +   such that  ∑a≥ 1∫∞
0 | ua(t) | 2dt =∥ u ∥2 < ∞.

Then, 

< e(v) | dΛt(K) | e(u) > / < e(v) | e(u) >= [K(0, 0) + ∑
a≥ 1

K(0, a)ua(t) + ∑
b≥ 1

K(b, 0)v̄b(t)

+ ∑
a , b≥ 1

K(a, b)ua(t)ūb(t)]dt

The expression on the rhs is abbreviated as 

< v(t) |K | u(t) >

ie, it is the same as 

[1, v(t)]∗K[1, u(t)T]T

where v(t) = ((va(t)))a≥ 1, u(t) = ((ua(t)))a≥ 1 and K = ((K(a, b)))a , b≥ 0.

We then deduce that for s < t, 

< e(v) | Γ(Ht)dΛt(K1). Γ(Hs)dΛs(K2) | e(u) >

< e(v) | Γ(Hs)dΛs(K2). Γ(Ht)dAt(K1) | e(u) >
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=
< v(s) | exp(H). K2 | u(s) >

< v(s) |K2. exp(H) | u(s) >

or equivalently, 

< e(v) | dξt(H, K1). dξs(H, K2) | e(u) >

< e(v) | dξs(H, K2). dξt(H, K1) | e(u) >

=
< v(s) | exp(H). K2 | u(s) >

< v(s) |K2. exp(H) | u(s) >

Of course, if  q  is any complex number, we also deduce on defining the "q  commutator" between

operators A, B 

[A, B]q = AB − qBA

that for s < t, 

< e(v) | [dξt(H, K1), dξs(H, K2)]q | e(u) >= dtds < e(v) | Γ(Ht)Γ(H2) | e(u) >< v(s) | [exp(H), K2]q | u(s) >

In particular, suppose that we are able to find q2 = q2(H, K2) such that 

[exp(H), K2]q2
= 0

then we get 

< e(v) | [dξt(H, K1), dξs(H, K2)]q2
| e(u) >= 0, s < t

and suppose we find q1 = q1(H, K1) such that 

[exp(H), K1]q1
= 0

then, 

< e(v) | [dξs(H, K2), dξt(H, K1)]q1
| e(u) >= 0, s > t

or equivalently, 

< e(v) | [dξt(H, K1), dξs(H, K2)]1 / q1
| e(u) >= 0, s > t

In the particular case, when 1/q1 = q2 = q for given matrices H, K1, K2, we get 

< e(v) | [dξt(H, K1), dξs(H, K2)]q | e(u) >= 0, t ≠ s

Further, it is immediate from quantum Ito’s formula that 

dξt(H, K1). dξt(H, K2) = Γ(Ht)
2dΛt(K1). dΛt(K2) =

= Γ(Ht)
2K1(a, b)K2(c, d)dΛb

a(t). dΛd
c(t)

= Γ(Ht)
2K1(a, b)K2(c, d)ϵbcdΛd

a(t)
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= Γ(Ht)
2(K1. ϵ. K2)(a, d)dΛd

a(t) = Γ(Ht)
2dΛt(K1. ϵ. K2) = dξt(H

2, K1. ϵ. K2)

This immediately yields, for all t, s > 0 

< e(v) | [ξt(H, K1), ξs(H, K2)]q | e(u) >=

< e(v) | ξmin ( t , s ) (H2, K1. ϵ. K2 − q. K2. ϵ. K1) | e(u) >

so that we deduce a "q-commutator Lie algebra": 

[ξt(H, K1), ξs(H, K2)]q = ξmin ( t , s ) (H2, K1. ϵ. K2 − q. K2. ϵ. K1), t, s ≥ 0

This identity is easily generalized further to the case when H1, H2  are two commuting operators in 

L2(R3) and q is a complex number such that 

[exp(H1), K2]q = [K1, exp(H2)]q = 0

then 

[ξt(H1, K1), ξs(H2, K2)]q = ξmin ( t , s ) (H1H2, K1. ϵ. K2 − q. K2. ϵ. K1), t, s ≥ 0

Now, let us consider how these results can be applied to formulate a supersymmetric quantum noisy

field theory. For the basics of supersymmetric field theory and supersymmetric quantum stochastic

processes, we refer to[3] and[4].

Suppose ϕa
b(t, x) form supersymmetric quantum fields with a, b ≥ 0 such that if σ(a, b) = 0, ϕa

b describes a

Boson field and if  σ(a, b) = 1, ϕa
b  describes a Fermionic quantum field. After adding supersymmetric

quantum noise to this quantum field, we wish to write down the field equations. Specifically, assume

that the action functional for this supersymmetric field has the form 

S[ϕ] = ∫ ϕ̄
a
b(t, x)M(x, y | a, b, c, d)ϕc

d(t, y)d
3xd3ydt

We have defined the quantum noise processes  ξt(H, K). We specialize to the supersymmetric case by

taking H0 = diag[0r, I] so that 

G(t, H0) = Γ(H0t) = ( − 1)Λt (H0 ) = W(0, exp(iπH0t))

Then, we can write for any operator H in L2(R3), 

dΛt(H) /dt = ∫ < x |H | y > dΛt( | x >< y | ) /dtd3xd3y = ∫H(x, y)a(t, x)∗a(t, y)d3xd3y

= ∫H(x, y)(dAt(x) /dt)∗ (dAt(y) /dt)d3xd3y

In other words, we can write 

dΛt( | x >< y | ) /dt = (dAt(x) /dt)∗ (dAt(y) /dt), x, y ∈ R3
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Writing 

G(t) = Γ(H0t) = G(t, H0)

we can define the supersymmetric processes 

dξab(t) = G(t)σ ( a , b )dΛa
b(t), a, b ≥ 0

It is clear that this can be expressed as 

dξab(t) /dt = (dξb(t) /dt). dξa(t) /dt

where 

dξa(t) = G(t)σ ( a )dAa(t) = G(t)σ ( a )dΛa
0(t)

dξb(t) = G(t)σ ( b )dA∗b (t) = G(t)σ ( b )dΛ0
b(t) = (dξa(t))∗

where a, b ≥ 0. Generalizing this to quantum noisy fields, we have with en(x), n ≥ 1 denoting as earlier,

an onb for L2(R3) and fa, a = 1, 2, . . . , N an onb for CN, 

dΛt(b, x | a, y) = dΛa
b(t, x, y) /dt = (dA∗b (t, x) /dt). (dAa(t, y) /dt), x, y ∈ R3, a, b = 0, 1, . . . , N

and 

dΛt(f, x | g, y) /dt =< fb | f >< g | fa > dΛa
b(t, x, y) /dt

dΛt(f, ϕ | g, ψ) /dt =< g | fa >< fb | f > ∫ < ϕ | x >< y |ψ > (dΛa
b(t, x, y) /dt)d3xd3y

=< g | fa >< fb | f > ∫ ϕ̄(x)ψ(y)(dΛa
b(t, x, y) /dt)d3xd3y

= dΛt(g ⊗ ϕ | f ⊗ ψ) /dt

dξab(t, x, y) /dt = G(t)σ ( a , b )dΛa
b(t, x, y) /dt = G(t)σ ( a , b ) (dA∗b (t, x) /dt). (dAa(t, y) /dt), a, b = 0, 1, . . . , N

The quantum Ito formula then reads 

dΛa
b(t, x, y). dΛc

d(t, x
′ , y ′ ) = ϵad. δ

3(y − x ′ )dΛc
b(t, x, y

′ ) /dt

In particular, 

dAa(t, x). dAb(t, y)
∗ = δabδ

3(x − y)dt, a, b = 1, 2, . . . , N

and, 

dξa(t, x) = G(t)σ ( a )dAa(t, x) /dt

dξb(t, x) /dt = G(t)σ ( b )dA∗b (t, x) /dt

so that 
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dξa(t, x). dξb(t, y) = δab. δ
3(x − y)dt, a, b = 1, 2, . . . , n

and the supercommutation relations then read 

dξab(t, x, y). dξ
c
d(t, x

′ , y ′ ) − ( − 1)σ ( a , b ) σ ( c , d )dξcd(t, x
′ , y ′ ). dξab(t, x, y) =

ϵadδ
3(y − x ′ ). dξcb(t, x, y

′ ) − ( − 1)σ ( a , b ) . σ ( c , d )ϵcbδ
3(y ′ − x)dξad(t, x

′ , y)

dξab(t, x, y) = dξb(t, x). dξ
a(t, y) /dt

or equivalently, 

dξab(t, x, y) /dt = (dξb(t, x) /dt). dξa(t, y) /dt = (dξb(t, x) /dt)∗ (dξa(t, x) /dt)

= G(t)σ ( b ) (dAb(t, x)
∗ /dt). G(t)σ ( a ) (dAa(t, y) /dt)

= G(t)σ ( a ) + σ ( b ) (dAb(t, x) /dt)∗ . (dAa(t, y) /dt)

= G(t)σ ( a , b )dΛa
b(t, x, y) /dt

Now, the supersymmetric action functional 

S0[ϕ] = ∫ϕa(t, x)∗M(x, y | a, b)ϕb(t, y)d3xd3ydt

after taking into account supersymmetric noise gets modified to 

S[ϕ] = (S0 + δS)[ϕ] = ∫ (ϕa(t, x)∗ + dξa(t, x) /dt). M(t, x, t ′ , y | a, b). (ϕb(t ′ , y) +dξ
b(t ′ , y) /dt)d3xd3ydtdt ′

= ∫ϕa(t, x)∗M(t, x, t ′ , y | a, b)ϕb(t ′ , y)d3xd3ydtdt ′ +

+∫ϕa(t, x)∗M(t, x, t ′ , y | a, b)(dξb(t ′ , y) /dt)d3xd3ydtdt ′ + ∫ (dξa(t, x) /dt)M(t, x, t ′ , y | a, b)ϕb(t ′ , y)d3xd3ydtdt ′

+(M(t, x, t ′ , y | a, b)(dξa(t, x) /dt). (dξb(t ′ , y) /dt)d3xd3ydtdt ′

Note that ϕa(t, x) are Bosonic fields for a = 1, 2, . . . , r and Fermionic for a = r + 1, . . . , N, just as ξa(t, x) are

Bosonic fields for  a = 1, 2, . . . , r  and Fermionic for  a = r + 1, . . . , N. Note that 

σ(a) = 0, a = 1, 2, . . . , r, σ(a) = 1, a = r + 1, . . . , N so that since σ(a, b) = σ(a) + σ(b) modulo 2, we can write 

((σ(a, b)))1 ≤a , b≤N = diag[0r, IN− r]

Thus, writing 

ϕa(t, x) = ϕa(t, x)∗

and recalling that 

dξab(t, x, y) /dt = (dξb(t, x) /dt). (dξa(t, y) /dt

we get our formula for the noisy supersymmetric action as 

S = S0[ϕ] + δS[ϕ]
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where 

S0[ϕ] = ∫ϕa(t, x)∗M(t, x, t ′ , y | a, b)ϕb(t ′ , y)d3xd3ydtdt ′

δS[ϕ] =

+∫ϕa(t, x)M(t, x, t ′ , y | a, b)(dξb(t ′ , y) /dt)d3xd3ydtdt ′ + ∫ (dξa(t, x) /dt)M(t, x, t ′ , y | a, b)ϕb(t ′ , y)d3xd3ydtdt ′

+∫M(t, x, t, y | a, b)(dξba(t, x, y) /dt)d3xd3ydt

The fundamental problem in computing the quantum effective action for the supersymmetric fields 

ϕa(t, x), a = 1, 2, . . . , N in the presence of quantum noise now gets modified to the problem of computing

the TPCP evolution of a mixed state on field space in the presence of quantum noise by means of the

Feynman path integral: 

ρT(ϕT, ψT) =< χ(u) | ∫exp(iST[ϕ]). ρ0(ϕ0, ψ0). exp( − iST[ψ])Dϕ(0, T). Dϕ∗ (0, T)Dψ(0, T)Dψ∗ (0, T) | χ(u) >

This computation in the purely Bosonic case can be evaluated in closed form based on the formula for 

< χ(u) | exp(a(ϕ) + a(ψ)∗ + λ(H)) | χ(u) >

where  χ(u)  is a normalized coherent state. Note that in the purely Bosonic case, the noisy action

functional is given by 

S[ϕ] = ∫ (ϕa(t, x) + dAa(t, x)
∗ /dt). M(t, x, t ′ , y | a, b). (ϕb(t ′ , y) + dAb(t

′ , y) /dt)dtdt ′d3xd3y

S0[ϕ] + δS[ϕ]

 where 

S0[ϕ] = ∫ϕa(t, x). M(t, x, t ′ , y | a, b). ϕb(t ′ , y)dtdt ′d3xd3y

δS[ϕ] =

+∫ϕa(t, x)M(t, x, t ′ , y | a, b)(dAb(t
′ , y) /dt)d3xd3ydtdt ′ + ∫ (dAa(t, x) /dt)M(t, x, t ′ , y | a, b)ϕb(t ′ , y)d3xd3ydtdt ′

+∫M(t, x, t, y | a, b)(dΛb
a(t, x, y) /dt)d3xd3ydt

= a(ψ1) + a(ψ2)∗ + λ(H)

 where 

ψb
1(t ′ , y)∗ = ∫M(t, x, t ′ , y | a, b)ϕa(t, x)d

3xdt

 or equivalently, 

ψb
1(t ′ , y) = ∫M̄(t, x, t ′ , y | a, b)ϕa(t, x)d3xdt = ∫M(t ′ , y, t, x | b, a)ϕa(t, x)d3xdt = (Mϕ)b(t ′ , y)
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ψa
2(t, x) = ∫M(t, x, t ′ , y | a, b)ϕb(t ′ , y)d3ydt ′ = (Mϕ)a(t, x)

 or in short, 

ψ1 = ψ2 = Mϕ

 ie 

ψ1(t, x) = ψ2(t, x) = Mϕ(t, x)

 ie, 

ψa
1(t, x) = ψa

2(t, x) = (Mϕ)a(t, x)

 and finally, 

λ(H) = ∫M(t, x, t, y | a, b)(dΛb
a(t, x, y) /dt)d3xd3ydt

 so that 

H(t, x, a | t ′ , y, b) = M(t, x, t, y | a, b)δ(t − t ′ ) = Hb
a(t, x, t

′ , y)

 so that 

λ(H) = ∫H(t, x, a | t ′ , y, b)aa(t, x)
∗ab(t

′ , y)dt ′d3ydtd3x =

 

∫H(t, x, a | t ′ , y, b)λ(a, t, x | b, t ′ , y)dt ′d3ydtd3x

Remark: 

∫M(t, x, t ′ , y | a, b)aa(t, x)
∗ab(t

′ , y)dtd3xdt ′d3y

= ∫t≠ t ′M(t, x, t ′ , y | a, b)(dAa(t, x) /dt)∗ (dAb(t, y) /dt)dtd3xdt ′d3y ′

+∫t= t ′M(t, x, t ′ , y | a, b)(dΛb
a(t, x, y) /dt)d3xd3ydtdt ′

We assume that the kernel M(t, x, t ′ , y | a, b) has support at t = t ′ , ie, it is expressible as 

M(t, x, t ′ , y | a, b) =
q

∑
r= 0

Mr(t, x, y | a, b)δ ( r ) (t − t ′ )

 for some finite positive integer q. In that case, the first term 

∫t≠ t ′M(t, x, t ′ , y | a, b)(dAa(t, x) /dt)∗ (dAb(t, y) /dt)dtd3xdt ′d3y ′

 vanishes and we are left with the second term only. Therefore, in such a case, we have 

∫t= t ′M(t, x, t ′ , y | a, b)(dΛb
a(t, x, y) /dt)d3xd3ydtdt ′ = ∫M(t, x, t ′ , y | a, b)(dΛb

a(t, x, y) /dt)d3xd3ydtdt ′
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  Such a singularity w.r.t the time coordinate holds for almost all the known field theories like

electromagnetism, scalar Klein-Gordon field, vector Boson fields, Dirac field, Yang-Mills non-Abelian

gauge fields and gravity in general relativity.

10. Conclusions

We have formulated a quantum version of nonlinear transmission line theory based on open quantum

systems and the quantum master equation based on a Hamiltonian for the transmission line to

account for inductance and capacitance distributed parameters and Lindblad operators to account for

resistive loss as well as loss, memory and nonlinear effects from distributed memristor parameters.

We have then explained how random line loading in the classical sense can also be quantized in the

from of quantum stochastic differential equations for the line voltage, charge and current using the

formulation of Hudson and Parthasarathy. We have explained how line parameters, voltage and

current can be estimated using quantum filtering theory as first formulated by Belavkin and finally

polished and presented by John Gough and his colleagues. We have included a short digression on

quantum neural networks on how to use the quantum master equation to track the joint probability

distribution of the line voltage and current hence how to simulate the transmission line with random

loading using a quantum mechanical model. Since the transmission line describes a quantum field in

one space and one time dimension, a natural question to ask is how quantum noise can be

incorporated in standard Bosonic, Fermionic and supersymmetric quantum field theories in one time

and three space dimensions. We have provided some suggestions in this regard, once again using the

Hudson-Parthasarathy quantum stochastic calculus.
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