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 11 
Abstract 12 
The geodynamo is crucial for the activity of Earth’s outer core, which is mainly made 13 
of fluid iron. The ab initio molecular dynamics were adopted on the calculations of 14 
ion-ion dynamic structure factors and the equations of states of pure iron under 15 
Earth’s core condition. The calculated static structure factors, ion-ion dynamic 16 
structure factors, and dispersion curve of pure iron were consistent with the reported 17 
in situ x-ray diffraction and inelastic x-ray scattering measurements. A multivariate 18 
polynomial method based on the ab initio calculated pressure-volume-temperature 19 
data was proposed in the formulation of the equations of states with high accuracy, by 20 
which the pressure and temperature dependent thermoelastic properties can be directly 21 
calculated by definitions. From the isentropic profiles in the Earth’s outer core, the 22 
iron exhibited about 10% higher density, 7% lower sound velocity, and an almost 23 
identical adiabatic bulk modulus when compared to the preliminary reference Earth 24 
model. The adiabatic sound velocities calculated by dynamic structure factors and the 25 
equations of states methods were physically equivalent. However, the sound velocity 26 
of iron calculated by the fitted equation of state is about 5% lower than that by the 27 
dynamic structure factors method. 28 
 29 
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calculation 31 
 32 
1. Introduction 33 
The equations of states (EOS), longitudinal sound velocity (VP), and density are of 34 
great importance to in understanding Earth’s and terrestrial planets’ core composition 35 
behavior. The VP is a crucial physical quantity and directly correlated with the seismic 36 
wave. The dynamic structure factor is also crucial for the x-ray experiment to get an 37 
insight into the properties of matter and was recently reported to get the EOS of liquid 38 
Fe liquid experimentally (Kuwayama et al., 2020). Here, we calculate the dynamic 39 
structure factors and EOS by ab initio molecular dynamic simulations separately and 40 
compared the numerical accuracy of VP derived from both the calculated dynamic 41 
structures factors and EOS methods. 42 
 43 
The calculation of VP is usually derived from the EOS or elastic constants. The 44 
elasticity and VP of Earth’s interiors were first established by Birch (Birch, 1952), and 45 
the definitions of the thermoelastic properties were supplied. Then, the 46 
Birch-Murnaghan finite strain EOS of Fe were presented based on the ultrasonic, 47 
thermal expansion, and enthalpy data at 1 bar and on pulse-heating and shock wave 48 
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compression and sound speed data up to 10 Mbar (Anderson and Ahrens, 1994). The 49 
EOS and thermoelastic properties were calculated by ab initio molecular dynamic 50 
simulations and Vinet (Morse-Rydberg) equation combined with the quasi-harmonic 51 
Debye model (Ichikawa et al., 2014). It showed that the density and adiabatic bulk 52 
modulus of pure liquid iron was found to be 8-10% and 3-10% larger than the 53 
preliminary reference Earth model (PREM) values (Dziewonski and Anderson, 1981), 54 
and the VP agreed well (Ichikawa et al., 2014). The VP and bulk modulus of liquid iron 55 
binaries were calculated by ab initio simulations combined with the Birch-Murnaghan 56 
EOS (Badro et al., 2014; Brodholt and Badro, 2017), which showed that Ni addition 57 
decreased VP while other light elements addition increased VP. The ab initio molecular 58 
dynamic simulations were also conducted on the iron-hydrogen alloys, and showed 59 
that both the density and VP of liquid iron containing ~1 wt.% hydrogen match 60 
seismological observations (Umemoto and Hirose, 2015). On the other hand, the 61 
elastic constants tensor were calculated by the first-principle simulations to observe 62 
hydrogen effect on solid iron, and showed that hydrogen was an undesirable light 63 
element in the Earth’s core to match the seismological observations (Caracas, 2015).  64 
 65 
The experimental methods of the VP include derive from the phonon density of state 66 
(Mao et al., 2001) and structure factors (Kuwayama et al., 2020). The nuclear resonant 67 
inelastic x-ray scattering measured Fe to 153 GPa, and then the Debye average 68 
phonon velocity was obtained by the phonon density of state (Mao et al., 2001). The 69 
thermoelastic properties were determined by nuclear resonant inelastic x-ray 70 
scattering and calculated from ab initio theory, which agreed well with each other 71 
(Mao et al., 2001). The VP was obtained to 45 GPa and 2700 K based on inelastic 72 
x-ray scattering measurement (Kuwayama et al., 2020), then the Mie-Grüneisen EOS 73 
for liquid Fe was determined by results and previous shock-wave data. It indicated 74 
that Earth’s outer core exhibited 7.5%-7.6% density deficit, 3.7%-4.4% velocity 75 
excess, and an almost identical adiabatic bulk modulus (Kuwayama et al., 2020). The 76 
EOS and VP of Fe-S fluid under Martian core conditions were measured using the 77 
ultrasonic pulse-echo overlap method combined with a Kawai-type multi-anvil 78 
apparatus up to 20 GPa (Nishida et al., 2020). The EOS was expressed by the 79 
adiabatic third-order Birch-Murnaghan EOS, and the VP was derived by its definition 80 
(Nishida et al., 2020). The traditional EOS was derived from empirical equations, 81 
such as Birch-Murnaghan EOS (Anderson and Ahrens, 1994; Birch, 1952) and 82 
Mie-Grüneisen EOS (Kuwayama et al., 2020).  83 
 84 
The structure factors have also been calculated by orbital-free density-function theory 85 
simulation (White et al., 2013), molecular dynamics (Liu et al., 2020), and ab initio 86 
molecular simulations (Gill et al., 2015; Rüter and Redmer, 2014; Witte et al., 2017). 87 
The ab initio calculation of ion-ion dynamic structure factors includes warm dense Al 88 
(Rüter and Redmer, 2014), warm dense lithium (Witte et al., 2017), and mixture (Gill 89 
et al., 2015). Then, the VP is the slope of the dispersion relation for small wave vectors, 90 
which is determined by analyzing the position of the side peaks of dynamic structure 91 
factors. The VPs of Fe-Ni-O liquid were calculated by ion-ion dynamic structure 92 
factors and ab initio molecular dynamics simulations, and the results showed that VP 93 
of the Fe-Ni-O liquid was lower at the core-mantle boundary (CMB) and high at the 94 
inner-core boundary (ICB) than PREM values (Li et al., 2023). The calculated structure 95 
factors can be compared with available experimental x-ray and neutron scattering data. 96 
However, the ab initio calculated structure factors under Earth’s core condition have 97 
never been compared with experimental results, and the calculation accuracy of VP is 98 



not verified. 99 
 100 
The methods of the VP include EOS or elastic constants from independent DFT 101 
calculation and dynamic structure factors. In this paper, the ab initio molecular 102 
dynamics simulations were adopted in the calculation of the dynamic structures and 103 
EOS of liquid Fe. The static structure factors and radial distribution function were 104 
compared with the experimental data. The dynamic structure factors and dispersion 105 
curve were calculated, and then the VPs at the specified states were collected. The 106 
EOS of pure Fe was fitted by multivariate polynomial method via separate ab initio 107 
molecular dynamics runs, and then the thermoelastic properties and isentropic profiles 108 
of Earth’s outer core were collected by definitions. At last, the thermoelastic 109 
properties under Earth’s conditions were compared with PREM values, and the 110 
calculated VPs by the two methods were analyzed. 111 
 112 
2. Methods and Calculations 113 
 114 
2.1. Structure factors 115 
A detailed illustration of structure factors is shown in (Hansen and McDonald, 2006). 116 
The dynamic structure factors are the spectral function of the density-density 117 
correlations in the system. The ion density in Fourier space  118 

   (1) 119 

where q is the wave number, N is the total number of particles, and rv(t) is the vth ion 120 
position at time t. 121 

The intermediate scattering function  is defined as 122 

   (2) 123 

The dynamic structure factor is calculated via the intermediate scattering function124 

. The ion-ion dynamic structure factor  is defined as the Fourier 125 

transform of the intermediate scattering function 126 

  (3) 127 

where the ω denotes the frequency. The ion-ion dynamic structure factor S(q,ω) 128 
characterizes the collective dynamics of fluctuations of ionic density over both length 129 
and time scales. The S(q,ω) can be measured by inelastic x-ray scattering experiments 130 
(Kuwayama et al., 2020). By collecting the peak positions of S(q,ω) at different wave 131 
vectors q, the dispersion relation is obtained. The VP is the slope of the dispersion 132 

relation at small wave vectors, . On the other hand, the sound velocity can 133 

be calculated directly by the EOS (shown in Section 2.2). Theoretically, the sound 134 
velocities calculated by EOS and dynamic structure factors are equal. 135 
 136 
The static structure factor is obtained via the intermediate scattering function 137 
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. The isothermal bulk modulus (KT) can be computed from S(q) at 138 

q→0 with the form (Hansen and McDonald, 2006) of  139 

  (4) 140 

where ni=N/V is the ionic density, kB is the Boltzmann constant and T is the 141 
temperature. The isothermal bulk modulus can also be determined from the EOS via 142 
separate ab initio molecular dynamics runs.  143 
 144 
To be pointed out, S(q) is the Fourier transformation of radial distribution function 145 
g(r). The radial distribution function g(r) is defined as 146 

   (5) 147 

where V is the cell volume, N is the number of atoms, ri, and rj are atomic coordinates 148 
of atoms i and j, and <…> means the time or ensemble average. 149 
 150 
2.2. Equations of states 151 
Traditionally, the EOS of Fe or its alloy under Earth’s core condition is described by 152 
empirical equations (such as Birch-Murnaghan EOS and Mie-Gruneisen EOS), and 153 
then its thermoelastic properties were collected. In this paper, we adopted a fitting 154 
method on EOS based on pressure-volume-temperature (P-V-T data) and 155 
energy-volume-temperature (E-V-T) data, then the thermo-elastic properties were 156 
calculated by definitions directly. 157 
 158 
Based on the hundreds of P-V-T data and E-V-T data, the EOS is 159 

    (6) 160 

where Aij and Bij are the fitted parameters of pressure and energy, respectively. 161 
The definition of thermal expansion coefficient α is 162 

  (7) 163 

The specific heat capacity at constant volume CV is 164 

   (8) 165 

The isothermal bulk modulus KT is 166 

   (9) 167 

The thermodynamic Gruneisen parameter γ is defined by 168 
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   (10) 169 

The adiabatic bulk modulus KS is 170 

  (11) 171 

where α is the coefficient of thermal expansion, and γ is the Grüneisen parameter. To 172 
be pointed out, KT and KS depend on both temperature and pressure. 173 
The adiabatic sound velocity VP of liquid is  174 

  (12) 175 

The isentropic temperature profile Tad is given by the following thermodynamic 176 
relationships as 177 

   (13) 178 

where CP is isobaric heat capacity. An isentropic temperature profile referred to as 179 
geotherm is obtained by integrating Eq. (13) with the Gruneisen parameter γ for liquid 180 
Fe. The pressure at ICB is 329 GPa, and the temperatures at the ICB are selected as 181 
5000 K, 5500 K, and 6000 K. Then, the thermoelastic properties along the geotherm 182 
are collected by the isentropic pressure and temperature profiles. 183 
 184 
2.3. Calculation details 185 
The ab initio molecular dynamics calculations are implemented in the plane wave 186 
density functional VASP code (Kresse and Furthmüller, 1996; Kresse and Hafner, 187 
1993). In this calculation, projector augmented waves (PAWs) (Blöchl, 1994; Kresse 188 
and Joubert, 1999) and generalized gradient approximation (GGA) in the 189 
parameterization of Perdew, Burke, and Ernzerhof (Perdew et al., 1996) are adopted. 190 
The pseudopotential of Fe has p electrons as valence electrons. The plane wave cutoff 191 
is 500 eV, which is sufficient to ensure that the pressure converges within 1% 192 
accuracy. The time-dependent mean square displacement is employed to check the 193 
system in the liquid state. The selected time step is 1 fs. In the calculation of structure 194 
factors, we selected 128 atoms as the cell, and Fe atoms were randomly distributed in 195 
the cell. First, the NPT ensemble is calculated for 2000 time steps, and then the 196 
equilibrium volume is computed under certain pressures and temperatures. Then, the 197 
long-term correlation function is collected by the NVT ensemble with the equilibrium 198 
volume. When the total time exceeds 20 ps, the convergence ion-ion structure factors 199 
are obtained. In the calculation of EOS, we selected 64 atoms as the cell. The MD 200 
simulation with NVT ensemble was executed for a total of 6 ps with the last 3 ps 201 
considered as the production run, where the total energy and pressure fluctuations 202 
were less than 1%. 203 
 204 
3. Results and discussions 205 
 206 
3.1. Structure factors 207 
The static structure factors S(q) and radial distribution function g(r) of Fe under the 208 
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Earth’s core condition were collected in Figure 1. The shapes of S(q) and g(r) were 209 
similar to the reported experimental data, which was obtained from the in situ x-ray 210 
diffraction measurements (Kuwayama et al., 2020). From the calculations of S(q) and 211 
g(r), it was obvious that was liquid. When the temperature was lower, the liquid Fe 212 
may be solidification, and the shapes of S(q) and g(r) should be changed. Note that 213 
the smallest q available in S(q) is determined by 2π/a with a being the lattice constant 214 
of the simulation supercell, and the structure factor at small q represents the 215 
long-ranged structural information of systems. The KT can be calculated from S(q) at 216 
q→0 with the form of Eq. (4). In order to accurately compute KT, larger supercells 217 
were needed to obtain S(q) at small q. As the limited size of the supercells in the ab 218 
initio molecular dynamics simulations, the KT was not calculated by S(q) and just 219 
calculated by EOS in Section 3.2. 220 

 221 
Figure 1 The static structure factor S(q), and radial distribution function g(r) of liquid Fe. The ‘calc. 222 
136 GPa’ label was ab initio simulations data. The ‘exp. 116.1 GPa’ label was structural analyses of 223 
liquid Fe via in situ x-ray diffraction measurements (Kuwayama et al., 2020), and was shifted up. 224 
 225 
The ion-ion dynamic structure factors were calculated by Eq.(3). The ion-ion dynamic 226 
structure factors S(q,ω) at different wave vectors qs at 136 GPa and 330 GPa were 227 
shown in Figure 2. The shape of the calculated ion-ion dynamic structure factors was 228 
similar to the reported high-pressure inelastic x-ray scattering measurements of liquid 229 
Fe (Kuwayama et al., 2020). There is a central Rayleigh peak and two ion acoustic 230 
modes are observed in S(q,ω). The ion acoustic modes are the Stoke and anti-Stoke 231 
peak. The sound velocities were derived by the dispersion relations of the ion acoustic 232 
modes. Figure 2 mainly provided the ion acoustic modes information of S(q,ω). As the 233 
qs increased, the peaks of S(q,ω) moved to the high ω and then move back to the low 234 
ω.  235 
 236 



 237 
Figure 2 The ion-ion dynamic structure factors S(q,ω) of Fe liquid under Earth’s core conditions. (a) is 238 
at 136 GPa and 4000 K, and (b) is at 330 GPa and 5500 K. The ‘qi’ labels are wave numbers with 239 
qi=2π√𝑖/a (i=1,2…), where a is the equilibrium lattice parameters at the specified state. 240 
 241 
The adiabatic sound velocities along the geotherm curve can also be collected by 242 
long-time ab initio molecular dynamics simulations. By collecting the peak positions 243 
of S(q,ω) at different wave vectors, the dispersion curves of Fe liquid at specified 244 
temperature and pressure states were obtained and plotted in Figure 3. The adiabatic 245 
sound velocity VP is the slope of the linear part of the dispersion curve at long 246 
wavelengths. The adiabatic sound velocity of Fe liquid at CMB was 8.38 km/s and at 247 
ICB was 10.46 km/s. As q increases, the correlation scale is reduced below that of the 248 
repulsion, the dispersion curves diverge. The accuracy of the VP is closely correlated 249 
with the energy cutoff, number of ions, time step and number of time steps. 250 
 251 

 252 
Figure 3 Dispersion curve and adiabatic sound velocity of Fe liquid under the Earth’s core condition. 253 
The dispersion curves were directly derived from Figure 2. 254 



 255 
3.2. Equation of state 256 
From the ab initio molecular dynamics simulations, the pressure and energy at 257 
specified volume and temperature states (NVT ensemble) were collected. By using 258 
the sklearn package in python programming language, the EOS was fitted by Eq. (6) 259 
within 0.5% accuracy. The fitting parameters of EOS by fitting Eq.(6) were shown in 260 
Table 1. From the fitted EOS, the isothermal bulk modulus KT and adiabatic sound 261 
velocity VP at specified temperature and pressure state were calculated by Eqs.(9) and 262 
(12), shown in Figure 4. The numerical results of KT and VP were consistent with the 263 
reported seismic (Dziewonski and Anderson, 1981; Garnero et al., 1993) and calculated data 264 
(Anderson and Ahrens, 1994; Birch, 1952; Kuwayama et al., 2020). The thermoelastic 265 
properties were usually derived by the empirical Birch-Murnaghan EOS (Anderson 266 
and Ahrens, 1994; Birch, 1952) and Mie-Gruneisen EOS (Kuwayama et al., 2020). 267 
Our calculated data about KT and VP verified the feasibility and effectiveness of our 268 
proposed multivariate polynomial method about the EOS.  269 
 270 
Table 1 The fitting parameters of pressure and energy of pure Fe liquid under Earth’s core condition 271 
calculated by Eq.(6). 272 
Aij i=0 i=1 i=2 Bij i=0 i=1 i=2 
j=0 444.84 -0.011 1.54 j=0 -0.806 -1.59×10-4 5.83×10-8 
j=1 -115.12 0.00083 0 j=1 -1.416 2.26×10-6 0 
j=2 7.76 0 0 j=2 0.0826 0 0 

 273 

 274 
Figure 4 The ab initio calculated (a) isothermal bulk modulus KT and (b) adiabatic sound velocity VP at 275 
different temperature and pressure states.  276 
 277 
3.3. Properties of Earth’s core 278 
The geotherm curve was calculated by Eq. (13) and the fitted EOS. The isentropic 279 
temperature Tad and density ρ profile were calculated with three different ICB 280 
conditions (TICB=5000 K, 5500 K, 6000 K), shown in Figure 5 (a) and (b). For the same 281 
ICB temperature (5000 K), the Tad at CMB calculated by the fitted EOS was 6.46% 282 
lower than the Mie-Grüneisen EOS by experimental data (Kuwayama et al., 2020) 283 



and 5.88% lower than EOS (Anderson and Ahrens, 1994). The density ranged from 284 
11.04 g/cm3 to 13.25 g/cm3 when TICB=5500 K. The density was about 10% higher 285 
than the PREM density value (Dziewonski and Anderson, 1981), which implied the 286 
existence of light elements. The density difference between our fitted data and the 287 
Mie-Grüneisen EOS by experimental data (Kuwayama et al., 2020) was within 3%. 288 
The adiabatic sound velocities calculated by EOS were both lower than the PREM 289 
values and calculated by the dispersion curve. 290 
 291 
After the geotherm curve was confirmed, the isentropic bulk modulus KS and (d) 292 
adiabatic sound velocity VP were collected in Figure 5 (c) and (d). The KS ranged from 293 
657.05 GPa to 1259.92 GPa when TICB = 5500 K, which was consistent with the 294 
PREM values (Dziewonski and Anderson, 1981). The temperature and pressure 295 
profiles in the calculation of ion-ion dynamic structure factors in Section 3.1 were 296 
also the geotherm curve with TICB = 5500 K. The VP along the geotherm ranged from 297 
7.71km/s to 9.75 km/s by the EOS method and ranged from 8.38 km/s to 10.46 km/s 298 
by dynamic structure factors. The reported VP of Al calculated by dynamic structure 299 
factors agreed with experimental data within 6% (Rüter and Redmer, 2014). The 300 
sound velocity calculated by fitted EOS were coincided with the Mie-Grüneisen EOS 301 
by experimental data (Kuwayama et al., 2020).  302 
 303 
Though the VP calculated by the EOS and dynamic structure factors are physically 304 
equivalent, the difference between the calculated VPs by these two methods was about 305 
5%. When the VPs compared with the PREM values, the two methods may give 306 
different conclusions. The size of the supercell in the dynamic structure factors 307 
calculations was only 128 atoms, which would affect the accuracy of VP. The lattice 308 
parameter decided the number of q in the dispersion curves, which would directly 309 
affect the fitting accuracy of VP at small qs. The equivalent of the sound velocity 310 
calculated by dynamic structure factors and EOS are verified, but not applicable to 311 
small accurate difference analysis. When a sound velocity at a specified state is 312 
needed, ab initio molecular dynamic simulations about the dynamic structure factors 313 
with a large supercell is appropriate, which calculated a long-time simulation with 314 
only one calculation. When sound velocity in a wide temperature and pressure range 315 
are needed, the ab initio molecular dynamic simulations about the EOS with a 316 
relatively small supercell (64 atoms for example) were appropriate, which calculated 317 
relatively short-time simulations with hundreds of calculations. 318 
 319 



 320 
Figure 5 The geotherm profiles of liquid Fe under Earth core condition. (a) isentropic temperature Tad, 321 
(b) density ρ, (c) adiabatic bulk modulus KS and (d) adiabatic sound velocity VP. The ICB temperatures 322 
were selected as 5000 K, 5500 K, and 6000 K, respectively. ‘Experimental data’ (Kuwayama et al., 323 
2020), ‘PREM values’ were data from PREM (Dziewonski and Anderson, 1981). ‘FeNiO by Sii’ was 324 
from (Li et al., 2023), and the label ‘Anderson XXX’ was from (Anderson and Ahrens, 1994). The four 325 
subfigures shared the lables. 326 
 327 
4. Conclusions 328 
The static structure factors, ion-ion dynamic structure factors, and EOS of Fe under 329 
the Earth’s core condition were calculated by the ab initio molecular dynamics 330 
simulations. Then, the sound velocities of Fe are calculated by both dynamic structure 331 
factors and EOS, which are physically equivalent. The VP of pure Fe under Earth’s 332 
core condition ranged from 7.71km/s to 9.75 km/s by the EOS method and ranged 333 
from 8.38 km/s to 10.46 km/s by dynamic structure factors method. Ab initio 334 
molecular dynamics simulations make a supplement for the higher energy x-ray to 335 
collect diffuse signals in a wider q range. The calculation of structure factors opened a 336 
way that can be compared to the high pressure in situ x-ray diffraction and inelastic 337 
x-ray scattering measurements. 338 
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