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Abstract

a(n)

1091097 \here o(n) is the sum of the divisors

Gronwall's function G is defined for all natural numbers n > 1 by G(n) =
of nand log is the natural logarithm. We require the properties of extremely abundant numbers, that is to say left to

right maxima of n » G(n). We also use the colossally abundant and hyper abundant numbers. A numbern is said to be

a(n) o(m)
1+ 1+
colossally abundant if, for some € > 0, me > ) for all m > 1. Let us call hyper abundant an integern for which there
a(n) o(m)
exists u > 0 such that " 1°97" > M (09M% t5 a1l m 5 1. The Riemann hypothesis is a conjecture that the Riemann zeta

]
function has its zeros only at the negative even integers and complex numbers with real part E. It is considered by
many to be the most important unsolved problem in pure mathematics. There are several statements equivalent to the
famous Riemann hypothesis. We state that the Riemann hypothesis is true if and only if there exist infinitely many
consecutive colossally abundant numbers 3 < N < N’ such that G(N) < G(N'). In addition, we prove that the Riemann
hypothesis is true when there exist infinitely many hyper abundant numbers n with any parameter u = 1. We claim that
there could be infinitely many hyper abundant numbers with any parameter u £ 1 and thus, the Riemann hypothesis

would be true.
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As usual o(n) is the sum-of-divisors function of n

)

d|nd,

where d | nmeans the integer d divides n. In 1997, Ramanujan's old notes were published where it was defined the
generalized highly composite numbers, which include the superabundant and colossally abundant numbers ['l. A natural

number nis called superabundant precisely when, for all natural numbers m< n

o(m) o(n)

m n
<

A number nis said to be colossally abundant if, for somee > 0,

> for (m>1).

Every colossally abundant number is superabundant!?l. Let us call hyper abundant an integern for which there exists

u > 0 such that

o(n) o(m)
n-(logn) _ m- (logm)“

for (m>1),
where log is the natural logarithm. Every hyper abundant number is colossally abundantl(®}: PP- 2551 |n 1913, Gronwall

a(n)

n-loglogn

studied the function G(n) = for all natural numbers n > 1 [4l. Next, we have the Robin's Theorem:

Proposition 1. Let 3 < N < N’ be two consecutive colossally abundant numbers, then
Gin) < Max(G(N), G(N'))

when satisfying N < n < N’ [15]. Proposition 1 pp. 192]

There are champion numbers (i.e. left to right maxima) of the functionn = G(n):

G(m) < G(n)

for all natural numbers 10080 < m < n. A positive integer n is extremely abundant if either n = 10080, or n > 10080 is a
champion number of the function n = G(n) (Note that, in the reference paper it is defined the inequality asG(m) < G(n) [6}
Definition 3 pp- 51 However, the Propositions 2 and 3 are still valid under the current definition with the inequalityG(m) < G(n)
). In 1859, Bernhard Riemann proposed his hypothesis!’]. Several analogues of the Riemann hypothesis have already

been proved [/,

Proposition 2. The Riemann hypothesis is true if and only if there exist infinitely many extremely abundant numbers/6}
Theorem 7 pp. 6]_

We use the following property for the extremely abundant numbers:
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Proposition 3. Let N < N’ be two consecutive colossally abundant numbers andn > 10080 is some extremely abundant

number, then N’ is also extremely abundant when satisfyingN < n < N6l Lemma 21 pp. 12]
This is our main theorem

Theorem 1. The Riemann hypothesis is true if and only if there exist infinitely many consecutive colossally abundant

numbers 3 < N < N’ such that G(N) < G(N').
The following is a key Corollary.

Corollary 1. The Riemann hypothesis is true when there exist infinitely many hyper abundant numbersN' with any

parameter u = 1, where the symbol £ means “greater than or approximately to”.

Putting all together yields a new criterion for the Riemann hypothesis. Note also that, for allu > 0 [[5}: Pp-254];

im —2
porn - (logn)V _ 0

and so, we claim that there could be infinitely many hyper abundant numbers with any parameters £ 1 and thus, the

Riemann hypothesis would be true.

2. Central Lemma

Lemma 1. For two real numbers y > x > e:

y logy

X Iogx.
Proof. We have y = x + e for € > 0. We obtain that
logy log(x+e¢)
logx _~ logx
&
Iog(x- (1+ X))
logx

&

logx + log(1 + X)
logx

&

log(1 + %)
logx

and
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Yy X+é&
X x
P>
—14+%
We need to show that
&
log(1 + ) €

1+ logx < (1+X)

which is equivalent to

€ €
(1 +x-Iogx) - (1 +x)

using the well-known inequality log(1 + x) < x for x > 0. For x > e, we have

€ €
X x-logx
> g

In conclusion, the inequality

v logy
X logx

holds on condition thaty > x > e. O

3. Proof of Theorem 1

Proof. Suppose there are not infinitely many consecutive colossally abundant numbers3 < N < N’ such that G(N) < G(N).
This implies that the inequality G(N) > G(N') always holds for N large enough when 3 < N < N’ is a pair of consecutive
colossally abundant numbers. That would mean the existence of a single colossally abundant number N* such that

G(n) < G(N") for all natural numbers n > N" according to Proposition 1. We use the Proposition 3 to reveal that under
these preconditions, then there are not infinitely many extremely abundant numbers. This implies that the Riemann
hypothesis is false as a consequence of Proposition 2. By contraposition, if the Riemann hypothesis is true, then there

exist infinitely many consecutive colossally abundant numbers 3 < N < N’ such that G(N) < G(N).

Now, suppose that N" is the greatest extremely abundant number such thatN" < N’ for a pair of consecutive colossally
abundant numbers 3 < N < N' when G(N) < G(N'). We know that N" must be a colossally abundant number by Proposition
3. By Proposition 1, we know that G(N) < G(n) < G(N') when satisfying N < n < N'. So, if n or N is a extremely abundant

number, then N would be extremely abundant as well by Proposition 3. Hence, we assume that there is a finite set of
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colossally abundant numbers S such that M € Simplies that N' < M < N'. Let's take the greatest number M such that
M e Sand for each element M € Swe have GIM') > G(M). Therefore, it is necessary that either M or N' be an
extremely abundant number. In any case, we obtain always another new extremely abundant number. Since we took the
value of the colossally abundant number N’ into an arbitrary way, therefore if there exist infinitely many consecutive
colossally abundant numbers 3 < N < N’ such that G(N) < G(N'), then there exist infinitely many extremely abundant

numbers. This implies that the Riemann hypothesis is true by Proposition 2 after using the modus ponens.

The result is done. O

4. Proof of Corollary 1

Suppose there exists a large enough hyper abundant numbers N’ with a parameter u = 1. We know that N’ must be also
a colossally abundant number. Let N be the greatest colossally abundant number such that3 < N < N', which means that

N and N is a pair of consecutive colossally abundant numbers. By definition of hyper abundant, we have

'

o(N') o(N)
N - (logN)" _ N - (logN)“

which is the same as

o(N) - (logN)" a(N)
N~ (logN')" - loglogN _ N -loglogN _ GN)
Hence, it is enough to show that
a(N) o(N) - (logN)“

GIN) = N - loglogN > N - (logN )Y - loglogN

which is equivalent to

(logN)”  loglogN'

(logN)Y .. loglogN

Since u £ 1, then we only need to show that the inequality

logN"  loglogN'
logN - loglogN

holds on condition that logN' > logN > e by Lemma 1. Consequently, this arbitrary large enough hyper abundant numbers
N’ with a parameter u = 1 reveals that G(N) < G(N') holds on anyway. In this way, if there exist infinitely many hyper
abundant numbers N’ with any parameter u = 1, then there are infinitely many consecutive colossally abundant numbers

3 < N < N such that G(N) < G(N)).

Finally, the proof is complete by Theorem 1.0
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