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This paper is concerned a specific category of nonlocal fractional Laplacian problems that involve
nonsmooth potentials. By utilizing an abstract critical point theorem for nonsmooth functionals and
combining it with the analytical framework on fractional Sobolev spaces developed by Servadei and
Valdinoci, we are able to establish the existence of at least three weak solutions for nonlocal fractional
problems. Moreover, this work also generalizes and improves upon certain results presented in the

existing literature.
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1. Introduction

In this paper, we deal with the following nonlocal fractional Laplacian problem:

{ — Lgu € e0F(z,u) — A0G(z,u) + vOH (z,u) in Q, (1.1)

u=0 inR™\ Q,
where Q is a bounded domain in (R",|.|) with a C2?-boundary, n > 2s, s € (0,1), the maps
F,G,H : Q x R are measurable potential functionals, which are only locally Lipschitz and in general
nonsmooth in the second variable. We denote by the generalized gradient of 8F(z,u), 8G(z,u) and

OH (z,u) to u. Furthermore L g is the nonlocal operator defined as follows:
Lxua) = [ (ule +9) +ule ) - (@)K @)y, o < B,

where K : R" \ {0} — (0, +00) is a function which satisfies the following properties:
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(K)) 7K € L' (R™), where () = min{|z|*,1};

(K,) there exists 4 > 0 such that K (z) > || "%,

(K3) K (z) = K(—=),forany z € R" \ {0}.

A typical example for the Kernel K is given by K (z) = |z| """, In this case Lx is the fractional

Laplacian operator defined by

u(z +y) +u(z —y) — 2u(z)

—(=A)Yu(z) = /" o dy, z € R™.

These operators have various applications in different fields, including phase transitions, thin obstacles,
finance, optimization, stratified materials, crystal dislocation, anomalous diffusion, semipermeable
membranes, soft thin films, ultra-relativistic limits of quantum mechanics, multiple scattering, quasi-
geostrophic flows, minimal surfaces, water waves, and materials science. For a basic introduction to this

topic, we recommend referring to the references [l and the monograph [21,

It is well-known that many free boundary problems and obstacle problems can be reduced to partial
differential equations with nonsmooth potentials. The field of nonsmooth analysis is closely related to
the development of critical points theory for nondifferentiable functions, particularly for locally Lipschitz
continuous functionals based on Clarke's generalized gradient 3l This theory provides a suitable
mathematical framework to extend the classic critical point theory for C' -functionals in a natural way,
and to meet specific needs in applications such as nonsmooth mechanics and engineering. For a

comprehensive understanding of this topic, we recommend referring to the monographs by [415116] and

references such as ZIBIOIIOIM2BINAISIIGIIT] among others.

If F, G and H are differentiable, then problem (1.1) becomes into the following form

{ — Lgu = f(z,u) inQ, (1.2)

u=0 inR™\ Q,
In recent years, there have been many interesting results focusing on problem (1.2) using various
methods. However, in our case, we only assume that the energy functional corresponding to problem 1.1
is locally Lipschitz instead of differentiable. This assumption poses certain difficulties and prevents us
from applying classical variational methods to solve the problem. To overcome these difficulties, we need
to utilize theories for locally Lipschitz functionals to establish existence results for this case. Fortunately,
in (18] Theorem 3.3] (see Theorem 2.1 below), we have developed a nonsmooth three critical points

theory that can be applied to prove that problem 1.1 has at least three critical points (see Theorem 3.1).
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One remarkable aspect of our results is that we do not impose any conditions on the behavior of the

nonlinearities at the origin, which makes our results more interesting compared to most known results

in the literature (e.g., [191[201(21)[22[23] & al.).

Recently, there has been significant attention focused on the study of fractional and nonlocal operators of

elliptic type, both for pure mathematical research and with a view to concrete real-world applications.

In [24] Servadel and Valdinoci proved the following fractional Laplacian equation:

(Coer mm

They proved a maximum principle and used it to obtain their regularity results. Autuori and
Pucci 231 discussed the elliptic problems involving the fractional Laplacian in RY and derived three
nontrivial critical values. Cabre and Sire 28! studied problem (1.3) and established necessary conditions
on the nonlinearity f to admit certain types of solutions. In 271 Bisci, using variational methods,
established three weak solutions via an abstract result by Ricceri about non-local equations. However, all
of these works are based on the assumption that the potential functionals are smooth. To the best of our
knowledge, there exist no results discussing problem (1.1) with nonsmooth potentials. For problems with
nonsmooth potential functionals, most results focus on studying the Dirichlet problem involving the p-
Laplacian or p(z)-Laplacian d-ifferential inclusion. For example, there exist some results studying the

following problem with a nonsmooth potential in Sobolev spaces:

{ — div(|[Vul’ *Vu) € 0F(z,u)  forae. z €, (1.4)

“’asz =0.
Gansinski and Papageorgiou fol using a variational approach combined with suitable truncation
techniques and the method of upper-lower solutions, proved the existence of at least five nontrivial
smooth solutions for problem (1.4). lannizzotto and Marano @1, employing variational methods with
truncation techniques, obtained at least three smooth solutions for problem (1.4) with dF(z,w) given by
M\OF(x,u). Besides, Kyritsi and Papageorgiou 122l based on the nonsmooth critical point theory of
Chang 301 derived two strictly positive solutions with p > 2. In [31l Kristaly, employing a nonsmooth
Ricceri-type variational principle, proved the existence of infinitely many, radially symmetric solutions

of p-Laplacian differential inclusions in an unbounded domain. Results of p(x)-Laplacian differential

inclusion can be found in [321331341(351(36](37]
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However, we should mention that the variational method to deal with problem (1.1) is not often easy to
perform. Variational approaches do not work when applied to these classes of equations due to the
presence of the nonlocal term. Fortunately, our approach in this paper is realizable by checking that the
associated energy functional satisfies the assumptions requested by a very recent and general
nonsmooth three critical points theorem derived by Yuan and Huang (18] Theorem 3.3] (see Theorem 2.1
below) and thanks to a suitable framework developed in 138l Furthermore, we observe a remarkable
feature of our results: compared to most of the known results in the classical Laplacian case, no condition
on the behavior of the involved nonlinearities at the origin is assumed. Therefore, our results are more

interesting.

The rest of the paper is organized as follows. Section 2 contains the necessary preliminaries. In Section 3,
we prove our main results.

2. Preliminaries

Some basic notations

¢ — means weak convergence, — strong convergence.

¢ ( denotes all the embedding constants (the exact value may be different from line to line).

In this section, we briefly recall the definition of the functional space X, firstly introduced in 2. The
functional space X denotes the linear of Lebesgue measurable functions from R" to R such that the

restriction to §2 of any function g in X belongs to L?(Q2) and

((,y) = (9(z) — 9(¥)){/ K (z — ) € L*((R" x R") \ (C2 x CQ),dzdy),
where CQ2 = R"™ \ Q. We denote by X, the following linear subspace of X
Xo={ge X:g9g=0aa inR"\ Q}.

Note that X and X, are non-empty, since CZ(2) C X, by Lemma 11 in B9, Moreover, the space X is

endowed with the norm defined as

1/2
||g||X:||g||Lz(m+( /Q |g<w>—g(y)|2K(w—y>dmdy) ,

where Q@ = (R" x R")\ O and O = (€CQ2) x (CQ) C R™ x R". It is easy to see that ||. | x is a norm on

X (see, for instance 381), By (38 L.emmas 6 and 7] we can take the function
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1/2
X020 loly = (| 1oe) = o) K~ ptady) (2.1)
as norm on X in the sequel. Also (X, |. || x, ) is a Hilbert space with scalar product
(u,v)x, = /Q (u(z) — u(y))(v(z) — v(y)) K (z - y)dzdy,

see [@1, Lemma 7].

Note that in (2.1) (and in the related scalar product) the integral can be extended to all R® x R", since
v € Xy (@nd so v = 0 a.a. in R" \ Q). While for a general kernel K satisfying conditions from (K;) to
(K3) we have that X, C H*(R"), in the model case K (z) = |z|” "™ the space X, consists of all the

functions of the usual fractional Sobolev space H* (R"™) which vanish a.a. outside © (see [%% Lemma 7]).

Here H*(R") denotes the fractional Sobolev space endowed with the norm (the so-called Gagliardo

norm)

l9(z) — g(y)|2 )1/2
s(pny = 2mny + ——dxd .
gl & (R™) lallz (R") (/]R"XR" iz y\"”s Y

Recall the embedding properties of X, into the usual Lebesgue spaces (see [[ﬁ, Lemma 8]). The

embedding j: X, — L4(R") is continuous for any ¢ € [1,2*], while it is compact when q € [1,2*),

2n

where 2* =
n—2s

denotes the fractional critical Sobolev exponent. Hence, for any g € [1, 2*] there exists a

positive constant ¢, such that
[v]| o) < ¢qllv]lx, for any v € Xo.

In what follows, let A\; be the 1-th eigenvalue of the operator — £ g with homogenous Dirichlet boundary

data, namely the 1-th eigenvalue of the problem

{ — Lgu = Au in Q, (2.2)

u=20 in R™\ Q.
Note that, as in the classical Laplacian case, the set of the eigenvalues of problem (2.2) consists of a

sequence { g hren With
0<)\1<)\2§---§)\k§)\k+1§--- (23)
and

A — +oo as k — oo. (2.4)
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Definition 2.1. A function I: X — R is locally Lipschitz if for every v € X there exist a neighborhood

U of wand L > O such that foreveryv,n € U
[I(v) — I(n)| < Lijv —nl|.

Definition 2.2. Let I : X — R be a locally Lipschitz function, u, v € X : the generalized derivative of

I in u along the direction v,

I(n+7v) — I(n)

I°(u;v) = limsup
n—u,7—0"

It is easy to see that the function v — I°(u;v) is sublinear, continuous and so is the support function of a
nonempty, convex and w*— compact set 8I(u) C X*, defined by

OI(u) = {u* € X*: (u*,v)x < I°(u;v) forallv € X}.
IfI € C'(X),then

oI(u) = {I'(w)}.

Clearly, these definitions extend those of the Gateaux directional derivative and gradient.

A point u € X is a critical point of I, if 0 € dI(u). It is easy to see that, if u € X is a local minimum of I,

then 0 € AI(u). For more details we refer the reader to Clarke I,

Definition 2.3. We say that v € X is a solution of problem (1.1) if there exist {(z,u) € OF(z,u),

¢(z,u) € O0G(z,u) and n(z,u) € OH(z,u) fora.a. z € Q2 such that for all v € X we have
| @) - ut)ote) ~ v K @ - anay
= GA &(z,u)v(z)de — A[)C(w,u)v(x)d$ + 1//977($,U)U(9:)d:1:.
Proposition 2.1. (B) Let  : X — R be locally Lipschitz function. Then

i (=h)°(u;2) = h°(u; —2) forallu, z € X;
ii. h°(u; 2) = max{(u*,2)x : u* € Oh(u)} < L||z|| with L as in Definition 2.1, forall u, z € X;
iii. Let j : X — R be a continuously differentiable function. Then 9j(u) = {j'(u)}, 5°(u; 2) coincides
with (j'(u), 2)x and (h + 5)°(u; 2) = h°(u;2) + (§'(u), 2)x forallu, z € X;
iv. (Lebourg's mean value theorem) Let u and v be two points in X. Then, there exists a point w in the

open segment between v and v, and u}, € dh(w) such that
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h(u) — h(v) = (uf,u — v)x;

v.Let Y be a Banach space and j : Y — X a continuously differentiable function. Then # o j is locally

Lipschitz and
0(h o 5)(u) € Oh(j(y)) 0 j'(y) forally € Y;
vi. If hy, hy : X — Rarelocally Lipschitz, then
A(h1 + ha)(u) C Ohy(u) + Oha(u);

vii. Oh(u) is convex and weakly* compact and the set-valued mapping 0k : X — 2X" is weakly* upper
semicontinuous;
viii. 9(Ah)(u) = A\Oh(u) for every A € R.
Let I, ¥, ® : X — R be three given functions, for each i > 0 and r €]infx ®,supy ®[, we set

/J,I(’U,) + \I’(U) — infueq)fl(]foo’,])(;d =+ \I’)

hi(pl +9,®,7) = inf
e ) ued 1 (J—oo,r) r— ®(u)
and
pl(u) +®(u) —inf, o 1q o (ul + @)
h2 (lJ“I + \Il7 ¢77‘) == sup uce (] oo,r])
ue@’l(]r,Jroo[) r— @(u)

When ¥ + @ is bounded below, for each r €] infx @, sup x ®[ such that

inf  I(u) < inf I(u).

ued 1 (]—oo,r]) ued1(r)

Set
W(u) —y+
hs(I,0,®,7r) = inf{M tu € X, ®(u) <rI(u) < nr},
nr — I(u)
where
7= inf (¥(u) + B(u)
and

r = inf I(u).
K ue@’l(r) ( )

With the above notations, our abstract tool for proving the main result of our paper is [@1, Theorem 3.3]

and we recall here for the readers’ convenience.
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Theorem 2.1. Let (X, -||) be a reflexive Banach space, I € C'(X,R) a sequentially weakly lower
semicontinuous function, bounded on any bounded subset of X, such that I' is of type (S)+. ¥ and
® : X — R aretwo locally Lipschitz functions with compact gradient. Assume also that the function ¥ + A® is
bounded below for all A > 0 and that

v
liminf 2%

fiminf 2 = —00. (2.5)

Then, for each r > supy®, where N is the set of all global minima of I, for each
u > max{0, h3(I,¥,®,7)} and each compact interval [a,b] C]0, ha(pI + ¥, ®,r)[, there exists a number
p > 0 with the following property: for every A € [a,b] and every locally Lipschitz function H : X — R with
compact  gradient, there exists 0 >0 such that, for each v €][0,6], the function

ul(u) + ¥(u) + A®(u) + vH(u) has at least three critical points in X whose norms are less than p.
3. The main results

Firstly, we define I(v), ¥ (u), ®(u), H(u) : Xo — Rby

g,

I(u) = , Y(u)=—-F(u), F(u) = / F(z,u)dz,

2 Q
@(u)z/ﬂG(m,u)dx, I;T(u):/ﬂH(x,u)dx

forall uw € X.Itis easy to see that the functional I is a continuously Gateaux differentiable whose Gateaux

derivative at the point u € X, is the functional I' (v) € X¢ given by
(1)) = [ (06e) ~u(@) (@) @) Ko~ y)iady

forallv € Xy.Foreachr €|infx ®,sup, ®|, set

] U(u)—y+r .
hy(I1,%,®,7) =infd ——— 1w € X, ®(u) <r,I(u) <7, ¢,
ny — I(’LL)
where
gy = / inf(G(z,u) — F(z,u))dz,
q ueR
and
M, = inf I(u)
ued L(r)
Foreache € |0, ———————, let

max{0,h3(1,%,8,r)}
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I(u) + €¥(u) — infg 1o ) (I + €F)

I+ T,®,7r) = sup
? ued 1 (Jr, +oo]) r— ®(u)

In order to discuss problem (1.1), we need the following hypotheses:

(Fp) forallu € R,Q > z +— F(z,u) is measurable;

(Fp) foraa.z € O, R 5 u — F(z,u) is locally Lipschitz;

(F3) €] < k(1 + |u|" ") foraa.z € Qandeveryu € R, &(z,u) € OF (z,u) (k1 > 0, q1 € (2,2%));
(Fs)

) infyeq F(z,u) . Sup,cq F(z,u)
im ———~ =+ocoand lim ——mM8M=

2 < +OO,
|u|—+00 U Ju| =400 |u

B
where o € (2,2%);

(Gy) forallu € R, Q > z — G(z,u) is measurable;

(Gy) foraa.z € O, R 5 u — G(z,u) is locally Lipschitz;

(G3) |¢| < ka(1+ |u|® ) foraa.z c Qandeveryu € R, {(z,u) € 8G(z,u) (ky > 0, g5 € (2,2%));

(G4)

where a € (2,2%);

(Hy) forallu € R,Q > & — H(z,u) is measurable;

(Hy) foraa.z € QR > u— H(z,u) is locally Lipschitz;
(H3) |n| < ks(1+ |u|® ") foraa.z € Qandevery u € R, n(z,u) € 0H (z,u) (ks > 0, g3 € (2,2%)).
Remark 3.1. It is easy to see that there exist lots of functions which satisfy hypotheses (Fy)-(Fy), (G1)-

(G4) and (H,)-(H,). For example, for simplicity, we drop the z-dependence.

lul, lul < 1, lul, | < 1,
Flu) = G(u) = and H(u) =
W=, sy OO ={e ID meE@ =

where() < a; < a—2,0 < ay < 2* — a.
Lemma 3.1. If hypotheses (K,) — (K3) hold, then
iI': Xy — X is acontinuous, bounded and strictly monotone operator;

ii. I’ is a mapping of type (S,), ie, if u, — w in Xo and lim,, ;o (I' (un) — I' (u), u, — u) < 0, then

U, — win X,
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Proof. (i) By virtue of the properties of (K;) — (K3), it is obvious that I is continuous and bounded. Note

that

(I (), u) = /Q () — u(y) 2K ( - y)dady,

then, we have

- A (ue) - u(®))? - 2(u(z) - u®)(v() - 1)) + (v(2) — v(E)IK (2,y)dady  (3.1)
- /Q (u(z) — uly)) — () — v(®)2K (@,y)dedy > O,
i, I' is monotone. In fact I' is strictly monotone. Indeed, if (I (u) — I’ (v),u — v) = 0, then we have
/Q [(u(2) — u(y)) — (v(z) - v(y))|2K (@,y)dedy = O,

so u = v. Therefore, (I'(u) — I'(v),u —v) > 0 if u # v. This means that I’ is a strictly monotone

operator in X.

(i) From (i), if u, — wand limp 400 (I' () — I' (v),u — v) < 0,thenlim, , o (I'(u) — I'(v),u — v) = 0.
According to (3.1), u,, — w in €, so we obtain a subsequence (which we still denoted by wu,,) satisfying

u, — ua.a. z € §). From Fadou's lemma, we have

tim, oo [ i) = ) Ko p)dady > [ ju(e) ~uy) K (e g)dady. (32
By u,, — uwe derive
: / T / N N
nganooﬂ (un),up, — u) = nganooﬂ (un) — I'(w),un —u) = 0. (3.3)

On the other hand, we also have
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<I'(un),un - u>
- /Q [(tn () — n (3)) — (u(2) — (1)) (tn (2) — 1n (1)) K (z — y)dady

= /Q[(un(w) —un(y))* — (wn(@) — ua(y))(u(z) — u(y)) K (z - y)dedy

-, B9 1 (0) — ) — @) — o)y

In view of (3.2), (3.3) and (3.4), we have

lim K(z — y)|un(z) — up(y)|*dzdy = lg K(z —y)u(z) — u(y)|*dedy.

n——+0o Q
Therefore, u,, — win Xy, ie., I' isof type (S). O
The next Lemma displays some properties of #(u).

Lemma 3.2. If hypotheses (F}) — (F3) hold, then & : X — R is a locally Lipschitz function with compact

gradient.

Proof. Firstly we show that .% is locally Lipschitz. Let u,v € X. According to the Lebourg’s mean value

theorem, we have

|7 F )| < / |F(z,u(z)) — F(z,v(z))|dz
S/k1(1+|u($)lqu+1+|v($)\qu)|u($)—U(m)ldm

1 1
< ki Cllu = vll gy + Fa([[ull s ) + 190170 ) Ilu = 2llzn ey

< kiCllu = vllx, + ki C(|lul%, " + H 1%, Dllw = o)l x,-
Then it is easy to see that % is locally Lipschitz.
Next, we prove that 9.% is compact. Choosing u € X, u* € 0.%#(u) we obtain that for every v € X

(u*,v) < F°(u;v) (3.5)

and Z#°(u;-) : L"(2) — R is a subadditive function (see Proposition 2.1). Furthermore, u* € X¢ is
continuous also with respect to the topology induced on X, by the norm | - ||r(q). Indeed, setting
L > 0 as a Lipschitz constant for .Z in a neighborhood of u, for all z € X we derive from Proposition 2.1
(i)

(u',2) < Lllz|pr), (W', —2) < L|| = zllzr(o)

So

(W', 2) < Ll|z]| 7y
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Hence, by the Hahn-Banach Theorem, u* can be extended to an element of the dual L" () (complying
with (3.55)) for all v € L”(£2), this means that we can represent u* as an element of L” (Q2) and write for

everyv € L"(Q)

(u,v) = /Q o (2)0(z) da. (3.6)

Let {u,} be a sequence in X, such that |lu,|| <M for all n € N (where M > 0) and take

&n € 0F(uy,) foralln € N. It follows from (F3) and (3.6) that

(€nrv) = A £av(z) da
< /giﬁnﬂv(w)ldw

a1y y(z)|dz
SAMGH%MI)HHd

< k(1 + [l &) 0] x,
<k C(1+ M2 Y|v||x,

foralln € Nandu € Xj. So
Hén”X& <kCOA+Ma),

i, the sequence {¢,} is bounded. Hence, passing to a subsequence, we have &, — ¢ € X¢. We will prove
that {¢,} C X has strong convergence. We proceed by contradiction. Assume that there exists some

€ > Osuch that

1€n — Ellx; > €

foralln € Nand hence foralln € N there exists v, € B(0,1) such that

(€n — & vp) > €. (3.7)

Recall that {v, } is a bounded sequence and passing to a subsequence, one has
v, =~ v € Xo, |vn— vHLz(ﬂ) =0, |lvn — e (@) — 0.
Hence, for n large enough, we have

(e =&)< 20 [Gon -0l <,
3

€
n — < —— oo — <—
lon =2l < gorge on = vlleme) < s

Then,

<€n - £7Un> = <§n - €7U> + <§navn - v> - <£avn - U)
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<+ A (El[vn () — v(2)|dz

< S [ (14 " lon(o) - v(o)lde
Q

3 -1
< 3 + k1 C|lvn — UHLZ(Q) + leUn”ququ lvn — U”qu(Q)
£ —
< 3 + k1 Cllvn — UHLZ(Q) + ki M lH”n - U”qu(ﬂ)

<eg

— I’

which contradicts to (3.7). [

Similar, we have the following properties of the functions ®(u) and H (u).

Lemma 33. If (G1) — (Gs) and (H;) — (Hs) hold, then ®(u), H(u) : X9 — R are locally Lipschitz

functionals with compact gradient.
With the above lemmas, our main result reads as follows.

Theorem 3.1. Let s € (0,1), n > 2s. If hypotheses (K;)— (K3), (Fi)— (F1), (G1)— (G4) and
(H1) — (H3) hold, then for all r >0, eG]O,W and all compact interval

[a,b] C]O,h3(I + ¥, ®,r)], there exist numbers p > 0 and § > 0 such that for all A € [a,b] and all v € [0, ],

problem (1.1) has at least three weak solutions whose norms in X are less than p.

Proof. We will employ Theorem 2.1 to prove it. Observe that X, is a reflexive Banach space.
I € C*(X,,R) is continuous and convex, and hence weakly 1.s.c. and obviously bounded on any bounded
subset of X. From Lemma 3.1, I’ is of type (S ). Moreover, it follows from Lemmas 3.2 and 3.3 that &,

¥ and H are locally Lipschitz functionals with compact gradient. Hence we only need to prove that the

¥ (u)
I(u)

¥ + A® is bounded below for all A > 0. From hypotheses (F3) and (Fy) there exists ¢; > 0 such that

functional ¥ + A® is bounded below for all A > 0 and lim inf |, ;o

= —oo0. Firstly, we prove that

F(z,u) <ec1(1+ |ul?). (3.8)
Moreover, from (Gs) and (G4), we also have that for all ¢, > 0 there exists a constant ¢3 > 0 such that
G(z,u) > colul® —c3 (3.9)

fora.a. z € Q. By virtue of (3.7) and (3.8), for each A > 0, choosing ca > % we derive that
¥+ AP = / [AG(z,u) — F(z,u)]dz
Q

> /Q[)\(Czlulcx —c3) —er(1+ u”)]dz
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= [2[(/\62 —c1)|ul® — Aes — e1]dz

> —(Aez + 1)€Y,

which means that ¥ + A® is bounded below.

Next, we prove that

¥ (u)
lim inf
[ull>+00 I(w)

= —0OQ.

(3.10)

From [ Proposition 9 and Appendix A] we have the following characterization of the following

eigenvalue A;:

Jan lu(@) — u(y)|" K (@ - y)dedy

P
! ueXI(?\l{I(}XU} Jq u(z)?dedz

(3.11)

Furthermore, the first eigenfunction u; € X is nonnegative in 2 (see [[@, Proposition 9 and Appendix

A}, or [[%1, Corollary 8]). It follows from (3.11) that

fuly, =2 [ w(e)de.
In order to prove (3.10) it is enough to show that

\Il(kul)

im ————
koo lkua |,

For this purpose, fix two positive numbers M;, M with 0 < 2M; < M. Note that

. infreq F(mv u)
lim ——— = +o0,
|u|—+o00 u?

there exists large constant m; > 0 when |u| > m;, we have
F(z,u) > A Mou?

fora.a.xz € Q.Foreach k € N, put

ka{meﬂzul(w)z %}

(3.12)

It is obvious that for every k ¢ N, one has Q;, C Q;,, the sequence { ka u (m)Qdm} is non-decreasing,

ie,

/ uy (z)?dz < / up(z)*de
Q k1
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forevery k € Nand [, ui(z)’dz — [, u1(z)’da. Based on this point, set k € N such that

/ uy (z)?dz > 2M1/u1(ac)2dac.
o M, Jo

By virtue of hypotheses (F;) — (F3), there exists a constant ¢4 > 0 such that

sup |F(z,u)| < c4.
QX[O,mﬂ

Forall k € N satisfying

- Q| sup ma | F(z,u
k>max{k,< | SUPQf0m,] [F( )I)},

Mlual%,
we have
ﬂ'(kul) ka F($7 kul (m))dw fQ\Qk F(:B, kul (.’E))d.’l)
e 2, Rl %, R %,
A1 Mo fﬂk uy (z)?dz fQ\Qk F(z,kuy(z))dz
Tl R |2,
MMy [ wi(z)’dz Q) Sup(pu)eiom, [F(@, )|
S R lur [,
> 2M; — My = My — +oo (as My — +00),
ie,

\I’(kzul)

krtoo [ kun |2

Hence, the proof is completed. [
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